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In this paper we study the existence result of the singular boundary value problem

— (') = f(t,u,pu’), 0 <t <1,
lim;_, o+ p(t)u/(t) = 0 = u(l),

Under the assumptions that the nonlineayfitynay change sign and is singularat= 0 and
t = 1, we present sufficient conditions in Theorem 1.1 to ensure the existence of positive
solutions. Our proof is based on the method of approximation and upper-lower solutions.
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1. INTRODUCTION

Singular boundary value problem of the form

{ —u" =qt)u=* 0<t <1,
u(0) =0 =wu(1),

wherea > 0, ¢ € C(0,1) andg > 0 on (0,1), appears in the study of many physical models, see,
e.g. [1, 2]. Sufficient and necessary conditions in order to get a solution of some smoothness have
been given by Taliaferro in [3]. Recent results on singular boundary value problems can be found
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in the books by Agarwal and O’'Regan [4, 5, 6]. In some recent papers, Agarwal and O’Regan [7],
Ntouyas and Palamides [8], extended the study to the more general problem

{ —%(pu')’ = f(t,u,pu’), 0 <t <1, 1.1)

limy g+ p(t)u’(t) =0= u(l)’
where the nonlinear functiofiis singular at: = 0 and may be singular at= 0 and / ort = 1.
In [7] and [8], the authors supposed a critical condition:
(A) f(t,u,v) >0forall (t,u,v) € (0,1) x (0,00) X [ro(t), 0], whererq : [0,1] — (—o0,0)
is a suitable continuous function.

We are interested in establishing the existence of positive solutions for problem (1.1) with Sign
Changing Nonlinearities and our main result is the following theorem.

Theoreml.1— Suppose the following conditions are satisfied

(H1) p € C[0,1]n C*(0,1) withp > 0 on [0,1].

(H2) f:]0,1) x (0,00) x R — Ris continuous and is singular atu = 0 andt = 1.
(H3) 3L > 0 such that for any compact skt [0, 1) there existg; > 0 with

f(t,u,v) > L for all (t,u,v) € I x (0,&] X R.
(H4) foranyé > 0 there are two functiongs andys such that
1
gs € C[0,1) with gs > 0on [0,1) and / gs5(t)dt < o0,
0

dv

Vs (v)

0 1
s 2 [0,00) — (0, 00) is continuous cmd/o > /0 p(t)(gs(01(t)) + 2qs(t))dt

and
|f(t,u,v)] < gs(t)s(|v]) for all (t,u,v) € [0,1) x [4,00) X R,
wheref,,(t) = min{t, 1 — &} fort € [0,1) andn € NT.
Then problem (1.1) has at least one solutioa C[0, 1] N C?(0, 1) with u > 0 on |0, 1).

In Section 2, we develop the method of upper and lower solutions for a related nonsingular
problem. And Section 3 is devoted to our main theorem. In Section 3, we construct upper and lower
solutions for the truncated nonsingular problef8s),, and get a sequence of solutiofis, } to
approximate the positive solution of problem (1.1). In Section 4, we present an example to test our
main theorem.

Throughout this paper we keep the following notation. For any funetienC[0, 1], ||u||
= maxepo,1 |[u(t)|. And K'[0, 1] denotes the Banach space defined by

K'0,1] = {u € C[0,1], pu’ € C[0,1] with norm |ju|;},

where|[ul|y = max{|[ul], |[pu'||}.
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2. UPPER ANDLOWER SOLUTIONS

Let us first consider the boundary value problem

1 N __ /
{—¢@U)—gwumu%0<t<1 2.

lim, o+ p(t)e(t) = 0,u(l) = A,

whereg : [0,1) x R? — R s continuous.
We saya is a lower solution for problem (2.1) if € C[0,1] N C2%(0, 1) with pa’ € AC|[0, 1]
satisfies the following conditions:

—%,(PO/)' <g(t,a,pa’),0 <t <1
p(0)a’(0) > 0,a(1) < A4,

The definition of an upper solutiofi for problem (2.1) is given in a completely similar way,
just reversing the above inequalities, i®.c C[0,1] N C?(0,1) with p3’ € AC|0, 1] satisfies the
following conditions:

_%@3V29@ﬁmHL0<t<1
p(0)3'(0) <0, B(1) > A.

