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A multiple interpolation problem for scalar Stieltjes functions, simultaneously of Pick-Nevanlinna

and L̈owner types, is considered. A solvability condition is established, in terms of positivity

and ranks of two matrices built from interpolation data, and a uniqueness condition, in terms

of ranks of these matrices. As well, a parametrization of the set of all real rational solutions of

minimal degree is established, in the nondegenerate case.
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1. INTRODUCTION

Pick-Nevanlinna (multiple) interpolation problem in the (scalar) Stieltjes classS is the following:

recapture a complex functionψ ∈ S from prescribed values ofψ and its first several derivatives

at each point of a finite subsetE of C \ R+, R+ = {x : x ∈ R, x ≥ 0}, where the number of

prescribed derivatives at anyE point onR− = R \ R+ is odd. L̈owner (multiple) interpolation

problem in the classS is similar, but withR+ instead ofC \R+ and an odd number of prescribed

radial derivatives at every point ofE. Pick-Nevanlinna boundary interpolation problem in the class

S is the L̈owner problem in which the highest radial derivative at any point ofE is not completely

prescribed, but rather only an estimate of it.

Originally, Pick-Nevanlinna interpolation problem has been posed in the Carathèodory classC
[24] and in the Schur classSc [22]. Löwner interpolation problem has been posed first in the Pick

(or Nevanlinna) classR [21], whereas Pick-Nevanlinna boundary interpolation problem has been
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posed inSc [23]. These problems, consequently generalized to matrix valued functions, have been

and still are intensively studied (see, e. g., Ball [3], Dym [11,12], Ball, Gohberg, Rodman [5], for

more detailed information).

Pick-Nevanlinna and/or Pick-Nevanlinna boundary interpolation problems in the classS were

considered in: Krein and Nudel’man [20] (the scalar case), Dyukarev and Katsnel’son [14], Bolot-

nikov [6, 7], Alpayet al. [2], Bolotnikov and Sakhnovich [8], Chen and Li [10] (the matrix valued

case). Several approaches were used, such as the method of fundamental matrix inequalities, the

method of operator identities, the block Hankel vector approach etc.

In this paper we shall consider a scalar multiple interpolation problem for Stieltjes functions,

which is simultaneously of Pick-Nevanlinna and Löwner types, i.e. the interpolation nodes of which

can be anywhere in the complex planeC. Our contribution is investigation of L̈owner problems.

(As far as we know, L̈owner interpolation problems in the classS have not been studied.) The

reason for separation and firstly studying the scalar case is the fact that this case is the generic

one. Besides, the scalar case allows one to give more information on the problem (for example, to

establish a simple uniqueness condition).

We will establish a necessary and sufficient condition for the considered problem to have a solu-

tion, in terms of positivity and ranks of two matrices constructed by interpolation data (the so called

Pick matrix and associated Pick matrix). As well, we will establish a uniqueness condition, in terms

of ranks of these matrices, and a parametrization of the set of all real rational solutions to the prob-

lem of minimal degree, in the case when both Pick’s matrices are nonsingular (the nondegenerate

case) and the zero point is an interpolation node. The role of parameter will play some exten-

sions of a linear symmetric mapping. As a consequence of the aforementioned result on solvabil-

ity condition, we will establish also a solvability condition for the corresponding Pick-Nevanlinna

boundary-interior interpolation problem.

Our approach is a variant of the use of functional (or reproducing kernel) Hilbert spaces [26,

3]. We first handle the degenerate case, obtaining the (unique) solution from linear dependence of

some functions in an associated functional Hilbert space, and then reduce the nondegenerate case to

the degenerate.

2. INTERPOLATION PROBLEMS AND PICK ’ S MATRICES

Before describe the interpolation problems to be considered, we define the classesS andR of

Stieltjes, respectively Pick (or Nevanlinna) functions.

Definition of the Stieltjes classS — A complex functionψ analytic inC\R+ is called a Stieltjes

function if (i) Imψ(z) ≥ 0, z ∈ C+ (= {z : z ∈ C, Imz > 0}); (ii) ψ(x) ≥ 0, x ∈ R−. The class

of all Stieltjes functions is denoted byS.

The classS and its characterizations were introduced and used systematically by Krein [18, 19].

Definition of the Pick (or Nevanlinna) classR. A complex functionψ analytic inC+ is called
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a Pick (or Nevanlinna) function ifImψ(z) ≥ 0, z ∈ C+. The class of all Pick functions is denoted

byR.

It is well known [20 (Appendix)] thatψ ∈ S if and only if ψ ∈ R andψ1 ∈ R, where

ψ1(z) := zψ(z).

Note also that the Carathèodory classC consists of functions analytic and having a nonnegative

real part in the unit disc, whereas the Schur classSc consists of all functions analytic and bounded

by 1 in modulus on the unit disc.

We will consider primarily the following interpolation problem.

The problemIS(ϕ) — Let E0 be a finite subset ofC, such thatz ∈ E0 \R impliesz̄ 6∈ E0, and

let for eachw ∈ E0 some numbersϕ(w, j), 0 ≤ j ≤ m(w), be given, where, forw ∈ R,m(w) is

odd andϕ(w, j) ∈ R. Find a Stieltjes functionψ such that for anyx ∈ E0 ∩R+ there exist the

radial limits

lim
y→0

ψ(j)(x + iy) =: ψ(j)(x), 0 ≤ j ≤ m(x), (1)

and

ψ(j)(w) = ϕ(w, j), w ∈ E0, 0 ≤ j ≤ m(w). (2)

Denote this problem byIS(ϕ). (The limits (1) must be real, because ofψ(z) = ψ(z), z ∈ C\R,

which follows fromψ(x) ∈ R, x ∈ R−. Therefore the prescribed valuesϕ(w, j) were assumed to

be real for realw.)

The problemIR(ϕ) — If the above problem is modified such that a Pick functionψ is demanded

and that, accordingly, one hasx ∈ E0 ∩R in (1), then an interpolation problem in the Pick class

R is obtained. We will denote this problem byIR(ϕ). The demanded functionψ in the problem

IR(ϕ) will be meant as extended to the lower half-planeC− by ψ(z) := ψ(z), z ∈ C−.

The problemsIS(ϕ) andIR(ϕ) are simultaneously of L̈owner and Pick-Nevanlinna types, the

first in the Stieltjes classS and the second one in the Pick classR.

The problemI ′S(ϕ) — The interpolation problem obtained fromIS(ϕ) by replacing the equal-

ities (2) forw = x ∈ E0 ∩R+, j = m(x), by the inequalities

ψ(m(x))(x) ≤ ϕ(x,m(x)), x ∈ E0 ∩R+, (3)

will be denoted byI ′S(ϕ).

This is a Pick-Nevanlinna boundary-interior interpolation problem.

We will assign to the problemIR(ϕ) a matrix, and call it the Pick matrix, via the kernel, called

the Pick kernel. Based on this, we will associate two Pick matrices and two Pick kernels to the

problemIS(ϕ) and to the problemI ′S(ϕ).
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In order to construct the Pick kernel to the problemIR(ϕ), it will be convenient to treat deriva-

tivesψ(j)(z) as function values at ”points” of the form(z, j).

Let Ĉ denote the set of all pairs(z, j), z ∈ C, j ∈ {0} ∪ N , and let(z, 0) ≡ z, z ∈ C. A

subsetE of Ĉ will be called permissible if(z, ν) ∈ E, 0 ≤ ν ≤ j, whenever(z, j) ∈ E. If E is a

permissible subset of̂C, then we writeE0 for the set of allz ∈ C belonging toE, andE∗ for the

set of all points(z, j) such that(z, j) ∈ E. Denote byPE the smallest extension ofE such that if

(z, j), (z, k) ∈ E, then(z, ν), (z, ν) ∈ PE for all ν, 0 ≤ ν ≤ j + k + 1. For anyz ∈ E0, let n(z)
be the largestj such that(z, j) ∈ E, or n(z) = +∞ (if (z, j) ∈ E for all j ∈ N ).

Some divided differences will play an important role in our considerations. Iff is a function

analytic in a domainB containing a given pointv, and if we set

(Avf)(z) :=
f(z)− f(v)

z − v
, z ∈ B

(with (Avf)(v) := f ′(v)), then the functionAvf is also analytic inB. If j is a nonnegative integer

andu is a point inB different fromv, then the derivative(Avf)(j)(u) depends only on the numbers

f(v) andf (ν)(u), 0 ≤ ν ≤ j. Thejth derivative ofAvf at the pointv, (Avf)(j)(v), depends only

on the numbersf (ν)(v), 0 ≤ ν ≤ j + 1. (In fact, it equals 1
j+1f (j+1)(v).) It will be convenient to

write F (u, ν), F (v, ν), (AvF )(u, j), (Av)F (v, j) instead off (ν)(u), f (ν)(v), (Avf)(j)(u),
(Avf)(j)(v), respectively. This leads to the following definition.

Definition1 — Let E be a finite permissible subset ofĈ and letF be a function fromE into

C. Then we defineAvF , for v ∈ E0, as a function fromE \ {(v, n(v))} into C, such that

(AvF )(u, j) :=
dj

dzj

f(z)− f(v)
z − v

∣∣∣∣
z=u

, (u, j) ∈ E \ {(v, n(v))},

for any complex functionf analytic in a domainB ⊃ E0 and such thatf (j)(z) = F (z, j) for

(z, j) ∈ E.

It is clear that the functionf in the above definition always exists (for example the Hermite

polynomial) and thatAvF does not depend onf .

The above definition can be extended to the case of an arbitrary permissibleE, not necessarily

finite. If E is an infinite permissible subset of̂C, F a function fromE into C, andv ∈ E0, then

let (AvF )(u, j), for (u, j) ∈ E \ {(v, n(v))}, be(AvF/Ef )(u, j), whereEf is a finite permissible

subset ofE containing(v, n(v)) and(u, j). Evidently,(AvF/Ef )(u, j) does not depend onEf .

SinceE \ {(v, n(v))} is also a permissible subset ofĈ, one can speak (ifn(v) > 0) about

A2
vF = Av(AvF ),A3

vF , etc., up toAn(v)+1
v F . It is not difficult to see that, at least for finiteE,

(Ak
vF )(u, j) =

dj

dzj
(Ak

vf)(z)
∣∣∣∣
z=u

,
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(u, j) ∈ E \ {(v, ν) : n(v) ≥ ν ≥ n(v)− k + 1}, 1 ≤ k ≤ n(v) + 1, (4)

for any functionf as in the above definition.

