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1. INTRODUCTION

The problem of determining whether a given symmetric operator has a self-adjoint extension is of

crucial importance in determining whether the spectral theorem may be employed. If the answer to

this problem is affirmative, then it is important to know the form of the self-adjoint extensions, sym-

metric extensions, and how they are related to the original operator. Applying the extension theory

of operators in abstract Hilbert spaces to concrete differential operators, a general characterization

of self-adjoint extension of symmetric differential operators is established. For details of some of

this work we refer to [1–8] and the references therein.
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versity of Jinan (B0621).
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The results in [1, 2] are concerned with complex symplectic geometry and application to ordi-

nary differential operators, where the properties of complex symplectic spaces and their Lagrangian

subspace are established. Here a related new result on the theory of self-adjoint operators in Hilbert

spaces is presented and this provides an important application of the principal theorems in [1, 2],

where complex symplectic geometry gives complete characterizations of self-adjoint extensions of

symmetric operators.

In this paper, we give complex symmetric geometry characterization for symmetric extensions

and self-adjoint extensions of Hamiltonian differential operator.

2. SYMMETRIC EXTENSION OFHAMILTONIAN DIFFERENTIAL OPERATOR

Definition 2.1 — A complex symplectic spaceS is a complex linear space, with a prescribed

symplectic form[:], namely, a complex-valued function on the product spaceS × S, S × S −→
C;X,Y −→ [X : Y ] satisfy

(1) (semibilinear or conjugate bilinear property)

[Z : X + Y ] = [Z : X] + [Z : Y ], [X + Y : Z] = [X : Z] + [Y : Z],

[µX : Y ] = µ[X : Y ], [X : µY ] = µ[X : Y ], for all X,Y, Z in S, andµ ∈ C.

(2) (skew-Hermitian)[X : Y ] = −[Y : X], for all X, Y in S.

(3) (nondegeneracy property)[X : Y ] = 0, for all Y ∈ S, implies thatX = 0.

Definition2.2 — A linear subspaceL in the complex symplectic spaceS is called Lagrangian

in case[L : L] = 0, that is[u : v] = 0 for all vectorsu, v ∈ L.

Further, a Lagrangian subspaceL ⊂ S is complete in caseu ∈ S and[u : L] imply u ∈ L.

In the following, we apply the complex symplectic geometry to symmetric extension of Hamil-

tonian operator. We consider the following linear Hamiltonian differential system

x′(t) = A(t)x(t) + B(t)u(t) (1)

u′(t) = (C(t)− λC0(t))x(t)−A∗(t)u(t) (2)

or equally well

ly := Jy′ − Py = λWy, (3)

where

y =

(
x

u

)
, P =

(
−C A∗

A B

)
, W =

(
C0 0
0 0

)

2n×2n

, (4)
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C0 =

(
Ck 0
0 0

)

n×n

, J =

(
0 −In

In 0

)
, (5)

t ∈ I, I ⊆ R is real nondegenerate interval with endpoints denoted by−∞ ≤ a < b ≤ +∞.

A(t), B(t), C(t) aren × n complex-valued matrices andA∗(t) is the complex conjugate trans-

pose ofA(t), B, C,C0 are Hermitian matrices.Ck is a positive definite matrix.l is called formal

Hamiltonian operator, its domain is

D(l) := {y : I → C2n |y ∈ ACloc(I)}.

Definition 2.3 — The system(1), (2) is called controllable, ifx(·) = 0, t ∈ I1 ⊆ I implies

x(·) = u(·) = 0, t ∈ I.

Let L2
W (I) = {y ∈ D(l) | ∫

I y∗(t)W (t)y(t)dt < ∞}.

Denote||y||W = (
∫
I y∗(t)W (t)y(t)dt)

1
2 , for y ∈ L2

W (I), || · ||W defines a seminorm.

In order to use the property of Hilbert space, we introduce the following equivalence relation in

L2
W (I).

y1 ≈ y2 ⇐⇒ ||y1 − y2||W = 0.

Then the induced space with inner product(y, z)W =
∫
I z
∗(t)W (t)y(t)dt is a Hilbert space

under the above equivalence relation.

