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In this mostly expository article, we describe a criterion due to Atiyah and Weil for a
holomorphic vector bundle over a compact Riemann surface to admit a holomorphic
connection. The article also contains a similar result for vector bundles on a smooth

projective algebraic curve defined over an arbitrary perfect base field.
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1. INTRODUCTION

It is a classical fact that there is an equivalence between divisors of degree zero on a compact
Riemann surface X, and unitary characters of its fundamental group 71 (X) (see, e.g., [6,
Theorem I11.9.10] or [11, Theorem 7.3]). This equivalence arises essentially from two facts:
first, since the circle group U(1) is abelian, the Universal Coefficient Theorem implies that
Hom (1 (X),U(1)) is canonically isomorphic to H'(X, U(1)); second, the group H!(X,R),
where R is the field of real numbers, is canonically R-linearly isomorphic to H! (X, Ox), as
can be seen using Hodge theory.

In the paper [16], Weil considered generalizations of the above equivalence. Specifically,
he described how a representation of m1(X) in GL,(C) gives rise to a “matricial divisor,”
and gave a criterion [16, pp. 82-83] to determine whether a given matricial divisor arises
from such a representation of the fundamental group of X.

In the paper [3], Atiyah developed a general theory of holomorphic connections in prin-
cipal bundles over complex manifolds. He recast Weil’s theorem on matricial divisors in
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this framework. A matricial divisor over a compact Riemann surface X corresponds to a
holomorphic vector bundle over X. Further, a matricial divisor that arises from a represen-
tation of m1(X) corresponds to a holomorphic vector bundle which admits a holomorphic
connection. Atiyah then reformulated Weil’s criterion as a criterion to determine whether
a given holomorphic vector bundle on X has a holomorphic connection. He proved this
reformulation using his general results on holomorphic connections. We shall refer to this

reformulation as the Atiyah-Weil criterion.

In this article, we give an exposition of the Atiyah-Weil criterion, assuming only the basic
notions regarding complex manifolds and vector bundles. We also show that the Atiyah-
WEeil criterion continues to hold when the base field C is replaced by an arbitrary perfect
field. This was proved in I. Biswas, A Criterion for a vector bundle over a curve to admit
a connection, K-Theory, 36 (2005), 83-90.

In the second section, we develop some preliminaries regarding first order differential
operators on complex manifolds. These notions are used in Section 3 to define Atiyah alge-
bras. The following section treats holomorphic connections using Atiyah algebras. Section
5 discusses relations between holomorphic connections and jet bundles. Section 6 gives a
proof of the Atiyah-Weil criterion, using the notions developed in the previous sections. In
the last section we show that the Atiyah-Weil criterion holds when the base X is a smooth
projective curve defined over an arbitrary perfect field.

The article arose from notes of lectures given by the first-named author at the Harish-
Chandra Research Institute.

2. FIRST ORDER DIFFERENTIAL OPERATORS

In this section, we recall some basic material about differential operators. We follow [12]
for this topic. The notions developed in this notion are preliminary to Section 3, in which
we will associate to every holomorphic vector bundle E, another holomorphic vector bundle
At(E), whose sections are differential operators of a special kind.

Let C denote the field of complex numbers. Let M be a complex manifold. For any
holomorphic vector bundle F over M, we will denote the sheaf of holomorphic sections of
E over M by the same symbol E. In particular, for any open subset U of M, E(U) will
stand for the Oy (U)-module of holomorphic sections of E on U. If x is a point in M, then
E, will denote the stalk of the sheaf E at x, and F(z) will denote the fibre of F at z,
ie., E(x) = E;/m,E,, where m, denotes the maximal ideal in the local ring Ops, (so m,
consists of functions vanishing at ). For any open neighbourhood U of = and any section
s€ E(U), s, € E, denotes the germ of s at x, while s(x) € E(x) denotes the value of s at
x, i.e., the image of s, in E(x) under the canonical projection E, — E(z).

If £ and F are two holomorphic vector bundles over M, we will denote by Homg(F, F)
the set of C-linear sheaf morphisms from F to F. For any element P € Homc(E, F'), and
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any open subset U of M, Py : E(U) — F(U) denotes the C-linear map induced by P. We
will denote by Homc(FE, F') the sheaf of C-linear sheaf morphisms from E to F, i.e.,

Homc(E, F)(U) = Home(E|y, Fly), U C M open.

