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ON P-Q IDENTITIES ASSOCIATED WITH RAMANUJAN’S MODULAR EQUATIONS
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In this paper, we have established someP-Q identities of the Ramanujan type by making use of

certain modular equations due to Ramanujan.
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1. INTRODUCTION, NOTATION AND DEFINITIONS

Let

zr = z(r;x) = 2F1

[
1
r
,
r − 1

r
; 1; x

]

and

qr = qr(x) = exp

[
−πcosec

π

r

2F1

[
1
r , r−1

r ; 1; 1− x
]

2F1

[
1
r , r−1

r ; 1;x
]

]
(1.1)

wherer = 2, 3, 4 and6 and 2F1

[
1
r , r−1

r ; 1; x
]

denotes the ordinary hypergeometric function de-

fined by:

2F1[a, b; c; z] =
∞∑

n=0

(a)n(b)nzn

(c)nn!
, |z| < 1

(a)n = a(a + 1)(a + 2) . . . .(a + n− 1) and (a)0 = 1.

Also, letn be a positive integer and

n
2F1

[
1
r , r−1

r ; 1; 1− α
]

2F1

[
1
r , r−1

r ; 1; α
] = 2F1

[
1
r , r−1

r ; 1; 1− β
]

2F1

[
1
r , r−1

r ; 1;β
] . (1.2)
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Then a modular equation of degreen in the theory of elliptic functions of signaturer is a relation

betweenα andβ induced by (1.2). We often say thatβ is of degree n overα and

m(r) =
z(r, α)
z(r, β)

is called the multiplier. We also use the notationsz1 = z(r, α) andzn = zn(r, β) to indicate thatβ

has degreen overα.

In this paper, making use of following known modular equations of signature 2 due to Ramanu-

jan, we have established certainP-Q identities of the Ramanujan type. Modular equations used in

this paper are:

(i) if β and the multiplierm have degree 3, then

m2 =

√
β

α
+

√
(1− β)
(1− α)

−
√

β(1− β)
α(1− α)

, (1.3)

9
m2

=
√

α

β
+

√
(1− α)
(1− β)

−
√

α(1− α)
β(1− β)

, (1.4)

[1; Entry (17.3.21) page 391]

(ii) if β and the multiplierm have degree 5, then

m =
(

β

α

) 1
4

+
(

1− β

1− α

) 1
4

−
(

β(1− β)
α(1− α)

) 1
4,

(1.5)

5
m

=
(

α

β

) 1
4

+
(

1− α

1− β

) 1
4

−
(

α(1− α)
β(1− β)

) 1
4

. (1.6)

[1; Entry (17.3.22) p. 391]

(iii) If β and the multiplierm have degree 7, then

m2 =
(

β

α

) 1
2

+
(

1− β

1− α

) 1
2

−
(

β(1− β)
α(1− α)

) 1
2

− 8
(

β(1− β)
α(1− α)

) 1
3

, (1.7)

49
m2

=
(

α

β

) 1
2

+
(

1− α

1− β

) 1
2

−
(

α(1− α)
β(1− β)

) 1
2

− 8
(

α(1− α)
β(1− β)

) 1
3

. (1.8)

[1; Entry (17.3.23) p. 391]

(iv) If β and the multiplierm have degree 9, then

√
m =

(
β

α

) 1
8

+
(

1− β

1− α

) 1
8

−
(

β(1− β)
α(1− α)

) 1
8

, (1.9)

3√
m

=
(

α

β

) 1
8

+
(

1− α

1− β

) 1
8

−
(

α(1− α)
β(1− β)

) 1
8

. (1.10)

[1; Entry (17.3.24) p. 391]
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(v) If β and the multiplierm have degree 13, then

m =
(

β

α

) 1
4

+
(

1− β

1− α

) 1
4

−
(

β(1− β)
α(1− α)

) 1
4

− 4
(

β(1− β)
α(1− α)

) 1
6

, (1.11)

13
m

=
(

α

β

) 1
4

+
(

1− α

1− β

) 1
4

−
(

α(1− α)
β(1− β)

) 1
4

− 4
(

α(1− α)
β(1− β)

) 1
6

. (1.12)

[1; Entry (17.3.25) p. 391]