Definition2.4 — The Hamiltonian operator is formally self-adjoint in case

(lf ,g)W = (f , lg),∀f ,g ∈ D0(l), (6)

whereD0(l) = {y ∈ D(l) | compact support(supp)lies interior toI},y =

(
x

u

)
is called admis-

sible, ify ∈ D(l) andx′ = A(t)x + B(t)u holds for someu on I.

Lemma2.1 [7] — If all elements inD0(l) are admissible, thenl is formally self-adjoint.

Definition2.5 — Define operatorT1 as follows

D(T1) = {y ∈ D(l) ∩ L2
W(I) | ∃f ∈ L2

W(I), ly = Wf},
T1 : D(T1) → L2

W (I),y → T1y = f .

T1 is called the maximal Hamiltonian differential operator generated byl. Define the minimal

Hamiltonian differential operatorT0 generated byl as follows:

D(T0) = {y ∈ D(T1) | [y : D(T1)] = 0}, (7)

T0 : D(T0) → L2
W (I),y → T1y = f . (8)
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Here the skew-symmetric form [:] onD(T1) is given by

[f : g] =
∫

I
(g∗W(T1f)− (T1g)∗Wf)d t = (T1f ,g)− (f , T1g), ∀f ,g ∈ D(T1), (9)

It is known [7], see also [1] and [2], thatT0 ⊆ T1 onD(T0) ⊆ D(T1) ⊂ L2
W (I) satisfy

(1) D(T0) is dense inL2
W (I), so alsoD(T1) is dense inL2

W (I).

(2) T ∗0 = T1 andT ∗1 = T0. so bothT0 andT1 are closed operators andT0 is symmetric.

Definition2.6 — The quotient space

S = D(T1)/D(T0) (10)

is called boundary (or endpoint) space forl on I.

So there is a natural projection map

ψ : D(T1) → S, f → f̂ = {f + D(T0)}, (11)

for f̂ ∈ S, f ∈ D(T1).

We define the symplectic form[:] in S:

[̂f : ĝ] = [f : g], f ,g ∈ D(T1). (12)

Theorem2.1— S = D(T1)/D(T0) is a complex symplectic space.

PROOF: Take any function̂f , ĝ ∈ S,with

ψf = f̂ , ψg = ĝ, f ,g ∈ D(T1).

Since[f + D(T0) : g + D(T0)] = [f : g], the form [:] is well-defined onS × S → C. It is clear

that the [:] onS has semibilinear and skew-Hermitian properties.

Next, we show that the [:] onS is non-degenerate.

For this purpose, fix a vector̂k = {k + D(T0)} in S = D(T1)/D(T0), and suppose that

[k̂ : ĝ] = 0 for every ĝ ∈ S. Then[k + D(T0) : D(T1)] = 0 and hence[k : D(T1)] = 0. So

k ∈ D(T0), that isk̂ = 0 in S. HenceS is a complex symplectic space.

Following, we shall show that the relation between the symmetric extension ofT0 and the La-

grangian subspace of the boundaryS. The results show that there is a one to one correspondence
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between the set of all symmetric extensions and the set of all Lagrangian subspaces of the boundary

spaceS. In more details,T is a symmetric extension ofT0 if and only if L = D(T )/D(T0) is a

Lagrangian subspace ofS.

Theorem2.2 — Suppose thatT is a symmetric extension ofT0. ThenL = D(T )/D(T0) is a

Lagrangian subspace ofS.

PROOF: SinceL = D(T )/D(T0) is the imagine of the linear manifoldD(T ) ⊆ D(T1) under

the natural projection map

ψ : D(T1) → S, f → f̂ = {f + D(T0)}, f ∈ D(T1),

L is a linear subspace ofS. SinceT is a symmetric extension ofT0, we have

[̂f : ĝ] = [f : g] = (T1f ,g)− (f , T1g) = (Tf ,g)− (f , Tg) = 0,∀f̂ , ĝ ∈ L, f ,g ∈ D(T).

HenceL = D(T1)/D(T0) is a Lagrangian subspace ofS.

