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A multiple interpolation problem for scalar Stieltjes functions, simultaneously of Pick-Nevanlinna
and Lowner types, is considered. A solvability condition is established, in terms of positivity
and ranks of two matrices built from interpolation data, and a uniqueness condition, in terms
of ranks of these matrices. As well, a parametrization of the set of all real rational solutions of
minimal degree is established, in the nondegenerate case.
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1. INTRODUCTION

Pick-Nevanlinna (multiple) interpolation problem in the (scalar) Stieltjes caissthe following:
recapture a complex functiop € S from prescribed values af and its first several derivatives
at each point of a finite subsé&t of C\ R, RT = {z : 2 € R,z > 0}, where the number of
prescribed derivatives at ary point on R~ = R\ R" is odd. Lowner (multiple) interpolation
problem in the clas§ is similar, but withR* instead ofC \ R* and an odd number of prescribed
radial derivatives at every point @&. Pick-Nevanlinna boundary interpolation problem in the class
S is the Lowner problem in which the highest radial derivative at any poirff @ not completely
prescribed, but rather only an estimate of it.

Originally, Pick-Nevanlinna interpolation problem has been posed in the @axddhy clas€
[24] and in the Schur clasSc [22]. Lowner interpolation problem has been posed first in the Pick
(or Nevanlinna) clas® [21], whereas Pick-Nevanlinna boundary interpolation problem has been

*This work was supported by Ministry of Science and Environmental Protection of Serbia, through the research project
no. 144010A "Function Spaces and Operators on them”.



374 DUSAN R. GEORGIJEMC

posed inSc [23]. These problems, consequently generalized to matrix valued functions, have been
and still are intensively studied (see, e. g., Ball [3], Dym [11,12], Ball, Gohberg, Rodman [5], for
more detailed information).

Pick-Nevanlinna and/or Pick-Nevanlinna boundary interpolation problems in the&lasse
considered in: Krein and Nudel’'man [20] (the scalar case), Dyukarev and Katsnel'son [14], Bolot-
nikov [6, 7], Alpayet al. [2], Bolotnikov and Sakhnovich [8], Chen and Li [10] (the matrix valued
case). Several approaches were used, such as the method of fundamental matrix inequalities, the
method of operator identities, the block Hankel vector approach etc.

In this paper we shall consider a scalar multiple interpolation problem for Stieltjes functions,
which is simultaneously of Pick-Nevanlinna andviiner types, i.e. the interpolation nodes of which
can be anywhere in the complex pla@ie Our contribution is investigation ofdwner problems.

(As far as we know, bwner interpolation problems in the claSshave not been studied.) The
reason for separation and firstly studying the scalar case is the fact that this case is the generic
one. Besides, the scalar case allows one to give more information on the problem (for example, to
establish a simple uniqueness condition).

We will establish a necessary and sufficient condition for the considered problem to have a solu-
tion, in terms of positivity and ranks of two matrices constructed by interpolation data (the so called
Pick matrix and associated Pick matrix). As well, we will establish a uniqueness condition, in terms
of ranks of these matrices, and a parametrization of the set of all real rational solutions to the prob-
lem of minimal degree, in the case when both Pick’s matrices are nonsingular (the nondegenerate
case) and the zero point is an interpolation node. The role of parameter will play some exten-
sions of a linear symmetric mapping. As a consequence of the aforementioned result on solvabil-
ity condition, we will establish also a solvability condition for the corresponding Pick-Nevanlinna
boundary-interior interpolation problem.

Our approach is a variant of the use of functional (or reproducing kernel) Hilbert spaces [26,
3]. We first handle the degenerate case, obtaining the (unique) solution from linear dependence of
some functions in an associated functional Hilbert space, and then reduce the nondegenerate case to
the degenerate.

2. INTERPOLATION PROBLEMS AND PICK’S MATRICES

Before describe the interpolation problems to be considered, we define the cfaasesk of
Stieltjes, respectively Pick (or Nevanlinna) functions.

Definition of the Stieltjes class— A complex functionyy analytic inC\ R" is called a Stieltjes
function if (i) Imy(2) > 0,2 € CT (= {2z : 2 € C,Imz > 0}); (ii) ¥(z) > 0, € R™. The class
of all Stieltjes functions is denoted I

The classS and its characterizations were introduced and used systematically by Krein [18, 19].

Definition of the Pick (or Nevanlinna) clags. A complex functiory analytic inC™ is called
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a Pick (or Nevanlinna) function ifmw(z) > 0, 2 € C*. The class of all Pick functions is denoted
by R.

It is well known [20 (Appendix)] that) € S if and only if» € R andy, € R, where
U1(z) == z9(2).

Note also that the Caratbdory clas€ consists of functions analytic and having a nonnegative
real part in the unit disc, whereas the Schur cléssonsists of all functions analytic and bounded
by 1 in modulus on the unit disc.

We will consider primarily the following interpolation problem.

The problen¥s () — Let Ey be a finite subset af’, such that € Ey \ Rimpliesz ¢ Ey, and
let for eachw € Ey some numberg(w, j),0 < j < m(w), be given, where, fow € R, m(w) is
odd andy(w, j) € R. Find a Stieltjes function) such that for any: € E; N R™ there exist the
radial limits

lim Oz +iy) = P (@), 0<j<mla), (1)

and
PO (w) = p(w,5), we By, 0<j<mlw). )

Denote this problem b¥s (). (The limits (1) must be real, because/af) = ¢ (z), z € C\R,
which follows fromi(z) € R,z € R™. Therefore the prescribed valugéw, j) were assumed to
be real for reatv.)

The problen¥z () — If the above problem is modified such that a Pick functjos demanded
and that, accordingly, one hase Ey N R in (1), then an interpolation problem in the Pick class
R is obtained. We will denote this problem By;(y). The demanded function in the problem

Zr(p) will be meant as extended to the lower half-platie by ¢ (z) :=(z),z € C™.

The problem&s(p) andZr(yp) are simultaneously of dwner and Pick-Nevanlinna types, the
first in the Stieltjes class§ and the second one in the Pick cldgs

The problent () — The interpolation problem obtained frafg () by replacing the equal-
ities (2) forw = x € Ey N R™, j = m(x), by the inequalities

$m)(@) < ol m(x)), e BN R, @)
will be denoted byZ ().

This is a Pick-Nevanlinna boundary-interior interpolation problem.

We will assign to the problefiz () a matrix, and call it the Pick matrix, via the kernel, called
the Pick kernel. Based on this, we will associate two Pick matrices and two Pick kernels to the
problemZs(y) and to the probler ().
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In order to construct the Pick kernel to the probl&p(y), it will be convenient to treat deriva-
tivesy ) (z) as function values at "points” of the forta, ;).

Let C denote the set of all pairg, j),z € C,j € {0} UN, and let(z,0) = z,z € C. A
subset of C will be called permissible iz, ) € E,0 < v < j, whenever(z,j) € E. If Eisa
permissible subset &, then we writeE, for the set of all: € C belonging toE, and E* for the
set of all pointgz, j) such thatz, j) € E. Denote byP E the smallest extension @ such that if
(2,7), (z,k) € E, then(z,v), (z,v) € PEforallv,0 <v < j+k+ 1. Foranyz € Ey, letn(z)
be the largesf such thatz, j) € E, orn(z) = +oo (if (z,j) € E forall j € N).

Some divided differences will play an important role in our considerationg. i¢fa function
analytic in a domairB containing a given point, and if we set
(A= LI e p

Z—U

(with (A, f)(v) := f’(v)), then the functioM, f is also analytic inB. If j is a nonnegative integer
andu is a point inB different fromu, then the derivativéA, f)\%) () depends only on the numbers
f(v) and f)(u),0 < v < j. Thejth derivative ofA, f at the pointu, (A, f)) (v), depends only
on the numberg ™) (v),0 < v < j + 1. (In fact, it equalsj%f(j“)(v).) It will be convenient to
write F(u,v), F(v,v), (A,F)(u, 5), (A,)F(v, 7) instead off ) (u), f®) (v), (A, £)9) (u),

(A, f)9)(v), respectively. This leads to the following definition.

Definition1 — Let E be a finite permissible subset 6f and letF be a function from& into
C. Then we defined, F', for v € Ej, as a function fronE \ {(v,n(v))} into C, such that

& f(z) = ()

dzd Z—

(AUF)(U7]) = ’ (u7j) € E\ {(U7n(v))}7

for any complex functionf analytic in a domainB > E, and such thayf!)(z) = F(z, ) for
(2,4) € E.