Then we have the following result.
Lemma2.1 — Suppose the following conditions are satisfied:

g:[0,1) x R? — Ris continuous, (2.2)
P € C[0,1]NCY(0,1) with p > 0 on [0, 1] (2.3)

and there exisb/ > 0 and a function
1
g € C(0,1)with / g()dt < 0o (2.4)
0

such that
lg(t,u,v)| < M,(t) for all (t,u,v) € (0,1) x R2. (2.5)

Then problem (2.1) has at least one solutioa C[0, 1] N C?%(0, 1) with pu’ € AC|0, 1].

PrRoOF Define an operator
T: KY0,1] — K'0,1]

by
1 s
Tu(t) = A —|—/t p(ls) /0 p(T)g(T,u(7), p(T)u' (1)) dr ds.

Now (2.2)—(2.5) imply that
ds

1 1
|Tu(t)] < |A|+ M/o p(T)q(T)dr '/0 o) < oo fort € [0,1]
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and

POTu) ()] = '— [ ). pto () ar

1
< M/o p(T)q(T)dr < oo for t € [0, 1].

SoT is bounded. Alsd" is completely continuous (see [4] Chapt. 3). By Schauder’s theorem,
T has a fixed point which is a solution of problem (2.1).

Theorem2.1— Let «, 3 be, respectively, lower and upper solutions of problem (2.1) such that
a < 3 on [0, 1]. Define

Df = {(t,u) € [0,1) x R: a(t) <u < B(t)}.
Suppose (2.2)—(2.3) hold and there are two functipasds) such that

1
q € C[0,1) withq > 00n[0,1) and / q(t)dt < oo,
0

e 1
¥ 1 [0,00) — (0, 00) is continuous and / > / p(t)q(t)dt
0 0

dv
P(v)
and

lg(t, u,v)| < q(t) Y(|v]) for all (t,u,v) € Dg X R. (2.6)

Then Problem (2.1) has at least one solutior C[0,1] N C2(0, 1) with pu’ € AC[0, 1] such
that
a<u<fGon]|0,1].

ProOOFE Choosel; such that
My > max{|[pa/||, [lp5'[[}

M, dv 1
/0 1/J(U)>/o p(t)q(t)dt. (2.7

Consider the boundary value problem

and

1 N % /
{ _E(pu) =g (tvuapu )7 0<t< 17 (28)

lim, o+ p(t)u'(t) =0, u(l) = A,

where

g (tu,v) = § gt u,v7), aft) <u < B(t) (2.9)
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Ml, v > M1
v =% v, =M; <v< M
—Ml, v < —M;

and

r(u):{ uu, el =1

It is easy to see that* : [0,1) x R? — R s continuous. Set

My = max ¢(v)+ 1.
ve[0,M1]

Then we have from (2.6) and (2.9) that
lg* (t, u,v)| < Mayq(t) for(t,u,v) € [0,1) x R?.

By Lemma 2.1, the problem (2.8) has a solutioa C[0, 1] N C?(0, 1)with pu’ € AC[0, 1].
We claim that ifu is a solution of problem (2.8), thansatisfies

a<u<pfon]0,1] (2.10)

and
|pu/|| < M. (2.11)

If w < 8 on[0,1]is not true, then there exigts< [0, 1] such that

max (u(t) = 5(t)) = ulto) = H(to) > 0.

There are two cases to considgre (0, 1) andty = 0.
Casel —If ¢y € (0, 1), then
1

(u—B)(ty) =0 andp(to)

(p(u—B)") (to) < 0.

