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In this paper, the Lucas matrixLn is introduced. LetPn[x] andQn[x] be the generalized Pascal

matrix of first and second kinds, which are defined in “Linear Algebra Appl., 250(1997) :
51 − 60”. It is shown thatPn[x] = LnGn = HnLn andQn[x] = LnSn[x] = Tn[x]Ln,

whereGn, Hn, Sn[x] andTn[x] are then × n lower triangular matrices. From these matrix

representation, some interesting identities involving the Lucas numbers are given.
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1. INTRODUCTION

Let Fn be thenth Fibonacci number. In [7], the Fibonacci matrixFn = [fi,j ] (i, j = 1, 2, . . . , n) is

defined by

fi,j =

{
Fi−j+1 if i− j + 1 ≥ 0,

0 if i− j + 1 < 0.
(1)

In [7], the inverse and the Cholesky factorization of the Fibonacci matrix were given. Further,

in [6], the relations between the Pascal matrix and the Fibonacci matrix were studied. From the
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matrix representation of the Pascal matrix and the Fibonacci matrix, some combinatorial identities

were obtained.

The purpose of this paper is to study the Lucas matrix. The paper is organized as follows.

Section 2 gives the concept of the Lucas matrix and its inverse. In Section 3 two relations between

the Lucas matrix and the generalized Pascal matrices of first and second kinds are obtained. In

Section 4 some identities involving the Lucas numbers are given from the matrix representation of

generalized Pascal matrix and the Lucas matrix. Finally, we review infinite cases of matrix.

2. THE LUCAS MATRIX AND ITS INVERSE

Let Ln be thenth Lucas number. Then× n Lucas matrixLn = [li,j ] (i, j = 1, 2, . . . , n) is defined

by

li,j =

{
Li−j+1 if i− j ≥ 0,

0 if i− j < 0.
(2)

Lemma2.1 — Fori ≥ j + 2, we have

5
i∑

k=j+2

(−1)k−j2k−j−2Li−k+1 = 2Li−j − Li−j−1. (3)

PROOF: Let α = (1 +
√

5)/2 andβ = (1 − √
5)/2. Applying α + β = 1, αβ = −1 and

Ln = αn + βn we obtain

5
i∑

k=j+2

(−1)k−j2k−j−2Li−k+1 = 5
i∑

k=j+2

(−1)k−j2k−j−2
[
αi−k+1 + βi−k+1

]

= 5


αi−j−1 1− (− 2

α

)i−j−1

1 + 2
α

+ βi−j−1
1−

(
− 2

β

)i−j−1

1 + 2
β




= 5
(2 + β)

(
αi−j − α(−2)i−j−1

)
+ (2 + α)

(
βi−j − β(−2)i−j−1

)

(2 + α)(2 + β)

= 5
−αi−j−1 + (−2)i−j−1 + 2αi−j + α(−2)i−j − βi−j−1 + (−2)i−j−1 + 2βi−j + β(−2)i−j

−1 + 2(α + β) + 4

= 2Li−j − Li−j−1. ¤

Next we give the inverse of the Lucas matrix which is to be used later.
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Theorem2.2— LetL−1
n =

[
l′i,j

]
(i, j = 1, 2, . . . , n) be the inverse of the Lucas matrix. Then

l′i,j =





1 if i = j,

−3 if i = j + 1,

5(−1)i−j2i−j−2 if i ≥ j + 2,

0 otherwise.

(4)

PROOF: Let
∑n

k=1 li,kl
′
k,j = (ci,j). Obviously,ci,i = 1 andci,j = 0, for i < j. For i > j,

applying (3) we have

ci,j =
n∑

k=1

li,kl
′
k,j = li,jl

′
j,j + li,j+1l

′
j+1,j +

i∑

k=j+2

li,kl
′
k,j

= Li−j+1 − 3Li−j + 5
i∑

k=j+2

(−1)k−j2k−j−2Li−k+1

= Li−j+1 − 3Li−j + 2Li−j − Li−j−1

= Li−j+1 − Li−j − Li−j−1

= 0.