It is clear that the functiorf in the above definition always exists (for example the Hermite
polynomial) and thatd, F' does not depend ofi

The above definition can be extended to the case of an arbitrary permiEsibtg necessarily
finite. If £ is an infinite permissible subset 6, F' a function fromE into C, andv € E, then
let (A, F)(u, 7), for (u,5) € E\ {(v,n(v))}, be(A,F/Ef)(u, ), whereE7 is a finite permissible
subset ofF containing(v, n(v)) and(u, j). Evidently,(A,F/E/)(u, j) does not depend of/.

SinceE \ {(v,n(v))} is also a permissible subset 6f, one can speak (if(v) > 0) about
A2F = A, (A F), A3F, etc., up taA”* F Itis not difficult to see that, at least for finité,
j

(AEF)(uf) = 2 (Akp) )|

dZ'] Z=U
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(u,7) € E\ {(v,v) :n(v) > v>nv)—k+1}, 1<k<n(w)+1, (4)

for any functionf as in the above definition.

Remarkl : As is easily seen, (4) can be written also in the form

k L1 o8 ot
(A”L)F)(u7])_ (k—l)'@@wk*( wf)( ) w=o : (5)
This yields, among others,
& N 1 .
AR = G g IR,
0 < j<n) —k, 1<k<n(v). (6)

Proposition1 — Let F' be a function defined on a permissible subfsetf C and letv andw be
two different points inky. Then

k
AAF) ) = s (A ) = 3 sy (AL ()

1/:1

(u,7) € EA{(w,v) s n(w) > v=n(w)—k+1}\{(v,n(v))},

1 < k<n(w)+1. @)

PROOF: Assume, as we may, thatis finite. We will apply induction irk.
Induction base— k = 1. Let f be a complex function analytic in a domaih> Ejy and such
that fU)(z) = F(z,§) for (z,5) € E. Then we have, by Definition 1,

d7
(AUF)(U7.7) = @(Avf)(z)

» o (ug) € EN{(v,n(v)},

Z=U
and

(AuF)9) = - (AuN)E)| o (wd) € B\ {(w,n(w)}.

Z=U
SinceA,, f is also analytic inB, it follows in the same way that

(AvAwF)(u, j) = j](A Auf)(2)| - (wg) € E\{(w,n(w)}\ {(v,n(v)}-
It is easy to verify directly that
(Aduf)(z) = ——(Af)(z) ~ ——(Auf)(z). 2 € B
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implying

@’ 1 & 1 &

E(AvAwfxz) . T v—w @(Avf)(z) . T o —w E( wf)(z) )

(u.g) € E\{(w,n(w))}\{(v,n(v))},
i.e. (7) fork = 1.
Induction step— & — k + 1. As A, A5 F = (A,A,) (AE F), we have
(A F) () = —— (AL F)) (1) — —— (Au(AL F))(w, )
1 1

= k(AvF)(uvj)

v—w (v—w)

k

w —1 w 2_; (0 — wl)k—z/-H (ALF)(u, )
1 k41 . 1 .
o AT ) () = W(AUF)(UJ)
k1

B Z—:l (’U _ w)]];+lV+l (‘AZ)F)(U7])7

(u,7) € E\{(w,v): n(w)>v=n(w)-k}\{(v,n(v))},
1 < k+1<n(w)+1.

For each functior¥’ defined on a permissible subg6t let £ be the function defined oR™
and such that™*(z,j) := F(z,j),(2,j) € E*. If E is a permissible subset & and F' is a

function defined onPE such thatF'(z,j) = F(z,j) whenever(z, j),(z,j) € PE, then we set

Fi(z,7) = F(z,j), Fi(%,j) = F(z,j) for each(z, j) € PE, and alsaly)(z, j) := 2F(z,j) +
jF(z,j—1),(z,j) € E,whereF(z,—1) is arbitrary.
Proposition2 — If F is a function from a permissible subgéof C into C andv € Ej, then
(AuF(1))(2,5) = 2(AuF)(2,7) + (A F)(2,5 — 1) + 0;F(v),  (2,) € E\{(v,n(v))},
((A,F)(z,—1) — arbitrary) and
(AvF1))(2,7) = 0(AF)(2,7) + F(2,5), (2,7) € E\{(v;n(v))}. (8)
This can be verified in the same way as (7).

Definition2 — Let F be a permissible subset 6f and F a function defined oRE such that
F(z,j) = F(z,7) whenevelz, j), (z,j) € PE. Then we define

K(F;w,k; 2,5) := KNAETE) (2, 5) (9)
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for (w, k), (z,7) € E.

Remark2 : If z # w in the above definition, thek (F'; w, k; z, 7) makes sense for alk, j)
€ PE.

Remark3 : According to Definition 2 and (6),

. k!5 .
Fyw, k;w,5) = 2 F 1
for (w, k), (w, j) € E.
Remark4 : By (5), we have
K(F;0,k;u,j) = K(Fsu, jiv, k), (u,j), (v,k) € E. (10)

Remarlé : According to Definition 2 and Proposition 1pife EgNES and(w, k) € E,w # v,
then
k!

AK(Fyw, k; 2, 5) = WK(F;@ZJ)

k
k! ) .
—z:;]V!(U_w)k_y+1’C(F7w,v,z,J), (z,j) e £.  (11)

If v e Ey\ Ef, then (11) holds with{.A, Fy)(z, j) instead offC(F'; v; z, j), but only for
(2,7) € E\{(v,n(v))}.

Notice thatA,C(F;w, k; z, j) is meant ag.A, [(F;w, k;-)]) (z, 7), which equals
k(A ASLE) (2, 5), by (9).

Remark6: As well, it follows from Definition 2 and (8) that it € Ey N Ej and (w,k) €
E\ {(v,n(v))}, then

AK(Fy;w, ks 2, 5) = vAK(Fsw, ks 2, 5) + K(Fyw, k3 2,5),  (2,7) € E. (12)

Each kernellC(F'; -;-) determines a linear space whose elements are linear combinations of
functions of the forniC(F'; w, k; -), (w, k) € E, defined onE. We will denote this space by F'). If
the kernelkC(F; -; -) is nonnegative (i.e., positive semi-definite), then there exists a unique functional
Hilbert space whose reproducing kerneKigF'; -; -) [1]. This space is jusk(F').

Return to problemgs(¢) andZr(yp). The pairs(z, j) for which ¢(z, j) is given form a per-
missible subsel’ of €, which can be represented &4 for a uniquely determined permissible
subsetr’. Namely,E consists of all pair$z, j) such that € Ey\ R,0 < j < m(z)(=: n(z)), and
all pairs(z, j) forwhichz € Ey N R,0 < j < %(:: n(x)). Denote card by n.

The kernellC(y; -; ) will be denoted byC, and called Pick kernel of the problebhg(¢) or of
the problentZs (). The kernelC(y(y); -5 -) will be denoted byC; and called associated Pick kernel
of the problentZg ().
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Fix a total ordering of the sef. Then the kernel& and; are represented as certain< n
matricesP(¢) = P andP(¢(1)) = P1. We will call P the Pick matrix of the probleriz(¢) or of
the probleniZs(y), andP; the associated Pick matrix of the probldm(y). Denote rankP by r,
and rankP; by r;.

3. RESULTS

Each permissible subsétof £ determines a problem of the tyfg (y), i.e. the problenTr(¢/PG).
The corresponding Pick matrix is a submatrixafEvery such matrix (and only such) will be called
a Pick submatrix of°.

The property(x) — The matrixP will be said to have the property) if its rank equals the rank
of each of its singular Pick submatrices. Sirgeis the Pick matrix of the problefg(4 (1)), the
property(x) of the matrixP; is defined in the same way.

Our main goal in this paper is to establish a solvability condition for the proBlg(p). In that
order we will first study the problemz (), to certain point.

For any Pick function), extended to the lower half-plar@~ such that)(z) = (%), there
exists a unique functional Hilbert spa&g+) whose reproducing kernel is

¥(2) — (w)

K(;w,z) = K(w, z) := s AU ectuc,

(de Branges [13 (Theorem 5)].

Proposition3 — If ¢ is a real rational Pick function of degree thendim H(¢)) = r. This
can be proved by induction in Indeed, ifr = 0 thenv is a (real) constant andim H () = 0.
According to [16 (Lemma 1)], for any pole of ) the functionsd, (z) := resy(u)/(z — u) and
Uy, = 1) — 0, are also real rational Pick functions afid«) = H(0,) ® H(¢,,), so thatdeg ¢, =
r —1anddim H(¢,) = dim H(¢) — 1

Theorem1 — If the problemZg () has a solution, then the matriR is nonnegative and has
the property(x).

PROOF: Let ) be a solution ofz(¢) and letH (¢) be the associated functional Hilbert space.

