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In this paper we study the existence result of the singular boundary value problem

{
− 1

p (pu′)′ = f(t, u, pu′), 0 < t < 1,

limt→0+ p(t)u′(t) = 0 = u(1),

Under the assumptions that the nonlinearityf may change sign and is singular atu = 0 and

t = 1, we present sufficient conditions in Theorem 1.1 to ensure the existence of positive

solutions. Our proof is based on the method of approximation and upper-lower solutions.
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1. INTRODUCTION

Singular boundary value problem of the form

{
−u′′ = q(t)u−α, 0 < t < 1,

u(0) = 0 = u(1),

whereα > 0, q ∈ C(0, 1) andq > 0 on (0,1), appears in the study of many physical models, see,

e.g. [1, 2]. Sufficient and necessary conditions in order to get a solution of some smoothness have

been given by Taliaferro in [3]. Recent results on singular boundary value problems can be found

1The research is supported by NNSF of China (10301033).
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in the books by Agarwal and O’Regan [4, 5, 6]. In some recent papers, Agarwal and O’Regan [7],

Ntouyas and Palamides [8], extended the study to the more general problem
{
−1

p(pu′)′ = f(t, u, pu′), 0 < t < 1,

limt→0+ p(t)u′(t) = 0 = u(1),
(1.1)

where the nonlinear functionf is singular atu = 0 and may be singular att = 0 and / ort = 1.

In [7] and [8], the authors supposed a critical condition:

(A) f(t, u, v) ≥ 0 for all (t, u, v) ∈ (0, 1)× (0,∞)× [r0(t), 0], wherer0 : [0, 1] → (−∞, 0)
is a suitable continuous function.

We are interested in establishing the existence of positive solutions for problem (1.1) with Sign

Changing Nonlinearities and our main result is the following theorem.

Theorem1.1— Suppose the following conditions are satisfied:

(H1) p ∈ C[0, 1] ∩ C1(0, 1) with p > 0 on [0,1].

(H2) f : [0, 1)× (0,∞)×R → R is continuous andf is singular atu = 0 andt = 1.

(H3) ∃L > 0 such that for any compact setl ⊂ [0, 1) there existsεl > 0 with

f(t, u, v) > L for all (t, u, v) ∈ l × (0, εl]×R.

(H4) for anyδ > 0 there are two functionsqδ andψδ such that

qδ ∈ C[0, 1) with qδ > 0 on [0, 1) and

∫ 1

0
qδ(t)dt < ∞,

ψδ : [0,∞) → (0,∞) is continuous and

∫ ∞

0

dv

ψδ(v)
>

∫ 1

0
p(t)(qδ(θ1(t)) + 2qδ(t))dt

and

|f(t, u, v)| ≤ qδ(t)ψδ(|v|) for all (t, u, v) ∈ [0, 1)× [δ,∞)×R,

whereθn(t) = min{t, 1− 1
2n } for t ∈ [0, 1) andn ∈ N+.

Then problem (1.1) has at least one solutionu ∈ C[0, 1] ∩ C2(0, 1) with u > 0 on [0, 1).

In Section 2, we develop the method of upper and lower solutions for a related nonsingular

problem. And Section 3 is devoted to our main theorem. In Section 3, we construct upper and lower

solutions for the truncated nonsingular problems(3.9)n and get a sequence of solutions{un} to

approximate the positive solution of problem (1.1). In Section 4, we present an example to test our

main theorem.

Throughout this paper we keep the following notation. For any functionu ∈ C[0, 1], ‖u‖
= maxt∈[0,1] |u(t)|. And K1[0, 1] denotes the Banach space defined by

K1[0, 1] = {u ∈ C[0, 1], pu′ ∈ C[0, 1] with norm ‖u‖1},

where‖u‖1 = max{‖u‖, ‖pu′‖}.
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2. UPPER ANDLOWER SOLUTIONS

Let us first consider the boundary value problem
{
−1

p(pu′)′ = g(t, u, pu′), 0 < t < 1

limt→0+ p(t)u′(t) = 0, u(1) = A,
(2.1)

whereg : [0, 1)×R2 → R is continuous.

We sayα is a lower solution for problem (2.1) ifα ∈ C[0, 1] ∩ C2(0, 1) with pα′ ∈ AC[0, 1]
satisfies the following conditions:

{
−1

p(pα′)′ ≤ g(t, α, pα′), 0 < t < 1

p(0)α′(0) ≥ 0, α(1) ≤ A,

The definition of an upper solutionβ for problem (2.1) is given in a completely similar way,

just reversing the above inequalities, i.e.β ∈ C[0, 1] ∩ C2(0, 1) with pβ′ ∈ AC[0, 1] satisfies the

following conditions:

{
−1

p(pβ′)′ ≥ g(t, β, pβ′), 0 < t < 1

p(0)β′(0) ≤ 0, β(1) ≥ A.

Then we have the following result.

