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In the present paper, we estimate the order of pointwise convergence of the Chlodowsky type
Durrmeyer operator®,, for functions, defined on the intervf), b,], (n — oo) extending
infinity, with derivatives of bounded variation.
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1. INTRODUCTION

Recently, some authors studied different linear positive operators and obtained the rate of conver-
gence for functions itBV (1) andDBV (I), wherel C R. For example, Bojanic and Vuilleumier

[7] estimated the rate of convergence of Fourier Legendre series for functi@g iy 1], Cheng

[9] estimated the rate of convergence of Bernstein polynomials for functioB%iif, 1], Zeng and

Chen [10] estimated the rate of convergence of Durrmeyer type operators for functi®igini|.

In addition, Bojanic and Cheng investigated the rate of convergence of Hermite-Fejer polynomials
for functions with derivatives of bounded variation [5] and they also investigated in the paper [6],
the asymptotic behavior of Bernstein polynomials for function®iBV'[0, 1].

Very recentlylbikli and Karsli [4] estimated the rate of convergence of Chlodowsky type Dur-
rmeyer Operators for functions V[0, co) and Gupta, Vasishtha and Gupta [8] estimated the rate
of convergence of summation-integral type operators for functiopsieighted spacé BV, (0, 0o),

(v > 0). We also mention an important paper devoted to this subject were written by Gupta, Abel
and lvan [11].
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For a function defined on the interval [0, 1], the Durrmeyer operatfyg1] are defined by

FO) Py (t) dt, 0<z <1,

o _

k=0

where P, ;(z) = (})z"(1 — 2)"~*. Lupas [2] also introduced these operators later in some
different form.

These operators are the integral modification of Bernstein polynomials so as to approximate
Lebesgue integrable functions on the interval [0, 1].

Chlodowsky polynomials are given [3] by

Co(f; ) = kZ:f (im) (Z) <;’;>k <1 - ;i)n_k,o <& <by

where(b,,) is a positive increasing sequence with the properties
lim b, = ocoand lim b—n =0.
n—oo n—oo N
These operators called Chlodowsky type Bernstein operators.
Ibikli and Karsli [4] introduced Chlodowsky Type Durrmeyer operators as follows:
D,, : BV[0,00) — P,

n bn
Dn(f,:ﬁ) _ (n;_ 1) an’k <;) /f(t)Pmk <bt> dt, 0 <x<b,
" k=0 s n

whereP := {P : [0,00) — R}, is a polynomial functions sefh,, ) is a positive increasing sequence
with the properties

lim b, = ocoand lim b—n:()

n—00 n—oo 1

n
k

The aim of this paper is to estimate the rate of convergence of opefatdosthe limit £, which
have a derivative of bounded variation on the intefdab,], (n — oo) extending infinity. At the
point z, which is a discontinuity of the first kind of the derivative, we shall prove Batf; x)
converge to the limitf(z). Let DBV (R) denotes the class of real valued differentiable functions
defined on a sek, whose derivatives are of bounded variation®nwhich can be written as

andP, . (r) = ( ) 2*(1 — )" ¥ is the Bernstein basis.

T

f(a:):C’+/\If(t)dt,

where(C' is a constant an@ € BV (R). It is clear that the left and right derivatives ¢fexist at
every pointz € R and that

Ja) =z —0) , f(2) = Uz +0)
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and will be defined as
DBV(R) = {f e BV(R)}.

It is clear that the class of functiod3BV (I) considered here is much more general than the
class of functions with continuous derivative drC R.
For the sake of brevity, let the auxiliary functigh be defined by

f&) = flz+) , z<t<b,
fm(t): 0 , t==x
f@&) = flz=) , 0<t<a.

