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In this paper some integral inequalities and their two independent variables generalizations
which provide explicit bounds on known functions are established. Some applications are given
to illustrate the usefulness of our results.
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1. INTRODUCTION

The integral inequalities which provide explicit bounds on unknown functions play an important role

in the development of the theory of differential and integral equations. For instance, see [1-10] and
the references therein. However, in certain situations the bounds provided by the above-mentioned
inequalities are not directly applicable, and it is desirable to find some new estimates which will
be equally important in order to achieve a diversity of desired goals. The main purpose of this
paper is to establish some new inequalities which can be used to study the qualitative behaviour
of the solutions of certain classes of differential and integral equations. Two independent variables
generalizations of the main results and some applications of one of our results are also given.

2. PRELIMINARIES AND LEMMAS
In what follows, R denotes the set of real numbéts, = [0, ) is the given subsets of R, afit’

denotes the derivative. The first-order partial derivatives of a functieny) for =,y € R with
respect tar andy are denoted by, (x, y) andz,(z,y) respectively.
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The following lemmas are useful in our main results.
Lemmal — Assume thap > ¢ > 0, a > 0, then

P48

¢ q,a=p
ar < =k r a+
p

foranyk > 0.
PROOF Letb = g, thenb > 1, by [10 , Lemma 1], we have:

pP—q

a q, a=p a
ar <=k r a+ kr,
p

foranyk > 0.

Lemma2 — Leta,b € C(Ry,Ry), a € C'(R,, R,) be nondecreasing with(t) > ton R

(CLl) fu e C(R+,R+),k’ > 0and

o0

u(t) < k+ /tOO a(s)u(s)ds + /(t) b(s)u(s)ds,

fort € Ry, then
u(t) < kexp(A(t) + B(t)),
whereA(t) = [*a(s)ds, B(t) = fof(i) b(s)dsfort € Ry.
(a2) : If u e C(R4+, Ry),and¢ € C(R4, R+) be nonincreasing and

e}

u(t) < o(t) + /too a(s)u(s)ds + /(t) b(s)u(s)ds,

fort € Ry, then
u(t) < ¢(t) exp(A(t) + B(1)),

whereA(t) = [~ a(s)ds, B(t) = foa) b(s)dsfort € R,.

t o

PROOEF (a;). Define the nonincreasing positive functieft) and make

o

2(t)=k+e+ /too a(s)u(s)ds + /(t) b(s)u(s)ds,

wheree be an arbitrary small positive number. From inequality (2.1), we can know

u(t) < z(t).
Differentiating (2.3) and using (2.4), we deduce that

J(t) = —a(t)u(t) - blalt))ulat))d(t),

(2.1)

(2.2)
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Settingt = s, integrating it fromt to oo and lete — 0 yields

In(z(o0)) — In(z(t)) > —/ [a(s) + b(a(s))a/(s)]ds.
t
Making the change of variable of the above inequality, we have

In(z(t)) < In(k) + /tOO a(s)ds + /(t) b(s)ds

then yields

z(t) < kexp(A(t) + B(t)).

Fromu(t) < z(t), we have
u(t) < kexp(A(t) + B(t)).

PROOFE (a2). From the conditions ap, we can see that fofl” € R, (2.2) becomes

u(t) < o(T) + /too a(s)u(s)ds + /:) b(s)u(s)ds,

for0 < T < t < oo, then by(a;) we have
u(t) < ¢(T') exp(A(t) + B(t)),
for0 < T <t < oo, whereA(t) = [[“a(s)ds B(t) = f;ft) b(s)ds, then
u(T) < ¢(T) exp(A(T) + B(T)),

for the arbitrary ofl’, we have

u(t) < o(t) exp(A(t) + B(t)).
If we seta(t) = 0 in Lemma 2, we can get the following Lemma 3.