As the kernelK is sesqui-analytic, it follows that the functions ifi(;)) are analytic onC'* and
C~, and thatforeachh € C* UC~,j € {0} UN, the functiond’ /0w’ K (w, -) belongs toH (1))
and it holds that ‘

P = (. grKw)) . feH) 13)

w H(4)

(see e.g., [15].) Conditions (1) mean that for dmyj) € E,z € R, and eachf € H(v), there
exists thejth radial derivativefU) () and (13) holds with: instead ofw, whered? /0w’ K (x, -) is
the strong limit 0fd? /0w’ K (x + iy, -) asy — 0 [16]. Letting f = 0% /0w* K (t,-) in (13), where
(t,k) € E,t € R, we have

oItk

027 Owk

o o

K(t,z) = <aka(t, )y ﬁK(x, .)>H(¢) ) (14)
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where the left hand side expression is the radial limittbfderivative ofd* /0w* K (t, -) at .

It is not hard to see that ,
) 8]+k
K(w, k;z,j) = WK(W,Z) (15)
for each(w, k), (z,j) € E. Namely, ifz,w € CT UC™,j,k € {0} N N, then
-k A
D K(w,2) = K (A )(2), (16)
which is verified (actually fori = 0 only) by a straightforward calculation of both sides. If in
(16) (w, k), (z,j) € E, then the right hand side expression equélw, k; z, j), by (2), (4) and
(9), which shows that (15) is true in the case whemand =z are nonreal. In the case € R or
z € R,z # w, one can putin (16p+y instead ofw and / orz+iy instead of, and lety — 0. One
can apply induction ik and use (14) to show that then the right hand side expression, respectively
the left hand side expression, tends to the left, respectively right, side of (15), so that (15) is true.
Finally, in the case = @ € R the right hand side of (15) equalsj!(k + j + 1)!~ 1y +i+1) (1)
by [16 (Corollary 1)] and this is also the value of the left, by (9), (6) and (2).

A consequence of (15) is th&tis the Gram matrix of the set of vectorsifi(v)):

ak
This shows that the matriR is nonnegative.

As for the property(x), let Py be a singular Pick submatrix @f of size(s + 1) x (s + 1) such
that all its proper Pick submatrices are nonsingular. Then there exists a permissiblezsobget
such thatP, is P(¢/PG), which implies thatP, is the Gram matrix of the set of vectorsiH(¢)):

ak

va:{&ﬁKm»w@mmeG}

in view of (15). The sel/; is linearly dependent and for any proper permissible subse#tG the
corresponding set of vectovg is linearly independent. Thus, there exist numbéis, k), (w, k) €
G, such that\(w, s(w)) # 0 (s(w) stands for the largestsuch that{w, v) € G) and

k
Z AMw, k:)aka(w,z) =0, zeCtucC . a7
ow
(w,k)eG
The numbers\(w, k) are unique up to proportionality, i. e. for any two relations of type (17)
the corresponding coefficients must be proportional.
Fixav € CT UC™ \ Gy (WhereG| stands for the set of all € C belonging toG?) and apply
Az to (17). According to (11) (in view of (15)), we obtain

w(v)K (v, z) + Z p(w,v) 8@:[((10,2) =0, zeCtucC, (18)

(w,v)eG
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where
k!
u(v) = Z Aw, k)m7
(w,k)eG
s(w) k!
[,L(U),V) = _kz:)‘(wak) I/!(E—@)k_'/_'_l’ (wal/) €G.

We show thatu(v) # 0. This is evident ifG contains only one point, say, since then
u(v) = AM(w)/(v —w). If G contains more then one point andifv) = 0, then the corresponding
coefficients in (18) and (17) are proportional. In the case wbkireontains two different points
andu, we have

pw, s(w)) : Aw, s(w)) = p(u, s(w)) : Alu, s(u)),

i. e.1/(v—w) = 1/(v —w), which is a contradiction. In the case whé&¥g contains a pointv
such thats(w) > 0, we have

)\(Z)’S(M)) s M w, s(w)) = )\(w,;(_wl)u D + s(w();\(_w;jgw)) : AMw, s(w) — 1),
i. e. s(w)\(w,s(w))/(v—w)? = 0, which is a contradiction, too. Thug,(v) really must be
nonzero.

Sinceu(v) # 0, (18) shows thafs (v, -) belongs to the linear span of the set of vectdgs for
anyv € Ct U C™ \ Go. Since the functions (v,-),v € C* N C~, are complete inH (1), it
follows that this linear span coincides wiii(¢). In particular, each function belonging tis in
the linear span of, which means that, the rank ofp,, is also the rank oP, i. e. s = r. Now, it
follows thatP has the propertyx).

The proof is finished.

One can show that the condition in Theorem 1 (nonnegativit @afnd the propertyx)) is
sufficient for solvability of the problenZz(¢). In the caseFy C R this has been done in [17].
A similar solvability condition, with the so called property of minimal positivity instead of the
property(x), has been established in [25] (the cdgeC R, simple interpolation nodes) and [9].
Here, we will prove this under the assumptior< n, i. e. det P = 0 (the degenerate case of the
problemZz(y)), in view of needs in studying the problefg ().

Theorem2 — Letr < n. If the matrixP is nonnegative and has the propefty), then the
problemZz () has a unique solution. That solution is a real rational function of degree

PROOF SinceP is singular, it follows that there exists a singular Pick subma®jof P such
that all its proper Pick submatrices are nonsingular, unless there would exist an infinite sequence
of singular Pick submatrices @ such that every one of them (except the first one) is a proper
submatrix of the preceding. Sing&has the propertyx), rankPy is r andP, is of size(r + 1) x
(r+1). Let G be the permissible subset 8fsuch thatP, is P(¢/PG). ThenPy is the Gramian
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of the set of vectors in(p):
Vi = {K(w,k;-) : (w, k) € G}

and cards = r + 1.
Just as in the proof of Theorem 1, there exist numbéts k), (w, k) € G, such that (w, s(w))
# 0 (s(w) — the largest for which (w,v) € G) and

(Fed) =) 3 Mw B,k 2,)) =0, () € B. (19)
(w,k)eG

As well, the numbers (w, k) are unique up to proportionality.
Let be a rational function satisfying

> Mw, k)K(0;w,k; 2) =0 (20)
(w,k)EG

whenever: ¢ Ey U Ej,1(z) # oo, wheref(z) = 0(z,0) := 1(z) if (2,0) € EU E*,(z) # oo,
andé(z,7) := p«(z,7) if (z,j) € PE U PE*. Itis obvious that such a function exists and is
unique, and thadleg ¢y < r. Denote byD the set of all regular points af. We claim thaty is a
solution ofZz(p), thaty(z) = ¥(z), z € D, anddeg ) = r.

Observe that (20) implies that, for eacke Gy, the functionk’(8; v, s(v); z)(z — 7)*®+1 must
vanish of order at least(v) + 1 at the pointz = 7, sinceA(v, s(v)) # 0. Thus, ifv € Gy, then
v € D and

V(@) = 0(v,v) = p(v,v), 0<v<s(v). (21)
In the case € Gy N R, (21) holds for) < v < s(v) + n(v) + 1. Indeed, let — v in (20) and
(z,7) = (v,0) in (19), and then compare the two so obtained equalities. Since

lim KC(0; w, k; 2) = K(p;w, k;v,0)

Z—v

for (w,k) € G\ {(v, s(v))} (because of (21)) and sinegv, s(v)) # 0, it must be also

lim KC(0;v, s(v); 2) = K(p; v, s(v);v,0).

zZ—v

This yieldsy®) (v) = (v, v) for v = s(v) + 1. As well, this implies that (20) holds far = v.

Further, we differentiate (20) at the point= v (by definition) and compare the so obtained
equality with (19) for(z,j) = (v,1). Sinced/dzK(0;w, k;v) = K(p;w, k;v,1) for (w, k) €
G\ {(v,s(v))} (because of (21) fab < v < s(v) + 1) and since\(v, s(v)) # 0, it must be also

& K0:0,50)50) = Klgs,s(0);0,1),

S0 = O e, s(0) + 2.
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Thus, (21) is true also far = s(v) 4+ 2 and (20) holds true if is replaced byv, 1). Continuing
in this way, we finally get (21) for = s(v) + n(v) + 1. Thus, ifv € Go N R, then

w(”)(v) =¢(v,v), 0<v<s(v)+n(v)+1. (22)

Consider also the casec Ey\Gj (i. e.v € Ey\Rorv € EyNR\Gp). Now, (21) holds withy
instead oft andn(v) instead ofs(v). In order to show this, we will apply, to (20)n(v) + 1 times
to obtain an equality analogous to (20) but withu {(v,v) : 0 < v < n(v)} instead ofG. Notice
that one may apply, to (20)n(v) + 1 times since (19) is valid fofz, j) = (v,v),0 < v < n(v),
which yields (20) with(v,v),0 < v < n(v), instead ofz (in view of definition off). Making a
multiple use of (11), we obtain in this way an equality of the following form

n(v)
1
S u@v)=K0:;v,v52) + > plw, k)K(0;w, k; 2) =0,

v!
v=0 (w,k)eG

ze D\ (EyUEY), (23)

where

pEnw) = S M)
(w,k)eG

The coefficienu(v, n(v)) in (23) must be nonzero, which can be shown in the same way as we
showed, in the proof of Theorem 1, that the coefficiefit) in (18) is nonzero. (To do that, one shall
use the equality of type (23) obtained from (20) after the first applicatiod,ofwherep (v, n(v))
occured for the first time.)

