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ZHIZHENG ZHANG***1 andAND Y ULAN ZHANG*

*Department of Mathematics, Luoyang Normal University
Luoyangd71022 Peoples’ Republic of China
**College of Mathematics and Information Science, Henan University
Kaifeng475001 Peoples’ Republic of China
e-mail: zhzhzhang-yang@163.com

(Received®2 Decembe004;after final revisionl3 March 2007;accepted31 May 2007)

In this paper, the Lucas matri%, is introduced. Lef, [x] and@,,[z] be the generalized Pascal
matrix of first and second kinds, which are defined nriear Algebra Appl., 250(1997) :

51 — 60". Itis shown thatP,[x] = L,G, = HnL, andQ,[z] = L,Snlz] = Tnlz]Ly,
wheregG,,, H,, Splz] andT,[z] are then x n lower triangular matrices. From these matrix
representation, some interesting identities involving the Lucas numbers are given.
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1. INTRODUCTION

Let F), be thenth Fibonacci number. In [7], the Fibonacci matéf, = [f; ;] (,7 = 1,2,...,n)is
defined by

Fijp1 ifi—j+120,
ra={ g g

0 ifi—j+1<0.

In [7], the inverse and the Cholesky factorization of the Fibonacci matrix were given. Further,
in [6], the relations between the Pascal matrix and the Fibonacci matrix were studied. From the
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matrix representation of the Pascal matrix and the Fibonacci matrix, some combinatorial identities
were obtained.

The purpose of this paper is to study the Lucas matrix. The paper is organized as follows.
Section 2 gives the concept of the Lucas matrix and its inverse. In Section 3 two relations between
the Lucas matrix and the generalized Pascal matrices of first and second kinds are obtained. In
Section 4 some identities involving the Lucas numbers are given from the matrix representation of
generalized Pascal matrix and the Lucas matrix. Finally, we review infinite cases of matrix.

2. THE LUCAS MATRIX AND ITS INVERSE

Let L,, be thenth Lucas number. The x n Lucas matrixC,, = [l; ;] (i,7 = 1,2,...,n) is defined
by

L . i i>0,
lij = 7 Z.f Z j._o (2
0 if i—j5<O.
Lemma2.1 — Fori > j + 2, we have
5 Z (—=1)Fdoh =2,y 1 =20, — Li_j_1. (3

k=j+2

PROOF Leta = (1 ++/5)/2 andB = (1 —+/5)/2. Applyinga + 3 = 1, af = —1 and
L, = o™ + 3™ we obtain

i i
5 Z (—1)k—iok=i=2[, 1 =5 Z (—1)k—dgh—i=2 [ai7k+1 +ﬂzek+1]
k=j+2 k=j+2

i—j—1
11— (=2 i—j—1 o 1— _%
=9 O‘ljl(lf)iﬁLﬁ -1 (14_)%
2+ B) (7 — a(=2)"7) + (2 + @) (877 — B(=2)" 1)

=9 2+a)2+p)

s =0T 4 (22) T 4 207 4 a(=2)" = BT 4 (=2) T 4 287 4 B(=2)"
~1+2(a+p3)+4

= QLZ'_]' — Li—j—l- O

Next we give the inverse of the Lucas matrix which is to be used later.
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Theorem2.2— Let L ! = [lg,]} (i, =1,2,...,n) be the inverse of the Lucas matrix. Then
1 ifi=j,
_3 i1
0= =g 4)
’ 5(—1)1792079=2 if § > j 4 2,
0 otherwise

PROOR Let >}, lixl} ; = (cij). Obviously,c;; = 1 ande;; = 0, fori < j. Fori > j,
applying (3) we have

n 7
i ! / li
Cij = D ikl =il + gl + Y sk,
k=1 k=j+2

i
= Li jy1—3Lij+5 Z (1) d2k=i=2, 4y
k=j+2
= Lijy1 —3Li—j+2Li—j — Li—j1

= Li—j4+1—Li—j — Li—j—
= 0.

