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In a continuous-time It̂o process market model with frictions in the form of percentage manage-

ment costs and a higher interest rate for borrowing than for lending, the range of arbitrage-free

prices of American Contingent Claims(ACCs) is derived, based on the principle of absence

of arbitrage. Using the martingale approach, we obtain the upper and lower hedging price of

ACCs.
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1. INTRODUCTION

The paper is inspired by the paper of [1], in which the pricing of European Contingent Claims

(ECCs) with percentage management costs is discussed. A finance market with a friction in the form

of percentage management costs is a source of incompleteness. In [1], using the partial differential

equation’s approach, the authors identify an arbitrage-free interval and propose a fair price based

on the utility functions, following Davis [2], when the market coefficients are constants in the price

evolution model.

In our paper, we consider two different sources of incompleteness based on frictions in the form

of percentage management costs and a higher interest rate for borrowing than for lending. In such

trading circumstances, this paper addresses the hedging problem of American Contingent Claims.

An arbitrage-free interval [hlow, hup] is obtained, based on the principle of absence of arbitrage.

∗Research supported by NSFC 70371010 and National Science Foundation of Zhejiang Province under grant

Y605478, Y606667.
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Herehup andhlow are so called the upper-hedging price and the lower-hedging price. As in [3],

hup represents the least price the seller would accept without risk, andhlow represents the greatest

price the buyer can afford to pay without risk. This interval has the following properties: Every

price outside the interval leads to an arbitrage opportunity; There are no arbitrage opportunities in

the interior of the interval.

The problem considered in this paper is more general and more realistic than the one in [1],

since the price model here is of stochastic market coefficients, and different interest rates for bor-

rowing and lending are taken into account, and the problem for hedging ACCs in this paper is more

interesting and more challenging than the one for ECCs in [1].

2. THE MODEL

Consider a financial market M that consists of one riskless asset, called bond, and several risky

assets, called stocks. The price processesP0(·) andP1(·), · · · , Pd(·) of these assets are modeled by

the following dynamics:

dP0(t) = P0(t)r(t)dt, P0(0) = 1,

dPi(t) = Pi(t)[bi(t)dt + σi(t)dW (t)], (1)

Pi(0) = pi > 0, i = 1, · · · , d.

HereW (·) = (W 1(·), · · · ,W d(·))∗ in Rd is standard Brownian motion defined on a complete

probability space(Ω,F , P ) endowed with a filtrationF = {F(t)}0≤t≤T , the P-augmentation of the

filtrationFW (t) := σ(W (s) : 0 ≤ s ≤ t), 0 ≤ t ≤ T, generated byW (·). The market coefficients

r(·) (bond rate),b(·) = (b1(·), · · · , bd(·))∗ (vector of stock return rates) andσ(·) = {σij(·)}1≤i,j≤d

(volatility matrix) are all assumed to be progressively measurable with respect toF. Moreover, the

matrix σ(·) is assumed to be invertible, and all processesr(·), b(·), σ(·), σ−1(·) are assumed to be

bounded, uniformly in(t, ω) ∈ [0, T ]× Ω.

Under these assumptions, the relative risk process of the market M, namely

θ(t)
4
= σ−1(t)(b(t)− r(t)~1),

whereθ(t) is bounded and F-progressively measurable; thus

Z0(t)
4
= exp[−

∫ t

0
θ∗(s)dW (s)− 1

2

∫ t

0
‖ θ(s) ‖2 ds], 0 ≤ t ≤ T

is a martingale, and

W (0)(t)
4
= W (t) +

∫ t

0
θ(s)ds, 0 ≤ t ≤ T
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is a Brownian motion under the probability measure

P 0(A)
4
= E[Z0(T )1A], A ∈ F(T )

by the Girsanov theorem.

We also introduce the discounted processβ(t)
4
= 1

P0(t) = exp(− ∫ t
0 r(s)ds), 0 ≤ t ≤ T.

3. WEALTH EQUATION

Definition1 — (i) An F-progressively measurable processπ : [0, T ]× Ω → Rd with
∫ T
0 ‖π(t)‖2dt

< ∞ a.s. is called portfolio process.

(ii ) An F-adapted process C:[0, T ]× Ω → [0,∞) with increasing continuous paths andC(0)
= 0, C(T ) < ∞ a.s., is called cumulative consumption process.