Sinceu(w, n(v)) # 0, (23) implies thatC(0; 7, n(v); z)(z — v)™®+1 must vanish of order at
leastn(v) + 1 at the pointz = v. This means that

¢(”) (v) =p(v,v), 0<v<n(v). (24)

It follows from (24) (forv € Gy \ R,0 < v < s(v)), (21) (forv € G} \ R) and (22) (for
veGyNR,0<v <2s(v)+ 1), that the function) assumed®RR-symmetrical values at+ 1 pairs
of R-symmetrical points, namely at points of the &gtU G, where each pointin (Go UG{) \ R
is counteds(v) + 1 times and each in Go N R 2s(v) + 2 times. Sincelegy < r, it follows that
1 is a real rational function, in the sense thdE) = 1(z) whenever)(z) # occ.
In the case € (EyN R) \ Go, (24) holds for0 < v < 2n(v)+ 1. Thisis analogous to (22), and
can be established analogously, from (23) (analogous to (20)) and an equality analogous to (19),
which is obtained by applyingl, to (19)n(v) + 1 times. The possibility of (multiple) applyind,
to (19) is justified by the fact that the St is complete im.(yp) (asr is dim h(p)). Namely, using
only (19) we obtain

(AP (2, ) =0, (2,5) € E\{(v,v) :n(v) > v

Y

0}, (25)
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whereF is theh(y) function staying on the left hand side of (19). SinAé(”)HF can be repre-
sented in the form

n(v) 1

AZ(”)“F:Zu(v,u);K(sO;v,v;-)Jr > ww, kK (5w, ks ) (26)
v=0 ’ (w,k)eG

(by a repeated application of (11)), it follows thaﬂ(”)“F € h(y), and (25) shows just that
AN pig orthogonal to all functions of the forii(y; z, 7; ), (2,7) € E\ {(v,v) : n(v)

> v > 0}, in particular to all functions ifVg. As Vg is complete inh(gp),AZ(”)“F must be zero,
so that (25) actually holds for alt, j) € E. This yields, together with (26)),

n(v)

1
Eu(v,V);’C(sD;vw;-)Jr > plw, k)K(p;w, ks ) = 0. (27)
v=0 ’ (w,k)eqG

Of course, the coefficients in (27) are the same as the coefficients in (23), s¢ithatv)) # 0.
We can proceed in the same way as we derived (22) from equalities (20) and (19), using (23)
(v = v) instead of (20) and (27) instead of (19). In this way we obtain

YW (v) = p(v,v), 0<v<2n(v)+1. (28)

In fact, (28) holds also for € Gy N R, which can be easily shown applying, to (19) and (20)
n(v) — s(v) times (to obtain two equalities analogous to (19) and (20), but involkifig n(v); -),
respectivelyiC(6; v, n(v); -)), and then proceeding in the same way as (22) was derived.

The equalities (24) (forv € Ep \ R) and (28) (forv € Ey N R) imply thatD O Ej and
YO (v) = ¢(v,4), (v,7) € PE, i. e. thaty satisfies (2).

In order to show thaD) > C* andIm ¢ (z) > 0,z € C™, sety@)(z) =: 4)(z, ;) for any
z € D,v € {0} U N, and observe that (19) and (20) imply

> Mw, k)K(Wsw, k;2,5) =0, (2,4) € EUD, (29)
(w,k)eG

as))/(PEUPE*) = ¢, andy)/(DUPEUPE*) = 6. Application of Ay, v € (CTUC™)ND\ E,
to (29) yields an equality of the form

p(O)K (50,052, 5) + > plw, KW w,k;2,5) =0, (2,5) € EU(D\{7}).  (30)
(w,k)EG

The coefficienfu(v) must be nonzero, in the same wayds) in (18).

We shall show now thab > C*. Suppose, to the contrary, that there is & C* such that
¥(u) = oo. Start with equality (30) for € C~ N D\ E} and(z,j) = z € DNCT\{v},¢(z) # 0,
multiply this equality by(z — ©)y(z)~! and let firstz — u and thenv — u. Since then each
function (z — o)y (2) K (; w, k; 2), (w, k) € G, tends td), and(z — 0)ep(z) LK (; v, 0; z) tends
to 1, and sinceu(v) # 0, it follows that the whole (multiplied) sum does not tend)tawhich is a
contradiction. Thus, it must be(u) # oo forallu € C*,i.e.D > C™.
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As for Imy)(z) > 0,2 € C™, the equality (30) fow € C* \ E,(z,j) € E, shows that the
functionC(¢; v, 0; -)/E is a linear combination of functions
K3 w, ki) E = K(w,k;-),  (w,k) € G,
(asu(v) # 0) and that
Im ¢ (v)

Im o

150, 05) /B[y = K (50, 050,0) =
Thus,Imy(v) > 0,0 € CT\ Eg. But, if v € CT N E, theny(v) = ¢(v) and

_ Im o(v)
Im®ov

9

1K@, 0:)1I7,)

implying Im (v) < 0, i.e.Im v(v) > 0. Accordingly,Im ¢ (v) > 0 forallv € C™.
So far, we showed that is a real rational Pick function of degree at mosin fact,deg v = r.
Indeed, each function of the fora /0w* K (w, -), (w, k) € E, belongs taH () and

(Zokw), k()  =Klwkzg) (b ()eE @
w ow’ H(w)
by (15), (13), (14), which shows th@ can be interpreted as the Gram matrix of these functions,
and thereforelim H () > r. Asdim H(¢) = deg1, by Proposition 3, it followslegy > r.
Thus, it must belegy = r.

In order to establish uniqueness of the solutjoto the problenZz(y), we will show that, for
any suchy, the equality (19) implies that (20) is true for every C U C ™. This is easy to show.
In view of (31), the relation (19) can be interpreted as orthogonality of the function

to each function of the for¥’ /0w’ K (z,-), (z,j) € E. This impliesF = 0, i. e. F(z) = 0,
2z € CTUC~,whichis, in fact, (20). As the function satisfying (20) for € C*TUC™ is unique,
the uniqueness of the solution B () follows.

The proof is completed.

Remark7: If Eg N R = () andr < n, then the proof of Theorem 2, together with Theorem 1,
shows that nonnegativity ¢ implies the propertyx*). Namely, the property«) has been used in
that proof, in fact, only fow € Ey N R. Of course, the same holds also in the casen, for then
P has no singular Pick submatrices and therefore it automatically has the property

Remark8: A slightly deeper analysis of the proof of Theorem 2 shows that nonnegativRy of
alone (without the propertf)) still impliesdeg v < r and the equality

) (v) = p(v,v) (32)
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for any (v,v) € PE such that ¢ R, and for any(v,v) € PE such thaw € R,0 < v < 2n(v),
as well as the inequality

P (1) < (v, 2n(v) + 1) (33)

for v € R. Namely, the property«) has been used only in showing that cafe- r + 1 (cardG
< r + 1 is always true) and in establishing (28) forc Ey N R. Letfirstv € (Ey N R) \ Gy
and observe that (25) can be obtained (witheyj for all (z, j) € E'\ {(v,n(v))}, by a reasoning
somewhat different from that in the proof. One first derivésF'(z,j) = 0 for (z,j5) € E \
{(v,n(v))} in the same way as in the proof. #{v) > 0, then (26) with0 instead ofn(v) shows
thatA,F = 0. Then one deriveg2F (2, j) = 0for (z,5) € E\{(v,n(v))}, which givesA2F = 0
if n(v) > 1. Continuing in this way, one finally obtains (25) for,j) € E \ {(v,n(v))}. Then
one establishes (28) fdr < v < 2n(v) in the same way as in the proof. As well, (23) with
(2,7) € E\ {(v,n(v))} instead ofz shows thatC(6; v, n(v);-)/E is the orthogonal projection of
K(v,n(v);-) to the linear span of the s&t;. The lastimplies (33). The cases Gy N R is handled
in the same way.

Now, we are ready to establish solvability condition for the probesp). The condition
consists of nonnegativity and propefty) of the matrices® andP;, with an additional condition
concerning ranks oP andP;.

