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We study the problem of uniqueness of meromorphic functions with finite weighted sharing
three values. The results in this paper improve some theorems of Ueda, Yi, Brosch and other
authors.
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1. INTRODUCTION AND THE MAIN RESULTS

Let f andg be two nonconstant meromorphic functions on the open complex filaard leta be

a finite value in the complex plane. We say tlfeandg share the value CM (IM) provided that

f —a andg — a have the same zeros counting multiplicities (ignoring multiplicities), Andshare
oo CM (IM) provided thatl/ f, 1/g shared CM (IM). We do not explain the standard notations of
value distribution theory as those are available in Hayman [3] or Yang and Yi [9].

We denote by (r, ) any function satisfying (r, f) = o(T'(r, f)) asr — +oo possibly outside
a setF of finite Lebesgue measure. A meromorphic functign) is said to be a small function of

fLifT(r;a) = S(r, f).

Definition1 — Letp be a positive integer, we denote By, (r, f) (or N, (r, f)) the counting
function of all poles off with multiplicities < p( ignoring multiplicities. We further define

N(p+1(ra f) = N(Ta f) - Np)(n f) and N(ZLH(Tv f) = N(Tv f) _Np)(r7 f)

*Harbin Engineering University Foundational Research Foundation (HEUFT05088).




306 THAMIR C. ALZAHARY

Now we explain the notion of weighted sharing as introduced by Lahiri [4, 5].

Definition2 — Let k be a nonnegative integer or infinity. For amye C | J{oo} we denote by
Ei(a, f) the set of al-points of f where aru-point of multiplicity m is countedn times ifm < k
andk + 1 times ifm > k. If Ex(a, f) = Ex(a,g), we say thatf, g share the value with weightk.

The definition implies that iff, ¢ share a value with weightk thenz is a zero off — a with
multiplicity m(< k) if and only if it is a zero ofy — a with multiplicity m (< k), andz is a zero of
f — a with multiplicity m (> k) if and only if it is a zero ofy — a with multiplicity n (> k), where
m IS not necessarily equal ta

We write f, g share(a, k) to mean thaff, g share the value with weightk. Clearly if f, g share
(a, k), thenf, g share(a, p) for all integerp, 0 < p < k. Also we note thaff, g share a value IM
or CM if and only if f, g share(a, 0) or (a, co) respectively.

Yi [12] proved the following theorem which is extended the results of Ueda [8] and Ye [10].

TheoremA — Let f andg be two distinct nonconstant meromorphic functions shafingo), (1, co)
and (oo, 00), and leta (# 0, 1) be a finite complex number. If

1

N(r,
g—a

) # T(r,g) +5(r,g),

thena is a Picard exceptional value gf, and f and g satisfy one of the following three relatians
(1) (g —a)(f +a—1)=a(l -a);
(i) g+ (a—1)f =a;
(iii) g = af.

Recently, the author with Yi [1] have proved the following result which is an improvement of
Theorem A.

TheoremB — Let f andg be two distinct nonconstant meromorphic functions shafingl), (as, oo)
and (as, c0), where{a1, a2, a3} = {0, 1, 00}. If a( 0,1) is a finite complex number then

N(s(r, ——) + N(s(r, —

P m):S(T).

Moreover, if Na)(r, %) # T(r,g) + S(r,g), then the conclusions of Theorem A still hold.
Here S(r) = max{S(r, f),S(r,g)}.

What happens if the valuein Theorem B is replaced by a small functionfodndg?

In this paper, we give a positive answer for this question by using the idea of weighted sharing
of values, we prove the following results:
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Theorem 1 — Let f and g be two distinct nonconstant meromorphic functions sharing
(0,1), (1,m), (o0, k), wheremkl > m + k + ¢ + 2. Furthermore, leta(# 0,1, 00) be a small
meromorphic function of andg. Then

Nalr =) = S(ra). - Nalr. =) = S ). (1)
Moreover, ifg & { %, (1 —a)f + a,af} then
N@mgia):swgy (1.2)

In particular, if a(# 0,1, c0) is a rational function (possibly constant) then (1.2) occurs for
andg.

