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In this paper, a convexity for the edge set of a grépk- (V, E) is defined. It is a matroid of
rankp — 1 where|V (G)| = p and its arity is not in general two. The classical convex invariants

are also evaluated.
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1. INTRODUCTION

For the vertex set of a connected gr&ph= (V, F) different types of convexities have been studied.
All are path convexities and are induced by suitable interval operators, hence they are called interval
convexity spaces. The arity of such convexity spaces is two [7]. Most widely studied are geodesic
convexity and induced path (minimal path) convexity. Van de vel [7] has given a detailed account
of combinatorial convexity theory in graphs and other discrete structures. Some other contributions
on these lines are [1] to [6].

In this paper, we have two aims:

1. To extend the convexity notions to the edge set of a graph.
2. To study the properties of convexity spaces of arity greater than 2.

All basic graph theoretic and convex theoretic concepts are from [7].

In this paper we define cyclic convexity for the edge set of a graph. Itisa matroid of
rankp — 1. Classical convex invariants-Helly number, Radon number, Caratheodory number and
exchange number are also evaluated.
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2. CycLic CONVEXITY

Definition1 — [7] Let X be a non-empty set. A collectighof subsets ofX is called a convexity
if ¢, X € C, is closed for intersections and for chained unions. The(gaiC) is called a convexity
space.

Members ofC are called convex sets. For any $etC X the convex hull ofS is the smallest
convex set containing and is denoted by'o(.S).

Definition2 — [7] A convexity spaceX is of arity < n if its convexity is determined by
n-polytopes.

That is, a subsef’ of X is convex if and only ifCo(F') C C for each subsef’ of X of
cardinality at mosh.

Let G be a graph with edge sét. Let C denote the collection of cycles aidd denote the
collection of chordless cycles @f and let€ ={S C E : C € C and|C N S| > |C| — 1 implies
CCStandé.={SCE:CecC.and|CNS|>|C|—1impliesC C S}.

Lemmal — £=£&..

PROOF It is obvious thatt C £.. Conversely, suppose thte £. and letC be the cycle of
lengthk such thalC' N S| = |C], then it is clear thaC’ C S. If |C N S| = |C| — 1, suppose that
CnS = C—{e}andC is not induced. Otherwis€' € C. andC C S is clear. Assume that
for all cyclesC” with |C’| < |C| and with|C' N S| > |C’] — 1, C" C S. Now, any chord:’ of C
together with some path @ — {e} forms a cycleC’ of lengthk’ < k with |C" N S| > k' — 1,
which implies that’ € S. Thus, all chords o are inS. The edge: belongs to some chordless
cycleC” induced by some of the vertices 6fwith |C”| < |C|. Also |C" N S| > |C"| —1 =>
C"CS=>eecS=>CCS=>S5ec&. Henceg.CE.

Definition3 — The collectior€ forms a convexity ory and is called the cyclic convexity.

Note This convexity space is denoted (¥, ).

In other words,S C FE'is convex if and only if for any cycl€’ in G, C C S whenevelC'—e C S
foranye € C. ForanyS, C E, Co(Sy) = {€' : ¢/ € Sy orC — €' C S, for some cycle in G}.

Examples—

1. For atre€eT every subset oF/(T') is trivially convex.

2. In the graphG.

Now, we shall consider a generalization of the notion of geodesic iteration number of an interval
convexity space to a convexity space of arity greater than two.

Definition4 — Let X be a convexity space of arity,n > 2 andS C X. The closure of S,
denoted by(.S) is defined ag.S) = J{Co(F) : F C X,|F| < n}.S™ is recursively defined as,
Sl = (8),8™ = (S™~1). The smallest positive integer such thats™*+! = S™ is called the
iteration number of. The iteration number of X is defined to be the maximum iteration number of
S:S CX.
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FIG. 1. {e1,e2,e3}, {ea, €5, €3} are convex, bufes, eg, es} is not convex.

Lemma2 — The iteration number aiG, £) is 1.