The proof of the theorem is completed. ¤

3. THE LUCAS MATRIX AND THE PASCAL MATRIX

The Pascal matrix is an old and familiar form that appears in many different areas of mathematics

and its applications. For various Pascal matrices and their research, see [1, 2, 3, 4, 8, 9].

Let x be any nonzero real number. Then × n generalized Pascal matrix of the first kind,

Pn[x] = [pn(x; i, j)] (i, j = 1, 2, . . . , n), is defined by (see [3])

pn(x; i, j) =

{
xi−j

(
i−1
j−1

)
if i ≥ j,

0 if j < i.

Suppose that

Mi,j(x) =

{ ∑i
k=j(−1)k

(
k−1
j−1

)
xk if i ≥ j,

0 if i < j,
(5)

and

Ni,j(x) =

{ ∑i
k=j(−1)k

(
i−1
k−1

)
xk if i ≥ j,

0 if i < j.
(6)

Now we have
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Theorem3.1—

Pn[x] = LnGn[x] = Hn[x]Ln,

where then × n matricesGn[x] = [gi,j(x)] (i, j = 1, 2, . . . , n) and Hn[x] = [hi,j(x)]
(i, j = 1, 2, . . . , n) are defined by

gi,j(x) = x−j

[
xi

(
i− 1
j − 1

)
− 3xi−1

(
i− 2
j − 1

)
+ 5(−1)i2i−2Mi−2,j

(x

2

)]
(7)

and

hi,j(x) = x−j

[
xi

(
i− 1
j − 1

)
− 3xi−1

(
i− 1

j

)
+ (−1)j 5xi+j

2j+2
Ni,j+2

(
2
x

)]
, (8)

respectively.

PROOF: It suffices to proveL−1
n Pn[x] = Gn[x] obviously for the first formula. With the notation

L−1
n =

[
l′i,j

]
in Theorem 2.2 we havel′1,j = 0 (j ≥ 2), sol′1,1pn(x; 1, 1) = 1 andg1,1 = 1

=
∑n

k=1 l′1,kpn(x; k, 1).

Sincepn(x; 1, j) andl′1,j = 0 for j ≥ 2, we have

n∑

k=1

l′1,kpn(x; k, j) = l′1,1pn(x; 1, j) = 0 = g1,j , (j ≥ 2).

Sincel′2,j = 0 (j ≥ 3), l′2,1 = −3 andl′2,2 = 1, we have

n∑

k=1

l′2,kpn(x; k, 1) = l′2,1pn(x; 1, 1) + l′2,2pn(x; 2, 1) = −3− 2 = −5 = g2,1.

From (4) it follows that fori = 3, 4, . . . , n,

i∑

k=1

l′i,kpn(x; k, 1) = l′i,ipn(x; i, 1) + l′i,i−1pn(x; i− 1, 1) +
i−2∑

k=1

l′i,kpn(x; k, 1)

= xi−1 − 3xi−2 +
i−2∑

k=1

5(−1)i−k2i−k−2xk−1

= xi−1 − 3xi−2 + 5(−1)i−12i−2 1− (−x)i−2

1 + x

= gi,1.

For i ≥ 2 andj ≥ 1, we have

n∑

k=1

l′i,kpn(x; k, j) = l′i,ipn(x; i, j) + l′i,i−1pn(x; i− 1, j) +
i−2∑

k=j

l′i,kpn(x; k, j)
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= xi−j

(
i− 1
j − 1

)
− 3xi−1−j

(
i− 2
j − 1

)
+

i−2∑

k=j

5(−1)i−k2i−k−2xk−j

(
k − 1
j − 1

)

= x−j

[
xi

(
i− 1
j − 1

)
− 3xi−1

(
i− 2
j − 1

)
+ 5(−1)i2i−2Mi−2,j

(x

2

)]

