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In this paper some integral inequalities and their two independent variables generalizations

which provide explicit bounds on known functions are established. Some applications are given

to illustrate the usefulness of our results.
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1. INTRODUCTION

The integral inequalities which provide explicit bounds on unknown functions play an important role

in the development of the theory of differential and integral equations. For instance, see [1–10] and

the references therein. However, in certain situations the bounds provided by the above-mentioned

inequalities are not directly applicable, and it is desirable to find some new estimates which will

be equally important in order to achieve a diversity of desired goals. The main purpose of this

paper is to establish some new inequalities which can be used to study the qualitative behaviour

of the solutions of certain classes of differential and integral equations. Two independent variables

generalizations of the main results and some applications of one of our results are also given.

2. PRELIMINARIES AND LEMMAS

In what follows, R denotes the set of real numbers,R+ = [0,∞) is the given subsets of R, and”′”
denotes the derivative. The first-order partial derivatives of a functionz(x, y) for x, y ∈ R with

respect tox andy are denoted byzx(x, y) andzy(x, y) respectively.
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The following lemmas are useful in our main results.

Lemma1 — Assume thatp ≥ q > 0, a ≥ 0, then

a
q
p ≤ q

p
k

q−p
p a +

p− q

p
k

q
p ,

for anyk > 0.

PROOF: Let b = p
q , thenb ≥ 1, by [10 , Lemma 1], we have:

a
q
p ≤ q

p
k

q−p
p a +

p− q

p
k

q
p ,

for anyk > 0.

Lemma2 — Leta, b ∈ C(R+, R+), α ∈ C1(R+, R+) be nondecreasing withα(t) ≥ t onR+.

(a1) : If u ∈ C(R+, R+), k ≥ 0 and

u(t) ≤ k +
∫ ∞

t
a(s)u(s)ds +

∫ ∞

α(t)
b(s)u(s)ds, (2.1)

for t ∈ R+, then

u(t) ≤ k exp(A(t) + B(t)),

whereA(t) =
∫∞
t a(s)ds, B(t) =

∫∞
α(t) b(s)ds for t ∈ R+.

(a2) : If u ∈ C(R+, R+), andφ ∈ C(R+, R+) be nonincreasing and

u(t) ≤ φ(t) +
∫ ∞

t
a(s)u(s)ds +

∫ ∞

α(t)
b(s)u(s)ds, (2.2)

for t ∈ R+, then

u(t) ≤ φ(t) exp(A(t) + B(t)),

whereA(t) =
∫∞
t a(s)ds, B(t) =

∫∞
α(t) b(s)ds for t ∈ R+.

PROOF: (a1). Define the nonincreasing positive functionz(t) and make

z(t) = k + ε +
∫ ∞

t
a(s)u(s)ds +

∫ ∞

α(t)
b(s)u(s)ds, (2.3)

whereε be an arbitrary small positive number. From inequality (2.1), we can know

u(t) ≤ z(t). (2.4)

Differentiating (2.3) and using (2.4), we deduce that

z′(t) = −a(t)u(t)− b(α(t))u(α(t))α′(t),
≥ − [

a(t) + b(α(t))α′(t)
]
z(t).

i.e.
z′(t)
z(t)

≥ − (
a(t) + b(α(t)α′(t)

)
.
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Settingt = s, integrating it fromt to∞ and letε −→ 0 yields

ln(z(∞))− ln(z(t)) ≥ −
∫ ∞

t
[a(s) + b(α(s))α′(s)]ds.

Making the change of variable of the above inequality, we have

ln(z(t)) ≤ ln(k) +
∫ ∞

t
a(s)ds +

∫ ∞

α(t)
b(s)ds

then yields

z(t) ≤ k exp(A(t) + B(t)).

Fromu(t) ≤ z(t), we have

u(t) ≤ k exp(A(t) + B(t)).

PROOF: (a2). From the conditions ofφ, we can see that for∀T ∈ R+, (2.2) becomes

u(t) ≤ φ(T ) +
∫ ∞

t
a(s)u(s)ds +

∫ ∞

α(t)
b(s)u(s)ds,

for 0 ≤ T ≤ t < ∞, then by(a1) we have

u(t) ≤ φ(T ) exp(A(t) + B(t)),

for 0 ≤ T ≤ t < ∞, whereA(t) =
∫∞
t a(s)ds B(t) =

∫∞
α(t) b(s)ds, then

u(T ) ≤ φ(T ) exp(A(T ) + B(T )),

for the arbitrary ofT , we have

u(t) ≤ φ(t) exp(A(t) + B(t)).

