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In this paper we have obtained certain inequalities for polynomials having zeros in closed inte-
rior of a circle. Our results generalize as well as the improve upon the result due to Jain [6] and
Dewanet al. [4].
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1. INTRODUCTION AND STATEMENT OF THE RESULTS

Let p(z) be a polynomial of degree and letM (p, R) = ‘n|1a)}<z Ip(z)|. Then we have, as a simple

deduction from Maximum Modulus Principle [7, p. 158 Problem Ill, 267 and 269]
M(p,r) 2 r"M(p,1), r<1.
Here equality holds ip(z) = Az", || = 1.

For polynomials not vanishing iix| < 1, Rivlin [8] obtained stronger inequality

+r

M(p,r) > [1 ]RM(p, ), r<l. (1.1)
Equality in (1.1) holds ip(2) = (a + 82)", |a| = |3].

Aziz [1] obtained the following generalization of inequality (1.1) for polynomials not vanishing
in|z| <k, k>0.
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Theorem A— If p(z) is a polynomial of degree, having no zeros ifz| < k, k > 0 then

M(p,r) > [ﬁﬂnM(p, 1),fork>1andr < lork < 1andr < k2

Here equality holds ifp(z) = (z + k)™.

On applying Theorem A to the polynomidlp (1) Aziz[1] obtained

z

Theorem B— If p(z) is a polynomial of degree, having all its zeros inz| < k, k > 0 then

k n
M(p,R) > [?—tk} M(p,1), fork<land R > lork > 1and R > k2. (1.2)

The result is best possible and equality holds if the polynoptial = (= + k).

Inequality (1.2) is valid fo: > 1 andR > k2. Jain [6] obtained similar type of inequality for
k > 1andR < k2, by proving the following theorem.

Theorem C— Let p(z) be a polynomial of degree, having all its zeros inz| < k, k£ > 1.
Then fork < R < k2,

R+k

> S
M(p.R) > R [Hk

} M(p,1), for s<mn,

wheres is the order of a possible zero ¢f z) at z = 0.

In this paper, we firstly obtain the following generalization of Theorem C

Theorem D— Letp(z) = an2" + Y an—;2"7,1 < p < n be a polynomial of degree
J=p
having all its zeros inz| < k,k > 1. Then fork < R < k2,
RH + kM

M) = R (i

) M),
wheres is the order of a possible zero pfz) atz = 0 and0 < s < n — p.
For . = 1 our result reduces to Theorem C.

Instead of proving Theorem D we prove the following refinement of Theorem D, which is turn
also generalizes as well as improves upon Theorem C.

n .
Theorem E—If p(z) = an2™ + ) an—;2"77,1 < u < n,is a polynomial of degree having
J=H
allits zeros in|z| < k, k > 1thenfork < R < k2,

(R + k) R\" ™" R*-1 _
M >R~ M(p, 1)+ | = ——
(p, R) 2 R o M, 1) + | T p(2)]



ON MAXIMUM MODULUS OF POLYNOMIALS 327

wheres is the order of a possible zero ¢{z) atz = 0and0 < s <n — pu.

For i = 1, our result reduces to the result due to Dewaal. [4].
2. LEMMAS

For the proof of the theorems, we require the following lemmas.

Lemmal — If p(z) = a, + > a;27 is a polynomial of degree, having no zeros ife| < k,
J=p
k > 1then

M(p',1) < M(p,1).

14 kH
The above Lemma is due to Chan and Malik [3].
Lemma2 — If p(2) = a, + . a;2/,1 < p < n, is a polynomial of degree, having no zeros

) J=p
in|z| < k, k> 1then

/ n .
< - .
Mp,1) < 7 {M(p,l) min \p(Z)}
The above Lemma is due to Govil [5] (see also [2]).