The sheaf Homc(E, F) has both a left and a right Oy/-module structure: if U C M is
open, if P € Homc(E, F)(U), and if f € Oy (U), then the C-linear sheaf morphisms fP
and Pf from E|y to F|y are given by

(fP)v(s) = flv-(Pv(s)) and (Pf)v(s)=Py(flv-s)
for all V openin U and s € E(V'). Unless otherwise mentioned, we will consider Homc (E, F)
as a left Op-module.
Using the two Oj-module structures on Homg(E, F'), we define, for
P e Homc(E,F)(U) and f € Op(U), their Lie bracket [P, f] € Homc(E, F)(U) by
[P, fl=Pf—[P.

If V' is an open subset of U, then [P, f]y : E(V) — F(V) is given by

[P, flv(s) = Py(flv-s) = flv-Pv(s), secEU).

We will denote by Homp,, (E, F') the set of Ops-linear sheaf morphisms from E to F,
and by Homp,,(E, F) the sheaf of Oys-linear morphisms from E to F'.

Remark 2.1 : The sheaf Homp,,(E, F) is both a left and a right O/-submodule of
Homc(E, F), and the left and the right multiplication by Oy coincide on this submodule.
In other words, a C-linear sheaf morphism P : E' — F is Ops-linear if and only if [Py, f] =
0: E|ly — F|y for every open subset U of M and for all f € Oy (U).

Remark 2.2 : The Lie bracket commutes with restrictions, i.e., if P € Homc(E, F)(V)
and f € Op(V), and if U C V, then [P, fl|lv = [P|u, flu]-

Definition 2.3 — Let E and F' be holomorphic vector bundles over M. A first order
differential operator from E to F'is a C-linear sheaf morphism P : F — F, such that for
every open subset U of M, and for every function f € O,/ (U), the Lie bracket [Py, f] :
E|y — F|y is Oyp-linear.

Remark 2.4 : A C-linear morphism P : F — F'is a first order differential operator if and
only if [[P|y, f],9] = 0: E|y — F|y for every open set U C M and f,g € Op(U) (1.1).

Remark 2.5 : Every Oj-module homomorphism P : E — F satisfies the condition
[P, f] =0, and is, therefore, a first order differential operator.

Let Diff;(E, F') denote the subset of Homg(F, F') consisting of first order differential
operators from E to F'. More generally, for every open set U C M, define

Diff(E, F)(U) = Diffy(E|y, Fv).
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Then Diff | (E, F)(U) is an O (U)-submodule of Homc(E, F)(U). Definition 2.3 implies
the following statements:

(1) IfU c V,and if P € Homc(E, F)(V) belongs to Diff ;(E, F)(V), then P|y belongs
to Diff ((E, F)(U).

(2) If {U;}icr is a family of open sets in M and U = UU;, and if P € Homc(E, F)(U)
is such that P|y, belongs to Diff|(E, F)(U;) for all i« € I, then P belongs to
Diff |(E, F)(U). For, if V.C U and f,g € Op(V), then

[[Plv, fl, gllvau, = [[Plvru;, flvau), glvae,)  for all i € 1,

since the Lie bracket commutes with restrictions. As P|y, is a first order differen-
tial operator, the right hand side of the above equation equals zero for all ¢ € I.
Therefore, [[P|y, f],g9] =0, i.e., [P|y, f] is Oy-linear (1.1).
The statements (1) and (2) above imply that Diff | (E, F') is a subsheaf of Os-submodules
in Home(E, F).
Proposition 2.6 — Let P : E — F be a C-linear sheaf morphism. Then, the following

are equivalent:

(1) P is a first order differential operator.

(2) For every point z € M, we have P,(m2E,) C m,F,, where m, denotes the maximal
ideal in Opry, E; denotes the stalk of F at x, and P, : E, — F, is the C-linear
map induced by P

(3) Suppose that (U, = (z1,...,2,)) is a holomorphic chart on M, and let s =
{s1,...,s8,} and t = {t1,...,t,} be holomorphic frames of E and F, respectively, on
U. Then, there exist holomorphic functions a;j, bf; € OuU)1<i<p 1<j<r,
1 < a <n), such that

-
CHOSITE S WITES 9 9h ST (1)
j=1 i=1 j=1 i=1 j=1a=1
for all fi,..., fr € Op(U).
(4) For every point x € M, there exist a holomorphic chart (U, = (21,...,2,)) at x,
holomorphic frames s = {s1,...,s,} and t = {t1,...,t,} of E and F, respectively,
on U, and holomorphic functions a;;, b; € On(U), such that equation (1) holds for

all fi,..., fr € O (U).