PROOF Let S C E. It suffices to prove tha$? C S'. Lete € S2. Then, there i€ € C.. such
thatC' — {e} c St = (S).

Lete’ € C — {e}. ThenE(C) — {e, €'} is convex. Hence' ¢ Cy(E(C) — {e,e’'}). Now,
¢’ € S implies that there exist a cycte’ € C. suchthat’ —{¢'} C S. Then,C —{/}UC’ —{¢'}
is a cycleC” in C such thatC” — {e} C S, which implies that € S'. ThusS! = S? and so the
iteration number is 1.

Theorem1 — The arity of (G, £) is one if G is a tree and is one less than the size of a largest
chordless cycle iii7, otherwise

PROOE If G is a tree, then there is nothing to prove. Now Hdte the size of a largest chordless
cycleC in G. Itis clear that the arity is at mogt— 1. On the other hand, lIe&f = E(C) — {e}
for some edge of C' and supposé&’ C S,S" # S. Then foranyC’ € C., |C' N S| < |C'] — 2.
Therefore,S” € £, butS ¢ £. Thus, the arity is greater th&n-2 and so the arity of G, £) = k—1.

Note In literature, there are not many examples of convexity spaces of arity greater than two.

Definition5 — [7] A convexity spaceX is a matroid if it satisfies the exchange law, for any
convex seC' C X anda,b € X — C,a € Co(C U {b}) implies thath € Co(C' U {a}).

Definition6 — A non empty sef’ of X is convexly independent if ¢ Co(F — {z}) for each
x € F.

Note If X is a matroid, there exists a maximal independent subs&t odlled a basis and its
cardinality, the rank.

Theorem2 — If G is a connected graph of ordex, then(G, £) is a matroid of rankp — 1.

PROOE It follows that(G, &) is a matroid, by the definition of cyclic convexity. Now, [Etbe
a spanning tree af and letF' = E(T') and lete € F.

Clam— e ¢ Co(F —{e}).

e € Co(F — {e}) implies that there is a cyclé' € C such thatC — {e} C F — {e} which
impliesC C F, a contradiction. Therefords is independent. Hence, rank(@¥, £) > p— 1. Now,
if |F'| > p thenF contains a cycle and hence it is convexly dependent. So, the rank is O
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3. CONVEX INVARIANTS

The convex invariants of a convexity spaXeare defined as follows [7].

The Helly number ofX is the smallest number such thaf \{Co(F —{a}) : a € F'} # ¢ (that
is, F' is Helly (H—) dependent) for alF' C X with |F| > n.

The Radon number oX is the smallest number such that eacti’ C X with |F'| > n can be
partitioned intaS; andS; such thatCo(S1) N Co(S2) # ¢. (thatis,F' is Radon(R—) dependent).

The Caratheodory number &f is the smallest numbersuch thatCo(F) = (J{Co(F —{a}) :
a € F} (thatis,F is CaratheodoryC'—) dependent) for alF' C X with |F'| > n.

The exchange number of is the smallest number such that forF" C X, |F| > nandp € F,
Co(F — {p}) CU{Co(F —{a}) : a € F} (thatis,F is exchangg F—) dependent).

Theorem3 — Let G be a connected graph of order then the Helly number ofG, &),
h(G)=p—1.
PROOF LetT be a spanning tree ¢f andF’ = E(T'). We prove thaf' is Helly independent.

Supposg {Co(F — {e}) : e € F} # ¢. Lete € F, e € Co(F — {e}) ande’ ¢ F. Then,
there is a cycl€ in G suchthat' — ¢’ C S = F — {e}.

Now, suppose that € {Co(F —{e}) : e € F'} wheree’ = uv. Thene’ # e foranye € F. If
e1, eo € F then there exist cycleS; andCs in G such that’; —e’ € F —e; andCy —e’ C F —es.
Then the cycle&” comprising the path€; — ¢’ andC, — ¢’ is in T' which is a contradiction.