Theorem 2— Let f and g be two distinct nonconstant meromorphic functions sharing
(0,0),(1,m), (o0, k), wheremkl > m + k + £+ 2. If a(# 0,1,00) is a small meromorphic

function of f and g such thatNz) (r, 15) # T'(r, g) + S(r, g) then

1
g—a
and f and g satisfy one of the three relations of Theorem A

N(r,

)=S(r,9),

By Theorem 1 and Theorem 2 we immediately obtain the following corollary:

Corollary 1 — Theorem 1 and Theorem 2 holdfifandg share(ay, ¢), (a2, m), (a3, k), where
{a1,a2,a3} = {0,00,1}, and?¢, m andk are positive integers satisfying one of the following:

(Ym>1,k>3,0>4;
(i)ym>2,k>20>3;
Gi)ym >1,k>2,¢>6.

Examplel — Letf = (e* —1)2,g = ¢ — 1 anda = —1. Thenf andg share (0, 0), (1, 1) and
(00, 1) and N (r, g%a) = 0, but we see that the conclusions of Theorem 2 fail to hold. This shows

the conditionmk? > m + k + ¢ + 2 in Theorem 2 is necessary.

2. LEMMAS

In this section we present some lemmas which will be needed in the sequel.
Lemma 1 [9] — Let f andg be two distinct meromorphic functions sharitgl, co IM. Then
T(r, f) = O(T(r,g)) andT(r, g) = O(T(r, f))-

The above lemma shows théitr, f) = S(r, g) and we denote them by(r), unless otherwise
stated.
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Lemma 2 [11] — Let f andg be two distinct meromorphic functions sharifig?), (1, m), (oo, k),
wheremkl > m + k + £ + 2. ThenN (2(r, +15) + N(a(r, ;15) = S(r), fora = 0,1, oc.

Lahiri [4] has proved Lemma 2 wheh= 1. In a very recent paper, Yi [11] was able to prove
lemma 2 in its full generality. Therefore, by Lemma 2, we immediately obtain the following lemma
which is an improvement of Lemma 4 in Lahiri [5].

Lemma3 — Let f andg be two distinct meromorphic functions sharif@¢), (1, m), (co, k),
wheremk£>m+k+€+2. If a = =1 andH = £, then, fora = 0, 1,00
N(r, 555) + N(r, g=) = S(r).

’aa

The following lemma extends Theorem 1 in Alzahary and Yi [1], and Lemma 5 in Lahiri [5].

Lemma 4— Under the assumptions of Lemma 2 fifis not a linear transformation @f then
each of the following holds:

(i) T(r, f) +T(r,g) = No(r) + N(r, %) + N(r,g) + N(r, 25) 4+ S(r);
(i) No(r) = No(r) + S(r), No(r, 75) = S()

(iii) No(r, 37) = No(r, &)+ S(r, ), N(r, ;) = No(r, 5;) + S(r, g), the same identities hold
for f;

() T(r, f) = No(r) + No(r, 57) + S(r), T(r,g) = No(r) + No(r, 1) + S(r);

where Ny(r)(No(r)) denotes the counting function of the zerosfof g which are not the zeros
of g(g — 1), 1/g (ignoring multiplicities) andVy (r, %) (No(r, f/)) denotes the counting function

corresponding to the zeros ¢fthat are not zeros of(f — 1) (ignoring multiplicities).

PROOF Let Hy = %, Wwherea and H are defined as in Lemma 3. Singeis not a linear

(1/

transformation of; thena, H and H, are nonconstant. Let = ——2—-.

e H

Then from Lemma 3, we see thais a small function off and we conclude that
—1

1 -« 1—a
f= — 9= g4 (2.1)
By (2.1), itis easily verified that
Hy 99— f)

7 (f=A)==—"F"7. 2.2
Ho( ) glg—1) (2.2)

F_ o _ EO-D-N

LetF:(f—)\)(Ho—l):oz—AHoJr)\—l.Then?—E:aW

If & ~(A=1) =X =0,thenT(r,a) + T(r, F) = S(r), so thatl'(r, Hy) = S(r), and by (2.1)
we getT( f)= S( ), which is impossible.
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! ’

F @
Consequently, we have’s = ﬁ and from this and Lemma 3, we get
(r, ) + Nop(r, ) = S(7)
mraf_)\ (QTaf_)\_ r),
and from this and (2.2)
1 _ 1 _
T(r, f) = Nyy(r, 7o /\) + S(r) = No(r, ?) + No(r) + S(r), (2.3)

which implies (iv).

