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Let G be a bounded finitely connected domain in the complex plane such that no component
of dG reduces to a point. Leti(G) be the set of all functions analytic @& and continuous

onG and letR(G) be the closure of all rational functions with poles 6ff In this paper, we
investigate the problem of wheA(G) (R(G)) is dense in the Hardy spadé?(G). We give
several equivalent conditions under whigkG) is dense inH4(G). We also show that iz is

simply connected, thed(G) is dense inH?(G) if and only if A(G) is dense inL2(G).
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INTRODUCTION

Let1 < ¢ < oo, the problem of whend(G), R(G) or P (the set of analytic polynomials) is dense
in H1(G) (L%(G)) has attracted considerable attention over the years. It is always interesting to
know when the functions in a given space can be approximated by functions with better properties.

In this work, we study the problem of when the function algel(&r) is dense in the Hardy
spaceHY(G). We get several equivalent conditions in order tHat7) is dense inH?(G). In
particular, we show that (G) is dense i1 (G) is equivalent to thatl(G) is dense inH4(G) for
all ¢ > 1 (for ¢ = o, itis equivalent toA(G) is weak-star dense iH*>°(G)).

Let w denote a harmonic measure @fand letAY(G,w) (R?(G,w)) be the closure ofA(G)
(R(G)) in Li(w). Let PY(w) be the closure o in LI(w). In [9], the author shows tha® is
dense inH?(G) if and only if G = VP4(w), the set of analytic bounded point evaluations for

*This work was partially supported by the Scientific Research Fund of Southwestern University of Finance and
Economics.



318 ZHIJIAN QIU

P%(w). In this paper, we show that although it is true th(7) is dense inH?(G) implies that

G = VAY(G,w) (the set ofubpes for A4(G,w)), however, it is unfortunate that the converse is no
longer valid. So the property mentioned above is some thing very spedtélto). We also show
that if A(G) is dense inH%(G), thenA(G) dense in the Bergman spaté(G) as well.

1. PRELIMINARIES

For an open subset, the connectivity of7 is defined to be the number of the components of the
complement of~ in the plane. If the connectivity aF is a finite number, then it is called a finitely
connected domain.

Let G be a finitely connected domain such that no componeftbfeduces to a point. Then
it is a classical result that' is conformally equivalent to a circular domaii (see [12]). If, in
addition, a conformal map fro¥” onto G is one-to-one for almost every pointd with respect
to the arclength o0, then we callz a multi-nicely connected domain. For instance, in the simply
connected case, a crescent is multi-nicely connected and a slit disk is not multi-nicely connected.
However, Akeroyd in [1] produced a multi-nicely connected ("slit”) domain that is constructed by
deleting a Jordan arc from the unit disk.

Let G be a bounded domain with no singleton boundary component. For a:figed, there is
a unique probability measute, supported oG such that

u(z) = /a JRICVES

for every functionu that is continuous oii; and harmonic orG. w. is known as the harmonic
measure ofy evaluated at. By Harnack’s inequality, we see that any two harmonic measures for
G are boundedly equivalent. For example, the normalized Lebesgue measuarthe unit circle is

the harmonic measure evaluated d&br the open unit dislD.

Letq € [1,00) and letH?(G) be the set of analytic functionsfor which there is a harmonic
functionw such that f(z)|? < u(z) onG. Fix a pointa € G, then

Ifll = inf{u(a)% 1 f(2)]? < u(z),z € G and u is harmonic on G}

defines a norm that maké$?(G) a Banach space, which is known as the Hardy space (see [8]).

Let i be a finite positive measure that is supportedcoriet AY(G, i) (R(G, 11)) denote the
closure ofA(G) (R(G)) in L4(p).