Hence\{Co(F — {e}) : e € F'} = ¢. SoF is Helly independent. ThereforgG) > p — 1.
Now, supposéF’| > p. ThenF contains a cycl€ in G. Thene’ € Co(F — {¢'} foranye’ € C

and hence’ € Co(F — {e}) for anye € F', which implies thatC ¢ {Co(F — {e}) : e € F}.
Therefore,F' is Helly dependent and S§G) < p. Thus,h(G) =p — 1.

Theorem4 — The Caratheodory number @f7, £) is given by ¢(G) = 1 if G is a tree and
Circ(G) — 1 otherwise, wher€'irc(G), the circumference ofr is the length of a largest cycle in
G.

PROOE If G is a tree, then every subset Bfis convex. So for each’ C E with |F| > 1, we
haveCo(F) = F = |J{F —{a} :a € F} =|J{Co(F — {a}) : a € F}. Hencec(G) = 1.

Now, letC be a longest cycle of lengthandS = E(C). LetC =a; —e; —ag — ez — ... —
ex—1 — ap — e — a1, wherea; s are vertices ang s are edges. Lef; = S — {¢;},i = 1,2, ..., k.

Claim— S; is C-independent.

HereCo(S;) = S becauseC N S;| = |S;| = |C| — 1. We haveCo(S;) = E(C) = S. But
ei ¢ Co(S; — e) for any S;. HenceS = Co(S;) # U{Co(S; —e) : e € S;}. Therefores; is
C-independent. Sa(G) > |S;| = |S| —1 = Cire(G) -1 =k — 1.
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Now, if ¥ C E,|F| > k and ife € Co(F') then there is a cycl€’ in G such thate € C' and
C—-—eCF.

If C —e # F, there is an edge’ € F which is notinC. ThenC — e C F — ¢’ and hence
e€C=Co(C—e)CCo(F —¢). ThusCo(F) C | J{Co(F —¢) :e € F}.

If C —e = Fthen|C| = |F| + 1, which is a contradiction becaué&rc(G) = k.

Theorem5 — Let G be a connected graph of order, then the Radon number diz, &),
r(G)=p—1.

Theorem6 — Let G be a connected graph. The exchange numbéb), e(G) = 2,if G is
atree or a cycle and ismaz{Circ(G — v) : v € G}, otherwise

PROOF Case | — Let G be a tree. Then every subdétof E(G) is convex. If|F| < 2, let
F ={ej,e2}. ThenF —{e; } is not a subset of — {e2}. HenceF is E-independent. IfF’| > 3, let
F ={e1,e2,...en,p},n>2. ThenCo(F — {p}) = F — {p} = {e1,ea,...ex} CU{F — {ei} :
i=1,2....}.S0,Co(F — {p} CU{F —{e} : e #p,ec F.

Case Il— Let GG be a cycle. Then eithel = E or F' has no subset comprising a cycle. If
F = E,Co(F — {e}) = F foreache € F. If F # E, sinceF' has no subset comprising a cycle,
each proper subset @f is convex, so that the proof is same as that of Case I. Thus, in both these
cases(G) = 2.

Case lll— Let G be a graph having a cycté and a vertex ¢ C.

Assume tha€'is a largest cycle such that there is a vertex C. LetC=a; —e; —as—ea—. .. —
an_1—en_1 — Gy — €, — a1 Wherea;s are vertices ang s are edges betweenanda;, 1. Lete be
any edge incident onand letS = {ey, ea, ..., e,—1,€}. Thene, € Co(S—e), bute,, ¢ Co(S—¢;)
for i # n. HenceS is E-independent anelG) > n. Now, if S = {e1,e2,...,enn},m > n+ 1, let
e € Co(S — e;) for somei. Then there is a cycl€’ in G such that € C'andC —e C S —¢;. If
C—e=S5—¢;|C| =15 > n+ 1, which is a contradiction. Hence there is somes S — e;
such thak; € C and soe € Co(S — e;). Therefore,S is E-dependent ane{G) < n + 1. Thus
e(G) =n.
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