Sinceu(tg) > [(to), we have, usingpf’|| < M; andq(ty) > 0, that

]‘ N/
s (olu = )Y 1)
= " (to, ulto), plto)u (to)) péo)(pﬁ’)’(to)
— g (to, ulto), plto) P (o)) — péo)@ﬁ’)'(to)
= —g(to, B(to), p(to) 3 (to)) — q(to)r(B(to) — u(ty)) — L(Pﬁ')/(to)
p(to)

> 0,

419
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a contradiction.
Case2 — tg = 0. Now

lim p(t)(u — B)'(t) = —p(0)5'(0) > 0,

t—0t

a contradiction unless(0)3'(0) = 0. Supposéim,_q+ p(t)(u — 8)'(t) = —p(0)3'(0) = 0. This
together withu(0) > (3(0), ¢(0) > 0 and the continuity of guarantees that there exigts (0, 1)
with u(s) > 3(s), |p(s)u/(s)| < M; for s € (0, ) and

9(s, B(s), p(s)u'(s)) + q(s)r(B(s) — u(s))
—g(s,B(s),p(s)3'(s)) < 0fors € (0, ).

Thus fort € (0, 1) we have

p(t)(u— B)'(t)
= —/0 (p()g" (s, u(s), p(s)u'(s)) + (pB') (s))ds

= —/0 (p(s)g(s, B(s), p(s)u'(s)) + p(s)a(s)r(B(s) — u(s)) + (pB')'(s))ds

> - /0 (p(5)g(s, B(s), p(3)8'(5)) + (PF')'(s))ds
> 0,

i.e. p(t)(u — B)'(t) > 0fort € (0,u), which is a contradiction. Se < g on [0, 1]. In a similar
way, we can prover < u on [ 0,1]. Hence (2.10) holds.

We next prove (2.11). Without loss of generality, we assume
p(t)u/(t) £ My for some t € (0,1].

This together withim_,q+ p(t)u'(t) = 0 andpu’ € AC|0, 1] guarantees that there exist €
[07 1)7 ty € (07 1)7 ty <o with p(tl)u/<t1) = O7p(t2)ul(t2) = Ml and0 < p(t)u/(t) < Ml for
t between; andt,. Now fort € [t1,t2] we have from (2.6), (2.9) and (2.10) that

(pd)'(t) = —p(t)g"(t,u(t), p(t)u'(t))
= —p(t)g(t,u(t), p(t)u'(t))
< p(®)]g(t, ult), p(t)u' ()|
< pa®)y(pt)u'(t)])
= pt)a)Y(p(t)u'(t)).

Thus (o) (¢
pu
COM0) < p(t)q(t) for t € [t1, 2]
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and so integration fromy, to o gives

Moo () " 1
A WW_MMWW@WSAPWWW<AMMWM

This contradicts (2.7), so (2.11) holds. Hencis a solution of the problem (2.1).

3. PROOF OF THEMAIN THEOREM

PROOE Let

1
en = [0,1—271] forn e N*; ey = 0.

Then condition (H3) guarantees that there is a condtant0 such that for each,,, n € N,
there exists a,, > 0 such that

f(t,u,v) > L for all (t,u,v) € e, x (0,e,] x R. (3.1)
Without loss of generality, we assume tha}, } is a decreasing sequence Wi, €, = 0.
We can choose a functian € C2[0, 1] with pa’ € C[0, 1] such that

a'(0) =0, a(l) =0,
a(t) > 0fort € [0,1), (3.2)
a(t) <epfort €ey\ep_1, ne NT.

To show a functiorty with these properties can be constructed, consider at first the function
7 :[0,1] — [0, c0) constructed by the segments joining the poiiits- 5, en+1), n € N, i.e.

1
v(t) = 2"(ent1 — €n) (t -1+ 2n_1> +epfort €ey\en_1, n € NT and y(1) = 0.

