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Let G be a bounded finitely connected domain in the complex plane such that no component

of ∂G reduces to a point. LetA(G) be the set of all functions analytic onG and continuous

on G and letR(G) be the closure of all rational functions with poles offG. In this paper, we

investigate the problem of whenA(G) (R(G)) is dense in the Hardy spaceHq(G). We give

several equivalent conditions under whichA(G) is dense inHq(G). We also show that ifG is

simply connected, thenA(G) is dense inH2(G) if and only if A(G) is dense inL2
a(G).
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INTRODUCTION

Let 1 ≤ q < ∞, the problem of whenA(G), R(G) or P (the set of analytic polynomials) is dense

in Hq(G) (Lq
a(G)) has attracted considerable attention over the years. It is always interesting to

know when the functions in a given space can be approximated by functions with better properties.

In this work, we study the problem of when the function algebraA(G) is dense in the Hardy

spaceHq(G). We get several equivalent conditions in order thatA(G) is dense inHq(G). In

particular, we show thatA(G) is dense inH1(G) is equivalent to thatA(G) is dense inHq(G) for

all q ≥ 1 (for q = ∞, it is equivalent toA(G) is weak-star dense inH∞(G)).

Let ω denote a harmonic measure ofG and letAq(G,ω) (Rq(G,ω)) be the closure ofA(G)
(R(G)) in Lq(ω). Let P q(ω) be the closure ofP in Lq(ω). In [9], the author shows thatP is

dense inHq(G) if and only if G = ∇P q(ω), the set of analytic bounded point evaluations for

∗This work was partially supported by the Scientific Research Fund of Southwestern University of Finance and

Economics.



318 ZHIJIAN QIU

P q(ω). In this paper, we show that although it is true thatA(G) is dense inHq(G) implies that

G = ∇Aq(G,ω) (the set ofabpes for Aq(G,ω)), however, it is unfortunate that the converse is no

longer valid. So the property mentioned above is some thing very special toP q(ω). We also show

that if A(G) is dense inHq(G), thenA(G) dense in the Bergman spaceLq
a(G) as well.

1. PRELIMINARIES

For an open subsetG, the connectivity ofG is defined to be the number of the components of the

complement ofG in the plane. If the connectivity ofG is a finite number, then it is called a finitely

connected domain.

Let G be a finitely connected domain such that no component of∂G reduces to a point. Then

it is a classical result thatG is conformally equivalent to a circular domainW (see [12]). If, in

addition, a conformal map fromW ontoG is one-to-one for almost every point in∂W with respect

to the arclength on∂W , then we callG a multi-nicely connected domain. For instance, in the simply

connected case, a crescent is multi-nicely connected and a slit disk is not multi-nicely connected.

However, Akeroyd in [1] produced a multi-nicely connected (”slit”) domain that is constructed by

deleting a Jordan arc from the unit disk.

Let G be a bounded domain with no singleton boundary component. For a fixedz ∈ G, there is

a unique probability measureωz supported on∂G such that

u(z) =
∫

∂G
u(λ)dωz

for every functionu that is continuous onG and harmonic onG. ωz is known as the harmonic

measure ofG evaluated atz. By Harnack’s inequality, we see that any two harmonic measures for

G are boundedly equivalent. For example, the normalized Lebesgue measurem on the unit circle is

the harmonic measure evaluated at0 for the open unit diskD.

Let q ∈ [1,∞) and letHq(G) be the set of analytic functionsf for which there is a harmonic

functionu such that|f(z)|q ≤ u(z) onG. Fix a pointa ∈ G, then

‖f‖ = inf{u(a)
1
q : |f(z)|q ≤ u(z), z ∈ G and u is harmonic on G}

defines a norm that makesHq(G) a Banach space, which is known as the Hardy space (see [8]).

Let µ be a finite positive measure that is supported onG. Let Aq(G,µ) (Rq(G,µ)) denote the

closure ofA(G) (R(G)) in Lq(µ).