(vi) If β and the multiplierm have degree 25, then

√
m =

(
β

α

) 1
8

+
(

1− β

1− α

) 1
8

−
(

β(1− β)
α(1− α)

) 1
8

− 2
(

β(1− β)
α(1− α)

) 1
12

, (1.13)

5√
m

=
(

α

β

) 1
8

+
(

1− α

1− β

) 1
8

−
(

α(1− α)
β(1− β)

) 1
8

− 2
(

α(1− α)
β(1− β)

) 1
12

. (1.14)

[1; Entry (17.3.27) p. 392]

we shall also use the following relations which hold in the theory of signature 2.

f(q) =
√

z2
−1
6

{
x(1− x)

q

} 1
24

(1.15)

and

f(−q2) =
√

z2
−1
3

{
x(1− x)

q

} 1
12

, (1.16)

[3; Chapter 17 entry 12(i) and (iii)]

wheref(−q) = [q; q]∞.

2. MAIN RESULTS

In this section we shall establish our main identities associated with Ramanujan’s modular equa-

tion (1.3)–(1.16).

(a) (i) if

P =
f(q)

q1/12f(q3)
and Q =

f(−q2)
q1/6f(−q6)

then

P 12 −Q12 + P 8Q8 − 9P 4Q4 = 0 (2.1)

(ii) If

P =
f(q)f(−q2)

q1/4f(q3)f(−q6)
and Q =

f(q)
q1/12f(q3)

then

P 12 −Q24 + 9P 4Q12 − P 8Q12 = 0 (2.2)

(iii) If
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P =
f(q)f(−q2)

q1/4f(q3)f(−q6)
and Q =

f(−q2)
q1/6f(−q6)

then

P 12 −Q24 + P 8Q12 − 9P 4Q12 = 0. (2.3)

(b) (i) If

P =
f(q)

q1/6f(q5)
and Q =

f(−q2)
q1/3f(−q10)

then

P 6 −Q6 + P 4Q4 − 5P 2Q2 = 0. (2.4)

(ii) If

P =
f(q)f(−q2)

q1/2f(q5)f(−q10)
and Q =

f(q)
q1/6f(q5)

then

P 6 −Q12 + 5P 2Q6 − P 4Q6 = 0. (2.5)

(iii) If

P =
f(q)f(−q2)

q1/2f(q5)f(−q10)
and Q =

f(−q2)
q1/3f(−q10)

then

P 6 −Q12 − 5P 2Q6 + P 4Q6 = 0. (2.6)

(c) (i) If

P =
f(q)

q1/4f(q7)
and Q =

f(−q2)
q1/2f(−q14)

then

P 6 −Q12 + 8P 8Q4 − 8P 4Q8 + P 8Q8 − 49P 4Q4 = 0. (2.7)

(ii) If

P =
f(q)f(−q2)

q3/4f(q7)f(−q14)
and Q =

f(q)
q1/4f(q7)

then

P 12 −Q24 + 8P 8Q8 − 8P 4Q16 + 49P 4Q12 − P 8Q12 = 0. (2.8)

(iii) If

P =
f(q)f(−q2)

q3/4f(q7)f(−q14)
and Q =

f(−q2)
q1/2f(−q14)

then

P 12 −Q24 + 8P 8Q8 − 8P 4Q16 + P 8Q12 − 49P 4Q12 = 0. (2.9)
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(d) (i) If

P =
f(q)

q1/3f(q9)
and Q =

f(−q2)
q2/3f(−q18)

then

P 3 −Q3 + P 2Q2 − 3PQ = 0. (2.10)

(ii) If

P =
f(q)f(−q2)

qf(q9)f(−q18)
and Q =

f(q)
q1/3f(q9)

then

P 3 −Q6 + 3PQ3 − P 2Q3 = 0. (2.11)

(iii) If

P =
f(q)f(−q2)

qf(q9)f(−q18)
and Q =

f(−q2)
q2/3f(−q18)

then

P 3 −Q6 + P 2Q3 − 3PQ3 = 0. (2.12)

(e) (i) if

P =
f(q)

q1/2f(q13)
and Q =

f(−q2)
qf(−q26)

then

P 6 −Q6 + 4P 4Q2 − 4P 2Q4 + P 4Q4 − 13P 2Q2 = 0. (2.13)