By the second fundamental theorem of Nevanlinna, Lemma 2 and by using (iv), we see

1 — — 1 — — 1 1
?) + No(r) + N(r, 5) + N(r,g9) + N(r, F) — No(r, ?) + S(r)
N(r,=)+ N(r,g) + N(r, J i 1

T(T7f>+T(Tag) < NO(Tv

IA
—_

Wo(r)

) +5(r)

— T
s

IA
=

g) + N(r,g) + S(r)

N(r, fig) + Nyy(r,g) + S(r)

T(T‘,f _g) +N1)(Tvg) —|—S(T)

m(r,f) +m(7‘,g) +N<Taf) —|—N(2(7“,g) +N1)(T,g) —|—S(7’)

T(r,f)+T(r,g)+ S(r).

ININ A

From this we deduce (i)-(iii).
Let zo be a zero o% with multiplicity m > 1.

(1) If zo is azero ofg(g — 1) then itis a zero off — g with multiplicity > m.
(2) If 29 is not a zero ofy(g — 1), % then itis a zero off — g with multiplicity m.
Suppose that, is a pole ofg with multiplicity i(¢) which is a pole off with multiplicity ( f).

(3) Ifi(g) < i(f) thenm = 2i(g) — i(f). Thus,i(g) > 1 andzy, must be a zero o with
multiplicity > i(g) — 1, wheregp = '

__ 9
=D~ g-n 7 0

(4) Ifi(g) = i(f) > 2 andz is not a zero off — g thenm < 2i(g) andz is a zero ofp with
multiplicity > i(g) — 1.

We denote byV;(r) the counting function of those zeros ¢ g:gl) which are satisfied the case
(7),7 €1{1,2,3,4}. But we know from Lemma 2 th&t(r, ¢) = S(r), therefore, from this, Lemma
2, Lemma 3 and (i) thaV; (r) = S(r), j € {1,3,4} andNa(r) = No(r) + S(r).

If we denote byN5(r) the counting function of those zeros&ffg‘_%) which are poles of with
multiplicity i(g) and poles off with multiplicity i( f) such that(f) < i(g) ori(g) =i(f) = 1, then
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Ns(r) < N(r,g). If z, is a pole ofg with multiplicity i(¢) and it is pole off with multiplicity i( f)
suchthatl < i(g) < i(f), thenz, mustbe a zero af with multiplicity > i(g)—1. Thus,N(r, g) <
Ns(r)+S(r). Therefore N (r, 84=1) = Ny (r) + Na(r) + S(r) = N(r, g) + No(r) + S(r), which
proves (v). This proves Lemma 4.

Lemma 5 [7] — Let f; and f» be nonconstant meromorphic functions satisfyM¢-, f;) +
N(r, %) =S(r), T(r, f;) # S(r)i=1,2,T(r, ]{—;) # S(r),i # j,i,7 = 1,2. Leta; andb; (a;b; #
0),7 = 1,2 be meromorphic functions satisfyidyr, a;) + T'(r,b;) = S(r),i = 1,2. Then

T(r,arfi +azf2) = T(r,bif1 + bafo) + S(r), m(r,arfi + azfo) = m(r, by f1 + bafa) + S(r),

where

S(r) = o(maz{T(r, 1), T(r, f2)})-

Lemma6 [6] — Let f1, f5, f3 be nonconstant meromorphic functions such that

i+ fa+f3=1

If f1, f2, f3 are linearly independent, then

T(T, fl) < N2(Ta fl-) + NQ(ra i) + N2(T7 i) —l—ﬁ(?", fl) —I—N(’I", f2) —|—N(’l‘, f3) + S(T)a
1 f2 3

whereNy(r, fi) = N(r, fi) +N(2(r, fi) andS(r) = o(max{T(r, f1), T(r, f2), T(r, f3)}).

Remark 1 : Let f; and f; be two distinct nonconstant meromorphic functions. Then, by
No(r, 1, f1, f2) we denote the counting function of the commienapoints of f; and f2, each point
in that function is counted only once.