Lemma3 — Letu,a,b € C(R+, Ry), a € CY(R,, R,) be nondecreasing with(t) > ¢ on
R, assume thap(t) is nonincreasing fot € R, . If

o0

u(t) < (1) + / Y.

u(t) < o(t) ex b(s)ds |,
()_ (t) p(/a(t) ( ) )
fort € R,.

Lemmad — Leta,b € C(R; x Ry, R;) anda € C* (R, R,), 8 € C'(R,, R,) be nonde-
creasing withn(z) > z on R4, B(y) > y on R4 andk > 0.

fort € Ry, then

405
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(al) fu e C<R+ X R+,R+) and
u(z,y) <k —I—/ / a(s,t)u(s,t)dsdt —I—/ / b(s,t)u(s,t)dsdt,
e Jy a(z) JB(y)
for (z,y) € Ry x Ry, then

u(z,y) < kexp(A(z,y) + B(z,y)),

for (z,y) € Ry x Ry, where

Az, y) = /;O /Oo a(s, £)dt ds,

Y

B(z,y) = / / b(s,t)dt ds,
a(z) JB(y)

for (z,y) € Ry x Ry.

(a2) : Ifue C(Ry x Ry, Ry)andyp € C(Ry x Ry, Ry ) be nonincreasing and

u(z,y) < ¢(x,y) —I—/ / a(s,t)u(s,t)dsdt—l—/ / b(s,t)u(s,t)dsdt,
z Jy a(z) JB(y)

fort € Ry, then

u(z,y) < o(z,y) exp(A(z,y) + B(z,y)),

where

A(m,y):/ / a(s,t)dtds, B(a:,y):/ / b(s,t)dtds.
z Jy a(z) JB(y)

PROOF (a;). Define a functionz(z,y) by the right-hand side of (2.4).Thet(x,y) > 0,

z(x,00) = z(00,y) = k, andu(z,y) < z(z,y),

zz(x,y) = —/y a(x, t)u(z,t)dt — (/ﬂ(y) b(a(m),t)u(a(x),t)dt) o (x)

v

- /OO a(x,t)z(z,t)dt — (/OO b(a(x)j)z(a(x),t)dt) o (x)
y By)

> ey / e, t)dt — 2(alz), Bw)) ( /ﬁ .

> —z(z,y) [/OO a(z,t)dt + (/[:) b(a(w),t)dt) o/(a;)] .

b(a(x), t)dt> o (z)



ON SOME NEW INTEGRAL INEQUALITIES AND THEIR APPLICATIONS 407

zz(z,y) > _ /OO a(x,t)dt — </;O b(a(x),t)dt> o (). (2.7)
y

z(z,y) ()
Keepingy fixed in (2.7), setting: = o and integrating it with respect tofromx toco, z € Ry,
and making the change of variable we get

u(z,y) < kexp(A(z,y) + B(z,y))- (2.8)

Using (2.8) inu(z,y) < z(z,y), we get the inequality in (2.6). K > 0, we carry out the above
procedure withk + e instead ofk, wheree > 0 is an arbitrary small constant, and subsequently pass
the limit ase — 0 to obtain (2.6).

PROOE (a2). The proof of(az) can be completed by following the proof of Lemmé&a3) with
suitable changes, we omit it here.

If we leta(s,t) = 0in lemma 4, we can easy get the following lemma 5.

Lemma5 — Letu,a,b € C(Ry x Ry,Ry) anda € CY(R,R,), B € CY(Ry,Ry) be
nondecreasing with/(z) > x on Ry, [(y) > y on Ry, assume thap(x, y) is nonincreasing for
(Lf,y) S RJr X R+. If

u(z,y) < ¢(x,y) +/ / b(s,t)u(s,t)dsdt,
a(z) JB(y)
for (z,y) € R+ x R4, then

u(z,y) < ¢(x,y) exp (/jo) /ﬁ:o) b(s,t)dsdt) ,
oz y

for (z,y) € Ry X Ry.