Sincery is continuous and decreasing, we obtain that

1
7(t) = / v(s)ds < ~(¢) for t € [0,1].
t
Moreover,y; is decreasing angh € C[0,1]. Set
* — i t 9
p t$%M)

then condition (H1) guarantees that> 0. Define

)\(t):/tl P /slvl(T)desforte[O,l].

p(s)
Itis easy to see that(t) < y(¢) on[0,1], A € C?[0,1] andp)\ € C'[0, 1]. Also we can check
that\ satisfies (3.2). Set
L
izl

ko = min{1,

|2
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where

Loy
m(t) = —m(pk) (t)-

Let
a(t) = koA(t) for t € [0,1]. (3.3)
Also « satisfies (3.2). Furthermore,

L > kollm|| > —p(lt)(p&')/(t) for t € [0,1] (3.4)

and we can get from (3.1) and (3.2) that

flt,u,v) > L

- (3.5)
for all (¢t,u,v) € [0,1) x {u € (0,00) : 0 < u(t) < a(t)} x R.

We define now, fon € N,

fu(t,u,v) = max{f(0,(t),u,v), f(t,u,v)},

recalling that
1
0, (t) = min{t, 1 — 2—71} fort € [0,1).

Next we define, by induction, that

fl(tau7v) = f:l(t?uav)a
f2(tau7v) = min{fl(tvuvv)a fQ(t,U,U)},

fn+1(ta U,U) = min{fn(t,u,v), ﬁl+1(tau7v)}>

Then foreacm € N*, f,,:[0,1) x (0,00) x R — R is continuous. Moreover,

fl(t7u7v) > fQ(tvuv ’U) > 2 fn(t7u7v) > fn-‘rl(tv u, U) (3 6)
> .- > f(t,u,v) for (t,u,v) € [0,1) x (0,00) X R. .
Thus for eacn € N T,

[t w, o) < |fu(t w, 0)] + [ (E w, 0)] < [F(01(2), w, 0)] + 2] f (¢, u, 0)]

3.7)
for (t,u,v) € [0,1) x (0,00) X R.

We also note that for eashe N,

fu(t,u,v) = f(t,u,v) for (t,u,v) € e, x (0,00) X R. (3.8)
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Now let us consider the sequence of boundary value problems

{ —%(PU')’ = fult,u,pu’), 0 <t <1,

3.9),
lim; o+ p(t)u'(t) =0, u(l) =&y, (3.9)
and give some claims which yield the proof of the theorem.

Claim 1 — For eachn € N, the constant functiom,(-) = ¢ with ¢ € (0,¢,] is a lower
solution for problem(3.9),,.

Proof of Claim1 — Since for eaclm € N*, o/, (0) = 0,a,(1) < &,, it is sufficient to prove
that—%(pa;)’ < fu(t,an,pal) fort € (0,1). In our case, this is equivalent to the condition

fu(t,c,0) >0fort € (0,1)andn € NT. (3.10)

We show the validity of the above inequality, for eaclk N+, by induction.
Letc € (0,e1], then by (3.1), we have

fl(tv ¢, O) = fl(t ¢, O) = maX{f(el(t)a ¢, O)a f(ta ¢, 0)}
> f(O(0)..0) > min £(t,0,0) > L > 0.

Suppose now that (3.10) holds for a given index N+ and check its validity for + 1.
Letc € (0,e,41]. Using the inductive hypothesis and (3.1), we obtain

min{ f,, (¢, ¢, 0), fm_l(t, ¢,0)}
min{fn (t7 Gy O)’ f(9n+1(t)7 G, 0)}
min{0, tg@ﬁn f(t,c,0)}

fn+1 (t) C, 0)

AVAR AVARR|

v

min{0, L}
0.

Y

Thus the claim is proved.
Claim2 —- For eachh € N7 if u,, € C[0,1] N C?(0,1) with pul, € AC|0, 1] is a solution of
problem(3.9),,, thenu,, is an upper solution for problef3.9),,1, i.e.

—5(pur) > foii(t,un, puy), 0 <t <1,
p(0)ur,(0) <0, up(l) > eny1.