Remark1 : As is easily seen, (4) can be written also in the form

(Ak
vF )(u, j) =

1
(k − 1)!

∂j

∂zj

∂k−1

∂wk−1
(Awf)(z)

∣∣∣∣
w=v
z=u

. (5)

This yields, among others,

(Ak
vF )(v, j) =

1
(j + 1) · . . . · (j + k)

F (v, j + k),

0 ≤ j ≤ n(v)− k, 1 ≤ k ≤ n(v). (6)

Proposition1 — LetF be a function defined on a permissible subsetE of Ĉ and letv andw be

two different points inE0. Then

(AvAk
wF )(u, j) =

1
(v − w)k

(AvF )(u, j)−
k∑

ν=1

1
(v − w)k−ν+1

(Aν
wF )(u, j),

(u, j) ∈ E \ {(w, ν) : n(w) ≥ ν ≥ n(w)− k + 1} \ {(v, n(v))},

1 ≤ k ≤ n(w) + 1. (7)

PROOF : Assume, as we may, thatE is finite. We will apply induction ink.

Induction base— k = 1. Let f be a complex function analytic in a domainB ⊃ E0 and such

thatf (j)(z) = F (z, j) for (z, j) ∈ E. Then we have, by Definition 1,

(AvF )(u, j) =
dj

dzj
(Avf)(z)

∣∣∣∣
z=u

, (u.j) ∈ E \ {(v, n(v))},

and

(AwF )(u, j) =
dj

dzj
(Awf)(z)

∣∣∣∣
z=u

, (u.j) ∈ E \ {(w, n(w))}.

SinceAwf is also analytic inB, it follows in the same way that

(AvAwF )(u, j) =
dj

dzj
(AvAwf)(z)

∣∣∣∣
z=u

, (u.j) ∈ E \ {(w, n(w))} \ {(v, n(v))}.

It is easy to verify directly that

(AvAwf)(z) =
1

v − w
(Avf)(z)− 1

v − w
(Awf)(z), z ∈ B,
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implying

dj

dzj
(AvAwf)(z)

∣∣∣∣
z=u

=
1

v − w

dj

dzj
(Avf)(z)

∣∣∣∣
z=u

− 1
v − w

dj

dzj
(Awf)(z)

∣∣∣∣
z=u

,

(u.j) ∈ E \ {(w, n(w))} \ {(v, n(v))},

i.e. (7) fork = 1.

Induction step— k 7→ k + 1. AsAvAk+1
w F = (AvAw)(Ak

wF ), we have

(AvAk+1
w F )(u, j) =

1
v − w

(Av(Ak
wF ))(u, j)− 1

v − w
(Aw(Ak

wF ))(u, j)

=
1

v − w

1
(v − w)k

(AvF )(u, j)

− 1
v − w

k∑

ν=1

1
(v − w)k−ν+1

(Aν
wF )(u, j)

− 1
v − w

(Ak+1
w F )(u, j) =

1
(v − w)k+1

(AvF )(u, j)

−
k+1∑

ν=1

1
(v − w)k+1−ν+1

(Aν
wF )(u, j),

(u, j) ∈ E \ {(w, ν) : n(w) ≥ ν ≥ n(w)− k} \ {(v, n(v))},
1 < k + 1 ≤ n(w) + 1.

For each functionF defined on a permissible subsetE, let F ∗ be the function defined onE∗

and such thatF ∗(z, j) := F (z, j), (z, j) ∈ E∗. If E is a permissible subset of̂C andF is a

function defined onPE such thatF (z, j) = F (z, j) whenever(z, j), (z, j) ∈ PE, then we set

F∗(z, j) := F (z, j), F∗(z, j) := F (z, j) for each(z, j) ∈ PE, and alsoF(1)(z, j) := zF (z, j) +
jF (z, j − 1), (z, j) ∈ E, whereF (z,−1) is arbitrary.

Proposition2 — If F is a function from a permissible subsetE of Ĉ into C andv ∈ E0, then

(AvF(1))(z, j) = z(AvF )(z, j) + j(AvF )(z, j − 1) + δ0jF (v), (z, j) ∈ E \ {(v, n(v))},

( (AvF )(z,−1) — arbitrary) and

(AvF(1))(z, j) = v(AvF )(z, j) + F (z, j), (z, j) ∈ E \ {(v, n(v))}. (8)

This can be verified in the same way as (7).

Definition2 — Let E be a permissible subset of̂C and F a function defined onPE such that

F (z, j) = F (z, j) whenever(z, j), (z, j) ∈ PE. Then we define

K(F ;w, k; z, j) := k!(Ak+1
w F∗)(z, j) (9)
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for (w, k), (z, j) ∈ E.

Remark2 : If z 6= w in the above definition, thenK(F ; w, k; z, j) makes sense for all(z, j)
∈ PE.

Remark3 : According to Definition 2 and (6),

K(F ; w, k; w, j) =
k!j!

(k + j + 1)!
F (w, k + j + 1)

for (w, k), (w, j) ∈ E.

Remark4 : By (5), we have

K(F ; v, k; u, j) = K(F ; u, j; v, k), (u, j), (v, k) ∈ E. (10)

Remark5 : According to Definition 2 and Proposition 1, ifv ∈ E0∩E∗
0 and(w, k) ∈ E, w 6= v,

then

AvK(F ;w, k; z, j) =
k!

(v − w)k+1
K(F ; v; z, j)

−
k∑

ν=0

k!
ν!(v − w)k−ν+1

K(F ; w, ν; z, j), (z, j) ∈ E. (11)

If v ∈ E0 \ E∗
0 , then (11) holds with(AvF∗)(z, j) instead ofK(F ; v; z, j), but only for

(z, j) ∈ E \ {(v, n(v))}.

Notice thatAvK(F ; w, k; z, j) is meant as(Av [K(F ; w, k; ·)]) (z, j), which equals

k!(AvAk+1
w F∗)(z, j), by (9).

Remark6: As well, it follows from Definition 2 and (8) that ifv ∈ E0 ∩ E∗
0 and (w, k) ∈

E \ {(v, n(v))}, then

AvK(F(1); w, k; z, j) = vAvK(F ; w, k; z, j) +K(F ; w, k; z, j), (z, j) ∈ E. (12)

Each kernelK(F ; ·; ·) determines a linear space whose elements are linear combinations of

functions of the formK(F ; w, k; ·), (w, k) ∈ E, defined onE. We will denote this space byh(F ). If

the kernelK(F ; ·; ·) is nonnegative (i.e., positive semi-definite), then there exists a unique functional

Hilbert space whose reproducing kernel isK(F ; ·; ·) [1]. This space is justh(F ).

Return to problemsIS(ϕ) andIR(ϕ). The pairs(z, j) for which ϕ(z, j) is given form a per-

missible subsetW of Ĉ, which can be represented asPE for a uniquely determined permissible

subsetE. Namely,E consists of all pairs(z, j) such thatz ∈ E0 \R, 0 ≤ j ≤ m(z)(=: n(z)), and

all pairs(x, j) for whichx ∈ E0 ∩R, 0 ≤ j ≤ m(x)−1
2 (=: n(x)). Denote cardE by n.

The kernelK(ϕ; ·; ·) will be denoted byK, and called Pick kernel of the problemIR(ϕ) or of

the problemIS(ϕ). The kernelK(ϕ(1); ·; ·) will be denoted byK1 and called associated Pick kernel

of the problemIS(ϕ).
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Fix a total ordering of the setE. Then the kernelsK andK1 are represented as certainn × n

matricesP(ϕ) = P andP(ϕ(1)) = P1. We will call P the Pick matrix of the problemIR(ϕ) or of

the problemIS(ϕ), andP1 the associated Pick matrix of the problemIS(ϕ). Denote rankP by r,

and rankP1 by r1.

3. RESULTS

Each permissible subsetG of E determines a problem of the typeIR(ϕ), i.e. the problemIR(ϕ/PG).
The corresponding Pick matrix is a submatrix ofP. Every such matrix (and only such) will be called

a Pick submatrix ofP.

The property(∗) — The matrixP will be said to have the property(∗) if its rank equals the rank

of each of its singular Pick submatrices. SinceP1 is the Pick matrix of the problemIR(ϕ(1)), the

property(∗) of the matrixP1 is defined in the same way.

Our main goal in this paper is to establish a solvability condition for the problemIS(ϕ). In that

order we will first study the problemIR(ϕ), to certain point.

For any Pick functionψ, extended to the lower half-planeC− such thatψ(z) = ψ(z), there

exists a unique functional Hilbert spaceH(ψ) whose reproducing kernel is

K(ψ; w, z) = K(w, z) :=
ψ(z)− ψ(w)

z − w
, z, w ∈ C+ ∪C−,

(de Branges [13 (Theorem 5)].

Proposition3 — If ψ is a real rational Pick function of degreer, thendimH(ψ) = r. This

can be proved by induction inr. Indeed, ifr = 0 thenψ is a (real) constant anddimH(ψ) = 0.

According to [16 (Lemma 1)], for any poleu of ψ the functionsθu(z) := resψ(u)/(z − u) and

ψu := ψ − θu are also real rational Pick functions andH(ψ) = H(θu)⊕H(ψu), so thatdeg ψu =
r − 1 anddimH(ψu) = dimH(ψ)− 1

Theorem1 — If the problemIR(ϕ) has a solution, then the matrixP is nonnegative and has

the property(∗).
PROOF : Let ψ be a solution ofIR(ϕ) and letH(ψ) be the associated functional Hilbert space.

As the kernelK is sesqui-analytic, it follows that the functions inH(ψ) are analytic onC+ and

C−, and that for eachw ∈ C+ ∪C−, j ∈ {0} ∪N , the function∂j/∂wjK(w, ·) belongs toH(ψ)
and it holds that

f (j)(w) =
〈

f ,
∂j

∂wj
K(w, ·)

〉

H(ψ)

, f ∈ H(ψ). (13)

(see e.g., [15].) Conditions (1) mean that for any(x, j) ∈ E, x ∈ R, and eachf ∈ H(ψ), there

exists thejth radial derivativef (j)(x) and (13) holds withx instead ofw, where∂j/∂wjK(x, ·) is

the strong limit of∂j/∂wjK(x + iy, ·) asy → 0 [16]. Lettingf = ∂k/∂wkK(t, ·) in (13), where

(t, k) ∈ E, t ∈ R, we have

∂j+k

∂zj∂wk
K(t, x) =

〈
∂k

∂wk
K(t, ·) ,

∂j

∂wj
K(x, ·)

〉

H(ψ)

, (14)
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where the left hand side expression is the radial limit ofjth derivative of∂k/∂wkK(t, ·) atx.