PROOF: Suppose that P is a first order differential operator. Let = be a point in M, and
let s € m2E,. Then we can write s = 25:1 fjgjuj, where f;, g; € m, and u; € E,. Since
P, is C-linear, we can assume that k = 1, i.e., s = fgu, where f,g € m, and u € E, are
defined on some open neighbourhood U of z. As [P|y, f] is Op-linear, we have

P(s) = P(fgu) = [P, f](gu) + fP(gu) = g[P, f](u) + fP(gu).

The functions f and g both vanish at z, so the above equation implies that (Ps)(z) = 0,
i.e., Py(s) € myF,. Thus, (1) implies (2).
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Suppose that P is a C-linear sheaf morphism that satisfies the condition (2). Let U, s;
and t¢; be as given in (3). Define a;j,b5; € Op(U) by
p
P(sj):Zaijti and [P, z,](sj) Zb (1<j<r1<a<n).
i=1
Let f1,..., fr € Op(U). Consider an arbitrary point € U. Then, there exist functions
gj € m2, defined on some open neighbourhood V of = in U, such that

Z 8f]()+gj onV (1<j5<r).

0zq

The condition (2) implies that P(gjs;)(x) = 0 for all j. Therefore,

St | @ =P (3 5@ | @)+ 03 @) (G - zale)sy) ()
j=1 j=1 j=la=1_"¢
=Y fi(=) +Zg§i )P, 24](s5) (@)

J

—Za” (x) + > b (= )ti().

7] o

This proves that equation (1) is true, hence (2) implies (3). On the other hand, condition
(3) trivially implies (4).

Finally, suppose that P : E — F' is a C-linear morphism which satisfies the condition
(4). We will show that P € Diff;(E, F'). Since Diff(E, F) is a subsheaf of Homc(E, F),
it suffices to show that every point x € M has an open neighbourhood U such that

Ply € Diff(E,F)(U). So, let z € M, and let U be an open neighbourhood of z
satisfying equation (1). Let f € Oy (V), V C U. We will show that [P|y, f] : Ely — Flv
is Oy-linear. Let W be an open subset of V, and let s =37"_; f;s; € E(W). Then,

Zazgff]t+zb ff]

7]0{

fPW Zaz]f]tz‘i‘fz:b%af] t;.

7ja

TR N

’-] a
The right hand side of the above equation is linear in (fi, . .., f.), hence [Py, f] is Oy (W)-
linear. Thus, [Py, f] : E|ly — F|v is Oy-linear. This proves that P € Diff |(E, F)(U). O

Therefore,
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We will now define the symbol of a first order differential operator P : E — F. Let (1,
denote the sheaf of holomorphic r-forms on M, for every integer r > 0.

Proposition 2.7 — Let P : E — F be a first order differential operator. Then, there
exists a unique Op-module homomorphism o1(P) : Q}, — Homo,,(E, F) such that for
every open subset V of M, and for every function f € Oy (V'), we have

o1(P)v(df) = [Plv, f]: Elv — Flv. (2)

PROOF: Since the differentials of holomorphic functions locally generate the sheaf QY
as an Op/-module, equation (2) determines oy (P) uniquely. Therefore, it suffices to prove
that for every point z € M, there exist an open neighbourhood U of x, and an Opy-module
homomorphism o1(P) : QY — Homo, (E|v, F|u) satisfying equation (2) for all V. C U
and f € Oy(V). Fix ¢ € M, and let (U, = (21,...,2,)) be a holomorphic chart at
z. Define o1(P) : ), — Homo, (E|v, F|u) as follows. Suppose V C U and ¢ € Qf (V).
Then, there exist uniquely determined holomorphic functions &1, ..., &, € Oy (V), such that
§=>n_18adzy. Define

a1 (P)v(€) = &lPlv, zal.
a=1
Since [Py, zq] is Oy-linear, o1 (P)y(€) is a well defined Oy-module homomorphism from

Ely to Fl|y. We will show that o1(P)y(df) =[Py, f] for all f € Oy(V). Let W C V, let
y be an arbitrary point in W, and express f near y as