Theorem3 — Necessary and sufficient for the problém(y) to have a solution is that the
matricesP and P; are nonnegative and have the propef#), and thatrank? < rankP; in the
case0 € Ey. Whenever these conditions are satisfieg) has a real rational solution of degree
r. The solution is unique if and onlyiifin{r, r;} < n.

PROOF: Necessity— Let 1) be a solution ofZs(yp). Denotezy(z) by ¥1(z),z € C \ R*.
Theny, respectively, is a solution of the problemix (), respectivelyZ (¢ (1)). By Theorem 1,
the matrices? andP; are both nonnegative and have the propérly

Let0 € Ey and show that then < ry. In the case; = n this is clear, ag < n. Therefore
suppose that; < n. According to Theorem 2, theyy, is the unique solution dfr (1)) and a real
rational solution of degreg,. Of coursey is also a real rational function.

As in the proof of the preceding theorem, §ét)(z) = v(z, ) foranyz € D,j € {0} UN,
whereD is the domain of regularity of. Sincei)/D = ¢ andi)/PE = ¢ (by (2)), it follows that
forany(w, k) € E,

ok

Kl ki) (CTUCT) = K (w, )

(see (16)), which holds here for amy ¢ D,k € {0} U N, and whered®1y is, in fact, A¥1y)
andK(¢; w, k;-)/E = K(w, k; -). As well, (31) implies thaP is the Gram matrix of the séf of
H () functions {/ - the same as in the proof of Theorem 1). Of course, analogous facts hold also
for ¢1. Denote byK; andV; the analogues ok andV'.

Let Py be a singular Pick submatrix &f; of size(r; +1) x (r1 + 1), i. €. P1g = P(p(1)/ PG)
for certain permissible subset of E with c&¥d= r; + 1. If Vi is the set ofH (¢) functions
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analogous td/; (Vi - the same as in the proof of Theorem 1), thag is the Gram matrix of/1¢.
SincePy is singular, it follows that the séf, is linearly dependent, which means that

k
S Aw k)L Ky (w, ) =0 (34)
ow
(w,k)EG
for some complex numbepgw, k), not all zero. Since
8k

ot
AolK (15w, k; )] = K(r;w, k3 ) (by (12)) and

Ki(w,-) = K(1;w,k;-)/(CTUCT),

. B ok
K w,k:)/(CTUCT) = g K (w, ),
for (w, k) € G, an application of4 to (34) yields
ak
ow

regarding also the evident fact that(z) = 0,z € CT U C~, implies (Ao F1)(z) = [F1(z)

— F(0)]/z =0,z € CtuC~, foranyFy € H(v). (Note thatF; can be theH () function
staying on the left hand side of (34).) & ¢/ PG) =: Py is the Gramian o/, (35) implies that
Py is singular.

By the property(x) of P, rankPy is r, for Py is a singular Pick submatrix 3. As P, is of size
(7’1 + 1) X (r1 + 1), it must ber < ry.

Sufficiency— First case: min{r, 7} = r < n. By Theorem 2, the probleffiz(¢) has a unique
solutiont, andy is a real rational function of degree Denote the domain of regularity @fby D
and letzy(2) =: ¥1(2),z € D, andK (¢1;w, 2) =: K1(w, 2),z,w € C*t U C~. We shall show
thatIm 11 (z) > 0,z € C™.

Letv € C™*. SinceP is singular and has the propeity), it follows that there exist®, as in
the proof of Theorem 1. Let andV,; be as in the mentioned proof. Then we have (17) and (18).
Denote byF' the H (1)) function staying on the left hand side of (17), andBythe corresponding
H (11) function which is obtained frond’ by replacingK by K. Then (17) and (18) are written as
F(2) = 0and(AzF)(z) = 0,z € CT U C~. According to (12) (in view of (15)), it follows from
(17) and (18) thatAyF)(z) = 0,z € CTUC™. The last equality is (18) witl; instead off(, and
shows that; (v, -) is a linear combination of functions of the for /ow” K1 (w, -), (w,v) € G,

and that
Im vy (v)

1K (v,) = Ka(v,0) = ==
Thus,Im 1 (v) > 0 for anyv € C*.
Sincey andwy; are Pick functions, it follows thap is a Stieltjes function. As (2) also holds,

is a solution of the problerfig ().
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Uniqueness of the solution @f () follows from the uniqueness of solution 8f; () and the
fact that every solution dfs(y) is also a solution of g ().

Second caser; < r. This case is worked on literally in the same way as the preceding, but
with changed roles of andi;. We note only that heré(z) = 0 and(AzF1)(z) = 0 imply not
(AzF)(2) = 0, but rathen (AzF')(2) + F(2) = 0. As well, (2) with(;) andy; instead ofp and
1 implies (2), because @&f ¢ Ej.

Third case » = r; = n. By an appropriate extension @f this case can be reduced to the first
one. LetV be the set of alk functions of the formC(w, k; -), (w, k) € E, andV; the analogous set
of hy functions. The set¥ andV; are linearly independent, for their Gram matriggandP; are
nonsingular. We will choose a suitalilee R\ E, and extendp to PE U {(¢,0), (¢, 1)} such that
VY becomes linearly dependent, that each of its proper subsets is linearly independent, and that the
matricesP and’P; hold nonnegative.

For anyv € Ey, let N,, be the normal of the vectdt(v, n(v); -) to the linear span of without
that vector. The functio®v, has the form

N, = K(v,n(v);) + > pu(w, k)K(w, k; ) (36)
(w,k)e E\{(v,n(v))}

for some numberg(w, k).

Foreacht € R\ Ep anda € R, setE U {(¢,0)} =: E° and lety be a function fromP E¢ into
C such thaty/PE = ¢ andx(t,0) = a, x(t,1) € R, and set

Ny (t) == K(x;v,n(v);t) + > p(w, R)K(x; w, ks t),  ve Ey.  (37)
(w,k)€E\{(v,n(v))}

Whenevera is fixed, N3(¢) is a linear combination of functions (i) of the form1/(t —
w) L (w, k) € E, with coefficienty(t) — x(v) = a — ¢(v) by 1/(t — 7)™+, Accordingly,
if a # ¢(v), thenNS(t) is not identically zero, so that it has finitely many zeroes, as a rational
function (int).

For eachn € R" such thatr # o(v) for all v € Ey, we can choose a positive real number
such that

N&(t) #0, wve Ep. (38)
As the set) is a basis of the spadg it follows that the function
F=K(x;t,0;-)/E (39)

belongs toh. Analogously, the functioy := K(x(1);¢,0;-)/E belongs toh;. Using indetermi-
nacy ofa and¢, we can choose them such that also

tIFI; +a > F7, - (40)
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In order to show this, let us see how ¢oF |7 and || Fy ||7, depend onx andt. It is
obvious that| F' ||2, respectively| F} ||%Ll, is a linear combination of functions inof the form
F(w,k)F(u,j), (w, k), (u,j) € E, respectively of the forn# (w, k) F1(u, j), (w, k), (u,j) € E.
Since

N e (I N (N2 N
F(w, k) = K(x;t, 0w, k) = (t _@)kJrl Z vl (t _@)kfqul? (w, k) € E,
v=1

and

ta — oy (w) i 1 pay(w,v)

Fl(wak):IC(X(l)ﬂt707w7k): (t—@)k+1 ;Wv
1

(w, k) € E,
it follows thatC(x; ¢, 0; w, k) = o(a®/?) andK(x(1);t, 0w, k) = o(a'/?),a — 0,if t = t(a) is
chosen such that < ta® < 2. Consequently, then|| F || and|| F1 |7 areo(a), — 0. Thus, if
ae R*) is sufficiently small and is such thatl < ta? < 2, then (40) is satisfied.

Relying on this, take an € Rt and & € R such that (38) and (40) hold. Sett, 1) :=| F||3.
We will show that then the matric3(y) andP(x () are nonnegative, that they have the property
(), thatP(x) is singular andP(x 1)) is nonsingular.

Nonnegativity ofP(y) follows easily from:K(x; -;-)/E? = K,K(x;t,0;-)/E = F,
K(x;t,0;t,0) =|F|| and nonnegativity oP. SinceP(x) can be represented as the Gram matrix
of the linear dependent set bfvectorsV U {F'}, it follows thatdet P(x) = 0. Nonnegativity of
P(x()) follows from: KC(x1y; 5 -)/E* = K1, K(x(1); t,05-)/E = F1,K(x(1);1,0;1,0) >[| F |7,
(see (40)) and nonnegativity &. The preceding implies also thatt P (x (1)) is greater than the
Gram determinant of the set bf vectorsV; U {F1}, i. e. det P(Xu)) > 0.