It is not hard to see that

K(w, k; z, j) =
∂j+k

∂zj∂wk
K(w, z) (15)

for each(w, k), (z, j) ∈ E. Namely, ifz, w ∈ C+ ∪C−, j, k ∈ {0} ∩N , then

∂j+k

∂zj∂wk
K(w, z) = k!

∂j

∂zj
(Ak+1

w ψ)(z), (16)

which is verified (actually forj = 0 only) by a straightforward calculation of both sides. If in

(16) (w, k), (z, j) ∈ E, then the right hand side expression equalsK(w, k; z, j), by (2), (4) and

(9), which shows that (15) is true in the case whenw andz are nonreal. In the casew ∈ R or

z ∈ R, z 6= w, one can put in (16)w+iy instead ofw and / orz+iy instead ofz, and lety → 0. One

can apply induction ink and use (14) to show that then the right hand side expression, respectively

the left hand side expression, tends to the left, respectively right, side of (15), so that (15) is true.

Finally, in the casez = w ∈ R the right hand side of (15) equalsk!j!(k + j + 1)!−1ψ(k+j+1)(w)
by [16 (Corollary 1)] and this is also the value of the left, by (9), (6) and (2).

A consequence of (15) is thatP is the Gram matrix of the set of vectors inH(ψ):

V =
{

∂k

∂wk
K(w, ·) : (w, k) ∈ E

}
.

This shows that the matrixP is nonnegative.

As for the property(∗), letP0 be a singular Pick submatrix ofP of size(s + 1)× (s + 1) such

that all its proper Pick submatrices are nonsingular. Then there exists a permissible subsetG of E

such thatP0 isP(ϕ/PG), which implies thatP0 is the Gram matrix of the set of vectors inH(ψ):

VG :=
{

∂k

∂wk
K(w, .) : (w, k) ∈ G

}
,

in view of (15). The setVG is linearly dependent and for any proper permissible subsetS of G the

corresponding set of vectorsVS is linearly independent. Thus, there exist numbersλ(w, k), (w, k) ∈
G, such thatλ(w, s(w)) 6= 0 (s(w) stands for the largestν such that(w, ν) ∈ G) and

∑

(w,k)∈G

λ(w, k)
∂k

∂wk
K(w, z) = 0, z ∈ C+ ∪C−. (17)

The numbersλ(w, k) are unique up to proportionality, i. e. for any two relations of type (17)

the corresponding coefficients must be proportional.

Fix av ∈ C+ ∪C− \G0 (whereG0 stands for the set of allz ∈ C belonging toG) and apply

Av to (17). According to (11) (in view of (15)), we obtain

µ(v)K(v, z) +
∑

(w,ν)∈G

µ(w, ν)
∂ν

∂wν K(w, z) = 0, z ∈ C+ ∪C−, (18)
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where

µ(v) =
∑

(w,k)∈G

λ(w, k)
k!

(v − w)k+1
,

µ(w, ν) = −
s(w)∑

k=ν

λ(w, k)
k!

ν!(v − w)k−ν+1
, (w, ν) ∈ G.

We show thatµ(v) 6= 0. This is evident ifG contains only one point, sayw, since then

µ(v) = λ(w)/(v − w). If G contains more then one point and ifµ(v) = 0, then the corresponding

coefficients in (18) and (17) are proportional. In the case whereG0 contains two different pointsw

andu, we have

µ(w, s(w)) : λ(w, s(w)) = µ(u, s(u)) : λ(u, s(u)),

i. e. 1/(v − w) = 1/(v − u), which is a contradiction. In the case whereG0 contains a pointw

such thats(w) > 0, we have

λ(w, s(w))
v − w

: λ(w, s(w)) =
[
λ(w, s(w)− 1)

v − w
+

s(w)λ(w, s(w))
(v − w)2

]
: λ(w, s(w)− 1),

i. e. s(w)λ(w, s(w))/(v − w)2 = 0, which is a contradiction, too. Thus,µ(v) really must be

nonzero.

Sinceµ(v) 6= 0, (18) shows thatK(v, ·) belongs to the linear span of the set of vectorsVG, for

any v ∈ C+ ∪ C− \ G0. Since the functionsK(v, ·), v ∈ C+ ∩ C−, are complete inH(ψ), it

follows that this linear span coincides withH(ψ). In particular, each function belonging toV is in

the linear span ofVG, which means thats, the rank ofP0, is also the rank ofP, i. e. s = r. Now, it

follows thatP has the property(∗).
The proof is finished.

One can show that the condition in Theorem 1 (nonnegativity ofP and the property(∗)) is

sufficient for solvability of the problemIR(ϕ). In the caseE0 ⊂ R this has been done in [17].

A similar solvability condition, with the so called property of minimal positivity instead of the

property(∗), has been established in [25] (the caseE0 ⊂ R, simple interpolation nodes) and [9].

Here, we will prove this under the assumptionr < n, i. e. detP = 0 (the degenerate case of the

problemIR(ϕ)), in view of needs in studying the problemIS(ϕ).

Theorem2 — Let r < n. If the matrixP is nonnegative and has the property(∗), then the

problemIR(ϕ) has a unique solution. That solution is a real rational function of degreer.

PROOF: SinceP is singular, it follows that there exists a singular Pick submatrixP0 of P such

that all its proper Pick submatrices are nonsingular, unless there would exist an infinite sequence

of singular Pick submatrices ofP such that every one of them (except the first one) is a proper

submatrix of the preceding. SinceP has the property(∗), rankP0 is r andP0 is of size(r + 1) ×
(r + 1). Let G be the permissible subset ofE such thatP0 is P(ϕ/PG). ThenP0 is the Gramian
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of the set of vectors inh(ϕ):

VG := {K(w, k; ·) : (w, k) ∈ G}

and cardG = r + 1.

Just as in the proof of Theorem 1, there exist numbersλ(w, k), (w, k) ∈ G, such thatλ(w, s(w))
6= 0 (s(w) — the largestν for which (w, ν) ∈ G) and

(F (z, j) :=)
∑

(w,k)∈G

λ(w, k)K(w, k; z, j) = 0, (z, j) ∈ E. (19)

As well, the numbersλ(w, k) are unique up to proportionality.

Let ψ be a rational function satisfying

∑

(w,k)∈G

λ(w, k)K(θ; w, k; z) = 0 (20)

wheneverz 6∈ E0 ∪ E∗
0 , ψ(z) 6= ∞, whereθ(z) = θ(z, 0) := ψ(z) if (z, 0) 6∈ E ∪ E∗, ψ(z) 6= ∞,

andθ(z, j) := ϕ∗(z, j) if (z, j) ∈ PE ∪ PE∗. It is obvious that such a functionψ exists and is

unique, and thatdeg ψ ≤ r. Denote byD the set of all regular points ofψ. We claim thatψ is a

solution ofIR(ϕ), thatψ(z) = ψ(z), z ∈ D, anddeg ψ = r.

Observe that (20) implies that, for eachv ∈ G0, the functionK(θ; v, s(v); z)(z− v)s(v)+1 must

vanish of order at leasts(v) + 1 at the pointz = v, sinceλ(v, s(v)) 6= 0. Thus, ifv ∈ G0, then

v ∈ D and

ψ(ν)(v) = θ(v, ν) = ϕ(v, ν), 0 ≤ ν ≤ s(v). (21)

In the casev ∈ G0 ∩R, (21) holds for0 ≤ ν ≤ s(v) + n(v) + 1. Indeed, letz → v in (20) and

(z, j) = (v, 0) in (19), and then compare the two so obtained equalities. Since

lim
z→v

K(θ; w, k; z) = K(ϕ; w, k; v, 0)

for (w, k) ∈ G \ {(v, s(v))} (because of (21)) and sinceλ(v, s(v)) 6= 0, it must be also

lim
z→v

K(θ; v, s(v); z) = K(ϕ; v, s(v); v, 0).

This yieldsψ(ν)(v) = ϕ(v, ν) for ν = s(v) + 1. As well, this implies that (20) holds forz = v.

Further, we differentiate (20) at the pointz = v (by definition) and compare the so obtained

equality with (19) for(z, j) = (v, 1). Since∂/∂zK(θ;w, k; v) = K(ϕ; w, k; v, 1) for (w, k) ∈
G \ {(v, s(v))} (because of (21) for0 ≤ ν ≤ s(v) + 1) and sinceλ(v, s(v)) 6= 0, it must be also

∂

∂z
K(θ; v, s(v); v) = K(ϕ; v, s(v); v, 1),

i.e.
s(v)!

[s(v) + 2]!
ψ(s(v)+2)(v) =

s(v)!
[s(v) + 2]!

ϕ(v, s(v) + 2).
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Thus, (21) is true also forν = s(v)+2 and (20) holds true ifz is replaced by(v, 1). Continuing

in this way, we finally get (21) forν = s(v) + n(v) + 1. Thus, ifv ∈ G0 ∩R, then

ψ(ν)(v) = ϕ(v, ν), 0 ≤ ν ≤ s(v) + n(v) + 1. (22)

Consider also the casev ∈ E0\G∗
0 (i. e. v ∈ E0\R or v ∈ E0∩R\G0). Now, (21) holds withv

instead ofv andn(v) instead ofs(v). In order to show this, we will applyAv to (20)n(v)+1 times

to obtain an equality analogous to (20) but withG ∪ {(v, ν) : 0 ≤ ν ≤ n(v)} instead ofG. Notice

that one may applyAv to (20)n(v) + 1 times since (19) is valid for(z, j) = (v, ν), 0 ≤ ν ≤ n(v),
which yields (20) with(v, ν), 0 ≤ ν ≤ n(v), instead ofz (in view of definition ofθ). Making a

multiple use of (11), we obtain in this way an equality of the following form

n(v)∑

ν=0

µ(v, ν)
1
ν!
K(θ; v, ν; z) +

∑

(w,k)∈G

µ(w, k)K(θ; w, k; z) = 0,

z ∈ D \ (E0 ∪ E∗
0), (23)

where

µ(v, n(v)) =
∑

(w,k)∈G

λ(w, k)
k!

(v − w)k+1
.