In the market we regardπi(t) as the amount of the agent’s wealth that is invested in theith stock

at time t. The process C(t+h)-C(t) represents the amount withdrawn (for consumption) during the

interval (t, t+h). Now we consider the market in which one is allowed to borrow money at interest

rateR ≥ r. We shall assume that the processR(·) is progressively measurable with respect to F and

bounded uniformly in(t, ω) ∈ [0, T ]× Ω. Moreover, in the marketM there is a cost related to the

management of portfolio. Suppose that the cost for the holding one unit of stockPi is mi ≥ 0 and

the cost for borrowing one unit of stockPi is ni ≥ 0, i = 1, · · · , d. In particular, ifR = r,

mi = ni = 0, i = 1, · · · , d, we call the marketM is frictionless.

For a given, nonrandom, initial wealthx ≥ 0, letXx,π,C denotes the wealth process correspond-

ing to a portfolio/consumption pair (π, C) which satisfies the stochastic equation

dX(t) =
d∑

i=1

πi(t)
Pi(t)

dPi(t)− dC(t) + (X(t)−
d∑

i=1

πi(t))+

×r(t)dt− (X(t)−
d∑

i=1

πi(t))− ×R(t)dt−
d∑

i=1

(miπ
+
i (t) + niπ

−
i (t))dt

= r(t)X(t)dt− dC(t) + π∗(t)[(b(t)− r(t)~1)dt + σ(t)dW (t)]

−(R(t)− r(t))(X(t)−
d∑

i=1

πi(t))−dt− π∗(t)F (t, π)dt, X(0) = x (2)

where

Fi(t, π) = mi1{πi(t)≥0} − ni1{πi(t)<0}, F (t, π) = (F1(t, π), · · · , Fd(t, π)).
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From the It̂o product rule, we can rewrite (2)

β(t)X(t) +
∫ t
0 β(s)dC(s) +

∫ t
0 β(s)(R(s)− r(s))(X(s)−

d∑

i=1

πi(s))−ds

+
∫ t
0 β(s)π∗(s)F (s, π)ds = x +

∫ t
0 β(s)π∗(s)σ(s)dW (0)(s).

(3)

Definition2 — We say that a portfolio/consumption process pair(π,C) is admissible in M for

the initial wealth x, if there exists a nonnegative random variableΛ with E0(Λ)p < ∞ for some

p > 1, such that the wealth processXx,π,C(·) satisfies almost surely:

Xx,π,C(t) ≥ −Λ ∀0 ≤ t ≤ T.

The set of admissible pair(π, C) will be denoted byA(x). It is clear that if(π,C) ∈ A(x),
then the process of (3) is bounded from below on[0, T ] and is aP 0-local martingale, thus a super-

martingale underP 0, and the optional sampling theorem gives

E0[β(τ)X(τ) +
∫ τ

0
β(s)dC(s) +

∫ τ

0
β(s)(R(s)− r(s))(X(s)−

d∑

i=1

πi(s))−ds

+
∫ τ

0
β(s)π∗(s)F (s, π)ds] ≤ x, ∀τ ∈ ϕ, ∀(π, C) ∈ A(x).

In the following, we denoteϕs, t the class of F-stopping timesτ : Ω → [s, t] for 0 ≤ s ≤ t ≤ T

and letϕ
4≡ ϕ0,T .

4. THE HEDGING OFACCS

Our purpose in this section is to characterize the upper and lower hedging prices of ACCs under the

above-mentioned frictions.

Definition 3 — An American Contingent Claim is an F-adapted processB : [0, T ] × Ω →
(0,∞) with continuous sample paths and

E[ sup
0≤t≤T

(β(t)B(t))1+ε] < +∞, for some ε > 0.

By same definition as in [3], define the upper hedging price for the ACC:

hup
4
= inf L 4

= inf{x ≥ 0|∃(π̂, Ĉ) ∈ A(x) s.t. Xx,π̂,Ĉ(τ) ≥ B(τ), ∀τ ∈ ϕ}, (4)

and the lower hedging price for the ACC:

hlow
4
= supU 4

= sup{x ≥ 0|∃τ̌ ∈ ϕ,∃(π̌, Č) ∈ A(−x) s.t. X−x,π̌,Č(τ̌) + B(τ̌) ≥ 0}. (5)
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Herehup represents the least price the seller would accept without risk, andhlow is the greatest

price the buyer can afford to pay without risk.

In the following we use the martingale approach to characterize the upper and lower hedging

prices of ACCs.