= gi,j(x),

by (4) and the definition ofpn(x; i, j). Hence we obtain thatL−1
n Pn[x] = Gn[x]. Similarly, we can

provePn[x] = Hn[x]Ln. The proof is completed. ¤
Corollary 3.2 — LetP(2)

n = Pn[−2] be the inverting Pascal matrix with the powers of2. Then

P(2)
n = LnDn = CnLn, (9)

where then × n matricesDn = [di,j ] (i, j = 1, 2, . . . , n) andCn = [ci,j ] (i, j = 1, 2, . . . , n) are

defined by

di,j = (−1)i−j2i−j−2

[
4
(

i− 1
j − 1

)
+ 6

(
i− 2
j − 1

)
+ 5

(
i− 2

j

)]
(10)

and

ci,j = (−1)i−j2i−j−2

{
4
(

i

j

)
+ 2

(
i− 1

j

)
+ 5

[(
i− 1
j + 1

)
+

(
i− 1
j + 2

)
+ . . . +

(
i− 1
i− 1

)]}
, (11)

respectively.

PROOF: Takex = −2 in Theorem 3.1. Since

Mi−2,j(−1) =
i−2∑

k=j

(
k − 1
j − 1

)
=

(
i− 2

j

)
, ([5], (1.52))

we have

di,j = gi,j(−2)

= (−1)i−j

(
i− 1
j − 1

)
2i−j − 3(−1)i−1−j

(
i− 2
j − 1

)
2i−1−j + 5(−1)i−j2i−j−2

(
i− 2

j

)

= (−1)i−j2i−j−2

[
4
(

i− 1
j − 1

)
+ 6

(
i− 2
j − 1

)
+ 5

(
i− 2

j

)]
,

ci,j = hi,j(−2)

= (−2)−j

{
(−2)i

(
i− 1
j − 1

)
− 3(−2)i−1

(
i− 1

j

)
+ (−1)j 5(−2)i+j

2j+2
Ni,j+2(−1)

}

= (−1)i−j2i−j−2

{
4
(

i− 1
j − 1

)
+ 6

(
i− 1

j

)
+ 5

[(
i− 1
j + 1

)
+

(
i− 1
j + 2

)
+ . . . +

(
i− 1
i− 1

)]}

= (−1)i−j2i−j−2

{
4
(

i

j

)
+ 2

(
i− 1

j

)
+ 5

[(
i− 1
j + 1

)
+

(
i− 1
j + 2

)
+ . . . +

(
i− 1
i− 1

)]}
.
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The proof is completed. ¤
Then×n generalized Pascal matrix of the second kind,Qn[x] = [qn(x; i, j)] (i, j = 1, 2, . . . , n),

is defined by (see [8])

qn(x; i, j) =

{
xi+j−2

(
i−1
j−1

)
if i ≥ j,

0 if j > i.

Theorem3.3— We have

Qn[x] = LnSn[x] = Tn[x]Ln, (12)

where then × n matricesSn[x] = [si,j ] (i, j = 1, 2, . . . , n) andTn[x] = [ti,j ] (i, j = 1, 2, . . . , n)
are defined by

si,j(x) = xj−2

[
xi

(
i− 1
j − 1

)
− 3xi−1

(
i− 2
j − 1

)
+ 5(−1)i2i−2Mi−2,j

(x

2

)]

and

ti,j(x) = xi−2

[
xj

(
i− 1
j − 1

)
− 3xj+1

(
i− 1

j

)
+ 5(−1)j2−j−2Ni,j+2(2x)

]
,

respectively.

4. SOME IDENTITIES INVOLVING THE LUCAS NUMBERS

From (9), we give the following curious identities involving the Lucas numbers.

Theorem4.1— Let r be a positive integer. Then

n∑

k=r+2

(−1)k2k

[
4 +

k − r

k

(
1 +

r

k − 1

)](
k

r

)
Ln−k+1

= (−1)n2n+2

(
n− 1
r − 1

)
− (−1)r2r+2Ln−r+1 + (−1)r(2r + 3)2r+2Ln−r. (13)

PROOF: From (10), it is easy to see that

dr,r = 1, dr+1,r = −(2r + 3),

and fork ≥ r + 2,

dk,r = (−1)k−r2k−r−2

[
4
(

k − 1
r − 1

)
+ 6

(
k − 2
r − 1

)
+ 5

(
k − 2

r

)]