A pointw in C is called an analytic bounded point evaluatiabge for A?(G, n) if there is a
neighborhoodV of w and a positive constantsuch that for alh € W

< ellflla, f e AG).
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So, the mapf — f(w), extends to a bounded linear functional 44(G, 11). By the Riesz
Representing Theorem there exists a functipr(reproducing kernel) il? (), Whereé + % =1,
suchthatf (w) = [ fky dp, f € A(G). We useV A1(G, 1) to denote the set afvpes for A1(G, p).
For eachf in A%(G, p), let f(w) = [ fkwdu. Thenf is analytic onV AY(G, 11). VRY(G, 1), the
set ofabpes for RY(G, 1), is defined similarly.

2. RESULTS

Lemma2.1 — If G is a bounded domain and letbe a harmonic measure f6f, thenV A?(G, w)
is a connected open subset containing

PROOF: Leta € G, then for eactf € A(G), f(z) = [ fdw, , for everyz in a small neigh-
borhood ofa, wherew, denotes the harmonic measure evaluatedfat G. So it follows from the
Harnack’s inequality and the definition @bpes thata € VAY(G,w). HenceG C VAI(G,w).

Define a linear operatoB : AY(G,w) — HY(G) via B(r) = r for eachr € A(G). By
Harnack's inequality, there exigt,co > 0 such that|B(r)|| = |7|lgae) = callrlliow) <
co||B(r)||. So B is invertible fromA%(G,w) onto B[AY(G,w)] and the later is a closed subspace
of H1(G). Moreover, it is easy to verify thaB(fg) = B(f)B(g) for f, g € AY(G,w) N L>®(w).
Now letu € A4(G,w) N L>=(w) be a non-zero characteristic function. THéh(u)]? = B(u).
Thus,B(u — 1) = B(u) — 1 = 0, and hencex = 1. This implies thatv A?(G, w) is connected.

The above lemma is also true f&¥ (G, w).

Theorem2.1— Let G be a bounded finitely connected domain such that no componéidt of
reduces to a point. IfA(G) is dense inH?(G), thenVAY(G,w) = G.

PROOF: Let W = VA%(G,w). By the proceeding lemma}’ is a domain that contains.
From the definition ofibpes, we know that every € A(G) extends to be analytic oiv'. Thus, we
have thatd(W) = A(G).

Pick an arbitrary functiorf € H?(G). By our hypothesis, there is a sequedeg} in A(G)
such thatim a,, = f in H9(G). Suppose thatg|| gqc) = |/g\|(b) for eachg € HY(G), whereb is a
fixed point inG andyg\\q is the harmonic extension ¢f|? onG. Then

1
{/ lam — an|?dwy} @ = ||am — anl|ga(q) — 0,28 n,m — o0,

wherew; is the harmonic measure evaluated &r G. Thus,{a,} is also a Cauchy sequence in
AY(G,w). This means thafa,, } converges to a functiofi € A%(G,w). This implies thatf extends
to be analytic oW If W = G, then sincédV is connected, that implies that there is a pairt 0G
such thats € W. But, this is impossible. In fact, let is the component adG that contains: and
let h be a branch O(\/Z—)% in the complement ofy in the Riemann sphere. Thénbelongs to

1
—a
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H1(G) and it clearly does not extend to be analyticwatHence, we have thdl’ = G, which
completes the proof.

The above theorem is also true #Bf (G, w).

In [9], the author shows th&® is dense inH4(G) if and only if VP4(w) = G. Unfortunately,
unlike the polynomial case, the converse of Theorem 2.1 is not true. Here is an example:

Let E be a Cantor subset ¢f1, 1] such that | > 0 (that is, E has positive arclength on
[—1,1]). Then[-1,1] \ E = UI;, where eacH; is an open sub-integral ¢+1, 1]. For eacly, let
D; denotes the open disk that hisas its diameter and letf = {z : |z| < 2} \ (UDj). LetG
be the interior off’. Letw denote a harmonic measure@f We claim thatV A?(G,w) = G =

VRI(G,w). In fact, first it is easy to show that
G C VAY(G,w) C VRY(G,w).

LetW = VRI(G,w), thenW is an open subset that contaifis Clearly, eachD; N W = () and
W n{z:|z| >2} =0. It follows thatW must equal td=.