Define

D 4
= {(ν, µ)|ν, µ are F − progressively measurable process in Rd,

−mi ≤ νi ≤ ni, 0 ≥ µ1 = µ2 = · · ·µd ≥ −(R− r)}.
(6)

Corresponding to any given(ν, µ) ∈ D, we introduce

βv,µ(t)
4
=

1
P v,µ

0 (t)
= exp[−

∫ t

0
(r(s)− µ1(s))ds],

θv,µ(t)
4
= θ(t) + σ−1(t)(v(t) + µ(t)),

Zv,µ(t)
4
= exp[−

∫ t

0
θ∗v,µ(s)dW (s)− 1

2

∫ t

0
‖ θv,µ(s) ‖2 dt],

W (v,µ)(t)
4
= W (t) +

∫ t
0 θv,µ(s)ds = W (0)(t) +

∫ t
0 σ−1(s)(v(s) + µ(s))ds,

P v,µ(A)
4
= E[Zv,µ(T )1A] A ∈ FT ,

By Girsanov’s theorem, the processW (v,µ)(·) is a Brownian motion under the probability mea-

sureP v,µ. Now we define

Uν,µ(0)
4
= sup

τ∈ϕ
Eν,µ[βν,µ(τ)B(τ)],

V
4
= sup

(ν,µ)∈D
Uν,µ(0),

L
4
= inf

(ν,µ)∈D
Uν,µ(0),

X̂ν,µ(t)
4
=

1
βν,µ(t)

ess sup
τ∈ϕt,T

Eν,µ[βν,µ(τ)B(τ)|F(t)].

Clearly thatX̂ν,µ(0) = Uν,µ(0), X̂ν,µ(T ) = B(T ), a.s.. Finally, we introduce the processes

X(t)
4
= ess inf

(ν,µ)∈D
X̂ν,µ(t),

X(t)
4
= ess sup

(ν,µ)∈D
X̂ν,µ(t).
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Clearly thatX(0) = V, X(T ) = B, as well asX(0) = L, X(T ) = B.

Theorem1 — The upper hedging pricehup is given by

hup = V = sup
(ν,µ)∈D

Uν,µ(0) = sup
(ν,µ)∈D

sup
τ∈Γ

Eν,µ[βν(τ)B(τ)]

Furthermore, there exists a pair(π̂, Ĉ) ∈ A(V ) such thatXV,π̂,Ĉ(τ) = X(τ) ≥ B(τ) holds

almost surely.

PROOF: First we will prove the inequalityhup ≥ V . For everyx ∈ L, there exists a pair

(π̂, Ĉ) ∈ A(x) s.t.Xx,π̂,Ĉ(τ) ≥ B(τ), ∀τ ∈ ϕ. From Itô product rule, we have

βv,µ(t)Xx,π̂,Ĉ(t) +
∫ t
0 βv,µ(s)dĈ(s) +

∫ t
0 βν,µ(s)π̂∗(s)[F (s, π̂) + ν(s)]ds +

∫ t
0 βv,µ(s)

×((π̂∗(s)µ(s)−Xx,π̂,Ĉ(s)µ1(s)) + (R(s)− r(s))(Xx,π̂,Ĉ(s)−
d∑

i=1

π̂i(s))−)ds

= x +
∫ t
0 βv,µ(s)π̂∗(s)σ(s)dW (v,µ)(s), 0 ≤ t ≤ T.

(7)

From0 ≥ µ1 = µ2 = · · · = µd ≥ r −R,

we have

π̂∗(t)µ(t)−Xx,π̂,Ĉ(t)µ1(t) + (R(t)− r(t))(Xx,π̂,Ĉ(t)−
d∑

i=1

π̂i(t))−

= −µ1(t)(Xx,π̂,Ĉ(t)−
d∑

i=1

π̂i(t))+ + (Xx,π̂,Ĉ(t)−
d∑

i=1

π̂i(t))−(µ1(t) + R(t)− r(t))

≥ 0. (8)

And from−mi ≤ νi ≤ ni, i = 1, · · · , d, we have

π̂∗(t)[F (s, π̂) + ν(s)] =
d∑

i=1

[(mi + νi(t))π̂+
i (t) + (ni − νi(t))π̂−i (t)] ≥ 0. (9)

Now from (8) and (9), we can conclude that the process of (7) is a nonnegative local martingale,

thus also a supermartingale underP v,µ. Consequently from the optional sampling theorem, we

obtain

x ≥ Ev,µ[βv,µ(τ)Xx,π̂,Ĉ(τ)] ≥ Eν,µ[βv,µ(τ)B]

for every(v, µ) ∈ D andτ ∈ ϕ. Therefore,x ≥ sup
(ν,µ)∈D

sup
τ∈ϕ

Eν,µ[βν,µ(τ)B(τ)] = V andhup ≥ V.