A point w in C is called an analytic bounded point evaluation (abpe) for Aq(G,µ) if there is a

neighborhoodW of w and a positive constantc such that for allλ ∈ W

|f(λ)| ≤ c ‖f‖Lq(µ), f ∈ A(G).
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So, the map,f → f(w), extends to a bounded linear functional onAq(G, µ). By the Riesz

Representing Theorem there exists a functionkw (reproducing kernel) inLp(µ), where1
q + 1

p = 1,

such thatf(w) =
∫

fkw dµ, f ∈ A(G). We use∇Aq(G,µ) to denote the set ofabpes forAq(G, µ).
For eachf in Aq(G,µ), let f̂(w) =

∫
fkwdµ. Thenf̂ is analytic on∇Aq(G,µ). ∇Rq(G,µ), the

set ofabpes forRq(G,µ), is defined similarly.

2. RESULTS

Lemma2.1 — If G is a bounded domain and letω be a harmonic measure forG, then∇Aq(G,ω)
is a connected open subset containingG.

PROOF : Let a ∈ G, then for eachf ∈ A(G), f(z) =
∫

fdωz , for everyz in a small neigh-

borhood ofa, whereωz denotes the harmonic measure evaluated atz for G. So it follows from the

Harnack’s inequality and the definition ofabpes thata ∈ ∇Aq(G,ω). Hence,G ⊂ ∇Aq(G,ω).

Define a linear operatorB : Aq(G,ω) → Hq(G) via B(r) = r for eachr ∈ A(G). By

Harnack’s inequality, there existc1, c2 > 0 such that‖B(r)‖ = ‖r‖Hq(G) = c1‖r‖Lq(ω) ≤
c2‖B(r)‖. SoB is invertible fromAq(G,ω) ontoB[Aq(G, ω)] and the later is a closed subspace

of Hq(G). Moreover, it is easy to verify thatB(fg) = B(f)B(g) for f , g ∈ Aq(G,ω) ∩ L∞(ω).
Now let u ∈ Aq(G,ω) ∩ L∞(ω) be a non-zero characteristic function. Then[B(u)]2 = B(u).
Thus,B(u− 1) = B(u)− 1 = 0, and henceu = 1. This implies that∇Aq(G,ω) is connected.

The above lemma is also true forRq(G,ω).

Theorem2.1— Let G be a bounded finitely connected domain such that no component of∂G

reduces to a point. IfA(G) is dense inHq(G), then∇Aq(G,ω) = G.

PROOF : Let W = ∇Aq(G,ω). By the proceeding lemma,W is a domain that containsG.

From the definition ofabpes, we know that everyf ∈ A(G) extends to be analytic onW . Thus, we

have thatA(W ) = A(G).
Pick an arbitrary functionf ∈ Hq(G). By our hypothesis, there is a sequence{an} in A(G)

such thatlim an = f in Hq(G). Suppose that‖g‖Hq(G) = |̂g|(b) for eachg ∈ Hq(G), whereb is a

fixed point inG and|̂g|q is the harmonic extension of|g|q onG. Then

{
∫
|am − an|qdωb}

1
q = ‖am − an‖Hq(G) → 0, as n,m →∞,

whereωb is the harmonic measure evaluated atb for G. Thus,{an} is also a Cauchy sequence in

Aq(G,ω). This means that{an} converges to a functionf ∈ Aq(G,ω). This implies thatf extends

to be analytic onW . If W 6= G, then sinceW is connected, that implies that there is a pointa ∈ ∂G

such thata ∈ W . But, this is impossible. In fact, letγ is the component of∂G that containsa and

let h be a branch of( 1√
z−a

)
1
q in the complement ofγ in the Riemann sphere. Thenh belongs to
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Hq(G) and it clearly does not extend to be analytic ata. Hence, we have thatW = G, which

completes the proof.

The above theorem is also true forRq(G,ω).

In [9], the author shows thatP is dense inHq(G) if and only if∇P q(ω) = G. Unfortunately,

unlike the polynomial case, the converse of Theorem 2.1 is not true. Here is an example:

Let E be a Cantor subset of[−1, 1] such that|E| > 0 (that is,E has positive arclength on

[−1, 1]). Then[−1, 1] \ E = ∪Ij , where eachIj is an open sub-integral of[−1, 1]. For eachj, let

Dj denotes the open disk that hasIj as its diameter and letF = {z : |z| < 2} \ (∪Dj). Let G

be the interior ofF . Let ω denote a harmonic measure ofG. We claim that∇Aq(G,ω) = G =
∇Rq(G,ω). In fact, first it is easy to show that

G ⊂ ∇Aq(G,ω) ⊂ ∇Rq(G,ω).

