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In this paper we show that the matti¥g) representing the elemeat= ((zy)" (zy*)")™,
m>10f PSL(2,Z) =< z,y : 2> = y> = 1 > is a2 x 2 symmetric matrix whose entries are
Horadam generalized Fibonacci numbersg ffxes elements OQ(\/Q), whered is a square
free positive integer, on the circuit of a coset diagram, thenn? + 4 and that there are only
2n pairs of ambiguous numbers on the circuit.
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1. INTRODUCTION

The projective special linear group is the groBS'L(2, Z), known as the modular group, of all

: : , b
linear-fractional transformations :— azid, wherea, b,c,d € Z andad — bc = 1. A natural
cz

action of PSL(2, Z) on Q(\/&), whered is a square free positive integer, yields interesting results.
We shall use a graphical representation, known as a coset diagram, to study the action of the modular

group.
2. COSeTDIAGRAMS

A coset diagram for the modular group consists of small triangles and edges. The three cycles of
y are denoted by small triangle’s whose vertices are permuted counter-clockwisey land two

vertices which are interchanged byare joined by an edge —. Fixed pointszondy are denoted

by heavy dots. These are called coset diagrams because the vertices of the triangles can be identified
with the right coset in the modular group of the stabili2&of any given point of(+/d).
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A pathp in a coset digram is the sequence of edges)<! (zy?)? - - - (xy?)S" whereg;= 1, 2.

A pathp is closed if its terminal vertex coincides with its initial vertex. A closed path is also
called a circuit. A graph is connected if for evelry,, =, } of distinct vertices there is a path from
x, toz,. A patch (or portion) of a graph is called a fragment.

A word is an element, expressed as a product of the generators, inverses and their powers, of
PSL(2,Z) or PGL(2,Z). A path in a coset diagram represents a word. P8t (2, Z) act on
Q(Vd). lfawordg € PSL(2, Z) fixes an element € Q(V/d) then it meang)(a) = a. The
following theorem, which we need for later use, has been proved by Mushtaq [7].

Theorem1 — Every element of the modular group except the (group theoretic) conjugates of
z,y,y* and(zy)™, n > 0 has real quadratic irrational numbers as fixed points

If g = (zy)™ (zy?)" - - - (xy*)"2+, wheren; > 0, fixesa vertex thery can be represented by

AN A .
; Yoy

Y YY

AA A

Symbolically, we denote this circuit (closed path) by, no, - - -, n2i) Wheren; means the

number of triangles on the circuit with one vertex inside the circuit and triangles with one
vertex outside the circuit.

For a given sequence of positive integeisno, - - -, noi the circuit of the type
(’I’Zl,nQ,' : ',TLQI%,TLth,“ : 7n2]%7' s, N1, N9, "7n2]%)

where/: dividesk is said to have a period of lengti 2

3. THE ACTION OF PSL(2, Z) ON Q (Vd)

+Vd

of Q(V/d) is called a real quadratic irrational number. An algebraic
Cc

a++Vd a2 —d
c

; wherea,

a
An elementa =

conjugate of a real quadratic irrational numbes andc are relatively

C

a—Vd

prime integers and is a non-square positive integer+s——. We denote it byr. Note thatn and
&
a may have different signs. If this is the case then the real quadratic irrational nambealled
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an ambiguous number. &f anda both have same positive (negative) sign theis called a totally
positive (negative) number.

If k& is one of the three vertices of a triangle in a coset diagram representing the action of
PSL(2,Z) on a real quadratic irrational number field, then the other two vertices withjbend
ky?. Itis not difficult to see that one of the ky or ky? will be (totally) positive number and the
other two will be ambiguous numbers.

Here we mention the following relevant result which was proved in [4].

Theorem2 — For every real quadratic irrational number in the orbit ef under the action of
PSL(2,7) on real quadratic fields the non square positive integéas the same value

This result was then used to show (see Theorem 3 of [4]) that there is only a finite number of
ambiguous numbers and, in particular there is only a finite number of such numbers in the orbit. It
is also useful to note from [4] that in a coset diagram for the orbit ahderPSL(2, Z), not only
the ambiguous numbers form a circuit, but also this is the only circuit in the orbit of

Thus, if we are given a real quadratic irrational numbeve can find the circuit in the orbit of
aunderPSL(2, Z). This also means that if we have two real quadratic irrational numbersig,
then we can test to see whether or not they belong to the same orbit. The following example depicts
that for the same non-square positive integefr 5 we can have two distinct coset diagrams for the
orbits containing distinct circuits of the types (1, 1) and (4, 4).