3. MAIN THEOREMS

Theoreml — Leta,b € C(R+, Ry), « € CY(Ry, Ry) be nondecreasing with(t) > ¢t on R
andu € C(Ry,Ry), ¢ € C(R+,Ry), p>q>0, p>r>0,p, q,andr are constants

o

uP(t) < o(t) —i—/t a(s)u (s)ds—i—/a(t) b(s)u"(s)ds, (3.1)
fort € Ry, then
u(t) < [6(t) + G(t) exp(As (1) + Bi(1)]7
fort € Ry and anyk > 0, where

Gl = /too {Z’fkia(sn qu?’a(s)cﬁ(s)} ds
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*Ip—r r =
+/a(t)[ p k b(s)—i—pk b(s)qﬁ(s)} ds,

A(t) = /t %k‘%"a(s)ds, Bi(t) = / (t);k%”b(s)ds,

fort e R;.
PrROOF Define a functiore(t) by

z(t) = /too a(s)ul(s)ds + /:) b(s)u"(s)ds.

Then (3.1) can be restated as

wP(t) < o) + 2(t).

By (3.4) we have
u(t) < (¢(t) + z(t)) 7.
Thus from (3.3) and (3.5), we obtain

[e.9]

2(t) < /too a(s)((s) + 2(s))rds + /@) b(s)(B(s) + z(s))rds.

By Lemma 1, we have

A0 < [ al) (W 00 + 26 + P ) s

p p

+/a:) b(s) <7“k%”(¢(s) +2(s))+ 2 ; %) ds

where

Gty = /too [p —ita(s) + quppa(s)qb(s)} ds

+/ [p —krb(s) + TkTppb(s)d)(s)} ds,

a(t) p p

andG(t) € C(R4+, R+) is nonincreasing. Thus from lemmg&), we have
z(t) < G(t) exp(Ax(t) + Bu(2)),

fort € Ry, whereA;(t), Bi(t) are defined by (3.2). By (3.5) we have

u(t) < [(t) + G(t) exp(Ar(t) + Bi(¢))]7,

(3.2)

(3.3)
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fort e R,.
Theorem2 — Leta,b € C(R4, Ry), a € CY(R,, R.), be nondecreasing with(t) > ¢ on
Ri,ue C(R+,Ry),p>q>0,p, qbeconstantand € C(R,, R) be nonincreasinglf

uP(t) < ¢(t ooasupsds oobsuqsds, 3.7
0 <o)+ [ als)s) */a@”” (3.7)
for t € Ry, then
u(t) < (B(1)7 [$(t) + F(t) exp ( / - qu(s)(B(s»st)] y (3.8)
at) P
fort € Ry and anyk > 0, where
= [ uBE)F (k4 L5 o(s) ) ds .
F0= [ wes0) (2o 4 2 06 ) as, (39)
B(t) = exp (/too a(s)ds) . (3.10)
PrROOF Define a functiore(t) by
z(t) = o(t) + /OO b(s)ul(s)ds. (3.11)
a(t)
Then (3.7) can be restated as
uP(t) < z(t) + /too a(s)uP(s)ds. (3.12)

Clearly,z(t) is nonnegative continuous and nonincreassing forR ., using lemma 3 to (3.12)
we have

WP (1) < 2(t)B(t), (3.13)

whereB(t) is defined by (3.10). From (3.13) and (3.11) we obtain
u?(t) < B(t)(o(t) + v(t)), (3.14)

where

v(t) = /00 b(s)ul(s)ds. (3.15)

From (3.14), we have
u(t) < (B(1)7 (6(t) +v(1))7, (3.16)
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fort € R,. From (3.15), (3.16) and lemma 1, we get

ot) < /iwaB@»Hm>+v<»Ms

T Bl (P G
- [¥f<x3<» (])k + 2 <w>+»<»)d

_ R+ / : LK ) (B ol (3.17)

fort € Ry, k> 0.
It is easy to see thak'(t) is nonnegative, continuous and nondecreasing far R.. Using
lemma 3 to (3.17), we have

o(t) < F(t) exp ( / qu?’b(s)(B(s))st) . (3.18)
a(t)
The desired inequality (3.8) follows from (3.14) and (3.18).