Since E' has positive arclength, it has positive harmonic measure in this case (this is a known
fact, but we are unable to locate an elementery proof in the literatures. However, it is not difficult to
prove). SoG is not a multi-nicely connected domain, it follows that (see Theorem 2(23) can

not be dense if74(G). SinceR(G) C A(G) (actually, the spaces are equdt),G) is not dense in
H1(G) either.

Recall that for a circular domaii’, the weak-star topology o >°(W) is the one induced
from the isometrical isomorphisni — f (the boundary value function of on 9W). So, if G
is conformally equivalent tdV, then the weak-star topology di*°(G) is the one induced via a
conformal map froni¥ ontoG.

Theorem2.2— Let G be a bounded finitely connected domain so that no componeiof
reduces to a single point. Then the following are equivalent

1) A(G) is dense inH!(G).

2) A(G) dense inH4(G) for all ¢ € [1,00).

3) A(G) is weak-star dense iIH>(G).

4) A(G) is sequentially weak-star denseif(G).

5) There exists a circular domaiil/ conformally equivalent t@7 and every conformal map
from G ontoW can be approximated if/4(G) by a sequence of functions (G).

6) There exists a circular domai¥ conformally equivalent t6: and every conformal map,
from G ontoW has a well-defined boundary value functian and & belongs tod?(G, w).
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7) G is a multi-nicely connected domain

PROOF: 1) = 7). SincedG has no single point boundary components, it follows by a classical
result that there exists a circular domaih so that it conformally equivalent t&'. Let o be a
conformal map fronG onto . Then by our hypothesis, there is a sequeficg} in A(G) such
thata, — o in H'(G). This is equivalent to that, o a=! — z in H*(W). It is easy to show
that the boundary value function of, o o~! on oW is a,, o ofrvl, so it follows thata,, o al =2
in LY (ww), wherea—! denotes the boundary value function®@f! on oW andwy, denotes a
harmonic measure df’. This concludes that—! is almost univalent oW with respect to
ww . Sincewyy is boundedly equivalent to the arclength @W, it follows thatG is multi-nicely
connected.

7) = 4). A sequence itH>°(G) weak-star converges to a functighe H>°(G) if and only
if it is a bounded sequence and it pointwise convergetS oo G. So, we need to show that every
function in H>°(G) is the pointwise limit of a bounded sequence of functiond (). WhendG is
simply connected, every € H*>((G) is the pointwise limit of a bounded sequencedfiz) (see
[5]). We proceed by induction on the connectivity@f

Suppose that it is true fa& with connectivity less or equal to. We now considets having
connectivityn + 1. Itis not difficult to construct four multi-nicely connected subdomafis;};_,,
of G such that: 1) the connectivity of each is less tham + 1, 2) {G;}1_, is an open cover ofz,
3) for eachz € 0G, there isG; such thatD(z;0) NG = D(z;0) N G; when{ is sufficiently smal
Now eachG; is a multi-nicely connected domain with connectivity less than 1, it follows by
induction A(G;) is pointwise boundedly dense #>°(G;). Applying Corollary 2.3 in [6], there
existse; > 0 such that for sufficiently smadl > 0, a[D(z; §)\Gi] > ¢;0,z € 0G; andi = 1,2, 3,4,
where« is the continuous analytic capacity on sets. Therefore, for eaehoG, there is some
such thatr[D(z;96) \ G| = a[D(z;9) \ G;] > a;0. Hence, for alb sufficiently small and for each
z € 0G, we haven[D(z;6) \ G| > min;{¢; }d. Using Corollary 2.3 in [6] again, we conclude that
A(G) is pointwise boundedly dense > (G).

4) —> 3) is obvious.

3) = 2). The proof of this is straightforward.

2) = 1) isclear.