Lemma 7 [7] — Let f; and f> be two distinct nonconstant meromorphic functions satisfying
N(r, f;) + N(r, fi) = S(r),i = 1,2. Then eithetNy(r, 1, f1, f) = S(r, f1, f2) or there exist two
integerss, t(| s | + | ¢ |> 0) such thatf; f{ = 1.

Here Ny(r, 1, f1, f2) is the counting functiorf; and f, related to the common-points which
is defined as in Remark 1, astr, fi1, f2) = maz{S(r, f1), S(r, f2)}.

Lemma8 — Under the assumptions of Lemma 2N§(r) # S(r) then f andg share0, 1, oo
CM, whereNy(r) is the same as in Lemma 4.

PrROOF Itis readily checked that if is a fractional linear transformation ¢f then the conclu-
sion of Lemma 8 is clear. Therefore, it is enough to prove Lemma 8 whenot a fractional linear
transformation of;. Of course, by Lemma 1 and (2.1) we obtain thatv and 7 are nonconstant
and

S(r) = max{S(r,a),S(r, H)},
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wherea and H are defined as in Lemma 3.
It follows from the above equation and (ii) of Lemma 4 that
No(r) = No(r, 1,0, H) + S(r).

From this, and the assumptions of Lemma 8, one can apply Lemma atal H that there exist
two integerss, ¢ (|s| + [t| > 0) such that! H® = 1.

Thus, (%)t = (%)S. Since f is not a fractional linear transformation gfthens andt are
nonzero. From the last equation, we note thandg share0, 1 CM, becausef andg share0, 1
IM. We can rewrite the last equation #&(f — 1)! = ¢%(g — 1). If s +t # 0 then f andg share
oo CM, becausg’ andg sharex IM, otherwise, we get thaf is a fractional linear transformation
of g, which is impossible. This completes the proof of Lemma 8.

3. PROOF OFTHEOREMS1 AND 2

If fis alinear transformation af then from the assumptions of Theorem 1, one derivesitlzaid
g share0, 1, 0o CM. It is not difficult to show thay has two distinct Picard values. dfis equal to
one of them them is a constant and hence Theorems 1 and 2 follow from Theorem B, otherwise, by
Nevanlinna’s three small functions theorem, we have, g) = Ny(r, g_ia) + S(r), which proves

Theorems 1 and 2. Therefore, we assume fhiatnot a linear transformation gt

To prove (1.1), we only provﬁ(g(r, g%a) = S(r), because it can be proved férin the same
way. It is evident from Lemma 1 and (2.1) that

S(r) = max{S(r,a), S(r, H)}.

l—a
Assume thafl'(r, o) = S(r). Then from (2.1), we have — a = —a’——a—. If o + =2 % 0,

then from this, Lemma 3, (2.1) and by applying Nevanlinna’s three small functions theorem we get
1 _

S =N

H—a——lfa)—'—s(r) (r,g_a

a

T(r,g) =T(r,H)+ S(r) = N(r,

)+ 5(r),

this tells us that
T(r,g) = N(r,

) +5(r) = N(r,

g—a g—a

)+ 5(r),

which gives (1.2). We note that+1=2 = 0 gives (ii) of Theorem A and the remaining conclusions

of Theorem 2 follow from Lemma 3.
Similarly if T'(r, H) = S(r) or T'(r, 37) = S(r), then we deduce the conclusions of Theorems
1 and 2. We may assume that nond¢f, ), T'(r, o) andT'(r, 77) are equal t&5(r). From (2.1),
let us put
G=(9g—a)la—H)=(1-a)a+aH —1, (3.1)
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and
fi=-G, fo=(1—-a)a, f3 =aH.
Then
fitfot+fz=1 (3.2)
Suppose thdl'(r, f1) = S(r). Then from (3.1), we gell = w. If A+ 1#0,thenfrom
Lemma 3 and by using the second fundamental theorem of Nevanlinna, we observe that

1

o) =N =i

)+ 5(0) < Nr, 72) + 5(r) = (),

which is a contradiction. Thud + 1 = 0, it follows from the above that (i) of Theorem A occurs
and the remaining conclusions of Theorem 2 follow from Lemma 3. Therefore, it is enough to prove
Theorems 1 and 2, whéfi(r, f;) # S(r) (i =1,2,3).