Lemma2.1 — Suppose the following conditions are satisfied:

g : [0, 1)×R2 → R is continuous, (2.2)

P ∈ C[0, 1] ∩ C1(0, 1) with p > 0 on [0, 1] (2.3)

and there existM > 0 and a function

q ∈ C(0, 1)with
∫ 1

0
q(t)dt < ∞ (2.4)

such that

|g(t, u, v)| ≤ Mq(t) for all (t, u, v) ∈ (0, 1)×R2. (2.5)

Then problem (2.1) has at least one solutionu ∈ C[0, 1] ∩ C2(0, 1) with pu′ ∈ AC[0, 1].

PROOF: Define an operator

T : K1[0, 1] → K1[0, 1]

by

Tu(t) = A +
∫ 1

t

1
p(s)

∫ s

0
p(τ)g(τ, u(τ), p(τ)u′(τ)) dτ ds.

Now (2.2)–(2.5) imply that

|Tu(t)| ≤ |A|+ M

∫ 1

0
p(τ)q(τ)dτ ·

∫ 1

0

ds

p(s)
< ∞ for t ∈ [0, 1]
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and

|p(t)(Tu)′(t)| =
∣∣∣∣−

∫ t

0
p(τ)g(τ, u(τ), p(τ)u′(τ)) dτ

∣∣∣∣

≤ M

∫ 1

0
p(τ)q(τ)dτ < ∞ for t ∈ [0, 1].

SoT is bounded. AlsoT is completely continuous (see [4] Chapt. 3). By Schauder’s theorem,

T has a fixed point which is a solution of problem (2.1).

Theorem2.1— Let α, β be, respectively, lower and upper solutions of problem (2.1) such that

α ≤ β on [0, 1]. Define

Dβ
α = {(t, u) ∈ [0, 1)×R : α(t) ≤ u ≤ β(t)}.

Suppose (2.2)–(2.3) hold and there are two functionsq andψ such that

q ∈ C[0, 1) with q > 0 on [0, 1) and

∫ 1

0
q(t)dt < ∞,

ψ : [0,∞) → (0,∞) is continuous and

∫ ∞

0

dv

ψ(v)
>

∫ 1

0
p(t)q(t)dt

and

|g(t, u, v)| ≤ q(t) ψ(|v|) for all (t, u, v) ∈ Dβ
α ×R. (2.6)

Then Problem (2.1) has at least one solutionu ∈ C[0, 1] ∩ C2(0, 1) with pu′ ∈ AC[0, 1] such

that

α ≤ u ≤ β on [0, 1].

PROOF: ChooseM1 such that

M1 > max{‖pα′‖, ‖pβ′‖}
and ∫ M1

0

dv

ψ(v)
>

∫ 1

0
p(t)q(t)dt. (2.7)

Consider the boundary value problem

{
−1

p(pu′)′ = g∗(t, u, pu′), 0 < t < 1,

limt→0+ p(t)u′(t) = 0, u(1) = A,
(2.8)

where

g∗(t, u, v) =





g(t, β(t), v∗) + q(t)r(β(t)− u), u > β(t)
g(t, u, v∗), α(t) ≤ u ≤ β(t)
g(t, α(t), v∗) + q(t)r(α(t)− u), u < α(t)

(2.9)
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with

v∗ =





M1, v > M1

v, −M1 ≤ v ≤ M1

−M1, v < −M1

and

r(u) =

{
u, |u| ≤ 1
u
|u| , |u| > 1.

It is easy to see thatg∗ : [0, 1)×R2 → R is continuous. Set

M2 = max
v∈[0,M1]

ψ(v) + 1.

Then we have from (2.6) and (2.9) that

|g∗(t, u, v)| ≤ M2q(t) for(t, u, v) ∈ [0, 1)×R2.

By Lemma 2.1, the problem (2.8) has a solutionu ∈ C[0, 1] ∩ C2(0, 1)with pu′ ∈ AC[0, 1].

We claim that ifu is a solution of problem (2.8), thenu satisfies

α ≤ u ≤ β on [0, 1] (2.10)

and

‖pu′‖ ≤ M1. (2.11)

If u ≤ β on [0,1] is not true, then there existst0 ∈ [0, 1] such that

max
t∈[0,1]

(u(t)− β(t)) = u(t0)− β(t0) > 0.

There are two cases to consider,t0 ∈ (0, 1) andt0 = 0.

Case1 — If t0 ∈ (0, 1), then

(u− β)′(t0) = 0 and
1

p(t0)
(p(u− β)′)′(t0) ≤ 0.

Sinceu(t0) > β(t0), we have, using‖pβ′‖ < M1 andq(t0) > 0, that

1
p(t0)

(p(u− β)′)′(t0)

= −g∗(t0, u(t0), p(t0)u′(t0))− 1
p(t0)

(pβ′)′(t0)

= −g∗(t0, u(t0), p(t0)β′(t0))− 1
p(t0)

(pβ′)′(t0)

= −g(t0, β(t0), p(t0)β′(t0))− q(t0)r(β(t0)− u(t0))− 1
p(t0)

(pβ′)′(t0)

> 0,
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a contradiction.