4. HORADAM GENERALIZED FIBONACCI NUMBERS AND ((XY)"(XY?)")™

Consider the elemente PSL(2, Z) of the formg = (zy)" (zy?)" (zy)" (xy*)" - - - (zy)"
(2y®)" = ((@y)"(zy)")™ .

Let A(g) be the matrix representation @f We shall show thati(g) is a2 x 2 symmetric matrix
whose entries are Horadam generalized Fibonacci numbers [3fwitha =0, F; = b =
1,p = nandq = —1. In fact, powers ofA(g) do not satisfy the recurrence relation for the matrix
A A™ =nA™t 4 A2

Recalling thatr : z — -1 andy : z — 22;1’ sothatry : z — z + 1 andzy? : z — =2

z+1?
1
n

1 0 ln_ln
n 1 01| |n 14+n2

we haveA((zy)") =

. Hence, withB denoting the matrix

. ] ,andA((zy)")

A((zy)"(zy*)"), we haveB = A((zy)"(zy*)") =

Fy By .
= wherefFy is given byFy, = nFy_1 + Fj_o.
Fy Fj
. 1+n? 2 3 F; F
It readily follows that,B? = o ) " +;L N T
2n+n3 n*+3n2+1 F, Fy

nt*+3n2+1 n® 4+ 4n3 + 3n
n®+4n3 +3n nS+5nt+6n%+1

Fs Fy
Fs Fr

B? = . Using induction, with the
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help of the relationF,, = nPy_1 + Fr_9,k > 2andFy, = 0 andF; = 1, we can easily show
Fopm1 Fop

Fop, Fomi1
Fopi1 + Fopp1 = nFyy, + 2F5,—1. The determinant oB™, that is of A(g), which must be 1

Fop1 Fop

that B = ,m > 1. Itis then immediate that the trace,(B™) of B™, is

being determinant of the element HISL(2, 7), is given by = 1. We also

om  Famt1
observe that although the entries®f* = A(g) are Horadam generalized Fibonacci numbers [3]

with Fy = a = 0,F; = b = 1,p = nandq = —1, neitherB nor any of its powers satisfy the
recurrence relation for the matrik: A™ = nA™ !+ A™~2, Having set the necessary terminology
and describing suitable background, we can now prove the following important theorem.

Theorem3 — Let o be a real quadratic irrational number and lgt = ((zy)"(zy*)™)™ €
PSL(2,7) act ona, so that the orbit ofa contains a circuit of of the typé:, n,n,...,n). Then
—————

2m

. . Fop, 1 F . .
the matrix ofgis A(g) = | 2"~ 1 2" ,m > 1 whereF}, is thekth Horadam generalized
FQm F2m+1

Fibonacci number and’, = nFj_; + F)_o, with trace given byr(A(g)) = nFop, + 2Fom—1.

Since we are dealing with circuits of coset diagrams, we may beginwith™, so that we may
consider the elemerit = ((zy*)"(zy)™)™, (m > 1) instead of the element= ((zy)" (zy*)™)™,
m > 1, of PSL(2,Z), and thus obtain

1 n 1 0 1+ n2 n F3 F2
A((zy) A((zy>)™) = = = .

((zy)")A((zy™)") [01 [nll . 1] A

. 1 F, F 1+ n? F; F

Nowif A= | = 2 71| then we havel? = Tt 502
1 0 Fy F() n 1 F2 Fy
so inductively, A" = P " . Itis now a straightforward matter to verify that the matrix
n n—1

A satisfy the recurrence relatiot™ = nA™ 1 + A™=2 (m € Z). It follows that the matrix of
(zy?)" (zy)" is

1 n 10 14+n® n Py F
A 27 () = = = = A2
So inductively, A(h) = aml T2 = A?™, having the same trace, and determi-
Forn  Fom—
_ 1+n? n 1 n , 2Mn n
nant as ofA(g). Also matrices and ) , that is, A((zy*)"(zy)"™) and
n n n-+1
A((zy)"(zy?)™), having the same eigenvalues, given by the rogtsand \; of A\ — (n? +
2 92 /nd + 4n2 2 92— /nd 4+ 4n2

2))\+1:0,Where)\1:nJr + nJrn,and)Q:nJr n+n.|nfact,

2 2
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2 1 /nd > 4n2 2 2 _ /nd +4n2 2
A1:1+n+ Z+n:1+7:7—2,and/\2:1+n Z+n:1+a:0—2,
n n
n? 4+ vnt 4+ 4n? L . .
wherer = 5 ando is its algebraic conjugate.

