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We study the problem of uniqueness of meromorphic functions with finite weighted sharing

three values. The results in this paper improve some theorems of Ueda, Yi, Brosch and other

authors.
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1. INTRODUCTION AND THE MAIN RESULTS

Let f andg be two nonconstant meromorphic functions on the open complex planeC, and leta be

a finite value in the complex plane. We say thatf andg share the valuea CM (IM) provided that

f − a andg− a have the same zeros counting multiplicities (ignoring multiplicities), andf, g share

∞ CM (IM) provided that1/f, 1/g share0 CM (IM). We do not explain the standard notations of

value distribution theory as those are available in Hayman [3] or Yang and Yi [9].

We denote byS(r, f) any function satisfyingS(r, f) = o(T (r, f)) asr → +∞ possibly outside

a setE of finite Lebesgue measure. A meromorphic functiona(z) is said to be a small function of

f , if T (r, a) = S(r, f).

Definition1 — Letp be a positive integer, we denote byNp)(r, f) ( or Np)(r, f)) the counting

function of all poles off with multiplicities≤ p( ignoring multiplicities). We further define

N(p+1(r, f) = N(r, f)−Np)(r, f) and N (p+1(r, f) = N(r, f)−Np)(r, f).
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Now we explain the notion of weighted sharing as introduced by Lahiri [4, 5].

Definition2 — Let k be a nonnegative integer or infinity. For anya ∈ C⋃{∞} we denote by

Ek(a, f) the set of alla-points off where ana-point of multiplicity m is countedm times ifm ≤ k

andk + 1 times ifm > k. If Ek(a, f) = Ek(a, g), we say thatf, g share the valuea with weightk.

The definition implies that iff, g share a valuea with weightk thenz0 is a zero off − a with

multiplicity m(≤ k) if and only if it is a zero ofg− a with multiplicity m (≤ k), andz0 is a zero of

f − a with multiplicity m (> k) if and only if it is a zero ofg − a with multiplicity n (> k), where

m is not necessarily equal ton.

We writef, g share(a, k) to mean thatf, g share the valuea with weightk. Clearly if f, g share

(a, k), thenf, g share(a, p) for all integerp, 0 ≤ p < k. Also we note thatf, g share a valuea IM

or CM if and only iff, g share(a, 0) or (a,∞) respectively.

Yi [12] proved the following theorem which is extended the results of Ueda [8] and Ye [10].

TheoremA — Letf andg be two distinct nonconstant meromorphic functions sharing(0,∞), (1,∞)
and(∞,∞), and leta (6= 0, 1) be a finite complex number. If

N(r,
1

g − a
) 6= T (r, g) + S(r, g),

thena is a Picard exceptional value ofg, andf andg satisfy one of the following three relations:

(i) (g − a)(f + a− 1) ≡ a(1− a);

(ii) g + (a− 1)f ≡ a;

(iii) g ≡ af .

Recently, the author with Yi [1] have proved the following result which is an improvement of

Theorem A.

TheoremB — Letf andg be two distinct nonconstant meromorphic functions sharing(a1, 1), (a2,∞)
and(a3,∞), where{a1, a2, a3} = {0, 1,∞}. If a(6= 0, 1) is a finite complex number then

N(3(r,
1

g − a
) + N(3(r,

1
f − a

) = S(r).

Moreover, if N2)(r, 1
g−a) 6= T (r, g) + S(r, g), then the conclusions of Theorem A still hold.

HereS(r) = max{S(r, f), S(r, g)}.

What happens if the valuea in Theorem B is replaced by a small function off andg?

