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In this paper we have obtained certain inequalities for polynomials having zeros in closed inte-

rior of a circle. Our results generalize as well as the improve upon the result due to Jain [6] and

Dewanet al. [4].
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1. INTRODUCTION AND STATEMENT OF THE RESULTS

Let p(z) be a polynomial of degreen and letM(p,R) = max
|z|=R

|p(z)|. Then we have, as a simple

deduction from Maximum Modulus Principle [7, p. 158 Problem III, 267 and 269]

M(p, r) ≥ rnM(p, 1), r < 1 .

Here equality holds ifp(z) = λzn, |λ| = 1.

For polynomials not vanishing in|z| < 1, Rivlin [8] obtained stronger inequality

M(p, r) ≥
[
1 + r

2

]n

M(p, 1), r < 1. (1.1)

Equality in (1.1) holds ifp(z) = (α + βz)n, |α| = |β|.

Aziz [1] obtained the following generalization of inequality (1.1) for polynomials not vanishing

in |z| < k, k > 0.
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Theorem A— If p(z) is a polynomial of degreen, having no zeros in|z| < k, k > 0 then

M(p, r) ≥
[

r+k
1+k

]n
M(p, 1), for k ≥ 1 andr < 1 or k < 1 andr ≤ k2.

Here equality holds ifp(z) = (z + k)n.

On applying Theorem A to the polynomialznp
(

1
z

)
Aziz[1] obtained.

Theorem B— If p(z) is a polynomial of degreen, having all its zeros in|z| ≤ k, k > 0 then

M(p,R) ≥
[
R + k

1 + k

]n

M(p, 1), for k ≤ 1 and R > 1 or k > 1 and R ≥ k2. (1.2)

The result is best possible and equality holds if the polynomialp(z) = (z + k)n.

Inequality (1.2) is valid fork > 1 andR ≥ k2. Jain [6] obtained similar type of inequality for

k > 1 andR < k2, by proving the following theorem.

Theorem C— Let p(z) be a polynomial of degreen, having all its zeros in|z| ≤ k, k > 1.

Then fork < R < k2,

M(p,R) ≥ Rs

[
R + k

1 + k

]
M(p, 1), for s < n,

wheres is the order of a possible zero ofp(z) at z = 0.

In this paper, we firstly obtain the following generalization of Theorem C.

Theorem D— Let p(z) = anzn +
n∑

j=µ
an−jz

n−j , 1 ≤ µ ≤ n be a polynomial of degreen

having all its zeros in|z| ≤ k, k > 1. Then fork < R < k2,

M(p, R) ≥ Rs

(
Rµ + kµ

Rµ−1 + kµ

)
M(p, 1).

wheres is the order of a possible zero ofp(z) at z = 0 and0 ≤ s ≤ n− µ.

Forµ = 1 our result reduces to Theorem C.

Instead of proving Theorem D we prove the following refinement of Theorem D, which is turn

also generalizes as well as improves upon Theorem C.

Theorem E— If p(z) = anzn +
n∑

j=µ
an−jz

n−j , 1 ≤ µ ≤ n, is a polynomial of degreen having

all its zeros in|z| ≤ k, k > 1 then fork < R < k2,

M(p,R) ≥ Rs (Rµ + kµ)
Rµ−1 + kµ

M(p, 1) +
(

R

k

)n−µ {
Rn−s − 1

Rn−µ−skµ + 1

}
min
|z|=k

|p(z)|



ON MAXIMUM MODULUS OF POLYNOMIALS 327

wheres is the order of a possible zero ofp(z) at z = 0 and0 ≤ s ≤ n− µ.

Forµ = 1, our result reduces to the result due to Dewanet al. [4].

2. LEMMAS

For the proof of the theorems, we require the following lemmas.

Lemma1 — If p(z) = ao +
n∑

j=µ
ajz

j is a polynomial of degreen, having no zeros in|z| < k,

k ≥ 1 then

M(p′, 1) ≤ n

1 + kµ
M(p, 1).

The above Lemma is due to Chan and Malik [3].

Lemma2 — If p(z) = ao +
n∑

j=µ
ajz

j , 1 ≤ µ ≤ n, is a polynomial of degreen, having no zeros

in |z| < k, k ≥ 1 then

M(p′, 1) ≤ n

1 + kµ

{
M(p, 1)− min

|z|=k
|p(z)|

}
.

The above Lemma is due to Govil [5] (see also [2]).

Lemma3 — If p(z) = ao +
n∑

j=µ
ajz

j is a polynomial of degreen, having all its zeros in|z| ≥ k,

k > 0 then forr ≤ k andR ≥ k,

M(p, r)
rµ−1rn + kµrn−1

≥ M(p,R)
rµ−1Rn + kµRn−1

, 1 ≤ µ ≤ n.

PROOF OFLEMMA 3: Let r ≤ k, R ≥ k. Then the polynomialG(z) = p(rz) has no zeros in

|z| < k
r , k

r ≥ 1.