The coefficientµ(v, n(v)) in (23) must be nonzero, which can be shown in the same way as we

showed, in the proof of Theorem 1, that the coefficientµ(v) in (18) is nonzero. (To do that, one shall

use the equality of type (23) obtained from (20) after the first application ofAv, whereµ(v, n(v))
occured for the first time.)

Sinceµ(v, n(v)) 6= 0, (23) implies thatK(θ; v, n(v); z)(z − v)n(v)+1 must vanish of order at

leastn(v) + 1 at the pointz = v. This means that

ψ(ν)(v) = ϕ(v, ν), 0 ≤ ν ≤ n(v). (24)

It follows from (24) (for v ∈ G0 \ R, 0 ≤ ν ≤ s(v)), (21) (for v ∈ G∗
0 \ R) and (22) (for

v ∈ G0 ∩R, 0 ≤ ν ≤ 2s(v) + 1), that the functionψ assumesR-symmetrical values atr + 1 pairs

of R-symmetrical points, namely at points of the setG0∪G∗
0, where each pointv in (G0∪G∗

0) \R

is counteds(v) + 1 times and eachv in G0 ∩R 2s(v) + 2 times. Sincedeg ψ ≤ r, it follows that

ψ is a real rational function, in the sense thatψ(z) = ψ(z) wheneverψ(z) 6= ∞.

In the casev ∈ (E0∩R)\G0, (24) holds for0 ≤ ν ≤ 2n(v)+1. This is analogous to (22), and

can be established analogously, from (23) (analogous to (20)) and an equality analogous to (19),

which is obtained by applyingAv to (19)n(v) + 1 times. The possibility of (multiple) applyingAv

to (19) is justified by the fact that the setVG is complete inh(ϕ) (asr is dimh(ϕ)). Namely, using

only (19) we obtain

(An(v)+1
v F )(z, j) = 0, (z, j) ∈ E \ {(v, ν) : n(v) ≥ ν ≥ 0}, (25)
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whereF is theh(ϕ) function staying on the left hand side of (19). SinceAn(v)+1
v F can be repre-

sented in the form

An(v)+1
v F =

n(v)∑

ν=0

µ(v, ν)
1
ν!
K(ϕ; v, ν; ·) +

∑

(w,k)∈G

µ(w, k)K(ϕ; w, k; ·) (26)

(by a repeated application of (11)), it follows thatAn(v)+1
v F ∈ h(ϕ), and (25) shows just that

An(v)+1
v F is orthogonal to all functions of the formK(ϕ; z, j; ·), (z, j) ∈ E \ {(v, ν) : n(v)

≥ ν ≥ 0}, in particular to all functions inVG. As VG is complete inh(ϕ),An(v)+1
v F must be zero,

so that (25) actually holds for all(z, j) ∈ E. This yields, together with (26)),

n(v)∑

ν=0

µ(v, ν)
1
ν!
K(ϕ; v, ν; ·) +

∑

(w,k)∈G

µ(w, k)K(ϕ;w, k; ·) = 0. (27)

Of course, the coefficients in (27) are the same as the coefficients in (23), so thatµ(v, n(v)) 6= 0.

We can proceed in the same way as we derived (22) from equalities (20) and (19), using (23)

(v = v) instead of (20) and (27) instead of (19). In this way we obtain

ψ(ν)(v) = ϕ(v, ν), 0 ≤ ν ≤ 2n(v) + 1. (28)

In fact, (28) holds also forv ∈ G0∩R, which can be easily shown applyingAv to (19) and (20)

n(v)− s(v) times (to obtain two equalities analogous to (19) and (20), but involvingK(v, n(v); ·),
respectivelyK(θ; v, n(v); ·)), and then proceeding in the same way as (22) was derived.

The equalities: (24) (for v ∈ E0 \ R) and (28) (forv ∈ E0 ∩ R) imply that D ⊃ E0 and

ψ(j)(v) = ϕ(v, j), (v, j) ∈ PE, i. e. thatψ satisfies (2).

In order to show thatD ⊃ C+ and Im ψ(z) ≥ 0, z ∈ C+, setψ(j)(z) =: ψ̂(z, j) for any

z ∈ D, ν ∈ {0} ∪N , and observe that (19) and (20) imply
∑

(w,k)∈G

λ(w, k)K(ψ̂;w, k; z, j) = 0, (z, j) ∈ E ∪D, (29)

asψ̂/(PE∪PE∗) = ϕ∗ andψ̂/(D∪PE∪PE∗) = θ. Application ofAv, v ∈ (C+∪C−)∩D\E∗
0 ,

to (29) yields an equality of the form

µ(v)K(ψ̂; v, 0; z, j) +
∑

(w,k)∈G

µ(w, k)K(ψ̂; w, k; z, j) = 0, (z, j) ∈ E ∪ (D \ {v}). (30)

The coefficientµ(v) must be nonzero, in the same way asµ(v) in (18).

We shall show now thatD ⊃ C+. Suppose, to the contrary, that there is au ∈ C+ such that

ψ(u) = ∞. Start with equality (30) forv ∈ C−∩D\E∗
0 and(z, j) = z ∈ D∩C+\{v}, ψ(z) 6= 0,

multiply this equality by(z − v)ψ(z)−1 and let firstz → u and thenv → u. Since then each

function(z−v)ψ(z)−1K(ψ̂; w, k; z), (w, k) ∈ G, tends to0, and(z−v)ψ(z)−1K(ψ̂; v, 0; z) tends

to 1, and sinceµ(v) 6= 0, it follows that the whole (multiplied) sum does not tend to0, which is a

contradiction. Thus, it must beψ(u) 6= ∞ for all u ∈ C+, i. e. D ⊃ C+.
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As for Imψ(z) ≥ 0, z ∈ C+, the equality (30) forv ∈ C+ \ E∗
0 , (z, j) ∈ E, shows that the

functionK(ψ̂; v, 0; ·)/E is a linear combination of functions

K(ψ̂; w, k; ·)/E = K(w, k; ·), (w, k) ∈ G,

(asµ(v) 6= 0) and that

‖K(ψ̂; v, 0; ·)/E ‖2
h(ϕ)= K(ψ̂; v, 0; v, 0) =

Im ψ(v)
Im v

.

Thus,Imψ(v) ≥ 0, v ∈ C+ \E∗
0 . But, if v ∈ C+ ∩ E∗

0 , thenψ(v) = ϕ(v) and

‖K(v, 0; ·)‖2
h(ϕ)=

Im ϕ(v)
Im v

,

implying Im ϕ(v) ≤ 0, i.e. Im ψ(v) ≥ 0. Accordingly,Im ψ(v) ≥ 0 for all v ∈ C+.

So far, we showed thatψ is a real rational Pick function of degree at mostr. In fact,deg ψ = r.

Indeed, each function of the form∂k/∂wkK(w, ·), (w, k) ∈ E, belongs toH(ψ) and

〈
∂k

∂wk
K(w, ·) ,

∂j

∂wj
K(z, ·)

〉

H(ψ)

= K(w, k; z, j), (w, k), (z, j) ∈ E, (31)

by (15), (13), (14), which shows thatP can be interpreted as the Gram matrix of these functions,

and thereforedimH(ψ) ≥ r. As dimH(ψ) = deg ψ, by Proposition 3, it followsdeg ψ ≥ r.

Thus, it must bedeg ψ = r.

In order to establish uniqueness of the solutionψ to the problemIR(ϕ), we will show that, for

any suchψ, the equality (19) implies that (20) is true for everyz ∈ C+ ∪C−. This is easy to show.

In view of (31), the relation (19) can be interpreted as orthogonality of the function

F :=
∑

(w,k)∈G

λ(w, k)
∂k

∂wk
K(w, ·)

to each function of the form∂j/∂wjK(z, ·), (z, j) ∈ E. This impliesF = 0, i. e. F (z) = 0,

z ∈ C+∪C−, which is, in fact, (20). As the functionψ satisfying (20) forz ∈ C+∪C− is unique,

the uniqueness of the solution ofIR(ϕ) follows.

The proof is completed.

Remark7: If E0 ∩R = ∅ andr < n, then the proof of Theorem 2, together with Theorem 1,

shows that nonnegativity ofP implies the property(∗). Namely, the property(∗) has been used in

that proof, in fact, only forv ∈ E0 ∩R. Of course, the same holds also in the caser = n, for then

P has no singular Pick submatrices and therefore it automatically has the property(∗).

Remark8: A slightly deeper analysis of the proof of Theorem 2 shows that nonnegativity ofP
alone (without the property(∗)) still impliesdeg ψ ≤ r and the equality

ψ(ν)(v) = ϕ(v, ν) (32)
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for any(v, ν) ∈ PE such thatv 6∈ R, and for any(v, ν) ∈ PE such thatv ∈ R, 0 ≤ ν ≤ 2n(v),
as well as the inequality

ψ(2n(v)+1)(v) ≤ ϕ(v, 2n(v) + 1) (33)

for v ∈ R. Namely, the property(∗) has been used only in showing that cardG = r + 1 (cardG

≤ r + 1 is always true) and in establishing (28) forv ∈ E0 ∩ R. Let first v ∈ (E0 ∩ R) \ G0

and observe that (25) can be obtained (without(∗)) for all (z, j) ∈ E \ {(v, n(v))}, by a reasoning

somewhat different from that in the proof. One first derivesAvF (z, j) = 0 for (z, j) ∈ E \
{(v, n(v))} in the same way as in the proof. Ifn(v) > 0, then (26) with0 instead ofn(v) shows

thatAvF = 0. Then one derivesA2
vF (z, j) = 0 for (z, j) ∈ E\{(v, n(v))}, which givesA2

vF = 0
if n(v) > 1. Continuing in this way, one finally obtains (25) for(z, j) ∈ E \ {(v, n(v))}. Then

one establishes (28) for0 ≤ ν ≤ 2n(v) in the same way as in the proof. As well, (23) with

(z, j) ∈ E \ {(v, n(v))} instead ofz shows thatK(θ; v, n(v); ·)/E is the orthogonal projection of

K(v, n(v); ·) to the linear span of the setVG. The last implies (33). The casev ∈ G0∩R is handled

in the same way.

Now, we are ready to establish solvability condition for the problemIS(ϕ). The condition

consists of nonnegativity and property(∗) of the matricesP andP1, with an additional condition

concerning ranks ofP andP1.