The main theorem of this paper is as follows.
Theoreml — Let f be a function with derivatives of bounded variation on every finite
subinterval of[0, co). Then for every: € (0, 00) , we have

_ f(x+) = f'(z=)| [2nx(b, —x)+ 2b2
IDu(f30) — (@) < L)

n2
f'at) + (@) | bn
_|_ —
2 n
z [vA] o
x 2na: by — x) + 2b2
\/ﬁx = " k=1 z—%
vn k
bn—2 \') . an( —1—262
x_ﬁ k=1 +bn z

b
where\/(f%) is the total variation off.. on|a, b].

2. AUXILIARY RESULTS

In this section we give certain results, which are necessary to prove our main theorem.
Lemma2 — If s € N ands < n, then

S

(n+ 1)b5
(n+s+1)!

r=

D, (#5) = () Sy @

r/ rl(n—r)"b,

For proof of Lemma 2, see [4].
From (2), we obtain

D,(L;z) = 1
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Dn(t; x) _ b, — 2x
n -+ 2
4nb, — 6(n + 1)z] 202
(#2) v m+t2)(n+3)  (n+2)(n+3)
An easy computation, we get
2(n —3)(by, —x)z 202

Dy, ((t — 33)2§ T) =

n+2)n+3) mt2)(nt3)

and hence,

2 n — 2h2
Do((t — 2)%2) < nx(b 2x)+ bn'

Lemma3 — ([4]) For allz € (0, 00) , we have

t
x t T U
A (mm) = /K (bn’bn)d“
0

- n 3)

n
WhereK, (&, &) = % kZO Pk () P k().

Remarkl: From Cauchy-Schwarz-Bunyakowsky inequality, we get

1 _ 2
Dn(|t*$|;£€) S (Dn((tfx)Q;x»i S \/2nl‘(bnn2$)+2bn (4)
Remark2: ) )
n — 2T n
Da((t =)o) = |25t < 2 )

3. PROOF OFTHE MAIN RESULT

Now, we can prove the Theorem 1.
PROOF We write the difference betwedn,,(f;z) and f(x) as follows

Du(fia) - 1) = O ”kfj:opn,k (;)Zﬂmk (;) it - 1)

= [0 - s@)g e
0
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Sincef(t) € DBV0,b,],

Dofia) = fla) = [0~ sl gr (o) ave [1r0 - sl g () a
b

xr x by, t
, 0 x t , 0 x t
=~ fif reraifr, (L) e [if rwad g (L) @
0o t T x
= —Fi(x)+ E2(x)
where . s
Bw) = [1f raad g, (L0 ) a ©
0o t
and b
¢ 0 T
Ba) = [1f £ i 3K, (b;) i, ™)
For anyf(t) € DBV|0, b,],we decomposé (t) into four parts as
PO = (e e+ am s LTI g
/ 1 / /
+,0) 10 3 (7o) + ) @
where
1, z=t
5x(t):{ 0, x#t.

If we use (8) in (6) and (7), we have the following expressions.

Ey(z) = / {/ ;(f’(x+>+f’(a:—))+f;(u>+f/(ﬁ)Qf/(x)smz(t—:v)

t

+0,(u) [f’(a;) - % (f'(z+) + f’(x—))] du} %Kn <bi bi) dt

and
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Firstly, we evaluatd?; ().

Ei(z) = = (f'(z+)+ f'(z-)) /x(x_t)gtKn (bg;b) dt
0

—i—/x[/tf;(u) du]%f(n (;btn) dt

N =

Slncef 6z (u) du = 0, we can write

(F/(@+) + f/(2-)) / (z — t)gtKn (bfﬂ ;) it
0

x t
s (2. o
0 =«
Flat) - fa—) | o [z t
- 5 /(x - t)aKn <bn’ bn> dt.
0

Using similar method, for evaluatin(z), we find that

Ey(z) =

N =

bn

"(24) + f'(z /t—:c < bt) dt
. 0 t
+ [1f g, (L) a

l\DM—l

EQ(JJ) =

Combining (9) and (10),

0 t

(9)