In this paper, we give a positive answer for this question by using the idea of weighted sharing

of values, we prove the following results:
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Theorem 1 — Let f and g be two distinct nonconstant meromorphic functions sharing

(0, l), (1,m), (∞, k), wheremk` > m + k + ` + 2. Furthermore, leta(6≡ 0, 1,∞) be a small

meromorphic function off andg. Then

N(3(r,
1

g − a
) = S(r, g), N(3(r,

1
f − a

) = S(r, f). (1.1)

Moreover, ifg 6∈ { af
f+a−1 , (1− a)f + a, af} then

N(3(r,
1

g − a
) = S(r, g). (1.2)

In particular, if a(6≡ 0, 1,∞) is a rational function (possibly constant) then (1.2) occurs forf

andg.

Theorem 2— Let f and g be two distinct nonconstant meromorphic functions sharing

(0, `), (1,m), (∞, k), wheremk` > m + k + ` + 2. If a(6≡ 0, 1,∞) is a small meromorphic

function off andg such thatN2)(r, 1
g−a) 6= T (r, g) + S(r, g) then

N(r,
1

g − a
) = S(r, g),

andf andg satisfy one of the three relations of Theorem A.

By Theorem 1 and Theorem 2 we immediately obtain the following corollary:

Corollary 1 — Theorem 1 and Theorem 2 hold iff andg share(a1, `), (a2,m), (a3, k), where

{a1, a2, a3} = {0,∞, 1}, and`, m andk are positive integers satisfying one of the following:

(i) m ≥ 1, k ≥ 3, ` ≥ 4;

(ii ) m ≥ 2, k ≥ 2,` ≥ 3;

(iii ) m ≥ 1, k ≥ 2, ` ≥ 6.

Example1 — Letf = (ez − 1)2, g = ez − 1 anda = −1. Thenf andg share (0, 0), (1, 1) and

(∞, 1) andN(r, 1
g−a) = 0, but we see that the conclusions of Theorem 2 fail to hold. This shows

the conditionmk` > m + k + ` + 2 in Theorem 2 is necessary.

2. LEMMAS

In this section we present some lemmas which will be needed in the sequel.

Lemma 1 [9] — Let f andg be two distinct meromorphic functions sharing0, 1,∞ IM. Then

T (r, f) = O(T (r, g)) andT (r, g) = O(T (r, f)).

The above lemma shows thatS(r, f) = S(r, g) and we denote them byS(r), unless otherwise

stated.
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Lemma 2 [11] — Letf andg be two distinct meromorphic functions sharing(0, `), (1,m), (∞, k),
wheremk` > m + k + ` + 2. ThenN(2(r, 1

f−a) + N(2(r, 1
g−a) = S(r), for a = 0, 1,∞.

Lahiri [4] has proved Lemma 2 wheǹ= 1. In a very recent paper, Yi [11] was able to prove

lemma 2 in its full generality. Therefore, by Lemma 2, we immediately obtain the following lemma

which is an improvement of Lemma 4 in Lahiri [5].

Lemma3 — Letf andg be two distinct meromorphic functions sharing(0, `), (1,m), (∞, k),
wheremk` > m + k + ` + 2. If α = f−1

g−1 andH = f
g , then, fora = 0, 1,∞

N(r, 1
α−a) + N(r, 1

H−a) = S(r).

The following lemma extends Theorem 1 in Alzahary and Yi [1], and Lemma 5 in Lahiri [5].

Lemma 4— Under the assumptions of Lemma 2, iff is not a linear transformation ofg then

each of the following holds:

(i) T (r, f) + T (r, g) = N0(r) + N(r, 1
g ) + N(r, g) + N(r, 1

g−1) + S(r);

(ii) N0(r) = N0(r) + S(r), N(2(r, 1
f−g ) = S(r);

(iii) N0(r, 1
g′ ) = N0(r, 1

g′ )+S(r, g), N(r, 1
g′ ) = N0(r, 1

g′ )+S(r, g), the same identities hold

for f ;

(iv) T (r, f) = N0(r) + N0(r, 1
g′ ) + S(r), T (r, g) = N0(r) + N0(r, 1

f ′ ) + S(r);

(v) N(r, g(g−1)
f−g ) = N(r, g) + N0(r) + S(r),

whereN0(r)(N0(r)) denotes the counting function of the zeros off − g which are not the zeros

of g(g − 1), 1/g (ignoring multiplicities) andN0(r, 1
f ′ ) (N0(r, 1

f ′ )) denotes the counting function

corresponding to the zeros off ′ that are not zeros off(f − 1) ( ignoring multiplicities).