F= 1)+ 3 ) o)+ o
a=1 @
where g € m?. Then, for every s € E(W), we have
[Plv, flw(s)(y) = P((f = f(y))s)(y)
=3 2L 4)P(G = 2a)9)w) + Plos)w
of . .
= %(y) [P, zo)(s)(y) (since P(gs)(y) = 0 by Proposition 1.6)

= (o1 (P)v(df))w (s)(y).
Therefore,
o1(P)v(df) = [Ply, f] for all f € Oy(V). O
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Definition 2.8 — Let P : E — I be a first order differential operator. The Op;-module
homomorphism o(P) : Q) — Homoe,,(E,F) defined in Proposition 2.7 is called the
symbol of P.

Remark 2.9 : We describe the symbol in local coordinates. Suppose that P: E — F is a
first order differential operator. Let (U, = (z1,..., 2z,)) be a holomorphic chart on M, and
let s ={s1,...,s.} and t = {t1,...,t,} be holomorphic frames of E and F, respectively, on
U. Then (2.6) there exist holomorphic functions a;j, bf; € On(U)

(1<i<p,1<j<r,1<a<n),such that

. 0
EA ST ) WIS 35 9) it va
j=1

i=1 j=1 i=1 j=1 a=1

for all f1,..., fr € Onp(U). Thus
P(za8;) Za,]zat + Zb
and
ZaP(Sj) = Za Z aijti.
i
These two equations imply that

[P, za](55) Z biit; for all j and a.

Therefore, if V.C U and £ € Q(V), say £ = €adzqa, where &, € Oy(V), then
Ul( Zgaal dza Zfa P Za 3] Zb

In other words, the matrix of the Opy-module homomorphism o1 (P)(€) : E|y — F|y with
respect to the frames {s;} and {t;} equals

(Zb%ﬁa) :
a=1 1<i<p

1<5<r

Every Opr-module homomorphism P : E — F' is a first order differential operator (2.5).
Therefore, Homo,,(E, F) is an Op-submodule of Diff | (E, F'). Let i : Homo,,(E, F) —
Diff (E, F) be the inclusion morphism. Consider also the symbol map defined above (2.8).
Using the canonical isomorphism

HomoM (Q}W’Homol\/l(E7F)) = TM ®OM HOmO}u(E7F)7

where T'M is the sheaf of holomorphic vector fields on M, we can consider the symbol oy (P)
of an operator P € Diff |(E, F)(U) as a section of TM ®¢,, Homp,,(E, F) on U. We thus
get the symbol morphism o : Diff {(E, F) — TM ®o,, Homp,,(E, F).
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Proposition 2.10 — (Symbol Exact Sequence) The sequence
0 — Homo,,(E,F) 5 Diff | (E,F) 25 TM ®0,, Homo,,(E,F) — 0
is an exact sequence of Oj/-modules.

PROOF: For any open subset U of M, an operator P € Diff {(E, F)(U) is Oy-linear if and
only if [Ply, f] =0 for all V .C U and f € Oy (V). By Proposition 2.7, this is equivalent to
the condition that o1(P)y(df) =0for all V C U and f € Oy (V). Since the differentials of
holomorphic functions locally generate Q1. it follows that an operator P € Diff(E, F)(U)
is Op-linear if and only if o1 (P) = 0. Therefore, Ker(o1) = Homo,,(E, F).

To see that oy is surjective, let * € M and let § be an element of the stalk of TM ®
Homo,,(E,F) at x. We have to show that there exists a differential operator P defined
near z, such that (01)z(P;) = 0, where P, € Diff(E, F), is the germ of P at x. Let (U, ¢ =
(21,-..,%n)) be a holomorphic chart on M, and let s = {s1,...,s,} and t = {t1,...,t,} be
holomorphic frames of F and F', respectively, on U. We may assume that 6 is the germ at
x of a section u of TM @ Hom(E, F') over U. Consider u as an Oy-module homomorphism
Qf, — Homo,, (E|y, F|v). Then, there exist uniquely determined functions b € Om(U)

(1<i<p,1<j<r,1<a<n)such that

u(dza)( Z b,

Define P : E|y — F|y by

- 0
jglfjsj Zblajaf]t

7] 6%
Proposition 2.6 implies that P € Diff,(E, F)(U). Let V C U and € € Q}(V). Write
§=> .8 dza, where & € Oy(V). Then, by Proposition 2.7,

= &ao1(P)y(dz,) = Zga [P, z4). (3)

The definition of P implies that P(s;) = 0 for all j, hence
[P, 20l (85) = P(2a85) = Zb%ti = (uv(dza))(s;)-
Therefore, [P, zo] = u(dz,), hence equation (3) becomes
a1 (P)v (&) = Cauv(dza) = uy(§).