The proof of the theorem is completed. O
3. THE LUCAS MATRIX AND THE PASCAL MATRIX

The Pascal matrix is an old and familiar form that appears in many different areas of mathematics
and its applications. For various Pascal matrices and their research, see [1, 2, 3, 4, 8, 9].

Let x be any nonzero real number. Thex n generalized Pascal matrix of the first kind,
P,[z] = [pn(z;i,7)] (G,5 = 1,2,...,n), is defined by (see [3])

d (7)) if >,

pa(si, j) = {

0 if j<i.
Suppose that
S ORI if i >,
Mz,m—{o e ©)
and
M,j(x):{ R A ©
0 if 1<y.

Now we have
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Theorem3.1—
P,[z] = L,Gn[x] = Hplz]|Ln,
where then x n matricesG,[z] = [g;;(z)] (4,7 = 1,2,...,n) and Hylz] = [hi;(z)]
(i,j =1,2,...,n) are defined by
giij(x) =277 |2 1—1 — 31 1=2 +5(=1)272 M, _o <£> (7
i, j—1 j—1 R AN)
and
il afi—1 i fi—1 it 2
h () = & [m (j B 1) 3 ( ; ) D N (m)} , (8)
respectively
PROOF It suffices to proveC, ! P, [x] = G, [x] obviously for the first formula. With the notation

Ll = [ } in Theorem 2.2 we havi ; = 0 (j > 2), S0l ;pn(x;1,1) = Landgy; = 1
= ZZ:l l/l,kpn(x? k,1).
Sincep,(;1,7) andl; ; = 0 for j > 2, we have

n
D Bpa(@ik, §) =l apa(e;1,5) = 0= g1, (5 > 2).
Sincel ; =0 (j > 3), 13, = =3 andly, = 1, we have

n
STl a5k 1) = U ypn(31,1) + I opn(2:2,1) = =3 — 2= =5 = ga 1.

From (4) it follows that fori = 3, 4, ..., n,
i—2
Zz Won(@ik, 1) = 1 pn(@;d, 1) + 1 pa(a;i = 1,1) + Y1 pa(a;k, 1)
k=1

— (L_’L’fl _ 31,7;72 + 5(_1)i71€2i7k72mk’71

B 5(_1)17121'721 — ()2
142

Fori > 2 andj > 1, we have

1—2

n
> lpa(@ik,g) =1 pn(@;i, ) + 1 apn(zi—1,5) + Y 1 ypn(sk, )
k=1 k=3
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i—2

_ gt g i (12 _1yi—koi—k—2, k-] k-1
x <j—1 3x i1 +Z5( ) x i1

k=j
it
) [’3<j—1

_ 11— 2 Cavigi—2 a4, . (E
31 (j_1)+5( 1)i2 Mz_g,j(2)}

= gl,](x)v
by (4) and the definition of,,(z; 4, j). Hence we obtain that,, ! P,,[z] = G,[z]. Similarly, we can
prove P, [z] = Hy[z]L,. The proof is completed. O
Corollary 3.2 — LetP,(LZ) = P, [—2] be the inverting Pascal matrix with the powerofThen
Pq(12) = LpDy = CnLy, (9)
where then x n matricesD,, = [d; ;] (i, = 1,2,...,n) andC, = [¢;j] (i,j = 1,2,...,n) are
defined by
o i — 1 i—2 i—2
e () ()]
i=(= ) el ; (10
and

e o) () () e ()

respectively.

ProoE Takez = —2 in Theorem 3.1. Since

Meas(=1) = ; t=)=(5%) (1], (1.52)
= (e s (2 sy ()
) (o)

g = hig(-2)
= o fa(GT ) wo( ) e [(L) + (o) -+ (2N
) ool ) [ () ()
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The proof is completed.

Thenxn generalized Pascal matrix of the second kifg|x] = [¢,(z;4,7)] (4,5 = 1,2, ...

is defined by (see [8])

e if iz,
(w3, 5) = (=) A
0 if j>1.