PROOF: Let H0 = α
H , whereα andH are defined as in Lemma 3. Sincef is not a linear

transformation ofg thenα, H andH0 are nonconstant. Letλ =
α′
α

α′
α
−H′

H

.

Then from Lemma 3, we see thatλ is a small function off and we conclude that

f =
1− α−1

H−1 − α−1
, g =

1− α

H − α
. (2.1)

By (2.1), it is easily verified that

H ′
0

H0
(f − λ) =

g′(g − f)
g(g − 1)

. (2.2)

Let F = (f − λ)(H0 − 1) = α− λH0 + λ− 1. Then F ′
F − α′

α =
α′
α

(λ−1)−λ′

f−λ .

If α′
α (λ − 1)− λ′ ≡ 0, thenT (r, α) + T (r, F ) = S(r), so thatT (r,H0) = S(r), and by (2.1)

we getT (r, f) = S(r), which is impossible.
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Consequently, we have1
f−λ =

F ′
F
−α′

α
α′
α

(λ−1)−λ′
, and from this and Lemma 3, we get

m(r,
1

f − λ
) + N(2(r,

1
f − λ

) = S(r),

and from this and (2.2)

T (r, f) = N1)(r,
1

f − λ
) + S(r) = N0(r,

1
g′

) + N0(r) + S(r), (2.3)

which implies (iv).

By the second fundamental theorem of Nevanlinna, Lemma 2 and by using (iv), we see

T (r, f) + T (r, g) ≤ N0(r,
1
g′

) + N0(r) + N(r,
1
g
) + N(r, g) + N(r,

1
g − 1

)−N0(r,
1
g′

) + S(r)

≤ N0(r) + N(r,
1
g
) + N(r, g) + N(r,

1
g − 1

) + S(r)

≤ N(r,
1

f − g
) + N(r, g) + S(r)

≤ N(r,
1

f − g
) + N1)(r, g) + S(r)

≤ T (r, f − g) + N1)(r, g) + S(r)

≤ m(r, f) + m(r, g) + N(r, f) + N(2(r, g) + N1)(r, g) + S(r)

= T (r, f) + T (r, g) + S(r).

From this we deduce (i)-(iii).

Let z0 be a zero of f−g
g(g−1) with multiplicity m ≥ 1.

(1) If z0 is a zero ofg(g − 1) then it is a zero off − g with multiplicity > m.

(2) If z0 is not a zero ofg(g − 1), 1
g then it is a zero off − g with multiplicity m.

Suppose thatz0 is a pole ofg with multiplicity i(g) which is a pole off with multiplicity i(f).

(3) If i(g) < i(f) thenm = 2i(g) − i(f). Thus,i(g) > 1 andz0 must be a zero ofφ with

multiplicity ≥ i(g)− 1, whereφ = f ′
f(f−1) − g′

g(g−1) 6≡ 0.

(4) If i(g) = i(f) ≥ 2 andz0 is not a zero off − g thenm ≤ 2i(g) andz0 is a zero ofφ with

multiplicity ≥ i(g)− 1.

We denote byNj(r) the counting function of those zeros off−g
g(g−1) which are satisfied the case

(j), j ∈ {1, 2, 3, 4}. But we know from Lemma 2 thatT (r, φ) = S(r), therefore, from this, Lemma

2, Lemma 3 and (ii) thatNj(r) = S(r), j ∈ {1, 3, 4} andN2(r) = N0(r) + S(r).