If we seta(t) = 0 in Lemma 2, we can get the following Lemma 3.

Lemma3 — Let u, a, b ∈ C(R+, R+), α ∈ C1(R+, R+) be nondecreasing withα(t) ≥ t on

R+, assume thatφ(t) is nonincreasing fort ∈ R+. If

u(t) ≤ φ(t) +
∫ ∞

α(t)
b(s)u(s)ds,

for t ∈ R+, then

u(t) ≤ φ(t) exp

(∫ ∞

α(t)
b(s)ds

)
,

for t ∈ R+.

Lemma4 — Leta, b ∈ C(R+ × R+, R+) andα ∈ C1(R+, R+), β ∈ C1(R+, R+) be nonde-

creasing withα(x) ≥ x onR+, β(y) ≥ y onR+ andk ≥ 0.
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(a1) : If u ∈ C(R+ ×R+, R+) and

u(x, y) ≤ k +
∫ ∞

x

∫ ∞

y
a(s, t)u(s, t)dsdt +

∫ ∞

α(x)

∫ ∞

β(y)
b(s, t)u(s, t)dsdt, (2.5)

for (x, y) ∈ R+ ×R+, then

u(x, y) ≤ k exp(A(x, y) + B(x, y)), (2.6)

for (x, y) ∈ R+ ×R+, where

A(x, y) =
∫ ∞

x

∫ ∞

y
a(s, t)dt ds,

B(x, y) =
∫ ∞

α(x)

∫ ∞

β(y)
b(s, t)dt ds,

for (x, y) ∈ R+ ×R+.

(a2) : If u ∈ C(R+ ×R+, R+) andϕ ∈ C(R+ ×R+, R+) be nonincreasing and

u(x, y) ≤ ϕ(x, y) +
∫ ∞

x

∫ ∞

y
a(s, t)u(s, t)dsdt +

∫ ∞

α(x)

∫ ∞

β(y)
b(s, t)u(s, t)dsdt,

for t ∈ R+, then

u(x, y) ≤ ϕ(x, y) exp(A(x, y) + B(x, y)),

where

A(x, y) =
∫ ∞

x

∫ ∞

y
a(s, t)dtds, B(x, y) =

∫ ∞

α(x)

∫ ∞

β(y)
b(s, t)dtds.

PROOF: (a1). Define a functionz(x, y) by the right-hand side of (2.4).Thenz(x, y) > 0,

z(x,∞) = z(∞, y) = k, andu(x, y) ≤ z(x, y),

zx(x, y) = −
∫ ∞

y
a(x, t)u(x, t)dt−

(∫ ∞

β(y)
b(α(x), t)u(α(x), t)dt

)
α′(x)

≥ −
∫ ∞

y
a(x, t)z(x, t)dt−

(∫ ∞

β(y)
b(α(x), t)z(α(x), t)dt

)
α′(x)

≥ −z(x, y)
∫ ∞

y
a(x, t)dt− z(α(x), β(y))

(∫ ∞

β(y)
b(α(x), t)dt

)
α′(x)

≥ −z(x, y)

[∫ ∞

y
a(x, t)dt +

(∫ ∞

β(y)
b(α(x), t)dt

)
α′(x)

]
.
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i.e.
zx(x, y)
z(x, y)

≥ −
∫ ∞

y
a(x, t)dt−

(∫ ∞

β(y)
b(α(x), t)dt

)
α′(x). (2.7)

Keepingy fixed in (2.7), settingx = σ and integrating it with respect toσ fromx to∞, x ∈ R+,

and making the change of variable we get

u(x, y) ≤ k exp(A(x, y) + B(x, y)). (2.8)

Using (2.8) inu(x, y) ≤ z(x, y), we get the inequality in (2.6). Ifk ≥ 0, we carry out the above

procedure withk + ε instead ofk, whereε > 0 is an arbitrary small constant, and subsequently pass

the limit asε −→ 0 to obtain (2.6).