First, we claim )

T(r, f1) = Noyy(r, E) + S(r). (3.3)

In order to prove (3.3), we suppose that f» and f3 are linearly independent. Evidently, from
Lemma 3, (3.2) and by applying Lemma 6 we obtain that

T(r, f1) < No(r, }1> 4 8(r) < N(r, ;1> L+ S(r),

which is (3.3).
Suppose thaf;, f» and f3 are linearly dependent. Then there exist constants, andcs (not
all are zeros) such that
cifi+ceafo+c3fs =0. (3.4)

Assumec; # 0, and let us prove that this possibility does not occur. Indeed, elimingiing
from (3.2) and (3.4), we gell — 2)f> + (1 — 2)f3 = 1. From this, Lemma 3 and by applying
the second fundamental theorem of Nevanlinna, welget f) = S(r), which is a contradiction.
Therefore,c; = 0 andeaes # 0. Identities (3.2) and (3.4) imply that f1 + (c2 — ¢3)f3 = 2,
and from this and Lemma 3, we obtain thtr, ﬁ) = S(r). Again, Lemma 3 and (3.1) yield
that N(r, fi) < N(r,H) + N(r,a) + S(r) = S(r). Therefore, by using Nevanlinna’s second
fundamental theorem, we get (3.3) and this completes the proof of (3.3).

The formula (3.1) can be rewritten as

1l-a)a+ed-1 G

- a—H a—H' (3.5)
It follows from Lemma 5 and (3.1) that
T(r,G)=T(r,(1—a)a+aH)+ S(r)=T(r,a — H) + S(r). (3.6)

Again, by using Lemma 5 and (3.1), we obtain

N(r,G)=N(r,(1—a)a+aH)+ S(r)=N(r,a— H) + S(r). (3.7)
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But we knowa — H = f*91 . From this, (v) of Lemma 4, (3.5) and (3.7) we get that

g(g—1)
N(r—1) = N(r =)~ N(rn— )+ N(r.g) + 5(r)
r’g—a = "G - r,g r
1
= N(r 5) — No(r) + S(r). (3.8)
i 1 _ 1 1y _
Sinceg — a a—g Tl-at =g andm(r, =—7) = 5(r), then
(r,—L ) = m(r,g) + S(r)
m(r, ——) =m(r,g T).

From this, (3.3), (3.7) and (3.8), we get

1 ) ( 1
= m(r
g—a "a—H

)+ N(r,g) + S(r)

= m(r,g)+ N(r,g)+ S(r)=T(r,g) + S(r). (3.9)

If No(r) # S(r) then by Lemma 8, we get thgtandg share0, 1, oo CM. Hence,o« and H
have no zeros or poles. By utilizing (3.3) and (3.5), we conclude that

L) < Nyl =) + 5(r) = S(r).

N, _
(3(r7g_a = TvG

Then Theorems 1 and 2 follow from this and (3.9). Hence, we assume that
No(r) = S(r). (3.10)
Let 2o be a zero off; with multiplicity i(f1) < 2, such that(zy) # 0, 1, cc.
Assume thaty is a zero ofx — H = —L=9.
g(g—1)
If 2 is a simple zero ofi(g — 1) then it is a zero off — g with multiplicity > 2.

Sincez is a zero offy, therefore, ifz is a simple pole ofy and f thenz is a zero off — g,
so thatzy must be a zero af = f(ffil_l) - g(gg—;) # 0. But we know thatl’(r, ¢) = S(r), then the
counting function of these points is equal46r).

If 29 is not any zero ofi(g — 1), 1/g thenzy must be a zero of — g.

Suppose thaty is a pole ofa — H. Sincez is a zero off, we get that ifzg is a simple zero
of g(¢g — 1), then from (3.1) one derives thai must be a zero of — a, which is a contradiction,
becausei(zy) # 0,1,00. If zg is not a zero olx — H or ﬁ thenz is a zero ofg — a with
multiplicity (f1).
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It follows from the above, Lemmas 2, 3, (i) of Lemma 4, (3.3) and (3.10) ¥gfr =

) g—a
Ny (r, é) + S(r). By (3.3), (3.8) and (3.10), we deduce thégs(r, g%a) = S(r), which is (1.2).
By (3.9), we see that the conditiov,) (r, 1) # T(r, g) + S(r) in Theorem 2 does not occur.