Proof of Claim2 — From (3.6) we have, for eachc N, that

1
—];(p%)’ = fult, un, puy,)

> for1(t,un,pul), 0 <t < 1.

Moreover,p(0)u,,(0) = lim,_o+ p(t)ul,(t) = 0, up(l) = &, > epy1 forn € N* and the
conclusion follows.
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Claim 3 — Consider the following problem

{ —5 ') = qulp]), 0 <t <1, (3.11)
lim, g+ p(t)0'(£) = 0, (1) = e1,

where )
q € C(0,1) with g > 0on (0,1) and / q(t)dt < oo
0

and

1
e /0 p(t)q(t)dt.

Then problem (3.11) has a solutiore C[0, 1] N C2(0, 1) with pv’ € AC[0, 1].
Proof of Claim3 — Associated with problem (3.11), we have a family of problems

>~ d
¥ : [0,00) — (0, 00) is continuous and / >

—5 (") = xqp(|po]), 0<t <1, 0<A<1 (3.11),
lim;_,g+ p(t)v'(t) =0, v(1) = e;.

By Theorem 1.2 [7], if there exists a constarit> 0, independent of\, such that for any
A € (0,1) and any solution of problem(3.11),, |jv||; < Cis true, then the problem (3.11) has a
solutionv € C[0,1] N C?%(0, 1) with pv’ € AC[0, 1].

Suppose is a solution of problent3.11),, A € (0,1). Letv = v — 7 on|[0, 1], then

—5(07) = Ay (IpT']) >0, 0 <t <1,
lim; g+ p(t)v'(t) = 0, (1) = 0.
By Maximum Principle [4], we have(t) > 0 for ¢ € [0, 1]. So
v(t) > e fort € [0,1].

ChooseM3 > 0 such that

Mz g 1
/0 o) >/0 p(t)q(t)dt. (3.12)

We next prove that
Ipv’|| < Ms. (3.13)

Without loss of generality, we assume
p(t)v'(t) £ Ms for some t € (0, 1].

This together witHim,_ o+ p(t)v'(t) = 0 andpv’ € AC|0, 1] guarantees that there existe
[07 1)7 ty € (07 1)7 t1 < to with p(tl)v/(tl) = Ovp(tQ)U/(tQ) = MS and0 < p(t)’l}l(t) < M3 for
t betweent; andty. Now fort € (t1,t2),

(pv')'(t) = =p(H)Aq(®)e(Ip(t)v' ()]) < p(t)a(£)(p(t)v'(2)).
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Thus
V) ) fort € (11, 1)

and so integration frony to ¢o gives

Wods o)) (" :
50 =, vy <, poa < [ oo

This contradicts (3.12), therefore (3.13) holds. Now set

M, = .
1= mmax Y(s)

Then

—(po)'(t) = p®)Argt)y(Ipt)'(t)])
< Myp(t)q(t) for t € (0,1)

and integration from 0 té € (0, 1) yields

—p(t)V'(t) = —/0 (pv") (1)dr < M4/0 p(T)q(T)dr for t € (0,1).

Thus
/ M,y !
—v'(t) < p(t)/o p(7)q(T)dr for t € (0,1).
So
1
v(t) = e —/t v'(s)ds
1 s
< o4 M, /t p(ls) /0 p(r)q(r)drds
U s 1
< g1+ My ; p(S)/O p(T)q(7)dr for t € (0,1).
Set

C' = max {Mg, e+ My /01 pc(lz) - /Olp(f)q(T)dT} .

Hence,||v||; < C holds and the conclusion follows.

Claim 4 — For eachn € N, problem(3.9),, has at least one solutiom, € C[0,1] N

C?(0,1) with pu!, € AC0,1] such that,, 11 < upy1 < u, on[0,1].