PROOF: (a2). The proof of(a2) can be completed by following the proof of Lemma 2(a2) with

suitable changes, we omit it here.

If we let a(s, t) = 0 in lemma 4, we can easy get the following lemma 5.

Lemma5 — Let u, a, b ∈ C(R+ × R+, R+) andα ∈ C1(R+, R+), β ∈ C1(R+, R+) be

nondecreasing withα(x) ≥ x on R+, β(y) ≥ y on R+, assume thatφ(x, y) is nonincreasing for

(x, y) ∈ R+ ×R+. If

u(x, y) ≤ φ(x, y) +
∫ ∞

α(x)

∫ ∞

β(y)
b(s, t)u(s, t)dsdt,

for (x, y) ∈ R+ ×R+, then

u(x, y) ≤ φ(x, y) exp

(∫ ∞

α(x)

∫ ∞

β(y)
b(s, t)dsdt

)
,

for (x, y) ∈ R+ ×R+.

3. MAIN THEOREMS

Theorem1 — Let a, b ∈ C(R+, R+), α ∈ C1(R+, R+) be nondecreasing withα(t) ≥ t on R+

andu ∈ C(R+, R+), φ ∈ C(R+, R+), p ≥ q > 0, p ≥ r > 0, p, q, andr are constants

up(t) ≤ φ(t) +
∫ ∞

t
a(s)uq(s)ds +

∫ ∞

α(t)
b(s)ur(s)ds, (3.1)

for t ∈ R+, then

u(t) ≤ [φ(t) + G(t) exp(A1(t) + B1(t))]
1
p ,

for t ∈ R+ and anyk > 0, where

G(t) =
∫ ∞

t

[
p− q

p
k

q
p a(s) +

q

p
k

q−p
p a(s)φ(s)

]
ds
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+
∫ ∞

α(t)

[
p− r

p
k

r
p b(s) +

r

p
k

r−p
p b(s)φ(s)

]
ds,

A1(t) =
∫ ∞

t

q

p
k

q−p
p a(s)ds, B1(t) =

∫ ∞

α(t)

r

p
k

r−p
p b(s)ds, (3.2)

for t ∈ R+.

PROOF: Define a functionz(t) by

z(t) =
∫ ∞

t
a(s)uq(s)ds +

∫ ∞

α(t)
b(s)ur(s)ds. (3.3)

Then (3.1) can be restated as

up(t) ≤ φ(t) + z(t). (3.4)

By (3.4) we have

u(t) ≤ (φ(t) + z(t))
1
p . (3.5)

Thus from (3.3) and (3.5), we obtain

z(t) ≤
∫ ∞

t
a(s)(φ(s) + z(s))

q
p ds +

∫ ∞

α(t)
b(s)(φ(s) + z(s))

r
p ds. (3.6)

By Lemma 1, we have

z(t) ≤
∫ ∞

t
a(s)

(
q

p
k

q−p
p (φ(s) + z(s)) +

p− q

p
k

q
p

)
ds

+
∫ ∞

α(t)
b(s)

(
r

p
k

r−p
p (φ(s) + z(s)) +

p− r

p
k

r
p

)
ds

= G(t) +
∫ ∞

t
a(s)

q

p
k

q−p
p z(s)ds +

∫ ∞

α(t)
b(s)

r

p
k

r−p
p z(s)ds,

where

G(t) =
∫ ∞

t

[
p− q

p
k

q
p a(s) +

q

p
k

q−p
p a(s)φ(s)

]
ds

+
∫ ∞

α(t)

[
p− r

p
k

r
p b(s) +

r

p
k

r−p
p b(s)φ(s)

]
ds,

andG(t) ∈ C(R+, R+) is nonincreasing. Thus from lemma 2(a2), we have

z(t) ≤ G(t) exp(A1(t) + B1(t)),

for t ∈ R+, whereA1(t), B1(t) are defined by (3.2). By (3.5) we have

u(t) ≤ [φ(t) + G(t) exp(A1(t) + B1(t))]
1
p ,
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for t ∈ R+.