Theorem2.3 — Suppose thatL is a Lagrangian subspace ofS. Then the operatorT as the

restriction of T1 to the domainD(T ) = ψ−1L = {f ∈ D(T1)|̂f ∈ L} is a symmetric extension of

T0.

PROOF: ClearlyD(T ) is a linear subspace ofL2
W (I) andD(T0) ⊆ D(T ) ⊆ D(T1). SinceL is

a Lagrangian subspace ofS, we have[̂f : ĝ] = (T f ,g)− (f , Tg) = 0,∀g ∈ D(T), wheref ∈ D(T).
Thus we see thatT is a symmetric extension ofT0.

Theorem2.4— Suppose thatT0, T1 andS are defined as above. Then

(1) There exists a symmetric extensionT of T0 if and only if there exists a Lagrangian subspace

L of S;

(2) There exists a natural one-to-one correspondence between the set{T} of all symmetric

extensionT of T0 and the set{L} of all Lagrangian subspaceL of S.

PROOF: (1) Using Lemma 2.2 and Lemma 2.3.

(2) The map induced byψ is ϕ : {T} → {L}, defined byT → L = D(T )/D(T0), clearlyϕ is

surjective. Following , we show thatϕ is injective; take two different symmetric extensionTα and

Tβ of T0, with corresponding domainD(Tα) andD(Tβ). Now let

Lα = ϕTα = D(Tα)/D(T0), Lβ = ϕTβ = D(Tβ)/D(T0).

By Tα 6= Tβ, we obtainD(Tα) 6= D(Tβ). So there exists an elementu ∈ D(Tα), butu∈D(Tβ).
In particular,u∈D(T0). Thenû = {u + D(T0)} satisfieŝu ∈ Lα but û∈Lβ.
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3. SELF-ADJOINT EXTENSION OFHAMILTONIAN DIFFERENTIAL OPERATORS

In section 2, we concern the relation between the symmetric extension ofT0 and the Lagrangian

subspaceL of the boundaryS. HereL is only a Lagrangian subspace ofS, but need not be complete.

In this case, we can only conclude thatT corresponding toL in Theorem 2.3 and 2.4 is a symmetric

extension ofT0, butT may be not a self-adjoint extension ofT0. In this section, we shall concern

the self-adjoint extensions ofT0. We shall show thatT is self-adjoint extension ofT0 if and only if

L = D(T )/D(T0) is complete, or equivalently,T is not self-adjoint extension ofT0 if and only if

L = D(T )/D(T0) is not complete.

The existence of self-adjoint extensionT of T0 is determined by the structure ofD(T1), which

itself becomes a complete Hilbert space under theT1-graph norm. Moreover, there is then an

orthogonal sum decomposition ofD(T1) into closed (inT1-graph norm) Hilbert subspaces,

D(T1) = D(T0)⊕D+ ⊕D−,

where the deficiency spacesD+ andD− of T0 are definedD± = span{f ∈ D(T ∗0 )|T ∗0 f = ±if},
d± = dimD± are called deficiency indices. Clearly,n ≤ d± ≤ 2n. The theory of Von Neumann

asserts that there exists self-adjoint extensionT of T0 if and only if d+ = d−. In this case,S =
D(T1)/D(T0) is d+ + d− (even) dimensional space.

In this section, we shall always assume thatdim(S) is even and the controllable condition holds,

see Definition 2.3.

Set

d = 1/2 dim(S). (13)

Hence,S = D(T1)/D(T0) is 2d-dimensional space.

Definition3.1 — LetS be a complex symplectic space with symplectic form [:], anddim(S) ≥
1. Define

p = max{ complex dimension of subspaces whereon Im[f : f ] ≥ 0},

q = max{ complex dimension of subspaces whereon Im[f : f ] ≤ 0},
Ex(S) = p− q.

∆ = max{ complex dimension of Lagrangian subspaces}
Lemma3.1 — Assume that the controllable condition holds. Then the deficiency indicesd+ =

p, d− = q, soEx(S) = d+ − d−. Furthermore,d+ = d− if and only if Ex(S) = 0.