Theorem3.3— We have

where then x n matricesS, [x] = [s;;] (i, = 1,2,...,n)and T, [z] = [t; ;] (i,5 = 1,2, ...

are defined by

. — 2 ii_l_ i1 (1= 2 C1\ioi—2a4. (T
siatw) =2 [ () —ae (17 s ey (5)]

and

tij(x) = "2 [a:j <i, B 1) — 327 t! (Z B 1) + 5(—1>j2j2-/\/i,j+2(2x)] ,

J
respectively

4. SOME IDENTITIES INVOLVING THE LUCAS NUMBERS

From (9), we give the following curious identities involving the Lucas numbers.

Theorem4.1— Letr be a positive integer. Then

Zn: (—1)k2k [4+ kgr (1 - s 1)] (ﬁ)Ln_kH

k=r+2

—1
= (=1)"2nt? (: B 1) — (=) 2" Ly + (1) (2r + 3)2" 2L,
ProoOF From (10), it is easy to see that

dr,r = 17 dr—i—l,r = _(2T + 3)7

and fork > r + 2,

tor = (00 o0 (7))
- e () () G
- o (O e S ()

(12)

(13)

(14)
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FromP,(f) = L, D,, it follows

. (n—1 _ "
(=" <T B 1>2n "= Pn22~ = lyrdi,
k=r

n
= ln,rdr,’r‘ + ln,r+1d7‘+1,7‘ + Z ln,kdk,r
k=r+2

- k—r r k
= Lp_ri1— (2 Ly Ly porq (—1)F7m2k=r=2 1y 1
+1— (2r +3) +k;2 k1(—1) [ t ( +k_1>}<),

as desired. ]

Takingr = 1 or2in Theorem 4.1, we have

Corollary 4.2 —
5> (—1)Fk2 Ly gy = (=1)"2""% 4+ 8L, — 40Ly 4 (15)
k=3
and
D (=1)F2M3(5k% — Bk — 2) Ly 1 = (—1)"(n — 1)2" — 4L,y + 28Ly . (16)
k=4

Similar to the proof of Theorem 4.1, we have

Theorem4.3— Letr be a positive integer. Then

:z::_z(—l)kz"—"“‘2 [4(2) +2(n;1> +5{(ZJ:D + (Z;;) oo (Z:i) H L1

r

n—1

= (~1)r2n <T - 1) — (=1)"Lp—yi1 — (=1)"(2n 4 1)Ly 17)

Takingr = 1 or 2 in Theorem 4.3, we have

Corollary 4.4 —
n—2
n—ken—k—2 n n—1 n—1 n—1 n—1
;(—1) 2 [4(k> +2( N ) +5{<k+1> + <k+2> +..+ (n_1>}] Ly,
= ()" 2" L+ (2n+ 1)Ly, (18)

g(—l)"—kgn—k—2 [4(Z> +2<n;1> + 5{(21 1) + (Z;;) ot (Z:D H Lt

= (=1)"2" 2~ L, 1+ @2n+1)L,_s. (19)
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More general, from the Theorems 3.1 or 3.3 we give the following curious identities involving
the Lucas numbers.

Theorem4.5— Letr be a positive integer. Then

= k—1 k—2 T
k—r—2 | 2N~ - kok—2, 2—k

kZHLn_ka " [ac <r B 1> - 3x(r B 1) +5(=1)"2" """ " My_o (2)]

=r

~1
— (“ 1> — Lnyi1— (rz —3)L,_, (20)
.

and

n—1

ek n—1 n—1 L 2

kZa: LR R [x <k ~ 1) - 3( N > +5(—=1)F27F 2 M N, o (xﬂ
. (n—1

_ ( - 1) s — (0= D — 3) Ly, (21)

whereM; ;(x) and.\; ;(z) are defined in (5) and (6), respectively

5. A REMARK

In this paper, all matrix-identities are expressed using finite matrices. Since all matrix identities
involve the lower-triangular matrices, they have an analogue for infinite matrices. We state them
briefly as follows.

LetZ, Plz], G[z], H[x], Q[x], S[z], T [z] are the infinite cases of the matrics, P, [x], G,[x],
Hy[z], Qnlx], Snlx], Tn[x], respectively. Then

Plx] = LG[x] = H[z]L,

Qlx] = LS[z] = T[z]L.
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