Let W = ∇Rq(G,ω), thenW is an open subset that containsG. Clearly, eachDj ∩W = ∅ and

W ∩ {z : |z| ≥ 2} = ∅. It follows thatW must equal toG.

SinceE has positive arclength, it has positive harmonic measure in this case (this is a known

fact, but we are unable to locate an elementery proof in the literatures. However, it is not difficult to

prove). SoG is not a multi-nicely connected domain, it follows that (see Theorem 2.2)A(G) can

not be dense inHq(G). SinceR(G) ⊂ A(G) (actually, the spaces are equal),R(G) is not dense in

Hq(G) either.

Recall that for a circular domainW , the weak-star topology onH∞(W ) is the one induced

from the isometrical isomorphismf → f̃ (the boundary value function off on ∂W ). So, if G

is conformally equivalent toW , then the weak-star topology onH∞(G) is the one induced via a

conformal map fromW ontoG.

Theorem2.2 — Let G be a bounded finitely connected domain so that no component of∂G

reduces to a single point. Then the following are equivalent:

1) A(G) is dense inH1(G).

2) A(G) dense inHq(G) for all q ∈ [1,∞).

3) A(G) is weak-star dense inH∞(G).

4) A(G) is sequentially weak-star dense inH∞(G).

5) There exists a circular domainW conformally equivalent toG and every conformal map

fromG ontoW can be approximated inHq(G) by a sequence of functions inA(G).

6) There exists a circular domainW conformally equivalent toG and every conformal map, α,

fromG ontoW has a well-defined boundary value function, α̃, and α̃ belongs toAq(G,ω).
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7) G is a multi-nicely connected domain.

PROOF: 1) =⇒ 7). Since∂G has no single point boundary components, it follows by a classical

result that there exists a circular domainW so that it conformally equivalent toG. Let α be a

conformal map fromG ontoW . Then by our hypothesis, there is a sequence{an} in A(G) such

that an → α in H1(G). This is equivalent to thatan ◦ α−1 → z in H1(W ). It is easy to show

that the boundary value function ofan ◦ α−1 on ∂W is an ◦ α̃−1, so it follows thatan ◦ α̃−1 → z

in Lq(ωW ), whereα̃−1 denotes the boundary value function ofα−1 on ∂W andωW denotes a

harmonic measure ofW . This concludes that̃α−1 is almost univalent on∂W with respect to

ωW . SinceωW is boundedly equivalent to the arclength on∂W , it follows thatG is multi-nicely

connected.

7) =⇒ 4). A sequence inH∞(G) weak-star converges to a functionf ∈ H∞(G) if and only

if it is a bounded sequence and it pointwise converges tof on G. So, we need to show that every

function inH∞(G) is the pointwise limit of a bounded sequence of functions inA(G). WhenG is

simply connected, everyf ∈ H∞(G) is the pointwise limit of a bounded sequence inA(G) (see

[5]). We proceed by induction on the connectivity ofG.

Suppose that it is true forG with connectivity less or equal ton. We now considerG having

connectivityn+1. It is not difficult to construct four multi-nicely connected subdomains,{Gi}4
i=1,

of G such that: 1) the connectivity of eachGi is less thann + 1, 2) {Gi}4
i=1 is an open cover ofG,

3) for eachz ∈ ∂G, there isGi such thatD(z; δ) ∩G = D(z; δ) ∩Gi whenδ is sufficiently small∗

Now eachGi is a multi-nicely connected domain with connectivity less thann + 1, it follows by

inductionA(Gi) is pointwise boundedly dense inH∞(Gi). Applying Corollary 2.3 in [6], there

existsci > 0 such that for sufficiently smallδ > 0, α[D(z; δ)\Gi] ≥ ciδ, z ∈ ∂Gi andi = 1, 2, 3, 4,

whereα is the continuous analytic capacity on sets. Therefore, for eachz ∈ ∂G, there is somei

such thatα[D(z; δ) \ G] = α[D(z; δ) \ Gi] ≥ aiδ. Hence, for allδ sufficiently small and for each

z ∈ ∂G, we haveα[D(z; δ) \G] ≥ mini{ci}δ. Using Corollary 2.3 in [6] again, we conclude that

A(G) is pointwise boundedly dense inH∞(G).

4) =⇒ 3) is obvious.

3) =⇒ 2). The proof of this is straightforward.

2) =⇒ 1) is clear.