In the following we will establishhup ≤ V and the remaining claims of the theorem. By same

arguments as in A.2 lemma of [3], we have that the F-adapted processX(·) can be considered in its
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RCLL modification andβν,µ(·)X(·) is aP ν,µ-supermartingale for every(ν, µ) ∈ D. Consequently,

from the Doob-Meyer decomposition and the Martingale representation theory, we can represent

the supermartingaleβν,µ(·)X(·) as

βν,µ(t)X(t) = V + Mν,µ(t)−Aν,µ(t)

= V +
∫ t

0
ψ∗ν,µ(s)dW (ν,µ)(s)−Aν,µ(t) 0 ≤ t ≤ T, (10)

for every pair(v, µ) ∈ D. Here ψv,µ : [0, T ] × Ω → Rd is F-progressively measurable with∫ T
0 ‖ ψv,µ(t) ‖2 dt < +∞ a.s. andAv,µ : [0, T ]× Ω → [0, +∞) is F-adapted, natural increasing,

with right continuous paths andAv,µ(0) = 0. For other(λ, ϕ) ∈ D, from (10) and It̂o product rule,

we have

dβλ,ϕ(t)X(t) = d exp[
∫ t

0
(ϕ1(s)− µ1(s))ds]βv,µ(t)X(t)

= exp[
∫ t

0
(ϕ1(s)− µ1(s))ds]

×[X(t)βv,µ(t)(ϕ1(t)− µ1(t))dt + ψ∗v,µ(t)σ−1(t)(v(t)

+µ(t)− λ(t)− ϕ(t))dt− dAv,µ(t) + ψ∗v,µ(t)dW (λ,ϕ)(t)]. (11)

Comparing this with

dβλ,ϕ(t)X(t) = ψ∗λ,ϕ(t)dW (λ,ϕ)(t)− dAλ,ϕ(t), (12)

we have

ψλ,ϕ(t) · exp(−
∫ t

0
ϕ1(s)ds) = ψv,µ(t) · exp(−

∫ t

0
µ1(s)ds)

4
= g(t), (13)

whenceg(t) is independent of(v, µ) ∈ D. Define an adaptedRd-valued square-integrable process

π̂(·) by

π̂∗(t) 4= P0(t)g∗(t)σ−1(t), 0 ≤ t ≤ T (14)

from (13) and (14), we have

ψ∗v,µ(t) = βv,µ(t)π̂∗(t)σ(t). (15)

Now we put (15) into (11) and compare with (12), we have

P v,µ
0 (t)dAv,µ(t)− [π̂∗(t)v(t) + π̂∗(t)µ(t)−X(t)µ1(t)]dt

= P
λ,ϕ(t)
0 (t)dAλ,ϕ(t)− [π̂∗(t)λ(t) + π̂∗(t)ϕ(t)−X(t)ϕ1(t)]dt

4
= dh(t)
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whenceh(t) is also independent of(v, µ) ∈ D. Define a procesŝC(·) by

Ĉ(t)
4
= h(t)−

∫ t

0
(R(s)− r(s))(X(s)−

d∑

i=1

π̂i(s))−ds−
∫ t

0
π̂∗(s)F (s, π̂)ds (16)

from (16), withν = −F (s, π̂), µ=(r −R)1{
∑d

i=1
π̂i ≥ X}1, Ĉ(t) =

∫ t
0 β−1

ν,µ(s)dAν,µ(s),

0 ≤ t ≤ T , and hencêC(·) is an increasing adapted RCLL process. From (16), we have

Aν,µ(t) =
∫ t
0 βv,µ(s)dĈ(s) +

∫ t
0 βν,µ(s)π̂∗(s)[F (s, π̂) + ν(s)]ds +

∫ t
0 βv,µ(s)

×((π̂∗(s)µ(s)−X(s)µ1(s)) + (R(s)− r(s))(X(s)−
d∑

i=1

π̂i(s))−)ds.

(17)

Now putting (15) and (17) into (10), we have

βv,µ(t)X(t) +
∫ t
0 βv,µ(s)dĈ(s) +

∫ t
0 βν,µ(s)π̂∗(s)[F (s, π̂) + ν(s)]ds +

∫ t
0 βv,µ(s)

×((π̂∗(s)µ(s)−X(s)µ1(s)) + (R(s)− r(s))(X(s)−
d∑

i=1

π̂i(s))−)ds

= V +
∫ t
0 βv,µ(s)π̂∗(s)σ(s)dW (v,µ)(s), 0 ≤ t ≤ T.