This proves that o1(P)y = u, i.e., (01).(Py;) = 6. O

Proposition 2.11 — If E and F' are holomorphic vector bundles over M, then the Ops-
module Diff | (E, F) is locally free of rank (n + 1)pr, where n is the dimension of M, and r
and p are the ranks of F and F', respectively.
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ProoOF: Consider the Symbol Exact Sequence (2.10)
0 — Homo,, (E,F) 5 Diff |(E, F) 25 TM ®0,, Homo,,(E,F) — 0.

Since TM®p,, Homo,, (E, F) is alocally free Oj/-module, the above short exact sequence
locally splits. Therefore, Diff | (F, F) is locally Ops-isomorphic to the direct sum of
Homo,,(E, F) and TM ®p,, Homo,,(E, F). Since both these sheaves are locally free, it
follows that Diff ;(E, F) is locally free. Moreover, its rank equals the sum of the rank pr of
Homop,,(E, F), and the rank npr of

TM ®0,, Homo,,(E, F).

O
We will denote the vector bundle corresponding to the locally free Ops-module Diff | (E, F')
also by the symbol Diff | (E, F) itself.

Remark 2.12: Let (U, = (2z1,...,2,)) be a holomorphic chart on M, and let s =
{s1,...,8} and t = {t1,...,t,} be holomorphic frames of E and F, respectively, on U.
Define (n + 1)pr differential operators Pj;, Qf; € Diff ((E,F)(U) (1 <i<p, 1 <j <,
1 <a<n)by

Py(s) = fiti and QG(s) = 2Dy,
Za

for all sections s = fis1+ -+ frsp € E(V), where f1,...,fr € Oy(V) and V C U. The
local description of a first order differential operator (2.6) then implies that the set

{Pyl1<i<p1<j<riu{Qf1<i<pl<j<rl<a<n}

is an Op-basis of the sheaf Diff | (E, F)|y.

3. ATIYAH ALGEBRAS

In this section, we associate to each holomorphic vector bundle E, another holomorphic
vector bundle At(FE) using first order differential operators with scalar symbols. The vec-
tor bundle A¢(F), which is known as the Atiyah algebra of E, will be the basis for the

development of connections in the sequel.

Let M be a complex manifold, and let E be a holomorphic vector bundle over M. We
will write Endc(F), Endc(E), Endp,, (E) and Endp,,(E), respectively, for Homc(E, E),
Homc(E, E), Homp,,(E, E) and Home,,(E, E). Similarly, we will write Diff;(E) and
Diff | (E), respectively, for Diff;(E, E) and Diff (E, E).

Let Tr : Endp,,(E) — O denote the trace morphism, and let 5nd%M (E) = Ker(Tr).
We then have a direct sum decomposition

Endo,, (E) = Oy - 15 & End,, (E), (4)
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where 15 denotes the identity endomorphism of E. Explicitly, if U is an open subset of M
and if v € Endp,, (E)(U), we have

_ Tr(u)
rk(E)

0 Tr(w)

u ‘1g+u°, where u®=u— k() ‘1 GEnd%M(E)(U).

We will denote by p° : Endo,, (E) — Endg,,(E) the projection u — u’.

There is a canonical Ojr-module monomorphism i : TM — TM ®p,, Ende,,(E) given
by
iv(X)=X®lg (Xe(TM)U),UcCM). (5)

We will identify T'M as an Ops-submodule of TM ®0,, Endo,, (E) by identifying it with
its image under the above Ojp/-monomorphism. With this identification made, tensoring
the decomposition (4) by T'M gives a direct sum decomposition

TM ®o,, Endo,,(E) =TM & (TM ®0,, Endy,, (E)). (6)
We will denote the canonical projection
1rym @p° 1 TM ®o,, Endo,, (E) — TM ®0,, Endy,, (E) (7)
by p itself.

The symbol o1 (P) of any first order differential operator P € Diff;(F) is a global section
of TM ®p,, Endo,,(E) on M. We are interested in the operators P, whose symbols are
actually sections of T'M under the decomposition (6).