Case2 — t0 = 0. Now

lim
t→0+

p(t)(u− β)′(t) = −p(0)β′(0) ≥ 0,

a contradiction unlessp(0)β′(0) = 0. Supposelimt→0+ p(t)(u − β)′(t) = −p(0)β′(0) = 0. This

together withu(0) > β(0), q(0) > 0 and the continuity ofg guarantees that there existsµ ∈ (0, 1)
with u(s) > β(s), |p(s)u′(s)| < M1 for s ∈ (0, µ) and

g(s, β(s), p(s)u′(s)) + q(s)r(β(s)− u(s))
−g(s, β(s), p(s)β′(s)) < 0 fors ∈ (0, µ).

Thus fort ∈ (0, µ) we have

p(t)(u− β)′(t)

= −
∫ t

0
(p(s)g∗(s, u(s), p(s)u′(s)) + (pβ′)′(s))ds

= −
∫ t

0
(p(s)g(s, β(s), p(s)u′(s)) + p(s)q(s)r(β(s)− u(s)) + (pβ′)′(s))ds

> −
∫ t

0
(p(s)g(s, β(s), p(s)β′(s)) + (pβ′)′(s))ds

≥ 0,

i.e. p(t)(u − β)′(t) > 0 for t ∈ (0, µ), which is a contradiction. Sou ≤ β on [0, 1]. In a similar

way, we can proveα ≤ u on [ 0,1]. Hence (2.10) holds.

We next prove (2.11). Without loss of generality, we assume

p(t)u′(t) 6≤ M1 for some t ∈ (0, 1].

This together withlim→0+ p(t)u′(t) = 0 andpu′ ∈ AC[0, 1] guarantees that there existt1 ∈
[0, 1), t2 ∈ (0, 1), t1 < t2 with p(t1)u′(t1) = 0, p(t2)u′(t2) = M1 and0 ≤ p(t)u′(t) ≤ M1 for

t betweent1 andt2. Now for t ∈ [t1, t2] we have from (2.6), (2.9) and (2.10) that

(pu′)′(t) = −p(t)g∗(t, u(t), p(t)u′(t))

= −p(t)g(t, u(t), p(t)u′(t))

≤ p(t)|g(t, u(t), p(t)u′(t))|
≤ p(t)q(t)ψ(|p(t)u′(t)|)
= p(t)q(t)ψ(p(t)u′(t)).

Thus
(pu′)′(t)

ψ(p(t)u′(t))
≤ p(t)q(t) for t ∈ [t1, t2]
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and so integration fromt1 to t2 gives
∫ M1

0

dv

ψ(v)
=

∫ t2

t1

(pu′)′(t)
ψ(p(t)u′(t))

dt ≤
∫ t2

t1

p(t)q(t)dt <

∫ 1

0
p(t)q(t)dt.

This contradicts (2.7), so (2.11) holds. Henceu is a solution of the problem (2.1).

3. PROOF OF THEMAIN THEOREM

PROOF: Let

en =
[
0, 1− 1

2n

]
for n ∈ N+; e0 = ∅.

Then condition (H3) guarantees that there is a constantL > 0 such that for eachen, n ∈ N+,

there exists aεn > 0 such that

f(t, u, v) > L for all (t, u, v) ∈ en × (0, εn]×R. (3.1)

Without loss of generality, we assume that{εn} is a decreasing sequence withlimn→∞ εn = 0.

We can choose a functioñα ∈ C2[0, 1] with pα̃′ ∈ C1[0, 1] such that




α̃′(0) = 0, α̃(1) = 0,
α̃(t) > 0 for t ∈ [0, 1),
α̃(t) ≤ εn for t ∈ en\en−1, n ∈ N+.

(3.2)

To show a functioñα with these properties can be constructed, consider at first the function

γ : [0, 1] → [0,∞) constructed by the segments joining the points(1− 1
2n , εn+1), n ∈ N, i.e.

γ(t) = 2n(εn+1 − εn)
(

t− 1 +
1

2n−1

)
+ εn for t ∈ en\en−1, n ∈ N+ and γ(1) = 0.

Sinceγ is continuous and decreasing, we obtain that

γ1(t) =
∫ 1

t
γ(s)ds ≤ γ(t) for t ∈ [0, 1].

Moreover,γ1 is decreasing andγ1 ∈ C1[0, 1]. Set

p∗ = min
t∈[0,1]

p(t),

then condition (H1) guarantees thatp∗ > 0. Define

λ(t) =
∫ 1

t

p∗
p(s)

∫ 1

s
γ1(τ)dτ ds for t ∈ [0, 1].

It is easy to see thatλ(t) ≤ γ(t) on [0, 1], λ ∈ C2[0, 1] andpλ′ ∈ C1[0, 1]. Also we can check

thatλ satisfies (3.2). Set

k0 = min{1,
L

‖m‖},
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where

m(t) = − 1
p(t)

(pλ′)′(t).