) g—a

It is clear from (1.1) forg that if a(£ 0,1, 00) is a rational function and i§ € {f%:l, (1—
a)f + a,af}, then (1.2) occurs. This establishes Theorems 1 and 2.

4. APPLICATION OF THEMAIN RESULTS

Nevanlinna four values theorem (see [9], Theorem 4.1) says that if two distinct nonconstant mero-
morphic functionsf and g share four values CM, thefi is a Mobius transformation (fractional
linear transformation) of. The condition “share four values CM” has been weakened taridg

share two values CM and two values IM” by Gundersen’s theorem (see [9], Theorem 4.10).

Definition 3 — Leta,b € CJ{oo}. If f(2) = a wheng(z) = b, then we denote this property
byg(z) = b= f(z) = a. Wewritef(z) = a < g(z) = bto mean thaff(z) = a if and only if
9(z) =b.

Definition 4 — Let k be a positive integer, and letbe a small function off. We denote by
E(a, f) the set of zeros of (z) — a ( ignoring multiplicities ), and byEy) (a, f) the set of zeros of
f(z) — a with multiplicity < & (ignoring multiplicities).

In 1989, Brosch [2] proved the following theorem which is an extension of a result of Ueda [8].

Theorem C — Let f and g be two nonconstant meromorphic functions shaling, co CM
and leta ¢ {0,1} be a finite complex number. If = « = g = a, then f is a fractional linear
transformation ofg.

As an application of Theorem 1 and Theorem 2, we extend Theorem C by showing the following
result:

Theorem 3 — Let f and g be two distinct nonconstant meromorphic functions sharing
(0,0),(1,m), (o0, k), wheremkl > m+k+{+2. Leta ¢ {0, 1, oo} be a small function off and
g such thatFy (a, g) C E(a, f). We have

(i) If a is a constant, theffi is a fractional linear transformation of
(74) If a is not a constant, then the conclusions of Theorem 2 still hold.

To prove Theorem 3, we need the following fact:
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Lemma 9 [13] — Let f and g be two distinct nonconstant meromorphic functions sharing
0,1, 00 CM. If

lim sup 7{\20(})

thenf is a fractional linear transformation of

> 1/2,

PROOF OFTHEOREM 3: (i) Suppose thaf is not a fractional linear transformation @f Simi-
larly to (2.2) and (2.3), we get

_Hy f'(f—9)
-\ =—">—" T(r,g) = Nyy(r, + S(r), 4.1
where\ = a,%H,.
o H
Sincea is a constant then, by Theorem 1, we have
Nis( ! ) =5(r) (4.2)
(3 r, J—a = ). .

Let zo be a zero ofy — a with multiplicity < 2 such thata(zy) # 0,1, 00, A(z9) # 0,00 and
%(zo) # 0, 00. Hence, from the assumptions of Theoremz@must be a zero of — a. Then
the right-hand side of (4.1) must have a zera@twhich yields thaty — A has a zero at, so
thatzg must be a zero ok — a. If A # a, then from (4.2), we haveV(r, = L) = S(r). Hence,
the conclusions of Theorem 2 occur, so tlias a fractional linear transformation gf which is a
contradiction. Thus\ = a. From this, (4.1) and (ii) of Lemma 4, we obtain

— 1
T(T,g):N(T, _a)—i_S(T) SN(KT)‘FS(’I‘),
and, by Lemmas 8 and 9, we get a contradiction. This proves (i) of Theorem 3.

We now prove (ii) Since: is not a constant, it is easy to show tlfais not a fractional linear
transformation ofy. Suppose thag ¢ {f+a -, (1 —a)f + a,af}. Then, by Theorem 1, (4.2)
occurs. Similarly to the proof of (i), we get a contradiction. Heg@{Ha 7, (1—a)f+a,af}.
From this, we can get the conclusions of Theorem 2. This proves (ii) of Theorem 3.
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