If we denote byN5(r) the counting function of those zeros off−g
g(g−1) which are poles ofg with

multiplicity i(g) and poles off with multiplicity i(f) such thati(f) < i(g) or i(g) = i(f) = 1, then
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N5(r) ≤ N(r, g). If z∗ is a pole ofg with multiplicity i(g) and it is pole off with multiplicity i(f)
such that1 < i(g) ≤ i(f), thenz∗ must be a zero ofφ with multiplicity ≥ i(g)−1. Thus,N(r, g) ≤
N5(r)+S(r). Therefore,N(r, g(g−1)

f−g ) = N5(r)+N2(r)+S(r) = N(r, g)+N0(r)+S(r), which

proves (v). This proves Lemma 4.

Lemma 5 [7] — Let f1 andf2 be nonconstant meromorphic functions satisfyingN(r, fi) +
N(r, 1

fi
) = S(r), T (r, fi) 6= S(r) i = 1, 2, T (r, fi

fj
) 6= S(r), i 6= j, i, j = 1, 2. Letai andbi (aibi 6≡

0), i = 1, 2 be meromorphic functions satisfyingT (r, ai) + T (r, bi) = S(r), i = 1, 2. Then

T (r, a1f1 + a2f2) = T (r, b1f1 + b2f2) + S(r),m(r, a1f1 + a2f2) = m(r, b1f1 + b2f2) + S(r),

where

S(r) = o(max{T (r, f1), T (r, f2)}).
Lemma6 [6] — Let f1, f2, f3 be nonconstant meromorphic functions such that

f1 + f2 + f3 ≡ 1.

If f1, f2, f3 are linearly independent, then

T (r, f1) ≤ N2(r,
1
f1

) + N2(r,
1
f2

) + N2(r,
1
f3

) + N(r, f1) + N(r, f2) + N(r, f3) + S(r),

whereN2(r, fi) = N(r, fi) + N (2(r, fi) andS(r) = o(max{T (r, f1), T (r, f2), T (r, f3)}).

Remark 1 : Let f1 and f2 be two distinct nonconstant meromorphic functions. Then, by

N0(r, 1, f1, f2) we denote the counting function of the common1−points off1 andf2, each point

in that function is counted only once.

Lemma 7 [7] — Let f1 andf2 be two distinct nonconstant meromorphic functions satisfying

N(r, fi) + N(r, 1
fi

) = S(r), i = 1, 2. Then eitherN0(r, 1, f1, f2) = S(r, f1, f2) or there exist two

integerss, t(| s | + | t |> 0) such thatf s
1f t

2 ≡ 1.

HereN0(r, 1, f1, f2) is the counting functionf1 andf2 related to the common1-points which

is defined as in Remark 1, andS(r, f1, f2) = max{S(r, f1), S(r, f2)}.

Lemma 8 — Under the assumptions of Lemma 2, ifN0(r) 6= S(r) thenf andg share0, 1,∞
CM, whereN0(r) is the same as in Lemma 4.

PROOF: It is readily checked that iff is a fractional linear transformation ofg, then the conclu-

sion of Lemma 8 is clear. Therefore, it is enough to prove Lemma 8 whenf is not a fractional linear

transformation ofg. Of course, by Lemma 1 and (2.1) we obtain thatH,α and α
H are nonconstant

and

S(r) = max{S(r, α), S(r,H)},
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whereα andH are defined as in Lemma 3.

It follows from the above equation and (ii) of Lemma 4 that

N0(r) = N0(r, 1, α,H) + S(r).

From this, and the assumptions of Lemma 8, one can apply Lemma 7 toα andH that there exist

two integerss, t (|s|+ |t| > 0) such thatαtHs ≡ 1.

Thus,(f−1
g−1 )t = ( g

f )s. Sincef is not a fractional linear transformation ofg thens and t are

nonzero. From the last equation, we note thatf andg share0, 1 CM, becausef andg share0, 1
IM. We can rewrite the last equation asfs(f − 1)t = gs(g − 1)t. If s + t 6= 0 thenf andg share

∞ CM, becausef andg share∞ IM, otherwise, we get thatf is a fractional linear transformation

of g, which is impossible. This completes the proof of Lemma 8.