Let

α̃(t) = k0λ(t) for t ∈ [0, 1]. (3.3)

Also α̃ satisfies (3.2). Furthermore,

L ≥ k0‖m‖ ≥ − 1
p(t)

(pα̃′)′(t) for t ∈ [0, 1] (3.4)

and we can get from (3.1) and (3.2) that

f(t, u, v) > L

for all (t, u, v) ∈ [0, 1)× {u ∈ (0,∞) : 0 < u(t) ≤ α̃(t)} ×R.
(3.5)

We define now, forn ∈ N+,

f̃n(t, u, v) = max{f(θn(t), u, v), f(t, u, v)},

recalling that

θn(t) = min{t, 1− 1
2n
} for t ∈ [0, 1).

Next we define, by induction, that

f1(t, u, v) = f̃1(t, u, v),

f2(t, u, v) = min{f1(t, u, v), f̃2(t, u, v)},
...

fn+1(t, u, v) = min{fn(t, u, v), f̃n+1(t, u, v)},
...

Then for eachn ∈ N+, fn : [0, 1)× (0,∞)×R → R is continuous. Moreover,

f1(t, u, v) ≥ f2(t, u, v) ≥ · · · ≥ fn(t, u, v) ≥ fn+1(t, u, v)
≥ · · · ≥ f(t, u, v) for (t, u, v) ∈ [0, 1)× (0,∞)×R.

(3.6)

Thus for eachn ∈ N+,

|fn(t, u, v)| ≤ |f1(t, u, v)|+ |f(t, u, v)| ≤ |f(θ1(t), u, v)|+ 2|f(t, u, v)|
for (t, u, v) ∈ [0, 1)× (0,∞)×R.

(3.7)

We also note that for eachn ∈ N+,

fn(t, u, v) = f(t, u, v) for (t, u, v) ∈ en × (0,∞)×R. (3.8)
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Now let us consider the sequence of boundary value problems
{−1

p(pu′)′ = fn(t, u, pu′), 0 < t < 1,

limt→0+ p(t)u′(t) = 0, u(1) = εn
(3.9)n

and give some claims which yield the proof of the theorem.

Claim 1 — For eachn ∈ N+, the constant functionαn(·) = c with c ∈ (0, εn] is a lower

solution for problem(3.9)n.

Proof of Claim1 — Since for eachn ∈ N+, α′n(0) = 0, αn(1) ≤ εn, it is sufficient to prove

that−1
p(pα′n)′ ≤ fn(t, αn, pα′n) for t ∈ (0, 1). In our case, this is equivalent to the condition

fn(t, c, 0) ≥ 0 for t ∈ (0, 1) and n ∈ N+. (3.10)

We show the validity of the above inequality, for eachn ∈ N+, by induction.

Let c ∈ (0, ε1], then by (3.1), we have

f1(t, c, 0) = f̃1(t, c, 0) = max{f(θ1(t), c, 0), f(t, c, 0)}
≥ f(θ1(t), c, 0) ≥ min

t∈e1

f(t, c, 0) > L > 0.

Suppose now that (3.10) holds for a given indexn ∈ N+ and check its validity forn + 1.

Let c ∈ (0, εn+1]. Using the inductive hypothesis and (3.1), we obtain

fn+1(t, c, 0) = min{fn(t, c, 0), f̃n+1(t, c, 0)}
≥ min{fn(t, c, 0), f(θn+1(t), c, 0)}
≥ min{0, min

t∈en+1

f(t, c, 0)}
≥ min{0, L}
≥ 0.

Thus the claim is proved.

Claim 2 —- For eachn ∈ N+, if un ∈ C[0, 1] ∩ C2(0, 1) with pu′n ∈ AC[0, 1] is a solution of

problem(3.9)n, thenun is an upper solution for problem(3.9)n+1, i.e.
{
−1

p(pu′n)′ ≥ fn+1(t, un, pu′n), 0 < t < 1,

p(0)u′n(0) ≤ 0, un(1) ≥ εn+1.

Proof of Claim2 — From (3.6) we have, for eachn ∈ N+, that

−1
p
(pu′n)′ = fn(t, un, pu′n)

≥ fn+1(t, un, pu′n), 0 < t < 1.

Moreover,p(0)u′n(0) = limt→0+ p(t)u′n(t) = 0, un(1) = εn > εn+1 for n ∈ N+ and the

conclusion follows.
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Claim3 — Consider the following problem
{
−1

p(pv′)′ = qψ(|pv′|), 0 < t < 1,

limt→0+ p(t)v′(t) = 0, v(1) = ε1,
(3.11)

where

q ∈ C(0, 1) with q > 0 on (0, 1) and
∫ 1

0
q(t)dt < ∞

and

ψ : [0,∞) → (0,∞) is continuous and
∫ ∞

0

ds

ψ(s)
>

∫ 1

0
p(t)q(t)dt.