It rests the property«). Since
(Ny, F), = Ng(t) #0, ve Ep,

by (36), (39), (37) and (38), it follows th&t cannot be a linear combination of functiofi$w, &; -),
(w, k) € E\ {(v,n(v))}, i.e. each set of the fortV’ U { F'}) \ {K(v,n(v);-)} is linearly indepen-
dent. The last means th&{y), as the Gram matrix of the set of vectdrsJ { '}, has no singular
proper Pick submatrices, and therefore it has the progeytyrhe matrixP(x ;) has the property
(x) simply because it is nonsingular.

By the first case of this proof, the problem(x) has the unique solutiort, which is a real
rational function of degree. Since each solution of the problefg(x) is a solution of the problem
Zs(p), 1 is areal rational solution dfs () of degreer.

Finally, the nonuniqueness afandt in the preceding reasoning shows that the solution of the
problemZg(y) is not unique in this case.

The proof is completed.
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We will make a few remarks.

Remark9: The above proofs give possibility to conclude that in the dase R~ nonnegativ-
ity of matricesP andP; is sufficient for solvability of the problerfis(y), which is in accordance
with [7]. Indeed, letP, = P(¢/PG) be a singular proper Pick submatrixBf having no singular
proper Pick submatrices. Then (19) holds. ket Ey (C R™) be such thatv, n(v)) ¢ G. Since
AL K (w, k; )]+ K(w, k; ) = Ay[K1(w, k;+)], (w, k) € G, (by (12)), it follows that

0 (D7 M, k) A 0 D2 Aw, k)AL [ (w, ks )])

<Z/\wk: oK1 (w, ks )], S Aw, k).A IClwk)]>h1, (41)

which implies) | A(w, k)A,[K(w, k;-)] = 0, asv < 0. In the same way as in the proof of Theorem
2, the last equality implies that (v, s(v) + 1;-) (s(v) — the largest for which (v,v) € G) is a
linear combination of functions of the forii(w, k; -), (w, k) € G. It follows that these functions
are complete irh, i. e. that rankPy = rankP. Thus,P has the propertyx). One shows quite
analogously thaP; also has the property), with only difference that instead of (41) the following
equality is used:

<Z)\ w, k) Au [y (w, k5 )], D Aw, k) Ay [Ky (w, k; -)]>h

1

- <Z Aw, k) {v Ay [K(w, k; )] + K(w, k; )},

3" Mw, k) {0 A [K(w, k; )] + K(w, k; ->}>h.

Remark10 : The same reasoning as in Remark 9 can show the following: if both matrices
P andP; in Theorem 3 are nonnegative afdis singular, then the equality (32) holds also for
v € EyN R™,v =2n(v) + 1, so that the inequality (33) holds forc Eo N R*,v = 2n(v) + 1,
and the equality (32) for all the remaining pafisv) € PE. As well, the same holds #® andP;
(i.e. p andy(y)), and, accordingly) andy;, mutually change the roles.

Remarkll : In the problenfs(y), nonnegativity of matrice® andP; and the propertyx) of
one of them do notimply the property) of the another. In the examplé&: = {(1,0), (2,0)}, ¢(1,0)
=—1,p(1,1) = 1,9(2,0) = —1/2,¢(2,1) = 1, the matrices® and’P; are nonnegativel? has
the property(x), but’P; does not. In the exampldZ = {(1,0), (2,0)}, ¢(1,0) = ¢(2,0)
=a > 0,p(1,1) = 0,¢(2,1) = § > 0, the matricesP andP; are nonnegativeP; has the
property(x), andP does not.

Remarkl2 : Conversely, if bottP andP; have the propertyx), then they need not be nonneg-
ative. If in the last example is negative ands = 0, then bothP andP; have the propertyx), P
is nonnegative, bup; is not.

It is interesting to consider also the following slightly more general interpolation problems.
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The problenZg“*" (). The interpolation problem differing frorfis(¢) only in that, that the
numbersn(z) need not be odd far € Ey N R will be denoted byZ¢" (¢).

We will call such a problem an interpolation problem of neéwiner and Pick-Nevanlinna type.

In the case of a probledig®*” (¢), the set?” (consisting of all "points” of the forngz, j),
z € Ep,0 < 7 < m(z)) need not bePE for some permissible subsét of C. Denote byE,
respectively®, the largest, respectively the smallest, permissible subsgtfof which PE ¢ W,
respectivelyPE > W. Let ¢ denote the restriction of the functignto the subsef’ £. The matrix
P(p) = P will be called the Pick matrix to the proble#“"(¢). In the case whefi € Ey and
m(0) is even, let2® := EU{(0,n(0))} (n(0) := 1m(0)) and lety*® be an extension of the function
@ to the setP £° such thatp®(0,m(0) +1) € R. LetP; be the matriXP(g(l)) if 0 ¢ Egorm(0)is
odd, and the matri?(g?l)) if 0 € Ey andm(0) is even. The matrig®; will be called the associated
Pick matrix to the problerZg“*" ().

Using Theorem 3, one can easily establish a solvability condition for the protlgftig ).

Theorem4 — Necessary and sufficient for the probl&igf*"(¢) to have a solution is that the
matricesP andP; have the propertyx), that ¢ allows an extensiop to the setP E such that the
matricesP(p) and P((;)) are nonnegative, and thaank? < rankP; in the case) € Eyp with
oddm(0). Whenever this condition is met, there exists a solution which is a real rational function
of degree at mostardE. The solution is unique if and only# or P; is singular.

PROOF. Necessity— Let ¢ be a solution of a problemg“*”(¢). Sincey is also a solution of
the problentZs(y), andy is a solution of the problemR(gfl)) in the case whefi € E, andm/(0)
is even, it follows from Theorem 3 and Theorem 1 that the matfitaad?; have the propertyx),
and that ran® < rankP; in the cas# € E, with oddm(0). As well, the matrice$ andP; are

nonnegative.

It remains only to show that allows an appropriate extension.Afor P; is singular, then) is
the unique solution afs(y), ore; is the unique solution of the problemg(gfl)), and therefore)
must be a real rational function, by Theorems 3 and 278etj) := ¢U)(z) for each(z, j) € PE.
Then is an extension ap to the setP E/, such that the matrice®() andP((;)) are nonnegative.
This follows from Theorem 3, sincg is a solution of the problefis ().

If P andP; are nonsingular, thus positive, thencan be extended to the sBiZ such thatP
and?P; hold be positive. Namely, to extengto the setP’ E means to sep(w, j) := ¢(w, 5), (w, j)
€ W, and to choose(z, m(z) + 1) for everyz € Ey N R with evenm(z) (3m(z) =: n(x)).

We shall use the following simple proposition: an Hermitian matixhaving a positive main
submatrix M, can be made positive by appropriately increasing its diagonal entries which are
not entries ofM,. (For example, ifM is situated at the left top corner g¥1, then one can
successively choose the diagonal entriesvéfwhich are not entries aM, (in each step one of
them) as sufficiently large positive numbers, to make the corresponding Sylvester determinants of
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M positive).

SinceP, respectivelyP;, is a positive submatrix 0P (), respectivelyP(¢(,)), and the diag-
onal entries ofP(), respectivelyP((;)), which are not entries oP, respectivelyP;, have the
form

[2712;()%)!1]!90(96’ 2n(z) +1), x€ EgNnRT,

respectively

n(x)!

m{i@(% 2n(z) + 1) + 2n(z) + 1)@(z, 2n(x))}, =€ Eyn R\ {0},

it follows that the numberg(xz, 2n(z)+1),z € EoNR™, can be chosen, i.e. thatcan be extended
to a function defined onP E, such that the matriceéB() andP (%)) are positive.

Sufficiency— Let the condition from Theorem 4 be fulfilled. First consider the case wWhen
and?P; are nonsingular. Lep be an extension ap to the setP E such that the matriceB() and
P(%(1)) are nonnegative. We may assume tRap) andP(3(,)) are positive, unless this can be
achieved by increasing(x, m(z) + 1) for eachx € Ey N R with evenm(z). ThenP (%) and
P (1)) automatically have the property) and the same rank, caftl By Theorem 3, there exists
a real rational solution of the probleniZs() of degree card:. Evidently, any suchy is also a
solution of the problenTg®*" (¢).