Definition 3.1 — Let E be a a holomorphic vector bundle over M. A derivative endo-
morphism of F is a first order differential operator P € Diff;(E), whose symbol o1 (P) is a
section of T'M, where T'M is considered an Ojs-submodule of TM ®0,, Endo,,(E) using
the Opr-module monomorphism (5).

The term “derivative endomorphism” is taken from [10, Definition 1.1].

Proposition 3.2 — A first order differential operator P € Diff;(F) is a derivative endo-
morphism if and only if for every open subset U of M, there exists a holomorphic vector
field X € (TM)(U), such that

Py(fs) = fPu(s)+ (X [)s (8)

for all f € Oy(U) and s € E(U). In that case, the symbol morphism o1(P) : Q}, —
Endo,,(F) is given on U by

a1(P)u(€) = (X,€) - 1p (€ € Qy(U)),

where (-, ) is the canonical pairing TM x Q}, — Oy.

PROOF: Suppose that P is a derivative endomorphism. By definition, this means that
o1(P) is a global section of T'M, where T'M is considered as a subsheaf of TM ®o,,
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Endo,,(F) under the Op-module monomorphism

i:TM—TM ROy SndoM (E)
given by

iw(X)=X®1lg (Xe(TM)U),UcCM).
Since i is a sheaf monomorphism, its image presheaf is in fact a sheaf, so
(Im(2))(U) = Im(iy) for all U C M open.

Therefore, for every open subset U of M, o1(P)y € Im(iy), i.e., there exists a holo-
morphic vector field X € (T'M)(U), such that o1(P)y = X ® 1g. Under the canonical
isomorphism

TM ®0,, Endo,, (B) = Homo,, (Q}Wagndozw (£)) 9)
the section § = X®1g of TM®p,,Endo,,(E|) over U corresponds to the Oy-homomorphism
0(¢) = (X|v,&) - 1g, where £ € Q};(V) and V C U. Therefore,

o1(P)u(§) = (X,8) - 1p for all £ € Q),(V).
Putting £ — df, where f is a holomorphic function on U, we get
ol(P)u(df) =(X|v,df) 1= (X[) 1k
in Endo,, (E)(U). On the other hand (2.7),
o1(P)u(df) = [Plu, f].
Therefore, for all f € Oy (U) and s € E(U), we have
P(fs) = fP(s)+ [Plu, fl(s) = fP(s) + (X f)s.

We have, thus, shown that every derivative endomorphism P satisfies the condition (8).

Conversely, if P is a first order differential operator that satisfies the condition (8), then

[Plu, fl = (X f) - 1g for every holomorphic function f on any open subset U of M. This
means that

o1(P)u(§) = (X|v, &) -1p for {=df, f € Onu(U).
Since both sides of the above equation are Op-linear in &, and since the differentials of
holomorphic functions locally generate the Op-module 2}, the equation holds for all
¢ € Q},(U). This implies that under the canonical isomorphism (9), we have
o1(P)u = X ® 1g = iy(X) € (Im(3))(U).
Therefore, P is a derivative endomorphism. O
Given a holomorphic vector bundle E over M, we denote by At(E) the set of all derivative

endomorphisms of E. More generally, we define

At(E)(U) = At(E|y), U C M open.
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Then, At(E) = o7 {(TM), where a1 : Diff1(E) — TM ®0,, Endo,,(E) is the symbol
morphism. Since o7 is an Opy;-module homomorphism, and since T'M is an Oj/-submodule
of TM ®0,, Endo,, (E), therefore At(E) is a subsheaf and an Ojs-submodule of Diff | (E).
Further, since o1(P) = 0 for every P € Endo,,(E)(U), U C M open, the sheaf Endp,, (E)
is an Ops-submodule of At(E).

Definition 3.3 — For any holomorphic vector bundle E over M, the Op/-module At(E)
is called the Atiyah algebra of E.

The term “Atiyah algebra” is from [4, Section 1], where the Atiyah algebra of a holomor-
phic vector bundle E over M is denoted by Ag. It is the same as the object D(E) in [10,
Theorem 1.4].