Then problem (3.11) has a solutionv ∈ C[0, 1] ∩ C2(0, 1) with pv′ ∈ AC[0, 1].

Proof of Claim3 — Associated with problem (3.11), we have a family of problems
{
−1

p(pv′)′ = λqψ(|pv′|), 0 < t < 1, 0 < λ < 1

limt→0+ p(t)v′(t) = 0, v(1) = ε1.
(3.11)λ

By Theorem 1.2 [7], if there exists a constantC > 0, independent ofλ, such that for any

λ ∈ (0, 1) and any solutionv of problem(3.11)λ, ‖v‖1 ≤ C is true, then the problem (3.11) has a

solutionv ∈ C[0, 1] ∩ C2(0, 1) with pv′ ∈ AC[0, 1].

Supposev is a solution of problem(3.11)λ, λ ∈ (0, 1). Let v = v − ε1 on [0, 1], then
{
−1

p(pv′)′ = λqψ(|pv′|) > 0, 0 < t < 1,

limt→0+ p(t)v′(t) = 0, v(1) = 0.

By Maximum Principle [4], we havev(t) ≥ 0 for t ∈ [0, 1]. So

v(t) ≥ ε1 for t ∈ [0, 1].

ChooseM3 > 0 such that ∫ M3

0

ds

ψ(s)
>

∫ 1

0
p(t)q(t)dt. (3.12)

We next prove that

‖pv′‖ ≤ M3. (3.13)

Without loss of generality, we assume

p(t)v′(t) 6≤ M3 for some t ∈ (0, 1].

This together withlimt→0+ p(t)v′(t) = 0 andpv′ ∈ AC[0, 1] guarantees that there existt1 ∈
[0, 1), t2 ∈ (0, 1), t1 < t2 with p(t1)v′(t1) = 0, p(t2)v′(t2) = M3 and0 ≤ p(t)v′(t) ≤ M3 for

t betweent1 andt2. Now for t ∈ (t1, t2),

(pv′)′(t) = −p(t)λq(t)ψ(|p(t)v′(t)|) < p(t)q(t)ψ(p(t)v′(t)).
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Thus

(pv′)′(t)
ψ(p(t)v′(t))

< p(t)q(t) for t ∈ (t1, t2)

and so integration fromt1 to t2 gives

∫ M3

0

ds

ψ(s)
=

∫ t2

t1

(pv′)′(t)
ψ(p(t)v′(t))

dt <

∫ t2

t1

p(t)q(t)dt <

∫ 1

0
p(t)q(t)dt.

This contradicts (3.12), therefore (3.13) holds. Now set

M4 = max
s∈[0,M3]

ψ(s).

Then

−(pv′)′(t) = p(t)λq(t)ψ(|p(t)v′(t)|)
< M4p(t)q(t) for t ∈ (0, 1)

and integration from 0 tot ∈ (0, 1) yields

−p(t)v′(t) = −
∫ t

0
(pv′)′(τ)dτ < M4

∫ t

0
p(τ)q(τ)dτ for t ∈ (0, 1).

Thus

−v′(t) <
M4

p(t)

∫ t

0
p(τ)q(τ)dτ for t ∈ (0, 1).

So

v(t) = ε1 −
∫ 1

t
v′(s)ds

< ε1 + M4

∫ 1

t

1
p(s)

∫ s

0
p(τ)q(τ)dτds

< ε1 + M4

∫ 1

0

ds

p(s)
·
∫ 1

0
p(τ)q(τ)dτ for t ∈ (0, 1).

Set

C = max
{

M3, ε1 + M4

∫ 1

0

ds

p(s)
·
∫ 1

0
p(τ)q(τ)dτ

}
.

Hence,‖v‖1 ≤ C holds and the conclusion follows.

Claim 4 — For eachn ∈ N+, problem (3.9)n has at least one solutionun ∈ C[0, 1] ∩
C2(0, 1) with pu′n ∈ AC[0, 1] such thatεn+1 ≤ un+1 ≤ un on [0,1].
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Proof of Claim4 — From(H4), for eachεn, n ∈ N+, there are two functionsqn andψn such

that

qn ∈ C[0, 1) with qn > 0 on[0, 1) and
∫ 1

0
qn(t)dt < ∞,

ψn : [0,∞) → (0,∞) is continuous and
∫ ∞

0

dv

ψn(v)
>

∫ 1

0
p(t)(qn(θ1(t)) + 2qn(t))dt

and

|f(t, u, v)| ≤ qn(t)ψn(|v|) for all (t, u, v) ∈ [0, 1)× [εn,∞)×R. (3.14)

Let

q̃n(t) = qn(θ1(t)) + 2qn(t) for t ∈ [0, 1) and n ∈ N+.