Theorem3 — Necessary and sufficient for the problemIS(ϕ) to have a solution is that the

matricesP andP1 are nonnegative and have the property(∗), and thatrankP ≤ rankP1 in the

case0 ∈ E0. Whenever these conditions are satisfied,IS(ϕ) has a real rational solution of degree

r. The solution is unique if and only ifmin{r, r1} < n.

PROOF : Necessity— Let ψ be a solution ofIS(ϕ). Denotezψ(z) by ψ1(z), z ∈ C \ R+.

Thenψ, respectivelyψ1, is a solution of the problemIR(ϕ), respectivelyIR(ϕ(1)). By Theorem 1,

the matricesP andP1 are both nonnegative and have the property(∗).
Let 0 ∈ E0 and show that thenr ≤ r1. In the caser1 = n this is clear, asr ≤ n. Therefore

suppose thatr1 < n. According to Theorem 2, thenψ1 is the unique solution ofIR(ϕ(1)) and a real

rational solution of degreer1. Of course,ψ is also a real rational function.

As in the proof of the preceding theorem, setψ(j)(z) = ψ̂(z, j) for anyz ∈ D, j ∈ {0} ∪N ,

whereD is the domain of regularity ofψ. Sinceψ̂/D = ψ andψ̂/PE = ϕ (by (2)), it follows that

for any(w, k) ∈ E,

K(ψ̂; w, k; ·)/(C+ ∪C−) =
∂k

∂wk
K(w, ·)

(see (16)), which holds here for anyw ∈ D, k ∈ {0} ∪ N , and whereAk+1
w ψ is, in fact,Ak+1

w ψ̂

andK(ψ̂; w, k; ·)/E = K(w, k; ·). As well, (31) implies thatP is the Gram matrix of the setV of

H(ψ) functions (V - the same as in the proof of Theorem 1). Of course, analogous facts hold also

for ψ1. Denote byK1 andV1 the analogues ofK andV .

LetP10 be a singular Pick submatrix ofP1 of size(r1 +1)× (r1 +1), i. e.P10 = P(ϕ(1)/PG)
for certain permissible subset of E with cardG = r1 + 1. If V1G is the set ofH(ψ1) functions
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analogous toVG (VG - the same as in the proof of Theorem 1), thenP10 is the Gram matrix ofV1G.

SinceP10 is singular, it follows that the setV1G is linearly dependent, which means that

∑

(w,k)∈G

λ(w, k)
∂k

∂wk
K1(w, ·) = 0 (34)

for some complex numbersλ(w, k), not all zero. Since

∂k

∂wk
K1(w, ·) = K(ψ̂1; w, k; ·)/(C+ ∪C−),

A0[K(ψ̂1; w, k; ·)] = K(ψ̂1; w, k; ·) (by (12)) and

K(ψ̂;w, k; ·)/(C+ ∪C−) =
∂k

∂wk
K(w, ·),

for (w, k) ∈ G, an application ofA0 to (34) yields

∑

(w,k)∈G

λ(w, k)
∂k

∂wk
K(w, ·) = 0, (35)

regarding also the evident fact thatF1(z) = 0, z ∈ C+ ∪C−, implies(A0F1)(z) = [F1(z)
− F1(0)]/z = 0, z ∈ C+ ∪ C−, for anyF1 ∈ H(ψ1). (Note thatF1 can be theH(ψ1) function

staying on the left hand side of (34).) AsP(ϕ/PG) =: P0 is the Gramian ofVG, (35) implies that

P0 is singular.

By the property(∗) of P, rankP0 is r, forP0 is a singular Pick submatrix ofP. AsP0 is of size

(r1 + 1)× (r1 + 1), it must ber ≤ r1.

Sufficiency— First case: min{r, r1} = r < n. By Theorem 2, the problemIR(ϕ) has a unique

solutionψ, andψ is a real rational function of degreer. Denote the domain of regularity ofψ by D

and letzψ(z) =: ψ1(z), z ∈ D, andK(ψ1; w, z) =: K1(w, z), z, w ∈ C+ ∪C−. We shall show

thatIm ψ1(z) ≥ 0, z ∈ C+.

Let v ∈ C+. SinceP is singular and has the property(∗), it follows that there existsP0 as in

the proof of Theorem 1. LetG andVG be as in the mentioned proof. Then we have (17) and (18).

Denote byF theH(ψ) function staying on the left hand side of (17), and byF1 the corresponding

H(ψ1) function which is obtained fromF by replacingK by K1. Then (17) and (18) are written as

F (z) = 0 and(AvF )(z) = 0, z ∈ C+ ∪C−. According to (12) (in view of (15)), it follows from

(17) and (18) that(AvF1)(z) = 0, z ∈ C+∪C−. The last equality is (18) withK1 instead ofK, and

shows thatK1(v, ·) is a linear combination of functions of the form∂ν/∂wνK1(w, ·), (w, ν) ∈ G,

and that

‖K1(v, ·)‖2
H(ψ1)= K1(v, v) =

Im ψ1(v)
Im v

.

Thus,Im ψ1(v) ≥ 0 for anyv ∈ C+.

Sinceψ andψ1 are Pick functions, it follows thatψ is a Stieltjes function. As (2) also holds,ψ

is a solution of the problemIS(ϕ).
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Uniqueness of the solution ofIS(ϕ) follows from the uniqueness of solution ofIR(ϕ) and the

fact that every solution ofIS(ϕ) is also a solution ofIR(ϕ).

Second case: r1 < r. This case is worked on literally in the same way as the preceding, but

with changed roles ofψ andψ1. We note only that hereF1(z) = 0 and(AvF1)(z) = 0 imply not

(AvF )(z) = 0, but ratherv(AvF )(z) + F (z) = 0. As well, (2) withϕ(1) andψ1 instead ofϕ and

ψ implies (2), because of0 6∈ E0.

Third case: r = r1 = n. By an appropriate extension ofϕ, this case can be reduced to the first

one. LetV be the set of allh functions of the formK(w, k; ·), (w, k) ∈ E, andV1 the analogous set

of h1 functions. The setsV andV1 are linearly independent, for their Gram matricesP andP1 are

nonsingular. We will choose a suitablet ∈ R \ E0 and extendϕ to PE ∪ {(t, 0), (t, 1)} such that

V becomes linearly dependent, that each of its proper subsets is linearly independent, and that the

matricesP andP1 hold nonnegative.

For anyv ∈ E0, let Nv be the normal of the vectorK(v, n(v); ·) to the linear span ofV without

that vector. The functionNv has the form

Nv = K(v, n(v); ·) +
∑

(w,k)∈E\{(v,n(v))}
µ(w, k)K(w, k; ·) (36)

for some numbersµ(w, k).

For eacht ∈ R \E0 andα ∈ R, setE ∪ {(t, 0)} =: Ee and letχ be a function fromPEe into

C such thatχ/PE = ϕ andχ(t, 0) = α, χ(t, 1) ∈ R, and set

Nα
v (t) := K(χ; v, n(v); t) +

∑

(w,k)∈E\{(v,n(v))}
µ(w, k)K(χ; w, k; t), v ∈ E0. (37)

Wheneverα is fixed, Nα
v (t) is a linear combination of functions (int) of the form 1/(t −

w)k+1, (w, k) ∈ E, with coefficientχ(t) − χ(v) = α − ϕ(v) by 1/(t − v)n(v)+1. Accordingly,

if α 6= ϕ(v), thenNα
v (t) is not identically zero, so that it has finitely many zeroes, as a rational

function (int).

For eachα ∈ R+ such thatα 6= ϕ(v) for all v ∈ E0, we can choose a positive real numbert

such that

Nα
v (t) 6= 0, v ∈ E0. (38)

As the setV is a basis of the spaceh, it follows that the function

F := K(χ; t, 0; ·)/E (39)

belongs toh. Analogously, the functionF1 := K(χ(1); t, 0; ·)/E belongs toh1. Using indetermi-

nacy ofα andt, we can choose them such that also

t ‖F ‖2
h +α > ‖F1 ‖2

h1
. (40)
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In order to show this, let us see how do‖ F ‖2
h and ‖ F1 ‖2

h1
depend onα and t. It is

obvious that‖ F ‖2
h, respectively‖ F1 ‖2

h1
, is a linear combination of functions int of the form

F (w, k)F (u, j), (w, k), (u, j) ∈ E, respectively of the formF1(w, k)F1(u, j), (w, k), (u, j) ∈ E.

Since

F (w, k) = K(χ; t, 0;w, k) =
α− ϕ(w)
(t− w)k+1

−
k∑

ν=1

1
ν!

ϕ(w, ν)
(t− w)k−ν+1

, (w, k) ∈ E,

and

F1(w, k) = K(χ(1); t, 0;w, k) =
tα− ϕ(1)(w)
(t− w)k+1

−
k∑

ν=1

1
ν!

ϕ(1)(w, ν)
(t− w)k−ν+1

, (w, k) ∈ E,

it follows thatK(χ; t, 0;w, k) = o(α3/2) andK(χ(1); t, 0;w, k) = o(α1/2), α → 0, if t = t(α) is

chosen such that1 ≤ tα2 ≤ 2. Consequently, thent ‖F ‖2
h and‖F1 ‖2

h1
areo(α), α → 0. Thus, if

α(∈ R+) is sufficiently small andt is such that1 ≤ tα2 ≤ 2, then (40) is satisfied.

Relying on this, take anα ∈ R+ and at ∈ R+ such that (38) and (40) hold. Setχ(t, 1) :=‖F‖2
h.

We will show that then the matricesP(χ) andP(χ(1)) are nonnegative, that they have the property

(∗), thatP(χ) is singular andP(χ(1)) is nonsingular.

Nonnegativity ofP(χ) follows easily from:K(χ; ·; ·)/E2 = K,K(χ; t, 0; ·)/E = F,

K(χ; t, 0; t, 0) =‖F‖2
h and nonnegativity ofP. SinceP(χ) can be represented as the Gram matrix

of the linear dependent set ofh vectorsV ∪ {F}, it follows thatdetP(χ) = 0. Nonnegativity of

P(χ(1)) follows from:K(χ(1); ·; ·)/E2 = K1,K(χ(1); t, 0; ·)/E = F1,K(χ(1); t, 0; t, 0) >‖F1 ‖2
h1

(see (40)) and nonnegativity ofP1. The preceding implies also thatdetP(χ(1)) is greater than the

Gram determinant of the set ofh1 vectorsV1 ∪ {F1}, i. e. detP(χ(1)) > 0.