3. PROOF OFTHEOREMS1 AND 2

If f is a linear transformation ofg then from the assumptions of Theorem 1, one derives thatf and

g share0, 1,∞ CM. It is not difficult to show thatg has two distinct Picard values. Ifa is equal to

one of them thena is a constant and hence Theorems 1 and 2 follow from Theorem B, otherwise, by

Nevanlinna’s three small functions theorem, we haveT (r, g) = N1)(r, 1
g−a) + S(r), which proves

Theorems 1 and 2. Therefore, we assume thatf is not a linear transformation ofg.

To prove (1.1), we only proveN (3(r, 1
g−a) = S(r), because it can be proved forf in the same

way. It is evident from Lemma 1 and (2.1) that

S(r) = max{S(r, α), S(r,H)}.

Assume thatT (r, α) = S(r). Then from (2.1), we haveg − a = −a
H−α− 1−α

a
H−α . If α + 1−α

a 6≡ 0,

then from this, Lemma 3, (2.1) and by applying Nevanlinna’s three small functions theorem we get

T (r, g) = T (r,H) + S(r) = N(r,
1

H − α− 1−a
a

) + S(r) = N(r,
1

g − a
) + S(r),

this tells us that

T (r, g) = N(r,
1

g − a
) + S(r) = N(r,

1
g − a

) + S(r),

which gives (1.2). We note thatα+ 1−α
a ≡ 0 gives (ii) of Theorem A and the remaining conclusions

of Theorem 2 follow from Lemma 3.

Similarly if T (r,H) = S(r) or T (r, α
H ) = S(r), then we deduce the conclusions of Theorems

1 and 2. We may assume that none ofT (r,H), T (r, α) andT (r, α
H ) are equal toS(r). From (2.1),

let us put

G = (g − a)(α−H) = (1− a)α + aH − 1, (3.1)
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and

f1 = −G, f2 = (1− a)α, f3 = aH.

Then

f1 + f2 + f3 = 1. (3.2)

Suppose thatT (r, f1) = S(r). Then from (3.1), we getH = A+1−(1−a)α
a . If A + 1 6≡ 0, then from

Lemma 3 and by using the second fundamental theorem of Nevanlinna, we observe that

T (r, α) = N(r,
1

A + 1− (1− a)α
) + S(r) ≤ N(r,

1
H

) + S(r) = S(r),

which is a contradiction. ThusA + 1 ≡ 0, it follows from the above that (i) of Theorem A occurs

and the remaining conclusions of Theorem 2 follow from Lemma 3. Therefore, it is enough to prove

Theorems 1 and 2, whenT (r, fi) 6= S(r) (i = 1, 2, 3).
First, we claim

T (r, f1) = N2)(r,
1
f1

) + S(r). (3.3)

In order to prove (3.3), we suppose thatf1, f2 andf3 are linearly independent. Evidently, from

Lemma 3, (3.2) and by applying Lemma 6 we obtain that

T (r, f1) ≤ N2(r,
1
f1

) + S(r) ≤ N(r,
1
f1

) + S(r),

which is (3.3).

Suppose thatf1, f2 andf3 are linearly dependent. Then there exist constantsc1, c2 andc3 (not

all are zeros) such that

c1f1 + c2f2 + c3f3 ≡ 0. (3.4)

Assumec1 6= 0, and let us prove that this possibility does not occur. Indeed, eliminatingf1

from (3.2) and (3.4), we get(1 − c2
c1

)f2 + (1 − c3
c1

)f3 ≡ 1. From this, Lemma 3 and by applying

the second fundamental theorem of Nevanlinna, we getT (r, f2) = S(r), which is a contradiction.