Thenq̃n ∈ C[0, 1) with q̃n > 0 on [0, 1),
∫ 1
0 q̃n(t)dt < ∞ and

∫∞
0

dv
ψn(v) >

∫ 1
0 p(t)q̃n(t)dt. In

addition, (3.7) and (3.14) imply that for eachn ∈ N+,

|fn(t, u, v)| ≤ q̃n(t)ψn(|v|) for all (t, u, v) ∈ [0, 1)× [εn,+∞)×R.

By Claim 3, the following problem
{
−1

p(pv′)′ = q̃1ψ1(|pv′|), 0 < t < 1,

limt→0+ p(t)v′(t) = 0, v(1) = ε1

has a solutionv ∈ C[0, 1] ∩ C2(0, 1) with pv′ ∈ AC[0, 1]. Let v = v − ε1 on [0,1] , then
{
−1

p(pv′)′ = q̃1ψ1(|pv′|) > 0, 0 < t < 1,

limt→0+ p(t)v′(t) = 0, v(1) = 0.

By maximum principle, we havev(t) ≥ 0 for t ∈ [0, 1]. So

v(t) ≥ ε1 for t ∈ [0, 1].

Furthermore, {
−1

p(pv′)′ = q̃1ψ1(|pv′|) ≥ f1(t, v, pv′), 0 < t < 1,

p(0)v′(0) = limt→0+ p(t)v′(t) = 0, v(1) = ε1.

Thusv is an upper solution for the problem(3.9)1. Note that Claim 1 guarantees thatα1(t) =
ε1, 0 ≤ t ≤ 1 is a lower solution for the problem(3.9)1, using Theorem 2.1, we obtain that the

problem(3.9)1 has a solutionu1 ∈ C[0, 1] ∩ C2(0, 1) with pu′1 ∈ AC[0, 1] such that

α1(t) = ε1 ≤ u1(t) ≤ v(t) for t ∈ [0, 1].

We next prove the conclusion of Claim 4 by induction. Suppose now that for a given index

n ∈ N+, problem(3.9)n has a solutionun ∈ C[0, 1] ∩ C2(0, 1) with pu′n ∈ AC[0, 1] and

εn ≤ un(t) for t ∈ [0, 1].
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Note that Claim 1 guarantees that

αn+1(t) = εn+1 for t ∈ [0, 1]

is a lower solution for problem(3.9)n+1 and Claim 2 guarantees thatun is an upper solution for

problem(3.9)n+1. Now

αn+1(t) = εn+1 < εn ≤ un(t) for t ∈ [0, 1],

thus we have, by Theorem 2.1, that problem(3.9)n+1 has a solutionun+1 ∈ C[0, 1]∩C2(0, 1) with

pu′n+1 ∈ AC[0, 1] such that

αn+1(t) = εn+1 ≤ un+1(t) ≤ un(t) for t ∈ [0, 1]

and the claim is proved.

Claim5 — Supposeh : [0, 1)× (0,∞)×R → R is continuous and

h(t, u, v) ≥ f(t, u, v) for all (t, u, v) ∈ [0, 1)× (0,∞)×R.

Let ũ ∈ C[0, 1] ∩ C2(0, 1) with pũ′ ∈ AC[0, 1] be a solution of the problem
{
−1

p(pu′)′ = h(t, u, pu′), 0 < t < 1,

limt→0+ p(t)u′(t) = 0, u(1) = A > 0.

Then

ũ ≥ α̃ on [0, 1]; (3.15)

hereα̃ is defined by (3.3).

Proof of Claim5 — Recall that we have proved thatα̃ satisfies conditions (3.2). Suppose (3.15)

is not true, then there are two cases to consider,ũ(0) < α̃(0) andũ(0) ≥ α̃(0).

Case1 — ũ(0) < α̃(0). Then byũ(1) > α̃(1) = 0, there existst1 ∈ (0, 1) such that




ũ(t) < α̃(t) for t ∈ [0, t1),
ũ(t1) = α̃(t1),
ũ′(t1) ≥ α̃′(t1).

Thus we have from (3.4) and (3.5) that

− 1
p(t)

(pũ′)′(t) = h(t, ũ(t), p(t)ũ′(t))

≥ f(t, ũ(t), p(t)ũ′(t))

> L

≥ − 1
p(t)

(pα̃′)′(t) for t ∈ (0, t1).

So

(pũ′)′(t) < (pα̃′)′(t) for t ∈ (0, t1). (3.16)
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Integrating (3.16) from 0 tot1, we have

p(t1)ũ′(t1) =
∫ t1

0
(pũ′)′(t)dt <

∫ t1

0
(pα̃′)′(t)dt = p(t1)α̃′(t1).

Thus

ũ′(t1) < α̃′(t1),

a contradiction.

Case2 — ũ(0) ≥ α̃(0). Then byũ(1) > α̃(1), there exists a maximal open interval(r, s) ⊂
[0, 1] such that 




ũ(r) = α̃(r),
ũ(s) = α̃(s),
ũ(t) < α̃(t) for t ∈ (r, s).

Let

z(t) = ũ(t)− α̃(t) for t ∈ [r, s].