Theorem3 — Let a,b € C(R+ X R+,R+) and a € CI(R+,R+), 8 € Cl(R+,R+) be
nondecreasing withy(z) > zon Ry, [(y) > yonR, ,¢(z,y) € C(Ry X Ry, Ry), u(z,y) €
C(R+ x Ry,Ry)andp>¢q >0, p>r>0,p, gandr are constants. If

uP(z,y) < <Z>(3:,y)+/oo /OO a(s,t)ul(s,t)dt ds
x Jy

—|—/ / b(s,t)u”(s,t)dt ds, (3.19)
a(z) 7 B(y)
for (x,y) € Ry x R4, then
1
u(z,y) < [o(z,y) + fz,y) exp(A(z, y) + B(,y))]7, (3.20)
for (z,y) € R+ x Ry and anyk > 0, where
(x,y) / / (k a(s,t) + Iq)kq;zja(s,tw(s,t)) dt ds
/ / ( b(s,t) + Tk’?’b(s,t)qﬁ(s,t)) dt ds, (3.21)
(x) JB(y) p
A(z,y) = / g/’</‘(I%)(z(,s,t)61l7f ds, (3.22)
z Jy P
Bla,y) = / Tk (s, t)dt ds, (3.23)
a(z) JB(y) P

for (z,y) € Ry x Ry.
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PrRoOOF Define a functiorz(z, y) by
z(x,y) = / / a(s,t)ul(s,t)dt ds +/ / b(s,t)u"(s,t)dt ds. (3.24)
z Jy a(z) JB(y)
Then (3.19) can be restated as

[u(z, )]’ < é(z,y) + 2(z,y). (3.25)

By (3.25), we have

u(z,y) < (B, ) + 2(2,9))". (3.26)
Thus from (3.24) and (3.26), we have
/Oo /OO a(s, 8)(6(s,1) + =(s. 1)) P dt ds
z Jy
+/a(m) /ﬁ(y) b(s,t)(o(s,t) + z(s,t))rdt ds. (3.27)

By Lemma 1, we obtain

(n,y) < /:o/yooa(s,t) (f)kqpp(gb(s,t)+z(s,t))+p_qkz> dt ds

p

0o [0 T r—p p—r,r
b —k » »|dtd
o7 by (5 ) 20,0+
— f(x,y)—k/:o /yoo %k%a(s,t)z(s,t)dt ds

/ / Tt b (s,t)z(s,t)dt ds, (3.28)
a(z)

wheref(z,y) is defined by (3.21). Itis easy to see ttfdt:, y) is nonnegative, continuous, nonin-
creasing inc andy for (z,y) € R4+ x R4. Using lemma 44>) to (3.28), we get

z(z,y) < f(z,y) exp (/ / gk%a(s,t)dt ds —i—/ / fk%b(s,t)dt ds)
e Jy P a(z) JBy) P

(3.29)

The desired inequality (3.20) follows from (3.26) and (3.29).

Theoremd — Leta,b € C(Ry xR, R;)anda € C*(Ry,R,), B € C*(Ry, R, ) be nonde-
creasing witha(z) > zon R4, [B(y) > yonR,, ¢(x,y) € C(Ry x R4, Ry ) be nonincreasing
u(z,y) € C(Ry x Ry,Ry)andp > g > 0, p, q are constants. If

[u(z, )P < oé(z,y) + /OO /OO a(s, t)uP(s,t)dt ds

+/ / b(s,t)ul(s,t)dt ds, (3.30)
a(z) JB(y)
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for (x,y) € R4 x R4, then

[gb(x,y) + F(z,y) exp </<:0) /6:0) %/{:%b(s,t)(B(s,t))%dt ds)]