Now, let P be singular. TherP and P(f(n) are nonnegative (since they can be extended
to some nonnegative matrices), have the properiy( P(fu)) is a Pick submatrix ofP;), and
rankP < rankP(g(l)) in the case) € Ey. The last is a presumption in the case whe(0) is
odd, and follows from (12) iin(0) is even. Indeed, (12y(= 0, E — E° F = ¢°) implies that
AOIC(ffl);w, ki, j) = K(o;w, k;u, j), (w, k), (u, j) € E, which means tha® coincides with the
matrix M§ = (M§(w, k;u, j)), where M§(w, k;u,j) = AO’C(ffD; w, k;u, g), (w, k), (u,j) €
E.By(11) w=0,F — E° F = 9?1))’ any row of Mg is a linear combination of some rows of
the submatrixP, ,, o) of P; obtained by omitting the columﬂ(ﬁl); -;0,n(0)). This implies that
rankP = rank Mg < rankP ,,(g)- SinceP(g(l)) is a Gram submatrix of the nonnegative matrix
P1 and is obtained fror, ,, ) by omitting the rowtC(¢?,,; 0,n(0); ), it follows that

)
rankPyn(o) = rankP(g,)). so that rank® < rankP (g,

By Theorem 3, the problerfis () has a unique solutiogh, which is a real rational Stieltjes
function of degree ranR (< cardE). Letp be an extension gp such that the matriceB() and
P(%(1)) are nonnegative. By Theorem 2 and Remark &oincides with the unique real rational

Pick function whose restriction to the dét is /W (= ). Thus,? is a solution of the problem
Igea?"(@).

It remains only the case whénis nonsingular an@®; is singular. If alsd) ¢ Ej, then this case

is handled in the same way as the preceding, but with mutually changed rGPégpﬁndP(g(l)).
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If 0 € Ey (and still’P is nonsingular an@®; singular), thenn(0) must be even:
m(0) = 2n(0). By Theorem 2, the problerﬁR(gfl)) has a unique solutiog;, which is a real
rational Pick function of degree raftk (< cardE). Sincey;(0) = 0, the function
¥(z) = 2~ Y1(2) is (extendable to) a real rational function of degree at most Pankegular at
the pointz = 0. Specify®(0,m(0) + 1) to bey™@+1(0). In order to show that is also a
Pick function, show first thaP(°) is singular. We can show that rafK¢°) < rankP(gfl)) in
the same way as we showed above that fank rankP(g(l)) in the case whefi € E, andm(0)
is even. SinceP () is singular, i.e. ranVP(ggl)) < cardE®, it follows that the same holds for

(1)
P(e°).

As P(f) can be extended to a nonnegative matrix, it must be nonnegative, in fact positive, for
itis singular. ThusP(¢°) is a singular Hermitian matrix of order cakf and has a positive main
submatrix,P(y), of order cardz® — 1, and thereforéP(¢*) must be nonnegative. (This is easily
seen, for example by using the Sylvester criterion.)

Now, we can show that is a Pick function in the same way as in the sufficiency proof of
Theorem 3 (the case < r). Since); is also a Pick function, it follows thap is a Stieltjes
function.

By Theorem 2 and Remark 8y is the unique real rational Pick function whose restriction to
the setW; := W U {(0,2n(0) + 1)} is 1)/ W1, or, which is the same)/W = p/W = . It
follows thaty is a solution of the probleg“* ().

The proof is finished.

If in a problemZg“*" () the numbersn(z) are allowed to be even also farc Ey N R™,
then the condition from Theorem 4 is not sufficient for solvability of the problem, as the following
example showsWW = {(-—1,0),(1,0),(1,1)},¢(—=1,0) = ¢(1,0) = 0,¢(1,1) = 1. For any
extensionp of ¢ to the setPE = W U {(—1,1)} we have

p(-1,1) 0

W):[ O

~3(-1,1) 0 ]

;. P®@n)) = [ 0 )

so that the only extensiap for whichP() andP((,)) are nonnegative is that for whici(—1, 1)
= 0. This implies that each solution of the probléif*" () must be also a solution of the problem
Zs(®). But the problenZs(®) has no solution, sincB () does not possess the prope(ty.

A problem of the typeZg“* () with possibly evenn(x) for x € Ey N R™ is solvable if and
only if the functiony can be extended to a functighon PE such that the matriceB (%) and
P(#(1)) are nonnegative, have the propefty, and rankP(p) < rankP (@) in the case when
0 € Ey.

Sufficiency of this condition is clear. Necessity is also easily showns/le¢ a solution of a
problemZ " () with possibly evenn(x) for z € EgNR™. We may assume that(z) is odd for
x € EyN R, unless one can achieve this by extendirgch thatp(z, m(z)41) := @+ (z)
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whenever: € Ey N R~ andm(z) is even. Nowy is extended as in the necessity proof of Theorem
4.

We will establish also a parametrization of the set of all real rational solutions of the problem
Zs(p) of degreer, in the casd) € Ey,r = r; = n. The role of the parameter will be played by
some linear extension of a mapping, partially definedl irsing.A,.

Let0 € Ey andr = r; = n. LetV andV; be the same as in the third case of the sufficiency
proof of Theorem 3. Thelr andV; are bases aof andhy, respectively. Denote by, (V1) the set
V (V1) without K£(0,n(0); -) (£1(0,n(0); -)), and byhg (h1o) the linear span o¥; (Vyp). LetT be
the uniquely determined linear mapping frégnnto 2, such that

T[]C(w’k; )} H’Cl(ka; ')a (U},]{?) € FE.
Observe that4, acts as a linear mapping frohq (h10) into & (h1). Indeed, whenevedmw, k)
€ B\ {(0,7(0))}, thendo [KC(w, k; )] € h andAg [K1(w, k;-)] € hi, by (11) ¢ = 0 # w,
F = ¢, (1)) and Definition 2 (v = 0, F' = ¢, ¢(1)). As well, it follows from (12) ¢ = 0, F' = ¢)

that
AgTF = F, (42)

and from (11) ¢ = 0 # w, F' = ¢, (1)) and (9) v = 0, F = ¢, (1)) that
AoTF = 1 AF, (43)
for any hg function F. The equality (42) means thado7F)(u, j) = F(u,j),i. €.
(AoTF', Ka(u, j5-))p, = (F, K(u,j;-))y
for each(u, j) € E, which implies that
(AoTF', G, =(F, G),, GE€h. (44)

The h function G in (44) can be replaced bytoG, whereG is anhg function. Thus, we have,
in view of (43),
<A07F, AoTG>h1 = <F, A0G>h7 F,G S ho. (45)

The equality (45) shows that
(AoF', G)), = (F, AoG),, F,G € ho. (46)

SinceV; is a basis ofi4, it follows that everyh function belongs td, so that we can consider
the following bilinear form

B(F,G):=(F, G), , F,Geh
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Since B is a nonnegative hermitian form bfy there exists a nonnegative operafoon » such
that
B(F,G) =(BF, G),, F,Geh.

By (42), (45) and (46), BF, G) equals(AoF', G);, wheneverF’,G € hy.

Theorem5 — Let0 € Ey andr = r; = n. Then there exists a one-to-one correspondence
between the set of all linear selfadjoint extensighef A/ to the wholeh, such thatker(—u.A
+ 1) = {0},u € Ey (I — the identity mapping oh) and.4 > B, and the set of all real rational
solutions of the problerfis () of degreen.

PROOF Let ¢ be a real rational solution &fs () of degreen, and lety) be the same as in the
proof of Theorem 2. Defingl as the uniquely determined linear mapping frarimto ~ such that
AF := AgF, F € hy, and A[KC(0,n(0);-)] := A[K(2;0,n(0);-)]/E = ﬁK(l[);O,n(O)
+1;-)/E.

Sincet)/ PE = ¢, it follows that the Gram matrix of the s&t U {KC(¢;0,n(0) + 1;-)/E} is
just the Pick matrixP(y)/ PE€), whereE® := E U {(0,n(0) + 1)}. Sincey is also a solution of
the problemZy(¢)/ PE®), it follows from Theorem 1 thaP(v)/ PE€) has the propertys). But
P(¢/PE*®) is singular (as the Gram matrix of linearly dependent set of vectors)Paisdan its
Gram submatrix of rank, so that rankP(v)/ PE¢) also must be:, implying thatP(¢)/ PE¢) has
no proper singular Pick submatrices (for it has the propes}y.

Letu € Ey and show thaker(—u.A + I) = {0}. Since, by (11),

(—uA+ I)[K(w, k; )]

1 k

k!

for (w, k) € E,w # 0, and, by (9),
(—wA + D0, k; )] = —klﬂiqo, k+1;) + K0, k; )

for 0 < k < n(0), as well as

u

(—aA + I[K(0,n(0);-)] = Tn(0) +1

K(4;0,1(0) + 15-)/ E + K(0,n(0); ),

it follows that(—u.A+I)h is just the linear span of the set of functions of the fdtitaw, &; -), (w, k)

e E\ {(u,n(v))}, andK(¢);0,n(0) + 1;-)/E. As the Gram matrix of this set df functions is
nonsingular, as a proper Pick submatrix®fi)/ PE¢), thesen functions are linear independent,
which implies thadim(—aA + I)h = n, i. e. thatker(—uA + I) = {0}.