(10)
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- [if s, (k) a

0
by
[

o

r X

From (11), we can rewrite the difference betwden( f; x) and f(x),

t
/ 0 t
, x
fo(u) dul 5 K, <bn7 bn> dt. (11)

bn

Du(fia)~ fla) = HEDELED [y D, (2.0 )

[e=]

ot n O,
t
byt 5
v anZx, (51
+ [/ fo(u) du] 875Kn <bn7 bn) dt. (12)
On the other hand, since
bn 5
x i
/]t—xatKn <bnbn> dt = Dot — 2| : 2) (13)
0
and
" B t
X
/(t—ac)atKn <bn,bn> dt = Dot — ;7). (14)

0
then using (13) and (14) in (12), we get

Durio) - sl < |[HETHED i e sy
e [ ]

T

" —/[jf;(U) e

0

359
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b, t
, 0 x t
+ /[/fx(u)du]atKn <bn,bn> dt.

T

From the definition\,, (;=, ;-), we write

T T

/[jf;(u) du](fif(n (i;) dt = /[/xf;(u) du]gt)\n (i;) dt.

0 0

Using partial integration the right hand side of (16), we obtain

[ / 0 r /
i oo (2. - fron (2.
0 t 0

and

ol (L
v/ ‘f”ﬁ(t)“”<bn’bn> “
T a
Sincef;(x) = 0and\, (&, &) < 1,
[ n@in () de = [ 10 - 2@l (g ) d
v "\ b, by, m v "\ b, by
17% a:f%

INA
\
<~4-<H
§2
&

=Tn
Besides from (3), we get
T ¢ 2na(by — ) + 2b2 i dt
O A (=, =) dt < T ”/ ' (t
[ g0l () e < - 0] %
0 0

2nx(b, — ) + 2b2
n2

(15)

(16)
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n

o
2nx(b, — ) + 2b2 co o dt
< = / \t/(fx)(x e

Make the change of variablés= = — 7, then

x x z . .
/ Vimde< \/ (f2) dt:% \/ ()
x—% t m—% - z— =
and
" / V= - " / VB Sy
2na(by — ) + 20 Vi
nx(b, —x :
- n2zx /\/( 2) du
1 5
2nx(b, — ) + 2b2 Vil o .
k=1 z—%
Consequently
—f{ff’( ya kL < L\ ()
/) z\UW uat nbn7bn > \/ﬁmiix
V] &
an(bn—x)+2b%
e V. an
k=1 x—%
By the same way,
by t 5 b,
x t t
Jif sad g, () as 1o ()
x+b7\,,/%z bn
_ / x t , t
_ / [£20)] )\n<b . ) dt + / [£20)] An(b ,bn) dt
r otz
N
e 2nx(b ) + 202 y dt
< / nrlo, —T n / ,
< / ’fm(t)’ dt + - ’fm(t)’ P
* x_t,_l’n;z
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e 2na(b—z)+22 [ dt
nx(b, —x -
= / | () = fo(z)| dt + 2 / |f2(t) = fal(2)] (z —t)2
xT x_’_b%x
b

bp—z 2n (b, — x) + 202 ‘ dt
< ! z . :
< = Vot - V=

n x_,’_by\,,/%z

IN

—z " nT —x > ;@ —b"Ez U
ot (g 2R [y
N

\/ﬁ xiga n2 2 x+bm;z = )2
b * 2n (b ) + 202 v
_ bp—z , nx(b, —x ot ,
= PV e P [V
= m 1 o=t
z va] &
by, —x 2nx(b, — ) + 202
< !/ !
< T VW = Vo)
m—in k=1 T+ bnk—l
Consequently
P ) b y
/ r t n — & ,
— — — <
JUf g e < 22 ()
2nx(b, — ) +Qb,21 v \7 ) 18)
n? (b, — ) e
k=1 -+ bnk—z
Combining (4), (5), (17) and (18) in (15), we get the desired result (1).
Thus the proof is completed. |
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