2) = 5). SincedG has no single point component, there exists a circular domain confor-
mally equivalent. Obviously every conformal map fr@sto W is approximatable itfH?(G) by a

*For example, in the case of connectivity of 2, Iét and F» be the components &fG. Clearly we can find four
mutually disjoint Jordan arcs, 2,3, v4 SO that they all are obtained (@ except their end points. In addition, we
require thaty; N E, # 0 andy;NE, # 0foreachi =1, 2, 3, 4. Theny;s separaté; into four subdomainés1, G2, Gz, G4
that satisfy 1), 2) and 3). For cases of higher connectivity, the proof is similar.
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sequence of functions IA(G) by the hypothesis.

5) = 6). Suppose thdl’ is a circular domain and is a conformal map fron&z onto W such
that« belongs to the closure of(G) in H4(G). It follows from the proof of 1= 7) thatG is
multi-nicely connected. Hence the boundary value functios well-defined or9G. Evidently,
a € AlG,w).

6) = 7). This is obvious since it is necessary f&rto be multi-nicely connected in order to
define the boundary value functianon 0G.

Unfortunately, there is no analogue of Theorem 2.2 fori€&) and RY(G, w). Using a result
in [1], one can produce a multi-nicely connected don@isuch that?(G) is dense i1 (G), but
R(G) is not weak-star dense iH*>°(G). However, it is still an open question regarding whether
R(G) is dense i1 (G) implies thatR(G) is dense inH4(G) for all ¢ € [1, ).

So Theorem 2.2 is very special i G) and A?(G, w).

In comparison, for the spacéqG) and RY(G, w), we only have the following:
Theorem2.3— Let G be a bounded finitely connected domain such that no componéidt of
reduces to a point and let be a harmonic measure f@¥. The following are equivalent

1) R(G) is dense inH4(G).

2) There exists a circular domal conformally equivalent t@> and every conformal map

from G ontoW can be approximated i ?(G) by a sequence of functions i(G).
The proof of this theorem is similar to that of those corresponding ones in Theorem 2.2.

Let G be a bounded domain in the complex plane, the Bergman spd¢é€d is defined to be
the set of all analytic functiong on G such that

1
191 =1 [ Iflnaays < oo,
G
where A denotes the area measure. With this nobf(7) is a Banach space.

The following lemma is taken from [2] and the result is due L. Hedberg whkds a simply
connected domain.

Lemma2.2 — LetG be a finitely connected domain with no single point boundary components.
ThenH>(G) is dense inLd(G).

Corollary 2.1 — LetG be a bounded finitely connected domain so that no componeddrof
reduces to a single point. ¥(G) is dense inH%(G), thenA(G) is dense i (G).

PROOF: SupposeA(G) is dense inH?(G). By Theorem 2.2(7 is a multi-nicely connected
domain andA(G) is sequentially weak-star densefif®(G). Thus, for eactf € H*°(G), thereisa
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bounded sequend¢,, } of functions inA(G) so that it weak-star converges foThis is equivalent
to say that{ f,,} is (uniformly) bounded o and pointwise converges f So it follows from the

bounded convergence theorem th#t } converges tof in LZ(G) as well. Now applying Lemma
2.2, we conclude that(G) is denseL(G). This completes the proof.

Forq = 2, HY(G) and L{(G) are Hilbert spaces, so they are more important to the studies of
the theory of bounded linear operators on Hilbert spaces.

In [3], Bourdon shows that iP is dense in2(G), then it is also dense if?(G'). Combining
his proof and the above corollary, we have the following:

Theorem2.4— Let G be a bounded simply connected domain an@lstg < co. ThenA(G)
is dense in{%(G) if and only if A(G) is dense inLZ(G).

PrROOF: Sufficiency.

Suppose thati(G) is dense inL(G). Sinceq > 2, it is easy to see thal(G) is dense in
L?(G) too. Using a proof that is identical to that of Corollary 3.4 in [3], we get that) is dense
in H%(G). Now it follows from Theorem 2.2 that (G) is dense inH4(G).

Necessity— This directly follows from the proceeding corollary.
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