Therefore,c1 = 0 andc2c3 6= 0. Identities (3.2) and (3.4) imply thatc2f1 + (c2 − c3)f3 = c2,

and from this and Lemma 3, we obtain thatN(r, 1
f1−1) = S(r). Again, Lemma 3 and (3.1) yield

that N(r, f1) ≤ N(r,H) + N(r, α) + S(r) = S(r). Therefore, by using Nevanlinna’s second

fundamental theorem, we get (3.3) and this completes the proof of (3.3).

The formula (3.1) can be rewritten as

g − a =
(1− a)α + aH − 1

α−H
=

G

α−H
. (3.5)

It follows from Lemma 5 and (3.1) that

T (r,G) = T (r, (1− a)α + aH) + S(r) = T (r, α−H) + S(r). (3.6)

Again, by using Lemma 5 and (3.1), we obtain

N(r,G) = N(r, (1− a)α + aH) + S(r) = N(r, α−H) + S(r). (3.7)
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But we knowα−H = f−g
g(g−1) . From this, (v) of Lemma 4, (3.5) and (3.7) we get that

N(r,
1

g − a
) = N(r,

1
G

)−N(r,
1

α−H
) + N(r, g) + S(r)

= N(r,
1
G

)−N0(r) + S(r). (3.8)

Sinceg − a = − 1
α−H + 1− a + 1

α
H
−1 andm(r, 1

α
H
−1) = S(r), then

m(r,
1

α−H
) = m(r, g) + S(r).

From this, (3.3), (3.7) and (3.8), we get

N(r,
1

g − a
) = m(r,

1
α−H

) + N(r, g) + S(r)

= m(r, g) + N(r, g) + S(r) = T (r, g) + S(r). (3.9)

If N0(r) 6= S(r) then by Lemma 8, we get thatf andg share0, 1,∞ CM. Hence,α andH

have no zeros or poles. By utilizing (3.3) and (3.5), we conclude that

N(3(r,
1

g − a
) ≤ N(3(r,

1
G

) + S(r) = S(r).

Then Theorems 1 and 2 follow from this and (3.9). Hence, we assume that

N0(r) = S(r). (3.10)

Let z0 be a zero off1 with multiplicity i(f1) ≤ 2, such thata(z0) 6= 0, 1,∞.

Assume thatz0 is a zero ofα−H = f−g
g(g−1) .

If z0 is a simple zero ofg(g − 1) then it is a zero off − g with multiplicity ≥ 2.

Sincez0 is a zero off1, therefore, ifz0 is a simple pole ofg andf thenz0 is a zero off − g,

so thatz0 must be a zero ofφ = f ′
f(f−1) − g′

g(g−1) 6≡ 0. But we know thatT (r, φ) = S(r), then the

counting function of these points is equal toS(r).

If z0 is not any zero ofg(g − 1), 1/g thenz0 must be a zero off − g.

Suppose thatz0 is a pole ofα −H. Sincez0 is a zero off1, we get that ifz0 is a simple zero

of g(g − 1), then from (3.1) one derives thatz0 must be a zero ofg − a, which is a contradiction,

becausea(z0) 6= 0, 1,∞. If z0 is not a zero ofα − H or 1
α−H , thenz0 is a zero ofg − a with

multiplicity i(f1).
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It follows from the above, Lemmas 2, 3, (ii) of Lemma 4, (3.3) and (3.10) thatN2)(r, 1
g−a) =

N2)(r, 1
G) + S(r). By (3.3), (3.8) and (3.10), we deduce thatN(3(r, 1

g−a) = S(r), which is (1.2).

By (3.9), we see that the conditionN2)(r, 1
g−a) 6= T (r, g) + S(r) in Theorem 2 does not occur.

It is clear from (1.1) forg that if a(6≡ 0, 1,∞) is a rational function and ifg ∈ { af
f+a−1 , (1 −

a)f + a, af}, then (1.2) occurs. This establishes Theorems 1 and 2.