The Symbol Exact Sequence (2.10) and the direct sum decomposition (6) give rise to two
exact sequences of Oy-modules

i

0 — Endo,,(E) - At(E) 25 TM — 0, (10)

and
. 05
0 — At(E) 5 Diff |(E) 275 TM ®0,, Endd,, (E) — 0,
where i denotes the appropriate inclusion morphism, oy : Diff | (E) — TM ®p,, Ende,, (E)
denotes the symbol morphism, and p° : TM ®o,, Endo,,(E) — TM ®o,, Endd, , (E)

denotes the canonical projection in (7). The first of these two short exact sequences is
closely related to connections in FE.

Definition 3.4 — The short exact sequence (10) of Op-modules is called the Atiyah
sequence of the holomorphic vector bundle E over M.

Proposition 3.5 — The Atiyah algebra At(F), of any holomorphic vector bundle E over
M, is a locally free Ojr-module of rank n + 72, where n is the dimension of M, and r the
rank of E.

PRrROOF: The statement follows from the short exact sequence (10), as in the proof of
(2.11). O

In Section 2, we had defined the Lie bracket of a first order differential operator P : £ — F
and a function f. When E = F, we can define the Lie bracket of any two C-linear sheaf
morphisms P: F — F and () : E — E by

[P,Q]=PoQ—QoP. (11)

Then, [P,Q] : E — FE is also a C-linear sheaf morphism. With this definition of the
Lie bracket, the sheaf Endc(E) is a sheaf of C-Lie algebras. For example, if E is a trivial
holomorphic vector bundle of rank 2 on M = C, with a global holomorphic frame {s1, s2},
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and if P and @ are the first order differential operators on E defined by

P(fis1 + fas2) = 85;2182 and  Q(fis1+ fas2) = %}381,

then
& fi L
[Pv Q](flsl + f252) = _Wsl -+ ﬁSQ.

Thus, in general, the Lie bracket of two first order differential operators P and @) on E
is a second order differential operator — a C-linear sheaf morphism R : F — F, such that
[R, f] is a first order differential operator for every function f. However, when P and @ are

derivative endomorphisms, [P, Q)] is again a derivative endomorphism.

Proposition 3.6 — Let E be a holomorphic vector bundle over M. Then,

(1) At(FE) is a sheaf of C-Lie subalgebras of the sheaf of all C-linear sheaf morphisms
P : E — E, with respect to the Lie bracket (11).

(2) The symbol morphism oy : At(E) — T M is a homomorphism of sheaves of C-Lie
algebras.

(3) For every open subset U of M, and for P,Q € At(E)(U) and f € Op(U), we have

PROOF: Suppose that P and @ are derivative endomorphisms of E over U, with symbols
X and Y, respectively. Then, by (3.2), for all f € Oy (U) and s € E(U), we have

PQ(fs) =P(fQs+ (Y [)s) = fPQs + (X [)Qs + (Y )Ps+ (XY [)s,
QP(fs) =Q(fPs+ (X [f)s) = fQPs+ (Y [)Ps+ (X[)Qs + (Y X[)s,
and hence
[P, Q](fs) = fIP,Q(s) + ([X,Y]f)s.
This implies (3.2) that [P, Q)] is also a derivative endomorphism of F, with symbol [ X, Y],

and proves (1) and (2). Using the same notation as above, we have

[P, fQl(s) = P(fQs) — fQPs = fPQs + (X f)Qs — fQPs.
Therefore,
[P, fQ] = [P, Q] + (X )Q,
which proves (3). O
Proposition 3.6 is equivalent to the statement that the Atiyah algebra At(E), together

with the symbol morphism o} : At(E) — TM, is a Lie algebroid [10, Definition 1.3] over
M.

In [3, Section 1], Atiyah defines the notion of a holomorphic connection in E using the
short exact sequence

0— ad(P) & TP% =5 TM — 0, (12)
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where 7 : P — M is the frame bundle of E, and TP is the sheaf of invariant vector fields
on P. (The various objects that occur in the above exact sequence are described in detail
below.) We will show that the Atiyah sequence of E' is canonically isomorphic, as a short
exact sequence of Ojr-modules, to the sequence (12).

Remark 3.7: The short exact sequence (12) is the same as the one defined in [3, Theorem
1], where ad(P) is denoted by L(P) and TP is denoted by Q.