Theorem2 — Let a, b ∈ C(R+, R+), α ∈ C1(R+, R+), be nondecreasing withα(t) ≥ t on

R+, u ∈ C(R+, R+), p ≥ q > 0, p, q be constant andφ ∈ C(R+, R+) be nonincreasing. If

up(t) ≤ φ(t) +
∫ ∞

t
a(s)up(s)ds +

∫ ∞

α(t)
b(s)uq(s)ds, (3.7)

for t ∈ R+, then

u(t) ≤ (B(t))
1
p

[
φ(t) + F (t) exp

(∫ ∞

α(t)

q

p
k

q−p
p b(s)(B(s))

q
p ds

)] 1
p

, (3.8)

for t ∈ R+ and anyk > 0, where

F (t) =
∫ ∞

α(t)
b(s)(B(s))

q
p

(
p− q

p
k

q
p +

q

p
k

q−p
p φ(s)

)
ds, (3.9)

B(t) = exp
(∫ ∞

t
a(s)ds

)
. (3.10)

PROOF: Define a functionz(t) by

z(t) = φ(t) +
∫ ∞

α(t)
b(s)uq(s)ds. (3.11)

Then (3.7) can be restated as

up(t) ≤ z(t) +
∫ ∞

t
a(s)up(s)ds. (3.12)

Clearly,z(t) is nonnegative continuous and nonincreassing fort ∈ R+, using lemma 3 to (3.12)

we have

up(t) ≤ z(t)B(t), (3.13)

whereB(t) is defined by (3.10). From (3.13) and (3.11) we obtain

up(t) ≤ B(t)(φ(t) + v(t)), (3.14)

where

v(t) =
∫ ∞

α(t)
b(s)uq(s)ds. (3.15)

From (3.14), we have

u(t) ≤ (B(t))
1
p (φ(t) + v(t))

1
p , (3.16)
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for t ∈ R+. From (3.15), (3.16) and lemma 1, we get

v(t) ≤
∫ ∞

α(t)
b(s)(B(s))

q
p (φ(s) + v(s))

q
p ds

=
∫ ∞

α(t)
b(s)(B(s))

q
p

(
p− q

p
k

q
p +

q

p
k

q−p
p (φ(s) + v(s))

)
ds

= F (t) +
∫ ∞

α(t)

q

p
k

q−p
p b(s)(B(s))

q
p v(s)ds, (3.17)

for t ∈ R+, k > 0.

It is easy to see thatF (t) is nonnegative, continuous and nondecreasing fort ∈ R+. Using

lemma 3 to (3.17), we have

v(t) ≤ F (t) exp

(∫ ∞

α(t)

q

p
k

q−p
p b(s)(B(s))

q
p ds

)
. (3.18)

The desired inequality (3.8) follows from (3.14) and (3.18).

Theorem3 — Let a, b ∈ C(R+ × R+, R+) and α ∈ C1(R+, R+), β ∈ C1(R+, R+) be

nondecreasing withα(x) ≥ x onR+, β(y) ≥ y onR+ , φ(x, y) ∈ C(R+ ×R+, R+), u(x, y) ∈
C(R+ ×R+, R+) andp ≥ q > 0, p ≥ r > 0, p, q andr are constants. If

up(x, y) ≤ φ(x, y) +
∫ ∞

x

∫ ∞

y
a(s, t)uq(s, t)dt ds

+
∫ ∞

α(x)

∫ ∞

β(y)
b(s, t)ur(s, t)dt ds, (3.19)

for (x, y) ∈ R+ ×R+, then

u(x, y) ≤ [φ(x, y) + f(x, y) exp(A(x, y) + B(x, y))]
1
p , (3.20)

for (x, y) ∈ R+ ×R+ and anyk > 0, where

f(x, y) =
∫ ∞

x

∫ ∞

y

(
p− q

p
k

q
p a(s, t) +

q

p
k

q−p
p a(s, t)φ(s, t)

)
dt ds

+
∫ ∞

α(x)

∫ ∞

β(y)

(
p− r

p
k

r
p b(s, t) +

r

p
k

r−p
p b(s, t)φ(s, t)

)
dt ds, (3.21)

A(x, y) =
∫ ∞

x

∫ ∞

y

q

p
k

q−p
p a(s, t)dt ds, (3.22)

B(x, y) =
∫ ∞

α(x)