Then

− 1
p(t)

(pz′)′(t) = − 1
p(t)

(pũ′)′(t) +
1

p(t)
(pα̃′)′(t)

= h(t, ũ(t), p(t)ũ′(t)) +
1

p(t)
(pα̃′)′(t)

≥ f(t, ũ(t), p(t)ũ′(t)) +
1

p(t)
(pα̃′)′(t)

> L +
1

p(t)
(pα̃′)′(t)

≥ 0 for t ∈ [r, s].

So− 1
p(t)(p(t)z′)′(t) > 0 for t ∈ [r, s]. By maximum principle, we obtain

z(t) ≥ 0 for t ∈ (r, s).

Thusũ(t) ≥ α̃(t) for t ∈ (r, s), a contradiction. So we have

ũ(t) ≥ α̃(t) for t ∈ [0, 1].

By Claim 4, we obtain a sequence{un(t)} as solutions of problems(3.9)n, n ∈ N+, such that





−1
p(pu′n)′ = fn(t, un, pu′n), 0 < t < 1,

limt→0+ p(t)u′n(t) = 0, un(1) = εn,

εn ≤ un(t) ≤ un−1(t), 0 ≤ t ≤ 1.
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We see that the sequence of functions{un(t)} converges pointwisely on[0, 1]. Let

u(t) = lim
n→∞un(t) for t ∈ [0, 1].

By (3.6) and Claim 5, we have

α̃(t) ≤ u(t) ≤ un(t) for t ∈ [0, 1] and n ∈ N+. (3.17)

Thus

u > 0 on [0, 1). (3.18)

Moreover,

u(1) = lim
n→∞ εn = 0. (3.19)

Now setK = [0, b] with b ∈ (0, 1). Then there exists an indexn∗ = n∗(K) such thatK ⊂ en

for all n ≥ n∗. Let N∗ = {n ∈ N : n ≥ n∗}. Then from (3.8) we have

− 1
p(t)(pu′n)′(t) = fn(t, un(t), p(t)u′n(t)) = f(t, un(t), p(t)u′n(t))

for t ∈ K and n ∈ N∗.

Furthermore,

a∗ ≤ un(t) ≤ ‖un∗‖ for t ∈ K and n ∈ N∗, (3.20)

where

a∗ = min
t∈K

α̃(t).

Note by (3.2), we havea∗ > 0, thus condition(H4) guarantees that there are two functionsqa∗

andψa∗ such that

qa∗ ∈ C[0, 1) with qa∗ > 0 on [0, 1) and
∫ 1

0
qa∗(t)dt < ∞,

ψa∗ : [0,∞) → (0,∞) is continuous and
∫ ∞

0

dv

ψa∗(v)
>

∫ 1

0
p(t)(qa∗(θ1(t)) + 2qa∗(t))dt

and

|f(t, u, v)| ≤ qa∗(t)ψa∗(|v|) for all (t, u, v) ∈ [0, 1)× [a∗,∞)×R.

Thus

|f(t, un(t), p(t)u′n(t))| ≤ qa∗(t)ψa∗(|p(t)u′n(t)|) for t ∈ K and n ∈ N∗.

ChooseM5 > 0 such that

∫ M5

0

dv

ψa∗(v)
>

∫ 1

0
p(t)qa∗(t)dt. (3.21)
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We next prove that for alln ∈ N∗,

|p(t)u′n(t)| ≤ M5 for t ∈ K. (3.22)

Without loss of generality, we assume for somen ∈ N∗,

p(t)u′n(t) 6≤ M5 for some t ∈ (0, b].

This together withlimt→0+ p(t)u′n(t) = 0 andpu′n ∈ AC[0, 1] guarantees that there existt1 ∈
[0, b), t2 ∈ (0, b), t1 < t2 with p(t1)u′n(t1) = 0, p(t2)u′n(t2) = M5 and0 ≤ p(t)u′n(t) ≤ M5 for

t betweent1 andt2. Now for t ∈ (t1, t2),

(pu′n)′(t) = −p(t)f(t, un(t), p(t)u′n(t))

≤ p(t)qa∗(t)ψa∗(|p(t)u′n(t)|)
= p(t)qa∗(t)ψa∗(p(t)u′n(t)).

Thus
(pu′n)′(t)

ψa∗(p(t)u′n(t))
≤ p(t)qa∗(t) for t ∈ (t1, t2)

and so integration fromt1 to t2 gives

∫ M5

0

dv

ψa∗(v)
=

∫ t2

t1

(pu′n)′(t)
ψa∗(p(t)u′n(t))

dt ≤
∫ t2

t1

p(t)qa∗(t)dt <

∫ 1

0
p(t)qa∗(t)dt.

This contradicts (3.21), so (3.22) holds. Now it follows from (3.20) and (3.22) that{un(t)}∞n=n∗

and{p(t)u′n(t)}∞n=n∗ are uniformly bounded and there exists a constantM6 such that

|f(t, un(t), p(t)u′n(t))| ≤ M6 for t ∈ K and n ∈ N∗.