425
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Proof of Claim4 — From(H4), for eache,,,n € N, there are two functiong, ands,, such
that

1
qn € C[0,1) with g, > 0 on|0, 1) and / qn(t)dt < oo,
0

oo 1
by, 2 [0,00) — (0, 00) is continuous and wdz)v) > / p(t)(gn(01(t)) + 2¢n(t))dt
0 n 0
and
|f(t,u,v)] < gn(t)n(|v]) for all (¢,u,v) € [0,1) X [g,,00) X R. (3.14)
Let
Gn(t) = qn(01(t)) 4 2gn(t) fort € [0,1) and n € NT.
Theng, € C[0,1) with g, > 0on|0,1) fo n(t)dt < oo and [;° f” > fo t)dt. In

addition, (3.7) and (3.14) imply that for eaghe N,
| fr (1, )| < Gn(t)n(Jv]) for all (¢,u,v) € [0,1) X [g,, +00) X R.
By Claim 3, the following problem
{ —Lp) =@ (pv']), 0 <t <1,

lim; g+ p(t)v'(t) =0, v(l) =&
has a solution € C[0,1] N C?(0, 1) with pv’ € AC[0, 1]. Letw = v — &1 on [0,1] , then
{ —L') =@ (o)) >0, 0<t <1,
lim; o+ p(£)0'(t) = 0, v(1) = 0.
By maximum principle, we have(t) > 0 for t € [0, 1]. So

v(t) > ey fort € [0,1].

Furthermore,
—%(pv')’ = qr(IpV’]) = fi(t,v,pv), 0 <t <1,
p(0)'(0) = lim;_¢+ p(t)v'(t) = 0, v(1) = &1.
Thusw is an upper solution for the proble(8.9);. Note that Claim 1 guarantees that(t) =
€1,0 < t < 1is a lower solution for the probler{8.9);, using Theorem 2.1, we obtain that the
problem(3.9); has a solution; € C[0,1] N C?(0, 1) with pu) € AC|0, 1] such that

Oél(t) =1 < ul(t) < U(t) fort e [0, 1}.

We next prove the conclusion of Claim 4 by induction. Suppose now that for a given index
n € N+t problem(3.9),, has a solution,, € C[0,1] N C?(0, 1) with pu/, € AC[0, 1] and

en < up(t) for t € [0, 1].
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Note that Claim 1 guarantees that
ant1(t) = epqq for t € [0,1]

is a lower solution for probleni3.9),,+1 and Claim 2 guarantees thaj, is an upper solution for
problem(3.9),+1. Now

ant1(t) = ent1 < en < up(t) for t € [0,1],

thus we have, by Theorem 2.1, that problgh®),,. 1 has a solutiom,, 1 € C[0,1]NC?(0,1) with
pu, 1 € AC0,1] such that

Ant1(t) = ent1 < uppi1(t) <up(t) fort € [0,1]

and the claim is proved.
Claim5 — Supposé: : [0,1) x (0,00) x R — R is continuous and

h(t,u,v) > f(t,u,v) for all (t,u,v) € [0,1) x (0,00) X R.

Letu € C[0,1] N C?(0,1) with pu’ € AC[0, 1] be a solution of the problem

—5(p') = h(t,u,pu’), 0 <t <1,
lim;_o+ p(t)u'(t) =0, u(l) = A > 0.

Then
u > aon |0,1]; (3.15)

herea is defined by (3.3).
Proof of Claim5 — Recall that we have proved thatsatisfies conditions (3.2). Suppose (3.15)
is not true, then there are two cases to considgr, < a(0) andu(0) > «/(0).

Casel —u(0) < a(0). Then byu(1) > «a(1) = 0, there exist$; € (0, 1) such that

(t) < a(t) fort € [0,t1),
u(tl) = &(tl),
u'(ty) > a/(t1).

u

Thus we have from (3.4) and (3.5) that
1 ~

_@(pa/)/(t) = h(t,u(t),pt)u'(t))

v
Kﬁ
—~
\.P#
<
—~
=
=
~
N
=L
=
=

Ly
_m(pa ) (t) for t € (0,t1).