∫ ∞

β(y)

r

p
k

r−p
p b(s, t)dt ds, (3.23)

for (x, y) ∈ R+ ×R+.
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PROOF: Define a functionz(x, y) by

z(x, y) =
∫ ∞

x

∫ ∞

y
a(s, t)uq(s, t)dt ds +

∫ ∞

α(x)

∫ ∞

β(y)
b(s, t)ur(s, t)dt ds. (3.24)

Then (3.19) can be restated as

[u(x, y)]p ≤ φ(x, y) + z(x, y). (3.25)

By (3.25), we have

u(x, y) ≤ (φ(x, y) + z(x, y))
1
p . (3.26)

Thus from (3.24) and (3.26), we have

z(x, y) ≤
∫ ∞

x

∫ ∞

y
a(s, t)(φ(s, t) + z(s, t))

q
p dt ds

+
∫ ∞

α(x)

∫ ∞

β(y)
b(s, t)(φ(s, t) + z(s, t))

r
p dt ds. (3.27)

By Lemma 1, we obtain

z(x, y) ≤
∫ ∞

x

∫ ∞

y
a(s, t)

(
q

p
k

q−p
p (φ(s, t) + z(s, t)) +

p− q

p
k

q
p

)
dt ds

+
∫ ∞

α(x)

∫ ∞

β(y)
b(s, t)

(
r

p
k

r−p
p (φ(s, t) + z(s, t)) +

p− r

p
k

r
p

)
dt ds

= f(x, y) +
∫ ∞

x

∫ ∞

y

q

p
k

q−p
p a(s, t)z(s, t)dt ds

+
∫ ∞

α(x)

∫ ∞

β(y)

r

p
k

r−p
p b(s, t)z(s, t)dt ds, (3.28)

wheref(x, y) is defined by (3.21). It is easy to see thatf(x, y) is nonnegative, continuous, nonin-

creasing inx andy for (x, y) ∈ R+ ×R+. Using lemma 4(a2) to (3.28), we get

z(x, y) ≤ f(x, y) exp

(∫ ∞

x

∫ ∞

y

q

p
k

q−p
p a(s, t)dt ds +

∫ ∞

α(x)

∫ ∞

β(y)

r

p
k

r−p
p b(s, t)dt ds

)
.

(3.29)
The desired inequality (3.20) follows from (3.26) and (3.29).

Theorem4 — Leta, b ∈ C(R+×R+, R+) andα ∈ C1(R+, R+), β ∈ C1(R+, R+) be nonde-

creasing withα(x) ≥ x onR+, β(y) ≥ y onR+, φ(x, y) ∈ C(R+ ×R+, R+) be nonincreasing,

u(x, y) ∈ C(R+ ×R+, R+) andp ≥ q > 0, p, q are constants. If

[u(x, y)]p ≤ φ(x, y) +
∫ ∞

x

∫ ∞

y
a(s, t)up(s, t)dt ds

+
∫ ∞

α(x)

∫ ∞

β(y)
b(s, t)uq(s, t)dt ds, (3.30)
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for (x, y) ∈ R+ ×R+, then

u(x, y) ≤ (B(x, y))
1
p

[
φ(x, y) + F (x, y) exp

(∫ ∞

α(x)

∫ ∞

β(y)

q

p
k

q−p
p b(s, t)(B(s, t))

q
p dt ds

)] 1
p

,

(3.31)
for(x, y) ∈ R+ ×R+, where

F (x, y) =
∫ ∞

α(x)

∫ ∞

β(y)
b(s, t)(B(s, t))

q
p

(
p− q

p
k

q
p +

q

p
k

q−p
p φ(s, t)

)
dt ds, (3.32)

B(x, y) = exp
(∫ ∞

x

∫ ∞

y
a(s, t)dt ds

)
. (3.33)

The proof of Theorem 4 can be completed by following the proof of Theorem 2 with suitable

changes, we omit it here.