(ii) If

P =
f(q)f(−q2)

q3/2f(q13)f(−q26)
and Q =

f(q)
q1/2f(q13)

then

P 6 −Q12 + 4P 4Q4 − 4P 2Q8 + 13P 2Q6 − P 4Q6 = 0. (2.14)

(iii) If

P =
f(q)f(−q2)

q3/2f(q13)f(−q26)
and Q =

f(−q2)
qf(−q26)

then

P 6 −Q12 + 4P 4Q4 − 4P 2Q8 + P 4Q6 − 13P 2Q6 = 0. (2.15)

(f) (i) If

P =
f(q)

qf(q25)
and Q =

f(−q2)
q2f(−q50)

then

P 3 −Q3 + 2P 2Q− 2PQ2 + P 2Q2 − 5PQ = 0. (2.16)
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(ii) If

P =
f(q)f(−q2)

q3f(q25)f(−q50)
and Q =

f(q)
q f(q25)

then

P 3 −Q6 + 2P 2Q2 − 2PQ4 + 5PQ3 − P 2Q3 = 0. (2.17)

(iii) If

P =
f(q)f(−q2)

q3f(q25)f(−q50)
and Q =

f(−q2)
q2f(−q50)

then

P 3 −Q6 + 2P 2Q2 − 2PQ4 + P 2Q3 − 5PQ3 = 0. (2.18)

3. PROOFS OF(2.1)–(2.18)

In order to prove (2.1), (2.2) and (2.3) we use the modular equations (1.3) and (1.4) in whichβ is of

degree 3 overα. From (1.15) and (1.16) we have

f(q) =
√

z12−
1
6

{
α(1− α)

q

} 1
24

(3.1)

f(−q2) =
√

z12−
1
3

{
α(1− α)

q

} 1
12

(3.2)

and

f(q3) =
√

z32−
1
6

{
β(1− β)

q3

} 1
24

(3.3)

f(−q6) =
√

z32−
1
3

{
β(1− β)

q3

} 1
12

(3.4)

(i) If we take

P =
f(q)

q1/12f(q3)
=
√

m

{
α(1− α)
β(1− β)

} 1
24

and

Q =
f(−q2)

q1/6f(−q6)
=
√

m

{
α(1− α)
β(1− β)

} 1
12

then
Q

P
=

{
α(1− α)
β(1− β)

} 1
24

and
P 2

Q
=
√

m. (3.5)

Now, eliminatingα, β andm from (3.5), (1.3) and (1.4) we get (2.1).
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(ii) Again, taking

P =
f(q)f(−q2)

q1/4f(q3)f(−q6)
= m

{
α(1− α)
β(1− β)

} 1
8

and

Q =
f(q)

q1/12f(q3)
=
√

m

{
α(1− α)
β(1− β)

} 1
24

we have
P

Q2
=

{
α(1− α)
β(1− β)

} 1
24

and
Q3

P
=
√

m. (3.6)

Eliminatingα, β and m from (3.6), (1.3) and (1.4) we get the identity (2.2).

(iii) Taking

P =
f(q)f(−q2)

q1/4f(q3)f(−q6)
= m

{
α(1− α)
β(1− β)

} 1
8

and

Q =
f(−q2)

q1/6f(−q6)
=
√

m

{
α(1− α)
β(1− β)

} 1
12

we have
Q3

P 2
=

1√
m

and
Q2

P
=

{
α(1− α)
β(1− β)

} 1
24

(3.7)

Now, eliminatingα, β andm from (3.7), (1.3) and (1.4) we get (2.3).

Proceeding similarly by taking the modular equations

{(1.5, (1.6}, {(1.7), (1.8)}, {(1.9), (1.10)}, {(1.11), (1.12)} and {(1.13), (1.14)}

one can easily prove{(2.4), (2.5), (2.6)}, {(2.7), (2.8), (2.9)}, {(2.10), (2.11), (2.12)}, {(2.13),
(2.14), (2.15)} and{(2.16), (2.17), (2.18)} respectively.P-Q identities thus established are also

calledP-Q modular equations or eta-function identities as mentioned in the introduction of chapter

17 to [1].
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