AV

So
(pa') (t) < (pa’)(t) for t € (0,t1). (3.16)
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Integrating (3.16) from O te;, we have

t1 t1
p(t) (1) = /0 () (t)dt < /0 () (t)dt = p(t1) (1),

Thus
ﬂ/(tl) < &/(tl),

a contradiction.

Case2 —u(0) > «(0). Then byu(1) > a(1), there exists a maximal open interval s) C
[0, 1] such that

a(s),

u(t) < a(t) for t € (r, s).

Let
z(t) = u(t) — a(t) for t € [r, s].

Then

vV
Kﬁ
~
N
=
<
=
=L
=
_l_
<
=
=

> Ofort e [rs].
So—ﬁ(p(t)z/)/(t) > 0 for t € [r, s]. By maximum principle, we obtain
z(t) > 0fort € (r,s).
Thusu(t) > a(t) fort € (r, s), a contradiction. So we have
u(t) > a(t) for t € [0, 1].
By Claim 4, we obtain a sequen¢e,,(t)} as solutions of problems.9),,, n € N T, such that

—,%(PU%)' = fu(t,up,pul), 0 <t <1,
limy o+ p(t)uy,(t) = 0, un(1) = en,
en Sup(t) <up—1(t), 0 <t < 1.
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We see that the sequence of functidasg (¢) } converges pointwisely ojf), 1]. Let

u(t) = lim wy,(t) for t € [0, 1].

n—oo

By (3.6) and Claim 5, we have

a(t) <u(t) < up(t)fort € [0,1]andn € N7. (3.17)
Thus
u>0on/0,1). (3.18)
Moreover,
u(l) = lim &, =0. (3.19)

Now setK = [0,b] with b € (0, 1). Then there exists an index = n*(K) such thatk’ C e,
foralln > n*. Let N* = {n € N : n > n*}. Then from (3.8) we have

— ot () (1) = falt, un(t), p(E)ur, (1) = £t un(t), p(t)ur,(¢))
fort € K andn € N*.

Furthermore,
ay < un(t) < ”un*

fort € Kandn € N¥, (3.20)

where

= min a(t).
et

Note by (3.2), we have, > 0, thus condition H4) guarantees that there are two functigps
andq),, such that

1
da, € C[0,1) with g4, > 0on [0,1) and / qa, (t)dt < o0,
0

00 1
Y, = [0,00) — (0, 00) is continuous and ; w:fz()v) > /0 P(t)(qa, (01(t)) + 2qq, (t))dt
and
£t u,0)] < ga, (t)ha. (Jv]) for all (¢, u, v) € [0,1) X [ax, 00) X R.
Thus

[t un (), ()t (0)] < Ga. () ta, (Ip(t)ur, (£)]) for t € K and n € N™.

ChooseM5 > 0 such that

Ms dv 1
/0 ) >/0 p(t)qa, (t)dt. (3.21)

429
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We next prove that for altb € N*,
lp(t)uy, (t)] < Ms for t € K. (3.22)
Without loss of generality, we assume for some N*,
p(t)ul,(t) £ Ms for some t € (0, b].

This together witHim, o+ p(t)ul,(t) = ndpu € ACI0, 1] guarantees that there existe
[0,0), t2 € (0,b), t1 <tz With p(t1)ul, (1) = 0, p(t2)uly (t2) = Ms and0 < p(t)ul,(t) < Ms for
t betweent; andte. Now fort € (t1,t2),

(pup)'(t) = —p(&)f(t,un(t), p(t)un(t))

< p(t)a. (O)a. ([p(t)us (1))
= p(t)Qa* (t)wa* (p(t)u (t))
Thus (o (1)
pbu,
m < p(t)qa. (t) for t € (t1,12)
and so integration fromy to ¢, gives
Yo dv [ (puy)'() & !
5 Ty = ), PO 0 [0 0

This contradicts (3.21), so (3.22) holds. Now it follows from (3.20) and (3.22)thatt) }2°,,-
and{p(t)u,(t)}5° . are uniformly bounded and there exists a consldpsuch that

|f(t, un(t), p(t)u,,(t))| < Mg fort € K andn € N*.