Selfadjointness ofd follows from (46) and

(AK(w, k)], K£0,n(0);)), = AoK(th;w,k;0,n(0))
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1 .
= n(0)+1lC(¢;w,k;0,n(0)+1) =

1 ~

= (K(w,k;-), AK0,n0); )]y, (w,k) € E,

where we used (6):(= 1) and (10).
In order to show thatl > B, compare

(ALCO.00))] . KO0 ), = = K(G:0.0(0):0.0(0) + 1

_ Mn(@l; 0,1(0) + 1;0,n(0) + 1)

and

B (K(Ov n(()); ')7 ]C(Ov n(O); ))

= (Ao [K0r:0.m(0): )] /B Ao [K(er:0.m(0):)] /)

h1

= o (K(:0,m(0) +15)/B, K(th:0,n(0) + 1)/ )

[n(0) +1] h

Let G be the Gram matrix of the linearly dependent setpfvectorsl; U {K(dl; 0,n(0) +
1;-)/E}. Sinceg differs fromP (4, / PE¢) only in the entry corresponding to the p&i6, n(0)+1),
(0,7(0) + 1)), anddet P (¢, /PE®) > 0 = det G, it follows that

K(41:0,n(0) + 1;0,n(0) + 1) det Py
> (K(1:0,n(0) +15)/E, K(130,n(0) + 1;-)/E) det Py,

and, aslet P; > 0,
(AK0,n(0);-)] , £(0,7(0);-))), = B (K(0,n(0); ), £(0,n(0);-)) - (47)
Together with(AoF', G), = B(F,G), F,G € hy, and

(A0, n(0);)], G)y = (K(0,n(0);-), AoG)y,
= </C(0,TL(O); ')7 TA0G>]11 =B (K(O,TL(O); ')’G)v G e h07

the last inequality implies
(AF, G),, > B(F,G), F,G€h,

i.e.A>B.
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Now, let.A be a linear selfadjoint extension &/ h to the wholeh, such thaker(—u.A + I)
= {0},u € Ey, andA > B. Denote byy the extension op to PE° such that

[n(0)1]* x(0,2n(0) +2) := [20(0) + 2]! (A [KC(0,2(0); )] , K(0,n(0); )
and
[7(0)11* x(0,2n(0) + 3) := [202(0) + 3] (A [KC(0,n(0); )] , A [KC(0,2(0); )]}
We will show that the matrice® (x) andP(x(;)) are nonnegative and have the prope#ty,
wheren = rankP(x) < rankP(x1))-

The nonnegativity of () follows from the fact that it coincides with the Gram matrix of the set
of h vectorsV U {[n(0) + 1].A[K(0,n(0);-)]}. Since the last set of vectors is linearly dependent, it
follows that rankP (x) = n. The property(x) of P(x) follows fromker(—uA+I) = {0}, u € Ey,
in the following way. For each € Ey, (—u.A + I)h is just the linear span of functions of the form
K(w, k; ), (w, k) € E\{(u,n(u))} and[n(0)+1AK(0,7(0); -)] (= K(x; 0,n(0)+1; )/ E), asin
the first part of this proof; sindeer(—u.A + I) = {0}, these functions must be linearly independent
and their Gram matrix nonsingular. Since each Pick submatriR(qf) of rankn coincides with
some such Gram matrix, it follows th& ) has no singular proper Pick submatrices, which implies
thatP(x) has the propertysx).

The assumptiotd > B implies that, in particular, (47) holds, i. e.
K(x(1);0,n(0) +1;0,n(0) + 1)
> (K(x(1);0,n(0) + 1;-)/E, K(x(1):0,n(0) +1;-)/E), (48)

(see the first part of this proof). Sin@¥x,)) differs from the Gram matrig of the set of:; vectors
ViU{K(¢1;0,n(0)+1;-)/E} only inthe entry corresponding to the p&i6, n.(0) + 1), (0, n(0) + 1))
(asx/PE = o), it follows thatP(x (1)) > G (taking (48) into account, as well). No@, > 0 im-
p|ieSP(X(1)) > 0.

As for the property(x) of P(x(1)), it can be derived from singularity and the propefty of
P(x). Singularity of P(x) implies that the seV’* of functions of the formiC(x; v, j;-), (u, j) €
E, is complete inh(x). If a linear combination’; of a setU; of h(x(i)) functions of the form
K(x@y;w, k;-), (w, k) € E°, is zero, thed Ao F1)(u, j) = 0for (u, j) € E, because of (6} = 1).
Since A F} is that linear combination of the corresponding 8ebf h(y) functions of the form
K(x; w, k;-), (w, k) € E° which corresponds té7, andV ¢ is complete ink(y), it follows that
AoFy1 = 0. Since the Gram matrices &f; andU are Pick submatrices d?(x (1)) and P (x),
respectively, an@(x) has no singular proper Pick submatrices (the progeitef P(y)), it follows
that P(x (1)) also has no singular proper Pick submatrices, which implies&t;)) has the
property(x).

SinceP(x) andP(x (1)) are nonnegative and have the propgrty; and since ran®R(y) = n
< rankP(x (1)), the problemZs(x) has a unique solutiogr, which is a real rational function of
degreen, by Theorem 3. Clearly) is also a solution of the problefx ().
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The proof is finished.

As a consequence of Theorem 3, a theorem on solvability condition for the pr@klgm can
be derived. Its proof is essentially contained in the proofs of Theorems 2 and 3.

Theorem6 — Necessary and sufficient for the probléifi(¢) to have a solution is that the
matricesP andP; are nonnegative. If this condition is satisfied, then the proldigfip) has a real
rational solution of degree at most The solution of the problefi(y) is unique if and only if

min{r,r1} < n.

PROOF: Necessity— Let ) be a solution of the probleff () and let(z, j) = v (2), (2, )
€ E. Sincey is a solution of the problerfig(v)), it follows, by Theorem 3, tha® () > 0 and
P(&(l)) > 0. But, (3) implies thatC(z, n(x); z, n(x)) > K(;z,n(z); z,n(z)),z € Eg N RY,
whereas (2) (withj # m(w) = 2n(w) + 1 wheneverw € Ey N RT) implies thatC(w, k; u, j)
= K(¢p; w, k; u, j) whenever(w, k), (u, j) € E andk + j # 2n(z) if w = v = 2 € R*, so that

P > P(v) and thereforé® > 0, asP(¢)) > 0. Nonnegativity ofP; is shown in the same way. The

A~

only difference is thakC; (0, 7(0); 0,7(0)) just equalsC(z(1); 0,7(0); 0,n(0)), in the cas® € Ej.

Sufficiency— If » = r; = n, thenP andP; have the property«), as nonsingular Pick matrices.
By Theorem 3, the problerfig(¢) has more than one solution and at least one of them is a real
rational function of degree. Since any solution af () is also a solution ofg(¢), it follows
that the problent(¢) has more than one solution and that it has a real rational solution of degree

n.

Suppose that < n orr; < n. In the case whefi € E, we may assume th& is singular,
unless this can be achieved by decreasi@ 2n(0) + 1). (Since all Sylvester determinantsBf
except deP, remain positive, it follows thaP remains nonnegative.) Then there exists a singular
Pick submatrix ofP or of P;, such that it and the corresponding Pick submatriRgfrespectively
P, have no singular proper Pick submatrices.

Let G be a permissible subset &f such that the matri®(¢/PG) or P(¢(1y/PG) is singular
and thatP(¢/PG) andP(p(1)/PG) have no singular proper Pick submatrices. Thp/PG)
andP(p(1)/PG) are nonnegative (as main submatrices of nonnegative mafieesiP;), have
the property(x) (since they have no singular proper Pick submatrices), and?apkPG)
< rankP(p(1)/PG) inthe casé € Ey (which is proved in the same way as rahk< rankP(g(l))
in the sufficiency proof of Theorem 4). By Theorem 3, there exists a unique solitiointhe
problemZs(¢/PG). Theny is a real rational Stieltjes function of degree rahkyo/ PG) < r. By
Remark 10, ifP, respectivelyP,, is singular, then (33), respectively (33) with instead of) and
¢(1) instead ofp, holds forv € Ey N R™, and (32), respectively (32) with, instead ofi andyq
instead ofp, holds for all the remaining paif®, ) € PE. Since in the case wheh¢ Ej, (33) for
v € Eg N R" with ¢, instead ofy andy ;) instead ofp implies (33) forv € E; N R™ , and (32)
with 1, instead ofy andy ) instead ofp implies (32), and since in the caBe= Ej the matrixP
is singular, it follows that we always have (33) foe EyN R and (32) for all the remaining pairs
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(v,v) € PE. Thus, is a solution of the problerfiy ().

The proof is finished.
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