Sincek
r ≥ 1, we have by Lemma 1,

M(G′, 1) ≤ nrµ

rµ + kµ
M(G, 1)

or

M(p′, r) ≤ nrµ−1

rµ + kµ
M(p, r). (2.1)

As p′(z) is a polynomial of degree(n− 1), we have by Maximum Modulus Principle [7],

M(p′, t)
tn−1

≤ M(p′, r)
rn−1

, t ≥ r. (2.2)

Combining (2.1) and (2.2), we get

M(p′, t) ≤ nrµ−1tn−1

(rµ + kµ)rn−1
M(p, r), t ≥ r. (2.3)
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Now, for 0 ≤ θ < 2π andr ≤ k, R ≥ k, we have

p(Reiθ)− p(reiθ) =
∫ R

r
p′(teiθ)eiθdt

or

|p(Reiθ)− p(reiθ)| ≤
∫ R

r
|p′(teiθ)|dt

which on using (2.3), gives

|p(Reiθ)| − |p(reiθ)| ≤
∫ R

r

nrµ−1tn−1

(rµ + kµ)rn−1
M(p, r)dt

=
(Rn − rn)rµ−1

(rµ + kµ)rn−1
M(p, r).

Thus

|p(Reiθ)| ≤ (Rn − rn)rµ−1

(rµ + kµ)rn−1
M(p, r) + |p(reiθ)|

which implies

M(p,R) ≤
[
(Rn − rn)rµ−1

rn−1(rµ + kµ)
+ 1

]
M(p, r)

or

M(p,R) ≤ rµ−1Rn + kµRn−1

rn+µ−1 + kµrn−1
M(p, r), r ≤ R

or

M(p, r)
rµ−1rn + kµrn−1

≥ M(p,R)
rµ−1Rn + kµRn−1

which completes the proof of Lemma 3.

Lemma4 — If p(z) = ao +
n∑

j=µ
ajz

j , 1 ≤ µ ≤ n is a polynomial of degreen, having all zeros

in |z| ≥ k, k > 0 then forr ≤ k andR ≥ k,

M(p, r)
rnrµ−1 + kµrn−1

≥ M(p,R)
Rnrµ−1 + kµRn−1

+ m

[
1

rnrµ−1 + kµrn−1
− 1

Rnrµ−1 + kµrn−1

]

wherem = min
|z|=k

|p(z)|.

Proof of Lemma4 — The proof of Lemma 4 follows on the same lines as the proof of

Lemma 3, by using Lemma 2 instead of Lemma 1. We omit the details.
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3. PROOF OF THETHEOREM

PROOF OFTHEOREM E: The polynomialq(z) = znp
(

1
z̄

)
has all its zeros in|z| ≥ 1

k , 1
k < 1 and is

of degreen− s. On applying Lemma 4 to the polynomialq(z) with R = 1, we have

M(q, r)
rµ−1rn−s + 1

kµ rn−s−1
≥ M(q, 1)

rµ−1 + 1
kµ

+ min
|z|= 1

k

|q(z)|

× (1− rn−s)rµ−1

(
rn−srµ−1 + 1

kµ rn−s−1
) (

rµ−1 + 1
kµ rn−s−1

) ,

1
k2

< r <
1
k
,

which is equivalent to

M(q, r) ≥ rn−s−1
(
rµ + 1

kµ

)
(
rµ−1 + 1

kµ

) M(q, 1)

+ min
|z|= 1

k

|q(z)| (1− rn−s)rµ−1

(
rµ−1 + 1

kµ rn−s−1
) ,

1
k2

< r <
1
k
,

or

rnM

(
p,

1
r

)
≥ rn−s−1

(
rµ + 1

kµ

)
(
rµ−1 + 1

kµ

) M(p, 1)

+
(1− rn−s)rµ−1

kn
(
rµ−1 + 1

kµ rn−s−1
) min
|z|=k

|p(z)|, 1
k2

< r <
1
k
,

or

M

(
p,

1
r

)
≥ 1

rs+1

(
rµ + 1

kµ

)
(
rµ−1 + 1

kµ

)M(p, 1)

+
1
rn

(1− rn−s)rµ−1

kn
(
rµ−1 + 1

kµ rn−s−1
) min
|z|=k

|p(z)|, 1
k2

< r <
1
k

.

Replacingr by 1
R in the above inequality we get

M(p,R) ≥ Rs+1
(

1
Rµ + 1

kµ

)
(

1
Rµ−1 + 1

kµ

) M(p, 1)

+
(

R

k

)n
(
1− 1

Rn−s

)
1

Rµ−1

1
Rµ−1 + 1

kµRn−s−1

min
|z|=k

|p(z)|, k < R < k2, k > 1

=
Rs(Rµ + kµ)
(Rµ−1 + kµ)

M(p, 1) +
(

R

k

)n {
Rn−s − 1

Rn−µ−skµ + 1

}
min
|z|=k

|p(z)|

which proves the desired result.
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