4. APPLICATION OF THEMAIN RESULTS

Nevanlinna four values theorem (see [9], Theorem 4.1) says that if two distinct nonconstant mero-

morphic functionsf andg share four values CM, thenf is a Möbius transformation (fractional

linear transformation) ofg. The condition “share four values CM” has been weakened to “f andg

share two values CM and two values IM” by Gundersen’s theorem (see [9], Theorem 4.10).

Definition 3 — Leta, b ∈ C⋃{∞}. If f(z) = a wheng(z) = b, then we denote this property

by g(z) = b ⇒ f(z) = a. We writef(z) = a ⇔ g(z) = b to mean thatf(z) = a if and only if

g(z) = b.

Definition 4 — Let k be a positive integer, and leta be a small function off . We denote by

E(a, f) the set of zeros off(z)− a ( ignoring multiplicities ), and byEk)(a, f) the set of zeros of

f(z)− a with multiplicity ≤ k (ignoring multiplicities).

In 1989, Brosch [2] proved the following theorem which is an extension of a result of Ueda [8].

Theorem C — Let f and g be two nonconstant meromorphic functions sharing0, 1,∞ CM

and leta 6∈ {0, 1} be a finite complex number. Iff = a ⇒ g = a, thenf is a fractional linear

transformation ofg.

As an application of Theorem 1 and Theorem 2, we extend Theorem C by showing the following

result:

Theorem 3 — Let f and g be two distinct nonconstant meromorphic functions sharing

(0, `), (1,m), (∞, k), wheremk` > m+ k + `+2. Leta 6∈ {0, 1,∞} be a small function off and

g such thatE2)(a, g) ⊆ E(a, f). We have:

(i) If a is a constant, thenf is a fractional linear transformation ofg;

(ii) If a is not a constant, then the conclusions of Theorem 2 still hold.

To prove Theorem 3, we need the following fact:
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Lemma 9 [13] — Let f and g be two distinct nonconstant meromorphic functions sharing

0, 1,∞ CM. If

lim sup
r→∞

N0(r)
T (r, f)

> 1/2,

thenf is a fractional linear transformation ofg.

PROOF OFTHEOREM 3: (i) Suppose thatf is not a fractional linear transformation ofg. Simi-

larly to (2.2) and (2.3), we get

−H ′
0

H0
(g − λ) =

f ′(f − g)
f(f − 1)

, T (r, g) = N1)(r,
1

g − λ
) + S(r), (4.1)

whereλ =
α′
α

α′
α
−H′

H

.

Sincea is a constant then, by Theorem 1, we have

N(3(r,
1

g − a
) = S(r). (4.2)

Let z0 be a zero ofg − a with multiplicity ≤ 2 such thata(z0) 6= 0, 1,∞, λ(z0) 6= 0,∞ and
H′

0
H0

(z0) 6= 0,∞. Hence, from the assumptions of Theorem 3,z0 must be a zero off − a. Then

the right-hand side of (4.1) must have a zero atz0, which yields thatg − λ has a zero atz0, so

that z0 must be a zero ofλ − a. If λ 6≡ a, then from (4.2), we haveN(r, 1
g−a) = S(r). Hence,

the conclusions of Theorem 2 occur, so thatf is a fractional linear transformation ofg, which is a

contradiction. Thusλ ≡ a. From this, (4.1) and (ii) of Lemma 4, we obtain

T (r, g) = N (r,
1

g − a
) + S(r) ≤ N0(r) + S(r),

and, by Lemmas 8 and 9, we get a contradiction. This proves (i) of Theorem 3.

We now prove (ii) Sincea is not a constant, it is easy to show thatf is not a fractional linear

transformation ofg. Suppose thatg 6∈ { af
f+a−1 , (1 − a)f + a, af}. Then, by Theorem 1, (4.2)

occurs. Similarly to the proof of (i), we get a contradiction. Henceg ∈ { af
f+a−1 , (1− a)f + a, af}.

From this, we can get the conclusions of Theorem 2. This proves (ii) of Theorem 3.
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