2) =⇒ 5). Since∂G has no single point component, there exists a circular domain confor-

mally equivalent. Obviously every conformal map fromG to W is approximatable inHq(G) by a

∗For example, in the case of connectivity of 2, letE1 andE2 be the components of∂G. Clearly we can find four

mutually disjoint Jordan arcsγ1, γ2, γ3, γ4 so that they all are obtained inG except their end points. In addition, we

require thatγi∩E1 6= 0 andγi∩E1 6= 0 for eachi = 1, 2, 3, 4. Thenγis separateG into four subdomainsG1, G2, G3, G4

that satisfy 1), 2) and 3). For cases of higher connectivity, the proof is similar.
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sequence of functions inA(G) by the hypothesis.

5) =⇒ 6). Suppose thatW is a circular domain andα is a conformal map fromG ontoW such

thatα belongs to the closure ofA(G) in Hq(G). It follows from the proof of 1)=⇒ 7) thatG is

multi-nicely connected. Hence the boundary value functionα̃ is well-defined on∂G. Evidently,

α̃ ∈ Aq(G,ω).

6) =⇒ 7). This is obvious since it is necessary forG to be multi-nicely connected in order to

define the boundary value functioñα on∂G.

Unfortunately, there is no analogue of Theorem 2.2 for theR(G) andRq(G, ω). Using a result

in [1], one can produce a multi-nicely connected domainG such thatR(G) is dense inH1(G), but

R(G) is not weak-star dense inH∞(G). However, it is still an open question regarding whether

R(G) is dense inH1(G) implies thatR(G) is dense inHq(G) for all q ∈ [1,∞).

So Theorem 2.2 is very special toA(G) andAq(G,ω).

In comparison, for the spacesR(G) andRq(G,ω), we only have the following:

Theorem2.3— Let G be a bounded finitely connected domain such that no component of∂G

reduces to a point and letω be a harmonic measure forG. The following are equivalent:

1) R(G) is dense inHq(G).

2) There exists a circular domainW conformally equivalent toG and every conformal map

from G ontoW can be approximated inHq(G) by a sequence of functions inR(G).

The proof of this theorem is similar to that of those corresponding ones in Theorem 2.2.

Let G be a bounded domain in the complex plane, the Bergman spacesLq
a(G) is defined to be

the set of all analytic functionsf onG such that

‖f‖ = {
∫

G
|f |qdA} 1

q < ∞,

whereA denotes the area measure. With this norm,Lq
a(G) is a Banach space.

The following lemma is taken from [2] and the result is due L. Hedberg whenG is a simply

connected domain.

Lemma2.2 — LetG be a finitely connected domain with no single point boundary components.

ThenH∞(G) is dense inLq
a(G).

Corollary 2.1 — LetG be a bounded finitely connected domain so that no component of∂G

reduces to a single point. IfA(G) is dense inHq(G), thenA(G) is dense inLq
a(G).

PROOF : SupposeA(G) is dense inHq(G). By Theorem 2.2,G is a multi-nicely connected

domain andA(G) is sequentially weak-star dense inH∞(G). Thus, for eachf ∈ H∞(G), there is a
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bounded sequence{fn} of functions inA(G) so that it weak-star converges tof . This is equivalent

to say that{fn} is (uniformly) bounded onG and pointwise converges tof . So it follows from the

bounded convergence theorem that{fn} converges tof in Lq
a(G) as well. Now applying Lemma

2.2, we conclude thatA(G) is denseLq
a(G). This completes the proof.

For q = 2, Hq(G) andLq
a(G) are Hilbert spaces, so they are more important to the studies of

the theory of bounded linear operators on Hilbert spaces.

In [3], Bourdon shows that ifP is dense inL2
a(G), then it is also dense inH2(G). Combining

his proof and the above corollary, we have the following:

Theorem2.4— LetG be a bounded simply connected domain and let2 ≤ q < ∞. ThenA(G)
is dense inHq(G) if and only if A(G) is dense inLq

a(G).

PROOF : Sufficiency.

Suppose thatA(G) is dense inLq
a(G). Sinceq ≥ 2, it is easy to see thatA(G) is dense in

L2
a(G) too. Using a proof that is identical to that of Corollary 3.4 in [3], we get thatA(G) is dense

in H2(G). Now it follows from Theorem 2.2 thatA(G) is dense inHq(G).

Necessity— This directly follows from the proceeding corollary.
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