PROOF: First S = D(T1)/D(T0) is a complex symplectic space ofd+ + d− dimension with

symplectic form[̂f : ĝ] = [f : g], for anyf ,g ∈ D(T1).

Next use the formula
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[̂f : ĝ] = [f : g] = (T1f ,g)− (f , T1g), for anyf ,g ∈ D(T1).

It is easy to compute that

[̂f : ĝ] = ±2i(f ,g), for f andg in the sameD±, and[̂f : ĝ] = 0, for f ∈ D+,g ∈ D−.

SoD+andD− are orthogonal Hilbert subspace (in theT1-graph norm).

Now take a basis{f1, f2, · · · , fd+} for D+, and also a basis{g1,g2, · · · ,gd−} for D− so that

(f j , fk) = 1
2δjk, for 0 ≤ j, k ≤ d+ in D+ and(gj,gk) = 1

2δjk, for 0 ≤ j, k ≤ d−in D−

Then[f j : fk ] = iδjk, [gj : gk] = −iδjk, and in term of the basis forS or D+
⊕

D−, the form

[:] is computed by means of the skew-Hermitian matrix
(

iId+ 0
0 −iId−

)
.

Thus we conclude thatp, q, Ex(S) for S are as required,

p = d+, q = d−, Ex(S) = d+ − d−.

Lemma3.2 [2] — Consider the complex symplectic spaceS with symplectic form [:]. Then

dim(S) = p + q, Ex(S) = p− q, ∆ = min{p, q} = 1/2(dimS − |Ex(S)|). (14)

It is easy to see from Lemma 3.1 and Lemma 3.2 that there exists self-adjoint extensionT of T0

if and only if Ex(S) = 0.

Corollary 3.1 — Assume that the controllable condition and (13) hold. Then complete La-

grangian subspace of dimensiond exists if and only ifEx(S) = 0.

Corollary3.2 — Assume that the controllable condition and (3.1) hold. ThenL is ad-dimensional

Lagrangian subspace ofS if and only if L is complete.

Lemma3.3 [7] — If theT is a self-adjoint extension ofT0, then there existsd vectorf1, f2, · · · , fd ∈
D(T1) satisfying{f̂1, · · · , f̂d} are linearly independent and[f r : fs] = 0,1 ≤ r ≤ s≤ d, such that

D(T ) can be expressed as

D(T ) = {f | [f : f r ] = 0, r = 1, 2, · · · , d}.

In [7], the author only show that there exists one-to-one relation between the set of all self-

adjoint extensions ofT0 and the set of alld-dimensional Lagrangian subspace ofS. In this paper,

we not only show that there exists the one-to-one relation, but also show that the precise correspon-

dence.

Theorem3.1— Suppose thatT is a self-adjoint extension ofT0. ThenL = D(T )/D(T0) is a

d-dimensional Lagrangian subspace ofS.
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PROOF: By Lemma 3.3, there existsf1, f2, · · · , fd ∈ D(T1), such that

D(T ) = {f | [f : f r ] = 0, r = 1,2, · · · , d},

where{f̂1, · · · , f̂d} are linearly independent and[fr : f s] = 0,1 ≤ r ≤ s ≤ d. Thus

L = D(T )/D(T0) = {f̂ | f̂ = {f + D(T0)}, f ∈ D(T)}.

Let L′ =span{f̂1, · · · , f̂d}. Clearly,L′ ⊂ L andL′ is ad-dimensional Lagrangian subspace of

S. Note thatf̂ ∈ L implies [f : fr] = 0, r = 1,2, · · · ,d, so [̂f : f̂ r] = 0, r = 1, 2, · · · , d. Hence

[̂f : L′] = 0. By Corollary 3.2,̂f ∈ L′, sinceL′ is a d-dimensional Lagrangian subspace ofS.

HenceL ⊂ L′. ThusL = L′, soL = D(T )/D(T0) is ad-dimensional Lagrangian subspace ofS.

Theorem3.2— Suppose thatL is ad-dimensional Lagrangian subspace ofS. Then the oper-

ator T as the restriction ofT1 to the domain

D(T ) = ψ−1L = {f ∈ D(T1)| f̂ ∈ L}

is a self-adjoint extension ofT0.