It rests the property(∗). Since

〈Nv , F 〉h = Nα
v (t) 6= 0, v ∈ E0,

by (36), (39), (37) and (38), it follows thatF cannot be a linear combination of functionsK(w, k; ·),
(w, k) ∈ E \ {(v, n(v))}, i.e. each set of the form(V ∪ {F}) \ {K(v, n(v); ·)} is linearly indepen-

dent. The last means thatP(χ), as the Gram matrix of the set of vectorsV ∪ {F}, has no singular

proper Pick submatrices, and therefore it has the property(∗). The matrixP(χ(1)) has the property

(∗) simply because it is nonsingular.

By the first case of this proof, the problemIS(χ) has the unique solutionψ, which is a real

rational function of degreer. Since each solution of the problemIS(χ) is a solution of the problem

IS(ϕ), ψ is a real rational solution ofIS(ϕ) of degreer.

Finally, the nonuniqueness ofα andt in the preceding reasoning shows that the solution of the

problemIS(ϕ) is not unique in this case.

The proof is completed.
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We will make a few remarks.

Remark9: The above proofs give possibility to conclude that in the caseE0 ⊂ R− nonnegativ-

ity of matricesP andP1 is sufficient for solvability of the problemIS(ϕ), which is in accordance

with [7]. Indeed, letP0 = P(ϕ/PG) be a singular proper Pick submatrix ofP, having no singular

proper Pick submatrices. Then (19) holds. Letv ∈ E0 (⊂ R−) be such that(v, n(v)) 6∈ G. Since

vAv[K(w, k; ·)] +K(w, k; ·) = Av[K1(w, k; ·)], (w, k) ∈ G, (by (12)), it follows that

v
〈∑

λ(w, k)Av[K(w, k; ·)] ,
∑

λ(w, k)Av[K(w, k; ·)]
〉

h

=
〈∑

λ(w, k)Av[K1(w, k; ·)] ,
∑

λ(w, k)Av[K1(w, k; ·)]
〉

h1

, (41)

which implies
∑

λ(w, k)Av[K(w, k; ·)] = 0, asv < 0. In the same way as in the proof of Theorem

2, the last equality implies thatK(v, s(v) + 1; ·) (s(v) — the largestν for which (v, ν) ∈ G) is a

linear combination of functions of the formK(w, k; ·), (w, k) ∈ G. It follows that these functions

are complete inh, i. e. that rankP0 = rankP. Thus,P has the property(∗). One shows quite

analogously thatP1 also has the property(∗), with only difference that instead of (41) the following

equality is used:

v
〈∑

λ(w, k)Av[K1(w, k; ·)] ,
∑

λ(w, k)Av[K1(w, k; ·)]
〉

h1

=
〈∑

λ(w, k) {vAv[K(w, k; ·)] +K(w, k; ·)} ,

∑
λ(w, k) {vAv[K(w, k; ·)] +K(w, k; ·)}

〉
h
.

Remark10 : The same reasoning as in Remark 9 can show the following: if both matrices

P andP1 in Theorem 3 are nonnegative andP is singular, then the equality (32) holds also for

v ∈ E0 ∩R−, ν = 2n(v) + 1, so that the inequality (33) holds forv ∈ E0 ∩R+, ν = 2n(v) + 1,

and the equality (32) for all the remaining pairs(v, ν) ∈ PE. As well, the same holds ifP andP1

(i.e. ϕ andϕ(1)), and, accordingly,ψ andψ1, mutually change the roles.

Remark11 : In the problemIS(ϕ), nonnegativity of matricesP andP1 and the property(∗) of

one of them do not imply the property(∗) of the another. In the example:E = {(1, 0), (2, 0)}, ϕ(1, 0)
= −1, ϕ(1, 1) = 1, ϕ(2, 0) = −1/2, ϕ(2, 1) = 1, the matricesP andP1 are nonnegative,P has

the property(∗), butP1 does not. In the example:E = {(1, 0), (2, 0)}, ϕ(1, 0) = ϕ(2, 0)
= α > 0, ϕ(1, 1) = 0, ϕ(2, 1) = β > 0, the matricesP andP1 are nonnegative,P1 has the

property(∗), andP does not.

Remark12 : Conversely, if bothP andP1 have the property(∗), then they need not be nonneg-

ative. If in the last exampleα is negative andβ = 0, then bothP andP1 have the property(∗),P
is nonnegative, butP1 is not.

It is interesting to consider also the following slightly more general interpolation problems.
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The problemInear
S (ϕ). The interpolation problem differing fromIS(ϕ) only in that, that the

numbersm(x) need not be odd forx ∈ E0 ∩R+ will be denoted byInear
S (ϕ).

We will call such a problem an interpolation problem of near Löwner and Pick-Nevanlinna type.

In the case of a problemInear
S (ϕ), the setW (consisting of all ”points” of the form(z, j),

z ∈ E0, 0 ≤ j ≤ m(z)) need not bePE for some permissible subsetE of Ĉ. Denote byE,

respectivelyE, the largest, respectively the smallest, permissible subset ofĈ for whichPE ⊂ W ,

respectivelyPE ⊃ W . Let ϕ denote the restriction of the functionϕ to the subsetPE. The matrix

P(ϕ) = P will be called the Pick matrix to the problemInear
S (ϕ). In the case when0 ∈ E0 and

m(0) is even, letEe := E∪{(0, n(0))} (n(0) := 1
2m(0)) and letϕe be an extension of the function

ϕ to the setPEe such thatϕe(0, m(0)+1) ∈ R. LetP1 be the matrixP(ϕ
(1)

) if 0 6∈ E0 or m(0) is

odd, and the matrixP(ϕe
(1)

) if 0 ∈ E0 andm(0) is even. The matrixP1 will be called the associated

Pick matrix to the problemInear
S (ϕ).

Using Theorem 3, one can easily establish a solvability condition for the problemsInear
S (ϕ).

Theorem4 — Necessary and sufficient for the problemInear
S (ϕ) to have a solution is that the

matricesP andP1 have the property(∗), thatϕ allows an extensionϕ to the setPE such that the

matricesP(ϕ) andP(ϕ(1)) are nonnegative, and thatrankP ≤ rankP1 in the case0 ∈ E0 with

oddm(0). Whenever this condition is met, there exists a solution which is a real rational function

of degree at mostcardE. The solution is unique if and only ifP or P1 is singular.

PROOF: Necessity— Let ψ be a solution of a problemInear
S (ϕ). Sinceψ is also a solution of

the problemIS(ϕ), andψ1 is a solution of the problemIR(ϕe
(1)

) in the case when0 ∈ E0 andm(0)
is even, it follows from Theorem 3 and Theorem 1 that the matricesP andP1 have the property(∗),
and that rankP ≤ rankP1 in the case0 ∈ E0 with oddm(0). As well, the matricesP andP1 are

nonnegative.

It remains only to show thatϕ allows an appropriate extension. IfP orP1 is singular, thenψ is

the unique solution ofIS(ϕ), or ψ1 is the unique solution of the problemIR(ϕe
(1)

), and thereforeψ

must be a real rational function, by Theorems 3 and 2. Setϕ(z, j) := ψ(j)(z) for each(z, j) ∈ PE.

Thenϕ is an extension ofϕ to the setPE, such that the matricesP(ϕ) andP(ϕ(1)) are nonnegative.

This follows from Theorem 3, sinceψ is a solution of the problemIS(ϕ).

If P andP1 are nonsingular, thus positive, thenϕ can be extended to the setPE such thatP
andP1 hold be positive. Namely, to extendϕ to the setPE means to setϕ(w, j) := ϕ(w, j), (w, j)
∈ W , and to chooseϕ(x, m(x) + 1) for everyx ∈ E0 ∩R+ with evenm(x) (1

2m(x) =: n(x)).

We shall use the following simple proposition: an Hermitian matrixM having a positive main

submatrixM0, can be made positive by appropriately increasing its diagonal entries which are

not entries ofM0. (For example, ifM0 is situated at the left top corner ofM, then one can

successively choose the diagonal entries ofM which are not entries ofM0 (in each step one of

them) as sufficiently large positive numbers, to make the corresponding Sylvester determinants of
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M positive).

SinceP, respectivelyP1, is a positive submatrix ofP(ϕ), respectivelyP(ϕ(1)), and the diag-

onal entries ofP(ϕ), respectivelyP(ϕ(1)), which are not entries ofP, respectivelyP1, have the

form
n(x)!

[2n(x) + 1]!
ϕ(x, 2n(x) + 1), x ∈ E0 ∩R+,

respectively

n(x)!
[2n(x) + 1]!

{xϕ(x, 2n(x) + 1) + [2n(x) + 1]ϕ(x, 2n(x))}, x ∈ E0 ∩R+ \ {0},

it follows that the numbersϕ(x, 2n(x)+1), x ∈ E0∩R+, can be chosen, i.e. thatϕ can be extended

to a functionϕ defined onPE, such that the matricesP(ϕ) andP(ϕ(1)) are positive.

Sufficiency— Let the condition from Theorem 4 be fulfilled. First consider the case whenP
andP1 are nonsingular. Letϕ be an extension ofϕ to the setPE such that the matricesP(ϕ) and

P(ϕ(1)) are nonnegative. We may assume thatP(ϕ) andP(ϕ(1)) are positive, unless this can be

achieved by increasingϕ(x,m(x) + 1) for eachx ∈ E0 ∩ R+ with evenm(x). ThenP(ϕ) and

P(ϕ(1)) automatically have the property(∗) and the same rank, cardE. By Theorem 3, there exists

a real rational solutionψ of the problemIS(ϕ) of degree cardE. Evidently, any suchψ is also a

solution of the problemInear
S (ϕ).

Now, let P be singular. ThenP andP(ϕ
(1)

) are nonnegative (since they can be extended

to some nonnegative matrices), have the property(∗) ( P(ϕ
(1)

) is a Pick submatrix ofP1), and

rankP ≤ rankP(ϕ
(1)

) in the case0 ∈ E0. The last is a presumption in the case whenm(0) is

odd, and follows from (12) ifm(0) is even. Indeed, (12) (v = 0, E 7→ Ee, F = ϕe) implies that

A0K(ϕe
(1)

; w, k; u, j) = K(ϕ;w, k; u, j), (w, k), (u, j) ∈ E, which means thatP coincides with the

matrixMe
0 = (M e

0 (w, k;u, j)), whereM e
0 (w, k; u, j) := A0K(ϕe

(1)
; w, k; u, j), (w, k), (u, j) ∈

E. By (11) (v = 0, E 7→ Ee, F = ϕe
(1)

), any row ofMe
0 is a linear combination of some rows of

the submatrixP1,n(0) of P1 obtained by omitting the columnK(ϕe
(1)

; ·; 0, n(0)). This implies that

rankP = rankMe
0 ≤ rankP1,n(0). SinceP(ϕ

(1)
) is a Gram submatrix of the nonnegative matrix

P1 and is obtained fromP1,n(0) by omitting the rowK(ϕe
(1)

; 0, n(0); ·), it follows that

rankP1,n(0) = rankP(ϕ
(1)

), so that rankP ≤ rankP(ϕ
(1)

).