Also from the inequalites

un(t1) — un(t2)| =

[ st [ ottt s

/}:2 p(lt) /Otp(s)dsdt'

< Mg

and

[p(t)un (t) — p(t)up(t2)| = | t2p(t)f(t,un(t),p(t)%(t))dt

/t ltz p(t)dt‘

for t;, to € K andn € N*, we deduce thafu, ()}, and {p(t)u,,(t)}>2 . are equicon-

n=n

tinuous onK. By the Arzeh-Ascoli theorem (if necessary consider subsequences), we obtain

< Mg
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that {w, (¢)}5° .- and{p(t)u,,(t)}2,,. are uniformly convergent ok andlim,_.. p(t)u,(t) =
p(t)u'(t) fort € K. Hence

lim p(t)u/(t) = lim p(t)u,,(t) = 0. (3.23)

t—0+ t—0+
Lettingn — oo in the equalities

b s
%@:um»ﬁlA;prﬁmw@mmmgmmwmmeK

and using the Lebesgue dominated convergence theorem, we have

b s
u(t) = u(b) + / p(1> /0 p(P) (). p(r )t (7))drds for € K.

Since the right endpoint &k is arbitrary, we have. € C[0,1) N C?(0,1) and

—;(pU’)’ = f(t,u,pu’), 0 <t < 1. (3.24)

Recall that we have proved (3.18), (3.19), (3.23) and (3.24), so it remains to check the continuity
of uatt = 1. Lete > 0 be given. Take:. such thatu,_(1) < e. By the continuity ofu,_(t) at
t = 1, we can find a constait= §. > 0, such that

0<u, <eforte(l-241).
Then from (3.17) we obtain
0<u(t)<eforte (l1-2461).

Henceu € C[0,1] N C?(0,1) and the proof is completed.

4, EXAMPLE

Example4.1 — Consider the boundary value problem

{ ~(VE+ D)) = (G = ) (G5 +sin(VE+ D) +2), 0<t <1, )
limy o+ (VE + D' (t) = 0 = u(1),

wherea > 0, 3 > 0. Then problem (4.1) has at least one solutiog C[0,1] N C?%(0, 1) with
u > 0on]Jo0, 1).
To see this we apply Theorem 1.1 wjih= /% + 1. Clearly,p € C[0,1] N C*(0,1) with p > 0

on [0,1]. Now
1 1 1 )
flt,u,v) = <u°‘ — m) <uﬂ +smv+2>
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is continuous orj0, 1) x (0,00) x R and f is singular aw. = 0 andt = 1. Let L = 1. For any

i 1 _1 . g
compact set C [0, 1), letting /. = max;¢; T We haves; = (1 + 1) "« > 0 satisfies

1
f(t,u,v) > s —l,=1= Lforall (t,u,v) €l x (0,¢] x R.
l

Moreover, for any > 0, there are

(t) = i + L
qs 5o T
and .

ps(v) = 58 +3
such that

1
g5 € C[0,1) with ¢gs > 0 on [0,1) and / gs(t)dt < oo
0

* dv

o Ys(v)

1
s 1 [0,00) — (0, 00) is continuous and =00 > /0 p(t)(gs(01(t)) + 2q5(t))dt

and
|f(t,u,v)] < gs(t)s(|v]) for all (¢, u,v) € [0,1) x [0,00) X R.

Thus all the conditions of Theorem 1.1 are satisfied and so problem (4.1) has at least one solution
u € C[0,1] N C%(0,1) with u > 0 on [0,1).

Remarkd.1: Heref(t,u,v) = (& — ﬁ)(u% + sinv + 2) does not satisfy conditiofA)
in Section 1 sincg‘(@, 1,v) = =3 —sinv < 0 for all v € (—o0,0]. However, we can get the

existence of the positive solution by our new result.
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