(18)

In particular, for(v, µ) ≡ 0, (18) gives

dβ(t)X(t) = −β(t)dĈ(t)− β(t)(R(t)− r(t))(X(t)−
d∑

i=1

π̂i(t))−dt

−β(t)π̂∗(t)F (t, π̂)dt + β(t)π̂∗(t)σ(t)dW (0)(t), X(0) = V,

which is (3) for the processX(·). This showsXV,π̂,Ĉ(·) = X(·). SinceX(·) ≥ B(·) ≥ 0, then

XV,π̂,Ĉ(τ) = X(τ) ≥ B(τ) andhup(K) ≤ V < ∞.

The proof is completed.

Theorem2 — The lower hedging pricehlow is given by

hlow = L = inf
(ν,µ)∈D

Uν,µ(0) = inf
(ν,µ)∈D

sup
τ∈ϕ

Eν,µ[βν(τ)B(τ)].

Furthermore, there exists a pair(π̌, Č) ∈ A(−L) such that

−X−L,π̌,Č(· ∧ σ0) = X(· ∧ σ0) ≥ B(· ∧ σ0)

holds almost surely, with

σt
4
= inf{u ∈ [t, T ]|X(u) = B(u)} ∧ T, 0 ≤ t ≤ T.

PROOF: First we will prove the inequalityhlow ≤ L. With x ≥ 0 an arbitrary element of the set

U , there existšτ ∈ Γ and(π̌, Č) ∈ A(−x), s.t.X−x,π̌,Č(τ̌) + B(τ̌) ≥ 0.
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From (7), we have

βν,µ(t)X−x,π̌,Č(τ̌) +
∫ t
0 βν,µ(s)dČ(s) +

∫ t
0 βν,µ(s)π̌∗(s)[F (s, π̌) + v(s)]ds +

∫ t
0 βν,µ(s)

×[(π̌∗(s)µ(s)−X−x,π̌,Č(s)µ1(s)) + (R(s)− r(s))(X−x,π̌,Č(s)−
d∑

i=1

π̌i(s))−]ds

= −x +
∫ t
0 βν,µ(s)π̌∗(s)σ(s)dW (ν,µ)(s), 0 ≤ t ≤ T

(19)

is a Pν,µ local martingale, for every(ν, µ) ∈ D. And from (8) and (9) and the definition 2, it is

easily checked that the local martingale of (19) is bounded from below by aP ν,µ-integrable random

variable and thus is a supermartingale underP ν,µ. From the optional sampling theorem, we obtain

−x ≥ Eν,µ[βν,µ(τ̌)Xx,π̌,Č(τ̌)] ≥ −Eν,µ[βν(τ̌)B(τ̌)] ≥ −Uν,µ(0).

Thus from the arbitrariness ofx ≥ 0 in U , we havehlow ≤ L.

The proof of the inequalityhlow ≥ L and the remaining claims of the theorem is quite similar

to that of Theorem 1.

5. THE ARBITRAGE-FREE INTERVAL

Definition4 — If u > 0 is a given price of the American contingent claimB(·) in the market at time

t = 0. We say the market admits an arbitrage opportunity in the marker if either of the following

holds:

(i) there is a pair(π̂, Ĉ) ∈ A(x) such that for somex ∈ (0, u), we have

Xx,π̂,Ĉ(τ) ≥ B(τ), ∀τ ∈ ϕ

(ii) there exists a stopping timěτ ∈ ϕ and a pair(π̌, Č) ∈ A(−x) such that for somex > u, we

have

X−x,π̌,Č(τ̌) + B(τ̌) ≥ 0

The economic meaning of assertions (i) and (ii) of Definition 4 is clear. In the assertion (i) of

Definition 4, an agent can sell the contingent claim at timet = 0 for u (u > x), then the seller

is able to construct a portfolio using justx, which allows him to meet his obligations to the buyer

without risk. So he can pocket the differenceu − x, which represents a riskless profit. This is an

arbitrage. In the assertion (ii) of Definition 4, the buyer can borrowx > u, and pay onlyu for the

contingent claim, pocketing the differencex− u, and construct a portfolio that allows him to repay

his initial debt without risk at some stopping timeτ which he chooses. That leads to an arbitrage

again.

By Definition 4, we obtain the following theorem:

Theorem3 — If u > 0 is a given price of the American contingent claimB(·) at timet = 0.

Anyu ∈ [hlow, hup] leads to an arbitrage opportunity in the marketM , while anyu ∈ [hlow, hup]
leads to no arbitrage opportunity in the market.

So we call[hlow, hup] the arbitrage-free interval.
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6. CONCLUSION

In the paper we discussed the hedging problem of ACCs with frictions in the form of percentage

management and a higher interest rate for borrowing than for lending, and obtained the upper and

lower hedging prices of ACCs by martingale approach, consequently we got the arbitrage-free in-

terval of ACCs.
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