By Theorem 3, the problemIS(ϕ) has a unique solutionψ, which is a real rational Stieltjes

function of degree rankP (< cardE). Let ϕ be an extension ofϕ such that the matricesP(ϕ) and

P(ϕ(1)) are nonnegative. By Theorem 2 and Remark 8,ψ coincides with the unique real rational

Pick function whose restriction to the setW is ϕ/W (= ϕ). Thus,ψ is a solution of the problem

Inear
S (ϕ).

It remains only the case whenP is nonsingular andP1 is singular. If also0 6∈ E0, then this case

is handled in the same way as the preceding, but with mutually changed roles ofP(ϕ) andP(ϕ
(1)

).
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If 0 ∈ E0 (and stillP is nonsingular andP1 singular), thenm(0) must be even:

m(0) = 2n(0). By Theorem 2, the problemIR(ϕe
(1)

) has a unique solutionψ1, which is a real

rational Pick function of degree rankP1 (≤ cardE). Sinceψ1(0) = 0, the function

ψ(z) := z−1ψ1(z) is (extendable to) a real rational function of degree at most rankP1, regular at

the pointz = 0. Specifyϕe(0,m(0) + 1) to beψ(m(0)+1)(0). In order to show thatψ is also a

Pick function, show first thatP(ϕe) is singular. We can show that rankP(ϕe) ≤ rankP(ϕe
(1)

) in

the same way as we showed above that rankP ≤ rankP(ϕ
(1)

) in the case when0 ∈ E0 andm(0)
is even. SinceP(ϕe

(1)
) is singular, i.e. rankP(ϕe

(1)
) < cardEe, it follows that the same holds for

P(ϕe).

As P(ϕ) can be extended to a nonnegative matrix, it must be nonnegative, in fact positive, for

it is singular. Thus,P(ϕe) is a singular Hermitian matrix of order cardEe and has a positive main

submatrix,P(ϕ), of order cardEe − 1, and thereforeP(ϕe) must be nonnegative. (This is easily

seen, for example by using the Sylvester criterion.)

Now, we can show thatψ is a Pick function in the same way as in the sufficiency proof of

Theorem 3 (the caser1 < r). Sinceψ1 is also a Pick function, it follows thatψ is a Stieltjes

function.

By Theorem 2 and Remark 8,ψ1 is the unique real rational Pick function whose restriction to

the setW1 := W ∪ {(0, 2n(0) + 1)} is ϕ(1)/W1, or, which is the same,ψ/W = ϕ/W = ϕ. It

follows thatψ is a solution of the problemInear
S (ϕ).

The proof is finished.

If in a problemInear
S (ϕ) the numbersm(x) are allowed to be even also forx ∈ E0 ∩ R−,

then the condition from Theorem 4 is not sufficient for solvability of the problem, as the following

example shows:W = {(−1, 0), (1, 0), (1, 1)}, ϕ(−1, 0) = ϕ(1, 0) = 0, ϕ(1, 1) = 1. For any

extensionϕ of ϕ to the setPE = W ∪ {(−1, 1)} we have

P(ϕ) =

[
ϕ(−1, 1) 0

0 1

]
, P(ϕ(1)) =

[
−ϕ(−1, 1) 0

0 1

]
,

so that the only extensionϕ for whichP(ϕ) andP(ϕ(1)) are nonnegative is that for whichϕ(−1, 1)
= 0. This implies that each solution of the problemInear

S (ϕ) must be also a solution of the problem

IS(ϕ). But the problemIS(ϕ) has no solution, sinceP(ϕ) does not possess the property(∗).
A problem of the typeInear

S (ϕ) with possibly evenm(x) for x ∈ E0 ∩R− is solvable if and

only if the functionϕ can be extended to a functionϕ on PE such that the matricesP(ϕ) and

P(ϕ(1)) are nonnegative, have the property(∗), and rankP(ϕ) ≤ rankP(ϕ(1)) in the case when

0 ∈ E0.

Sufficiency of this condition is clear. Necessity is also easily shown. Letψ be a solution of a

problemInear
S (ϕ) with possibly evenm(x) for x ∈ E0∩R−. We may assume thatm(x) is odd for

x ∈ E0∩R−, unless one can achieve this by extendingϕ such thatϕ(x,m(x)+1) := ψ(m(x)+1)(x)
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wheneverx ∈ E0 ∩R− andm(x) is even. Nowϕ is extended as in the necessity proof of Theorem

4.

We will establish also a parametrization of the set of all real rational solutions of the problem

IS(ϕ) of degreer, in the case0 ∈ E0, r = r1 = n. The role of the parameter will be played by

some linear extension of a mapping, partially defined inh usingA0.

Let 0 ∈ E0 andr = r1 = n. Let V andV1 be the same as in the third case of the sufficiency

proof of Theorem 3. ThenV andV1 are bases ofh andh1, respectively. Denote byV0 (V10) the set

V (V1) withoutK(0, n(0); ·) (K1(0, n(0); ·)), and byh0 (h10) the linear span ofV0 (V10). Let τ be

the uniquely determined linear mapping fromh into h1 such that

τ [K(w, k; ·)] 7→ K1(w, k; ·), (w, k) ∈ E.

Observe thatA0 acts as a linear mapping fromh0 (h10) into h (h1). Indeed, whenever(w, k)
∈ E \ {(0, n(0))}, thenA0 [K(w, k; ·)] ∈ h andA0 [K1(w, k; ·)] ∈ h1, by (11) (v = 0 6= w,

F = ϕ,ϕ(1)) and Definition 2 (w = 0, F = ϕ,ϕ(1)). As well, it follows from (12) (v = 0, F = ϕ)

that

A0τF = F, (42)

and from (11) (v = 0 6= w, F = ϕ,ϕ(1)) and (9) (w = 0, F = ϕ,ϕ(1)) that

A0τF = τA0F, (43)

for anyh0 function F. The equality (42) means that(A0τF )(u, j) = F (u, j), i. e.

〈A0τF , K1(u, j; ·)〉h1
= 〈F , K(u, j; ·)〉h

for each(u, j) ∈ E, which implies that

〈A0τF , τG〉h1
= 〈F , G〉h , G ∈ h. (44)

Theh functionG in (44) can be replaced byA0G, whereG is anh0 function. Thus, we have,

in view of (43),

〈A0τF , A0τG〉h1
= 〈F , A0G〉h , F,G ∈ h0. (45)

The equality (45) shows that

〈A0F , G〉h = 〈F , A0G〉h , F, G ∈ h0. (46)

SinceV1 is a basis ofh1, it follows that everyh function belongs toh1, so that we can consider

the following bilinear form

B(F, G) := 〈F , G〉h1
, F, G ∈ h.
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Since B is a nonnegative hermitian form onh2, there exists a nonnegative operatorB onh such

that

B(F, G) = 〈BF , G〉h , F, G ∈ h.

By (42), (45) and (46), B(F, G) equals〈A0F , G〉h wheneverF,G ∈ h0.

Theorem5 — Let 0 ∈ E0 and r = r1 = n. Then there exists a one-to-one correspondence

between the set of all linear selfadjoint extensionsA ofA0/h0 to the wholeh, such thatker(−uA
+ I) = {0}, u ∈ E0 (I — the identity mapping onh) andA ≥ B, and the set of all real rational

solutions of the problemIS(ϕ) of degreen.

PROOF: Let ψ be a real rational solution ofIS(ϕ) of degreen, and letψ̂ be the same as in the

proof of Theorem 2. DefineA as the uniquely determined linear mapping fromh into h such that

AF := A0F, F ∈ h0, andA[K(0, n(0); ·)] := A0[K(ψ̂; 0, n(0); ·)]/E = 1
n(0)+1K(ψ̂; 0, n(0)

+ 1; ·)/E.

Sinceψ̂/PE = ϕ, it follows that the Gram matrix of the setV ∪ {K(ψ̂; 0, n(0) + 1; ·)/E} is

just the Pick matrixP(ψ̂/PEe), whereEe := E ∪ {(0, n(0) + 1)}. Sinceψ is also a solution of

the problemIR(ψ̂/PEe), it follows from Theorem 1 thatP(ψ̂/PEe) has the property(∗). But

P(ψ̂/PEe) is singular (as the Gram matrix of linearly dependent set of vectors) andP is an its

Gram submatrix of rankn, so that rankP(ψ̂/PEe) also must ben, implying thatP(ψ̂/PEe) has

no proper singular Pick submatrices (for it has the property(∗)).
Let u ∈ E0 and show thatker(−uA+ I) = {0}. Since, by (11),

(−uA+ I)[K(w, k; ·)]

= −u

[
1

(−w)k+1
K(0, 0; ·)−

k∑

ν=0

k!
ν!(−w)k−ν+1

K(w, ν; ·)
]

+K(w, k; ·)

for (w, k) ∈ E,w 6= 0, and, by (9),

(−uA+ I)[K(0, k; ·)] = − u

k + 1
K(0, k + 1; ·) +K(0, k; ·)

for 0 ≤ k < n(0), as well as

(−uA+ I)[K(0, n(0); ·)] = − u

n(0) + 1
K(ψ̂; 0, n(0) + 1; ·)/E +K(0, n(0); ·),

it follows that(−uA+I)h is just the linear span of the set of functions of the formK(w, k; ·), (w, k)
∈ E \ {(u, n(u))}, andK(ψ̂; 0, n(0) + 1; ·)/E. As the Gram matrix of this set ofh functions is

nonsingular, as a proper Pick submatrix ofP(ψ̂/PEe), thesen functions are linear independent,

which implies thatdim(−uA+ I)h = n, i. e. thatker(−uA+ I) = {0}.
Selfadjointness ofA follows from (46) and

〈A [K(w, k; ·)] , K(0, n(0); ·)〉h = A0K(ψ̂; w, k; 0, n(0))
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=
1

n(0) + 1
K(ψ̂; w, k; 0, n(0) + 1) =

1
n(0) + 1

K(ψ̂; 0, n(0) + 1;w, k)

= 〈K(w, k; ·) , A [K(0, n(0); ·)]〉h , (w, k) ∈ E,

where we used (6) (k = 1) and (10).