(3.31)
for(xz,y) € Ry x R4, where

B =

u(z,y) < (B(z,y))

RS

I

_ [ o TR
F(:c,y)—/a(m) /ﬁ(y)b(s,t)(B(s,t)) < » k +pk ¢(s,t)> dt ds, (3.32)

B(z,y) = exp < /x - /y " a(s, )t ds> | (3.33)

The proof of Theorem 4 can be completed by following the proof of Theorem 2 with suitable
changes, we omit it here

4. SOME APPLICATIONS

Examplel — Consider the integral equation

u%wzww+[mf@w@xMM@»w,

(4.1)
wheref € C(R3, R), a € C*(R4, Ry) andd/(t) > 1. Suppose that

uamwﬂga@mw+mwwr+uw,|mw+zikQMﬂ<¢w,
wherea,b € C(R+, R4),
and let

(4.2)

o€ C(Ry,Ry), p>q>0, p>r>0,p, gandr are constants

M = max s (4.3)
If u(t) is any solution of (4.1), then

u(®)] < [¢(t) + f1(t) exp(Ar(t) + Bi(t))]

AL

, (4.4)
where
£1(t) / Mkia(squ%”a(s)gﬁ(s)dw/ PV kvb(s) + —k 7 b(s)p(s)ds,
¢ P p at) P p
A(t) = / L5 a(s)ds, Bit)=M | “k5 b(o)do, (4.5)
t D a(t) P

whereb(o) = b(a~!(0)) foro € R,

In fact, if u(t) is any solution of(4.1), using (4.2)—(4.3) in (4.1) and making the change of
variable, we have

lu(®)P = o(t) + /too a(s)|u(s)|%ds + M/:) b(o)|u(o)|"do. (4.6)
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Now a suitable application of the inequality in Theorem 1 to (4.6) yields (4.4).

Example2 — Consider the integral equation

uP(x,y) = a1(z) + az(y / / f(s,t,u(s,t),u(s — hi(s),t — ho(t))dt ds, (4.7)

wheref € C(R4,R), hy € Cl(R, R+),h2 S Cl(R, R+), ay, a2 € C(R+,R+).
Suchthatt — hi(xz) >0, y—ha(y) >0, hi(z) <1, hi(y) < 1.Suppose that
f (@, y, u,0)| < alz, y)|ul? + b(x, y)lv]", (4.8)

wherea,b € C(R+ x Ry,R4),p>q >0, p>r>0,p, gandr are constants and let
M ! M ! (4.9)
= max ———~ = max ————~ .
TR 1R (x) T weR 1-RL(y)

If u(z,y) is any solution of (4.7), then

S =
—
=
—
(==}
~—

u(z, y)| < [lar(z) + az(y)| + fi(2,y) exp(Ai(z,y) + Bi(z,y))] ¥ ,

for (z,y) € Ry x Ry, where

e = [ [ (o

Tk% + a(s, t)|ar (s )+b1(t)|f)kq¥p> dt ds

+/ / <B(a, A" kb 4 80, 7)a1 (o) +bl(7)|’"kT) do dr, (4.11)
o(x) Jo(y) b p
Bi(z,y) = MlMQ/ / b(o, ) k7 do dr, (4.12)
(@) Jo(y)

(z,9) / / (s,t) k‘ v dt ds. (4.13)

In which¢(z) = — hi(x), z € Ry, (y) =y —ha(y), y € Ry and
b(o,7) = b(co + hi(s), 7+ ha(t))
for o,s€ Ry, 7, t€ R,.

In fact, if u(z, y) is a solution 0f(4.7), then using (4.8)-(4.9) in (4.7) and making the change of
variable, we have

)P < o) + aa(o)| + [

x

/ a(s, B)[u(s, £)[1dt ds
)

+ M1 Mo /OO /OO b(o,7)|u(o,7)|"do dr. (4.14)

Now a suitable application of the inequality in Theorem 3 to (4.14) yields (4.10).
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