= (−1)k−r2k−r−2

[
4
(

k

r

)
+

(
k − 1

r

)
+

(
k − 2
r − 1

)]

= (−1)k−r2k−r−2

(
k

r

)[
4 +

k − r

k

(
1 +

r

k − 1

)]
. (14)
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FromP(2)
n = LnDn, it follows

(−1)n−r

(
n− 1
r − 1

)
2n−r = p(2)

n,r =
n∑

k=r

ln,kdk,r

= ln,rdr,r + ln,r+1dr+1,r +
n∑

k=r+2

ln,kdk,r

= Ln−r+1 − (2r + 3)Ln−r +
n∑

k=r+2

Ln−k+1(−1)k−r2k−r−2

[
4 +

k − r

k

(
1 +

r

k − 1

)](
k

r

)
,

as desired. ¤
Takingr = 1 or 2 in Theorem 4.1, we have

Corollary 4.2 —

5
n∑

k=3

(−1)kk2kLn−k+1 = (−1)n2n+2 + 8Ln − 40Ln−1 (15)

and

n∑

k=4

(−1)k2k−3(5k2 − 5k − 2)Ln−k+1 = (−1)n(n− 1)2n − 4Ln−1 + 28Ln−2. (16)

Similar to the proof of Theorem 4.1, we have

Theorem4.3— Let r be a positive integer. Then

n−2∑

k=r

(−1)k2n−k−2

[
4
(

n

k

)
+ 2

(
n− 1

k

)
+5

{(
n− 1
k + 1

)
+

(
n− 1
k + 2

)
+ . . . +

(
n− 1
n− 1

)}]
Lk−r+1.

= (−1)r2n−r

(
n− 1
r − 1

)
− (−1)nLn−r+1 − (−1)n(2n + 1)Ln−r. (17)

Takingr = 1 or 2 in Theorem 4.3, we have

Corollary 4.4 —

n−2∑

k=1

(−1)n−k2n−k−2

[
4
(

n

k

)
+ 2

(
n− 1

k

)
+ 5

{(
n− 1
k + 1

)
+

(
n− 1
k + 2

)
+ . . . +

(
n− 1
n− 1

)}]
Lk

= (−1)n−12n−1 − Ln + (2n + 1)Ln−1, (18)

n−2∑

k=2

(−1)n−k2n−k−2

[
4
(

n

k

)
+ 2

(
n− 1

k

)
+ 5

{(
n− 1
k + 1

)
+

(
n− 1
k + 2

)
+ . . . +

(
n− 1
n− 1

)}]
Lk−1

= (−1)n2n−2 − Ln−1 + (2n + 1)Ln−2. (19)
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More general, from the Theorems 3.1 or 3.3 we give the following curious identities involving

the Lucas numbers.

Theorem4.5— Let r be a positive integer. Then

n∑

k=r+2

Ln−k+1x
k−r−2

[
x2

(
k − 1
r − 1

)
− 3x

(
k − 2
r − 1

)
+ 5(−1)k2k−2x2−kMk−2,r

(x

2

)]

= xn−r

(
n− 1
r − 1

)
− Ln−r+1 − (rx− 3)Ln−r (20)

and

n−1∑

k=r

xn−k−1Lk−r+1

[
x

(
n− 1
k − 1

)
− 3

(
n− 1

k

)
+ 5(−1)k2−k−2xk+1Nn,k+2

(
2
x

)]

= xn−r

(
n− 1
r − 1

)
− Ln−r+1 − ((n− 1)x− 3)Ln−r, (21)

whereMi,j(x) andNi,j(x) are defined in (5) and (6), respectively.

5. A REMARK

In this paper, all matrix-identities are expressed using finite matrices. Since all matrix identities

involve the lower-triangular matrices, they have an analogue for infinite matrices. We state them

briefly as follows.

LetL,P[x], G[x],H[x],Q[x], S[x], T [x] are the infinite cases of the matricesLn, Pn[x], Gn[x],
Hn[x], Qn[x], Sn[x], Tn[x], respectively. Then

P[x] = LG[x] = H[x]L,

Q[x] = LS[x] = T [x]L.
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