In order to show thatA ≥ B, compare

〈A [K(0, n(0); ·)] , K(0, n(0); ·)〉h =
1

n(0) + 1
K(ψ̂; 0, n(0); 0, n(0) + 1)

=
1

[n(0) + 1]2
K(ψ̂1; 0, n(0) + 1; 0, n(0) + 1)

and

B (K(0, n(0); ·),K(0, n(0); ·))

=
〈
A0

[
K(ψ̂1; 0, n(0); ·)

]
/E , A0

[
K(ψ̂1; 0, n(0); ·)

]
/E

〉
h1

=
1

[n(0) + 1]2
〈
K(ψ̂1; 0, n(0) + 1; ·)/E , K(ψ̂1; 0, n(0) + 1; ·)/E

〉
h1

.

Let G be the Gram matrix of the linearly dependent set ofh1 vectorsV1 ∪ {K(ψ̂1; 0, n(0) +
1; ·)/E}. SinceG differs fromP(ψ̂1/PEe) only in the entry corresponding to the pair((0, n(0)+1),
(0, n(0) + 1)), anddetP(ψ̂1/PEe) ≥ 0 = detG, it follows that

K(ψ̂1; 0, n(0) + 1; 0, n(0) + 1) detP1

≥
〈
K(ψ̂1; 0, n(0) + 1; ·)/E , K(ψ̂1; 0, n(0) + 1; ·)/E

〉
h1

detP1,

and, asdetP1 > 0,

〈A [K(0, n(0); ·)] , K(0, n(0); ·)〉h ≥ B (K(0, n(0); ·),K(0, n(0); ·)) . (47)

Together with〈A0F , G〉h = B(F,G), F, G ∈ h0, and

〈A [K(0, n(0); ·)] , G〉h = 〈K(0, n(0); ·) , A0G〉h
= 〈K(0, n(0); ·) , τA0G〉h1

= B (K(0, n(0); ·), G) , G ∈ h0,

the last inequality implies

〈AF , G〉h ≥ B(F, G), F, G ∈ h,

i. e.A ≥ B.
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Now, letA be a linear selfadjoint extension ofA0/h0 to the wholeh, such thatker(−uA+ I)
= {0}, u ∈ E0, andA ≥ B. Denote byχ the extension ofϕ to PEe such that

[n(0)!]2 χ(0, 2n(0) + 2) := [2n(0) + 2]! 〈A [K(0, n(0); ·)] , K(0, n(0); ·)〉h
and

[n(0)!]2 χ(0, 2n(0) + 3) := [2n(0) + 3]! 〈A [K(0, n(0); ·)] , A [K(0, n(0); ·)]〉h .

We will show that the matricesP(χ) andP(χ(1)) are nonnegative and have the property(∗),
wheren = rankP(χ) ≤ rankP(χ(1)).

The nonnegativity ofP(χ) follows from the fact that it coincides with the Gram matrix of the set

of h vectorsV ∪ {[n(0) + 1]A [K(0, n(0); ·)]}. Since the last set of vectors is linearly dependent, it

follows that rankP(χ) = n. The property(∗) of P(χ) follows fromker(−uA+ I) = {0}, u ∈ E0,

in the following way. For eachu ∈ E0, (−uA+ I)h is just the linear span of functions of the form

K(w, k; ·), (w, k) ∈ E\{(u, n(u))} and[n(0)+1]A [K(0, n(0); ·)] (= K(χ; 0, n(0)+1; ·)/E), as in

the first part of this proof; sinceker(−uA+ I) = {0}, these functions must be linearly independent

and their Gram matrix nonsingular. Since each Pick submatrix ofP(χ) of rankn coincides with

some such Gram matrix, it follows thatP(χ) has no singular proper Pick submatrices, which implies

thatP(χ) has the property(∗).
The assumptionA ≥ B implies that, in particular, (47) holds, i. e.

K(χ(1); 0, n(0) + 1; 0, n(0) + 1)

≥ 〈K(χ(1); 0, n(0) + 1; ·)/E , K(χ(1); 0, n(0) + 1; ·)/E
〉
h1

(48)

(see the first part of this proof). SinceP(χ(1)) differs from the Gram matrixG of the set ofh1 vectors

V1∪{K(ψ̂1; 0, n(0)+1; ·)/E} only in the entry corresponding to the pair((0, n(0) + 1), (0, n(0) + 1))
(asχ/PE = ϕ), it follows thatP(χ(1)) ≥ G (taking (48) into account, as well). Now,G ≥ 0 im-

pliesP(χ(1)) ≥ 0.

As for the property(∗) of P(χ(1)), it can be derived from singularity and the property(∗) of

P(χ). Singularity ofP(χ) implies that the setV e of functions of the formK(χ;u, j; ·), (u, j) ∈
E, is complete inh(χ). If a linear combinationF1 of a setU1 of h(χ(1)) functions of the form

K(χ(1); w, k; ·), (w, k) ∈ Ee, is zero, then(A0F1)(u, j) = 0 for (u, j) ∈ E, because of (6) (k = 1).

SinceA0F1 is that linear combination of the corresponding setU of h(χ) functions of the form

K(χ; w, k; ·), (w, k) ∈ Ee, which corresponds toF1, andV e is complete inh(χ), it follows that

A0F1 = 0. Since the Gram matrices ofU1 andU are Pick submatrices ofP(χ(1)) andP(χ),
respectively, andP(χ) has no singular proper Pick submatrices (the property(∗) ofP(χ)), it follows

that P(χ(1)) also has no singular proper Pick submatrices, which implies thatP(χ(1)) has the

property(∗).
SinceP(χ) andP(χ(1)) are nonnegative and have the property(∗), and since rankP(χ) = n

≤ rankP(χ(1)), the problemIS(χ) has a unique solutionψ, which is a real rational function of

degreen, by Theorem 3. Clearly,ψ is also a solution of the problemIS(ϕ).
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The proof is finished.

As a consequence of Theorem 3, a theorem on solvability condition for the problemI ′S(ϕ) can

be derived. Its proof is essentially contained in the proofs of Theorems 2 and 3.

Theorem6 — Necessary and sufficient for the problemI ′S(ϕ) to have a solution is that the

matricesP andP1 are nonnegative. If this condition is satisfied, then the problemI ′S(ϕ) has a real

rational solution of degree at mostr. The solution of the problemI ′S(ϕ) is unique if and only if

min{r, r1} < n.

PROOF: Necessity— Let ψ be a solution of the problemI ′S(ϕ) and letψ̂(z, j) = ψ(j)(z), (z, j)
∈ E. Sinceψ is a solution of the problemIS(ψ̂), it follows, by Theorem 3, thatP(ψ̂) ≥ 0 and

P(ψ̂(1)) ≥ 0. But, (3) implies thatK(x, n(x);x, n(x)) ≥ K(ψ̂; x, n(x);x, n(x)), x ∈ E0 ∩ R+,

whereas (2) (withj 6= m(w) = 2n(w) + 1 wheneverw ∈ E0 ∩R+) implies thatK(w, k; u, j)
= K(ψ̂; w, k; u, j) whenever(w, k), (u, j) ∈ E andk + j 6= 2n(x) if w = u = x ∈ R+, so that

P ≥ P(ψ̂) and thereforeP ≥ 0, asP(ψ̂) ≥ 0. Nonnegativity ofP1 is shown in the same way. The

only difference is thatK1(0, n(0); 0, n(0)) just equalsK(ψ̂(1); 0, n(0); 0, n(0)), in the case0 ∈ E0.

Sufficiency— If r = r1 = n, thenP andP1 have the property(∗), as nonsingular Pick matrices.

By Theorem 3, the problemIS(ϕ) has more than one solution and at least one of them is a real

rational function of degreen. Since any solution ofIS(ϕ) is also a solution ofI ′S(ϕ), it follows

that the problemI ′S(ϕ) has more than one solution and that it has a real rational solution of degree

n.

Suppose thatr < n or r1 < n. In the case when0 ∈ E0 we may assume thatP is singular,

unless this can be achieved by decreasingϕ(0, 2n(0) + 1). (Since all Sylvester determinants ofP,

except detP, remain positive, it follows thatP remains nonnegative.) Then there exists a singular

Pick submatrix ofP or ofP1, such that it and the corresponding Pick submatrix ofP1, respectively

P, have no singular proper Pick submatrices.

Let G be a permissible subset ofE such that the matrixP(ϕ/PG) or P(ϕ(1)/PG) is singular

and thatP(ϕ/PG) andP(ϕ(1)/PG) have no singular proper Pick submatrices. ThenP(ϕ/PG)
andP(ϕ(1)/PG) are nonnegative (as main submatrices of nonnegative matricesP andP1), have

the property(∗) (since they have no singular proper Pick submatrices), and rankP(ϕ/PG)
≤ rankP(ϕ(1)/PG) in the case0 ∈ E0 (which is proved in the same way as rankP ≤ rankP(ϕ

(1)
)

in the sufficiency proof of Theorem 4). By Theorem 3, there exists a unique solutionψ of the

problemIS(ϕ/PG). Thenψ is a real rational Stieltjes function of degree rankP(ϕ/PG) ≤ r. By

Remark 10, ifP, respectivelyP1, is singular, then (33), respectively (33) withψ1 instead ofψ and

ϕ(1) instead ofϕ, holds forv ∈ E0 ∩R+, and (32), respectively (32) withψ1 instead ofψ andϕ(1)

instead ofϕ, holds for all the remaining pairs(v, ν) ∈ PE. Since in the case when0 6∈ E0, (33) for

v ∈ E0 ∩R+ with ψ1 instead ofψ andϕ(1) instead ofϕ implies (33) forv ∈ E0 ∩R+ , and (32)

with ψ1 instead ofψ andϕ(1) instead ofϕ implies (32), and since in the case0 ∈ E0 the matrixP
is singular, it follows that we always have (33) forv ∈ E0 ∩R+ and (32) for all the remaining pairs
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(v, ν) ∈ PE. Thus,ψ is a solution of the problemI ′S(ϕ).

The proof is finished.
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