PROOF: Take a basiŝf1, · · · , f̂d for L in S. ThenD := {f ∈ D(T1)|[f : fr] = 0, r =
1,2, · · · ,d} is the domain of a self-adjoint operatorT , as generated byl. Hence we can write

D = D(T ). We shall show thatD(T ) = ψ−1L. For anyf̂ ∈ L, [̂f : f̂ r] = 0, sinceL is a

Lagrangian space inS. So[f : f r ] = 0, r = 1,2, · · · ,d. Thusf ∈ D(T). Henceψ−1L ⊂ D(T ). On

the other hand,f ∈ D(T ) implies [̂f : f̂ r] = 0, r = 1, 2, · · · , d. Hence[̂f : L] = 0. By Corollary

3.2, this implieŝf ∈ L, sinceL is ad-dimensional Lagrangian subspace ofS. SoD(T ) ⊂ ϕ−1L.

HenceD(T ) = ψ−1L.

Corollary 3.3 — Suppose thatT0, T1 andS are defined as above. ThenT is self-adjoint ofT0 if

and only ifL = D(T )/D(T0) is complete Lagrangian subspace ofS.

Theorem3.3— Suppose thatT0, T1 andS are defined as above. Then

(1) There exists a self-adjoint extensionT of T0 if and only if there exists ad−dimensional

Lagrangian subspaceL of S.

(2) There exists a natural one-to-one correspondence between the set{T} of all self-adjoint

extensionsT of T0 and the set{L} of all d−dimensional Lagrangian subspaceL of S.

PROOF: (1) Using Corollary 3.1.

(2) The map induced byψ isϕ : {T} → {L}, defined byT → L = D(T )/D(T0), we first show

that the mapϕ is well-defined, since by Theorem 3.1,ϕT = ψD(T ) = D(T )/D(T0) ∈ {L} for any

self-adjoint extensionT , and letLα andLβ be two differentd−dimensional Lagrangian subspaces

in S, say with a vector̂fα ∈ Lα but f̂α∈Lβ. Let ψ−1Lα = D(Tα), ψ−1Lβ = D(Tβ). Then there

is a representative functionfα ∈ D(T1) such thatψfα = f̂α and hencefα ∈ ψ−1Lα = D(Tα).
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Yet fα∈ψ−1Lβ = D(Tβ). ThereforeD(Tα) 6= D(Tβ). SoTα 6= Tβ. Next, ϕ is surjective onto

{L}. In fact, for anyd−dimensional Lagrangian subspaceL ∈ {L}, ψ−1L = {f ∈ D(T1)|̂f ∈ L}
is a self-adjoint extensionT of T0, that is there exists a self-adjoint extensionT ∈ {T}, such that

D(T ) = ψ−1L, Note thatϕT = ψD(T ) = ψ(ψ−1L) = L. Henceϕ is surjective onto{L}.
Finally, we show thatϕ is injective. Take two different self-adjoint extensionTα andTβ of T0, with

corresponding domainD(Tα) andD(Tβ). Let

Lα = ϕTα = D(Tα)/D(T0), Lβ = ϕTβ = D(Tβ)/D(T0).

By Tα 6= Tβ, we obtainD(Tα) 6= D(Tβ), so there exists an elementu ∈ D(Tα), butu∈D(Tβ).
In particular,u∈D(T0). Thenû = {u + D(T0)} satisfieŝu ∈ Lα but û∈Lβ.

The theorems 3.1, 3.2 and 3.3 play a very important role in relating the self-adjoint extensions

of the minimal Hamiltonian operator generated in the boundary value theory for the Hamiltonian

system (1), (2) to boundary space. According to these theorems, for each self-adjoint extensionT

of T0 in L2
W (I), the corresponding complete Lagrangian subspaceL ⊂ S can be interpreted as

the set of linear functionals onD(T1) which vanish onD(T0), and which thereby are the boundary

conditions whose null space preciselyD(T ), see [2]. In other words, the self-adjoint extensionT

of T0 can be obtained by imposing boundary condition onD(T1). For detail see [1] or [2].
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