Lemma — If p(2) = a,+ Y a;z’ is a polynomial of degree, having all its zeros ifz| > k,
J=H
k > 0thenforr < kandR > k,

M(p,r) M(p, R)
rh=lpn 4 fpen—l = TR + kR sp=m

PROOF OFLEMMA 3: Letr < k, R > k. Then the polynomial7(z) = p(rz) has no zeros in
2| < B, E>1,

r'r —

Since® > 1, we have by Lemma 1,

nrt
rH 4+ ki

M(G',1) < M(G, 1)

or

nrt—1

M, r) <
(p’r)_T'“—l—k“

M(p,r). (2.2)

As p/(z) is a polynomial of degregn — 1), we have by Maximum Modulus Principle [7],

M't) _ M@',r)

tn—1  —  pn-1 7 t=m. (22)
Combining (2.1) and (2.2), we get
u—ltn—l
M(p,t) < —- M(p,r), t>r. (2.3)

(rt 4 km)pn—1
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Now, for0 < § < 27 andr < k, R > k, we have

p(Re) ~p(re®) = [ 1)
or
. . R .
() = plre)] < [ 10/ (te )t

which on using (2.3), gives

nrt— ltn— 1

R
p(R)| — [p(re®®)] < / :

M (p,r)dt
v g1 P )

Thus

(Rn _ ,r,n),rp,—l

PR < iy

M(p,r) + [p(re”)|
which implies

(Rn _ Tn)ru—l

Mp,R) < |~/ 1| M
(p7 ) —_ 7’”_1(7““ +k’“) + (p7 T.)
or
rEoIRM 4 fr R
M(p. R) < = iy | M(p,r), r<R
or

Mp,r) M(p, R)
r#*lrn+kﬂrn*1 — pp—1Rn +kuRn71

which completes the proof of Lemma 3.

Lemmad — If p(z) = a, + 3. a;27, 1 < pu < nis a polynomial of degree, having all zeros

J=p
in |z| > k, k> 0thenforr < kandR > k,

M(p,r) - M(p, R) 1 1
prpp—l 4 pppn—1 = Rrpp—1 4 fp pn—1 M =1 + kipn=1  Rnpu—1 4 fppn—1

wherem = min [p(z)|.
|z|=k

Proof of Lemmad — The proof of Lemma 4 follows on the same lines as the proof of
Lemma 3, by using Lemma 2 instead of Lemma 1. We omit the details.
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3. PROOF OF THETHEOREM

PROOF OFTHEOREM E: The polynomial(z) = = p( ) has all its zeros ifz| > T < 1 andis
of degreen — s. On applying Lemma 4 to the polynomi@|z) with R = 1, we have
M(q, M(q,1
) o MED iy o)
rH—lpn— s+ rn s—1 ri 1+ o ‘Z|_7

(1 — g =S)pp—l
(rn SpH— 1+ A pn—s— 1) (,r,u 1+ TS 1)

which is equivalent to

pn—s—l (r“ + k%)

M(q,r) > M(q,1
(¢,r) = ) (¢, 1)
+ min |g()| (1—7“”_3)74‘_1 1 e
min z — T -
|2]=1 1 (re=t 4 Zorn—s—1)7 k2 k’
or
1 R (e
"M (p,~)| > KL M (p, 1
r (p,r> = (T“flJrk%) (p7 )
(1-— 7“”*5)7““*1 1 1
—<r< -,
MY T — min @l <<y
or

1 1 (r+ )
M(p,=) > M(p,1
(P > s+l (r“ 1y kﬂ) (p,1)

1 (1—r*)rﬂ*1 p(2)l, L_, 1
min - r T .
r"k”(ru L Lpn=s—1) 2= o P k2 k

Replacing- by }% in the above inequality we get
Rs+1 ( 1 + klu

>
~ (et

1 — 5s) ot
+(R> (1= 7 )fulmm[p( ), k<R<kEk>1
k R/,Lfl + kr Rn—s—1 ‘Zl k

R*(RM + kM) R\" R -1 .
= 7 " M(p.1 = - -

M(p, R) )M(pal)

which proves the desired result.
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