Also from the inequalites

|un(t1)− un(t2)| =
∣∣∣∣
∫ t2

t1

1
p(t)

∫ t

0
p(s)f(s, un(s), p(s)u′n(s))dsdt

∣∣∣∣

≤ M6

∣∣∣∣
∫ t2

t1

1
p(t)

∫ t

0
p(s)dsdt

∣∣∣∣

and

|p(t)u′n(t1)− p(t)u′n(t2)| = |
∫ t2

t1

p(t)f(t, un(t), p(t)u′n(t))dt|

≤ M6

∣∣∣∣
∫ t2

t1

p(t)dt

∣∣∣∣

for t1, t2 ∈ K and n ∈ N∗, we deduce that{un(t)}∞n=n∗ and {p(t)u′n(t)}∞n=n∗ are equicon-

tinuous onK. By the Arzel̀a-Ascoli theorem (if necessary consider subsequences), we obtain
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that{un(t)}∞n=n∗ and{p(t)u′n(t)}∞n=n∗ are uniformly convergent onK andlimn→∞ p(t)u′n(t) =
p(t)u′(t) for t ∈ K. Hence

lim
t→0+

p(t)u′(t) = lim
t→0+

p(t)u′n(t) = 0. (3.23)

Lettingn →∞ in the equalities

un(t) = un(b) +
∫ b

t

1
p(s)

∫ s

0
p(τ)f(τ, un(τ), p(τ)u′n(τ))dτds for t ∈ K

and using the Lebesgue dominated convergence theorem, we have

u(t) = u(b) +
∫ b

t

1
p(s)

∫ s

0
p(τ)f(τ, u(τ), p(τ)u′(τ))dτds for t ∈ K.

Since the right endpoint ofK is arbitrary, we haveu ∈ C[0, 1) ∩ C2(0, 1) and

−1
p
(pu′)′ = f(t, u, pu′), 0 < t < 1. (3.24)

Recall that we have proved (3.18), (3.19), (3.23) and (3.24), so it remains to check the continuity

of u at t = 1. Let ε > 0 be given. Takenε such thatunε(1) < ε. By the continuity ofunε(t) at

t = 1, we can find a constantδ = δε > 0, such that

0 < unε < ε for t ∈ (1− δ, 1).

Then from (3.17) we obtain

0 < u(t) < ε for t ∈ (1− δ, 1).

Hence,u ∈ C[0, 1] ∩ C2(0, 1) and the proof is completed.

4. EXAMPLE

Example4.1 — Consider the boundary value problem

{
−((

√
t + 1)u′)′ = ( 1

uα − 1√
1−t2

)( 1
uβ + sin((

√
t + 1)u′) + 2), 0 < t < 1,

limt→0+(
√

t + 1)u′(t) = 0 = u(1),
. (4.1)

whereα > 0, β > 0. Then problem (4.1) has at least one solutionu ∈ C[0, 1] ∩ C2(0, 1) with

u > 0 on [0, 1).

To see this we apply Theorem 1.1 withp =
√

t + 1. Clearly,p ∈ C[0, 1] ∩C1(0, 1) with p > 0
on [0,1]. Now

f(t, u, v) =
(

1
uα

− 1√
1− t2

)(
1
uβ

+ sin v + 2
)
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is continuous on[0, 1) × (0,∞) × R andf is singular atu = 0 andt = 1. Let L = 1. For any

compact setl ⊂ [0, 1), letting l∗ = maxt∈l
1√

1−t2
, we haveεl = (1 + l∗)−

1
α > 0 satisfies

f(t, u, v) >
1
εα
l

− l∗ = 1 = L for all (t, u, v) ∈ l × (0, εl]×R.

Moreover, for anyδ > 0, there are

qδ(t) =
1
δα

+
1√

1− t2

and

ψδ(v) =
1
δβ

+ 3

such that

qδ ∈ C[0, 1) with qδ > 0 on [0, 1) and
∫ 1

0
qδ(t)dt < ∞

ψδ : [0,∞) → (0,∞) is continuous and
∫ ∞

0

dv

ψδ(v)
= ∞ >

∫ 1

0
p(t)(qδ(θ1(t)) + 2qδ(t))dt

and

|f(t, u, v)| ≤ qδ(t)ψδ(|v|) for all (t, u, v) ∈ [0, 1)× [δ,∞)×R.

Thus all the conditions of Theorem 1.1 are satisfied and so problem (4.1) has at least one solution

u ∈ C[0, 1] ∩ C2(0, 1) with u > 0 on [0,1).

Remark4.1: Heref(t, u, v) = ( 1
uα − 1√

1−t2
)( 1

uβ + sin v + 2) does not satisfy condition(A)

in Section 1 sincef(
√

3
2 , 1, v) = −3 − sin v < 0 for all v ∈ (−∞, 0]. However, we can get the

existence of the positive solution by our new result.
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