4. SOME APPLICATIONS

Example1 — Consider the integral equation

up(t) = r(t) +
∫ ∞

t
f(s, u(s), u(α(s)))ds, (4.1)

wheref ∈ C(R3, R), α ∈ C1(R+, R+) andα′(t) ≥ 1. Suppose that

|f(t, u, v)| ≤ a(t)|u|q + b(t)|v|r + k(t), |r(t) +
∫ ∞

t
k(s)ds| < φ(t), (4.2)

wherea, b ∈ C(R+, R+), φ ∈ C(R+, R+), p ≥ q > 0, p ≥ r > 0, p, q andr are constants

and let

M = max
t∈R+

1
φ′(t)

. (4.3)

If u(t) is any solution of (4.1), then

|u(t)| ≤ [φ(t) + f1(t) exp(A1(t) + B1(t))]
1
p , (4.4)

where

f1(t) =
∫ ∞

t

p− q

p
k

q
p a(s) +

q

p
k

q−p
p a(s)φ(s)ds +

∫ ∞

α(t)

p− r

p
k

r
p b̄(s) +

r

p
k

r−p
p b̄(s)φ(s)ds,

A1(t) =
∫ ∞

t

q

p
k

q−p
p a(s)ds, B1(t) = M

∫ ∞

α(t)

r

p
k

r−p
p b̄(σ)dσ, (4.5)

whereb̄(σ) = b(α−1(σ)) for σ ∈ R+.

In fact, if u(t) is any solution of(4.1), using (4.2)–(4.3) in (4.1) and making the change of

variable, we have

|u(t)|p = φ(t) +
∫ ∞

t
a(s)|u(s)|qds + M

∫ ∞

α(t)
b̄(σ)|u(σ)|rdσ. (4.6)
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Now a suitable application of the inequality in Theorem 1 to (4.6) yields (4.4).

Example2 — Consider the integral equation

up(x, y) = a1(x) + a2(y) +
∫ ∞

x

∫ ∞

y
f(s, t, u(s, t), u(s− h1(s), t− h2(t))dt ds, (4.7)

wheref ∈ C(R4, R), h1 ∈ C1(R, R+), h2 ∈ C1(R, R+), a1, a2 ∈ C(R+, R+).

Such thatx− h1(x) ≥ 0, y − h2(y) ≥ 0, h′1(x) < 1, h′2(y) < 1. Suppose that

|f(x, y, u, v)| ≤ a(x, y)|u|q + b(x, y)|v|r, (4.8)

wherea, b ∈ C(R+ ×R+, R+), p ≥ q > 0, p ≥ r > 0, p, q andr are constants and let

M1 = max
x∈R+

1
1− h′1(x)

, M2 = max
y∈R+

1
1− h′2(y)

. (4.9)

If u(x, y) is any solution of (4.7), then

|u(x, y)| ≤ [|a1(x) + a2(y)|+ f̄1(x, y) exp(A1(x, y) + B̄1(x, y))
] 1

p , (4.10)

for (x, y) ∈ R+ ×R+, where

f̄1(x, y) =
∫ ∞

x

∫ ∞

y

(
a(s, t)

p− q

p
k

q
p + a(s, t)|a1(s) + b1(t)|q

p
k

q−p
p

)
dt ds

+
∫ ∞

φ(x)

∫ ∞

ϕ(y)

(
b̄(σ, τ)

p− r

p
k

r
p + b̄(σ, τ)|a1(σ) + b1(τ)|r

p
k

r−p
p

)
dσ dτ, (4.11)

B̄1(x, y) = M1M2

∫ ∞

φ(x)

∫ ∞

ϕ(y)
b̄(σ, τ)

r

p
k

r−p
p dσ dτ, (4.12)

A1(x, y) =
∫ ∞

x

∫ ∞

y
a(s, t)

q

p
k

q−p
p dt ds. (4.13)

In whichφ(x) = x− h1(x), x ∈ R+, ϕ(y) = y − h2(y), y ∈ R+ and

b̄(σ, τ) = b(σ + h1(s), τ + h2(t))

for σ, s ∈ R+, τ, t ∈ R+.

In fact, if u(x, y) is a solution of(4.7), then using (4.8)-(4.9) in (4.7) and making the change of

variable, we have

|u(x, y)|p ≤ |a1(x) + a2(y)|+
∫ ∞

x

∫ ∞

y
a(s, t)|u(s, t)|qdt ds

+M1M2

∫ ∞

φ(x)

∫ ∞

ϕ(y)
b̄(σ, τ)|u(σ, τ)|rdσ dτ. (4.14)

Now a suitable application of the inequality in Theorem 3 to (4.14) yields (4.10).
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