5. FIXED POINTS OF (zy%)"(xy)" OR (zy)" (zy*)" IN Q(Vd)
Here we shall require that for all integers > 1, the transformation
h= ((zy?)" (xy)™)™ or g = ((ay)" (xy®)")™,
fixes elements of)v/d. We shall show thai = n? + 4 in this case.

Fomy1 a+ Fop,

Let o € Q(Vd). If his to fix a, then = q, so thatFy,a? + (Fom_1 —

Fop a+ Foppq
Fory1) a — Fy,, = 0, that is, Fy,,(a® — na — 1) = 0, for all integers> 1, whencea =
+vnZ2+4 . . . vn2+4
%. This implies thatl = n?+ 4, and the elements fixed byarer = % and
—Vn2+4 . . Fop— F
o= """V L - Onthe other hand, if is to fix & € Q(v/d), then—=22—1 ot Fom _ ,
2 Fop o+ Fopy
. —n+vn?+4 .
leads toFgm(a2 + na — 1) = 0, for all integer> 1, whencea = % This further
_ /2 4
implies thatd = n? + 4, and the elements fixed hyarer —n = 7! = % and
2 d -
B il AL . (7)~! = =1L, It follows that when the generatoss

2
andy of PSL(2, Z) act onQ(+/d), under the condition that for ath > 1, h = ((zy?)"(zy)™)™, or
g = ((zy)"(xy*)™)™, fixes the elements @)(V'd), thend = n? + 4 and the circuit corresponding
to h or g reduces tdzy?)" (zy)" or to (zy)" (zy?)™ and hence contains ondy. pairs of ambiguous
numbers.

We summarize the preceding discussion in the following proposition.

Propositionl — Leta € Q(Vd),h = ((zy*)"(zy)™)™ andg = ((xy)"(zy>)™)™ , be the
elements of the modular grodpSL(2, Z) acting ona, so that the orbit ofv contain circuit of the

n+vnZ+4

type(n,n,n,...,n). If h(org) fixesa, thena = 7,0 (ora = 71, 0~1) wherer = 5
—_———

2m

ando is its algebraic conjugate, so thdt= n? + 4 and the reduced circuit in the coset diagram for
the action ofh or g, on Q(\/&) contains only 2n pairs of ambiguous numbers.

In the following table we give a list which completely describes the types of circuits, fixed vertex
on the circuit, number of triangles on the circuit, and the discriminant. We shall also draw circuits
for some values of.
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Table 2.1
Type of the Circuit| Fixed vertex on the circuit Number of triangles on the circujt Discriminant
(1, 1) _1?;\/5 02 05
2,2) —1+V2 04 02
(3, 3) 3+2\/ﬁ 06 13
(4, 4) -2+ 5 08 05
(5, 5) _5*;/@ 10 29
(6, 6) —3+V10 12 10
7,7 U 4—2\/@ 14 53
(8, 8) —4+V17 16 17
(9, 9) _E)Z‘/% 18 85
(n.n) —”+2W+4 . e

The following fragments correspond to (1, 1), (2, 2), (3, 3) anchf respectively.

-1+5
2

—[=<D—

—1+V2

-3+V13
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(n-2)

SUT

-nN+4

1 \T/' \T/J

(n-2)

The ambiguous numbers and hence the circuit in which these ambiguous numbers lie, exist in
the case of?SL(2, Z) when acts orQ(v/d)U {oo}. When we consider action d?G'L(2, Z) on
F,m U {oo} the diagrams contain finitely many circuits unlike the former case in which only one
circuit exists in one orbit. The afore-mentioned circuits exist in both the cases. Their existence in
coset diagram in the latter case depends upon certain conditions, which are obtained in a number of
papers, e.g. [5].

Circuits forn = 1, 2 and 3 contairy-handles as defined and used in [2] and [6]. The significance
of their existence is due to the fact that any number of such coset diagrams, containing one of these
can be connected together with the help of these circuits.

Remarkl: Forn = 1, the matrix corresponding pis a2 x 2 symmetric matrix whose entries
are Fibonacci numbers, with the trace giventb{A(g)) = Lam, Li being thekth Lucas number
(see Theorem 4.1 [1]).
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