We now describe in detail the objects that occur in the exact sequence (12). Let E be
a holomorphic vector bundle, of rank 7, over M. Denote the Lie group GL,(C) by G, and
its Lie algebra gl[,.(C) by g. Let # : P — M be the frame bundle of E. Then, P is a
holomorphic principal G-bundle over M, whose fibre P(z) over any point x € M is the
space Iso(C", E(x)) of all C-vector space isomorphisms from C" to E(x). The right action
of G on P, that is a part of the principal G-bundle structure on P, is given by

PxG—P (u,g)—u-g=uog,
where u : C" — E(z) and g : C" — C" are isomorphisms.

The adjoint bundle ad(P) of P is the vector bundle over M associated to P by the
adjoint representation of G' on g. Explicitly, the total space of ad(P) is the quotient complex
manifold (P x g)/G, where the action of G on P x g is given by

(u,7)-g= (ug,g_lrg), for (u,7) € Px gand g € G,

and the vector bundle projection ad(P) — M is given by (u,7) - G — m(u). As usual, we
will denote the sheaf of holomorphic sections of ad(P) over M by ad(P) itself.

The sheaf TPS of invariant holomorphic vector fields on P is the @j;-module defined as
follows. Suppose that U is an open subset of M. For any element g € G, let Ry : P — P
be the action of g, i.e., Ry(u) = ug for u € P. We say that a holomorphic vector field Z on

71(U) is an invariant vector field if
Z(ug) = (dRy(w))(Z(uw)) for allu € *(U) and g € G.
Equivalently, for all functions o € Op(V), V C 7~ 1(U), and for all g € G, we have
Z(@oRy)=(Zo)oR;, onV . .g

Define TP%(U) to be the set of all invariant vector fields on 7~ (U). Then, TP%(U) has
an Oy (U)-module structure, that is given by

f-Z=(fomZ for feOyU)and Z e TPYU).

If U C V C M, then the inclusion 771 (U) C #~1(V) provides a natural restriction map
TP%(V) — TPYU). We thus obtain an Oy-module TPY, called the sheaf of invariant
vector fields on P.
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Suppose that o : U — ad(P) is a holomorphic section of ad(P) on an open subset U of
M. Then, for every point u € m~1(U), there exists a unique element 7(u) € g such that
o(m(u)) = (u,7(u)) - G in (P x g)/G. Define Z,(u) € TP(u) by

Zy(u) = (do(e))((w)), (13)

where a,, : G — P is the orbit map g — ug, and day(e) : g = TG(e) — TP(u) is the
differential of o, at the identity element e of G. We thus get a vector field Z, on 7= (U).
In terms of the exponential map exp : g — G, we have

Zo(w) = 5 (u-explir(@)))|_ (wen D).
If f is a holomorphic function on V' C #~(U), then
(Z)(w) = - f (w-exp(tr(w)|_ (we V) (1)

The vector field Z is a holomorphic invariant vector field on 7~!(U). Define iy :
ad(P)(U) — TPYU) by iy(c) = Z,. This gives the Op-module homomorphism i :
ad(P) — TP% in (12).

Every invariant vector fields is “projectable” in the following sense. Suppose that U is an
open subset of M, and that Z is an invariant vector field on 7—(U). For any point = € U,
define X (z) € TM(x) by

X(z) = (dm(u))(Z(w)), (15)
where u is an arbitrary point in the fibre P(z) of P over z. The fact that Z is an invariant
holomorphic vector field on 71 (U) implies that X is a well defined holomorphic vector
field on U. We denote X by m.(Z), and call it the projection of Z. The action of m.(Z) on
a holomorphic function f € Oy (V'), where V C U, is given by

(m(2) ) (@) = (Z(fom))(w), eV, ue P(x) (16)
In this way, we get the O;-module homomorphism , : TPY — TM in (12).
The following result is the content of [3, Theorem 1].

Proposition 2.8 — The sequence (12) is an exact sequence of Oy-modules.

PROOF: Suppose that o € ad(P)(U), where U is an open subset of M, and that iy (o) =
Zy = 0. For every point u € 77 1(U), we have (13) Z,(u) = (daw(e))(7(u)), where

oy : G — P is the orbit map g — ug, and 7(u) is the unique element of g such that
o(m(u)) = (u,7(u)) - G in (P x g)/G. Since ay, is a biholomorphism from G onto the fibre
P(m(u)), this means that 7(u) = 0 for all w € 7~1(U), hence ¢ = 0. This proves that
i : ad(P) — TP% is a monomorphism.

For any point u € 7~ 1(U), the map 7 o v, has the constant value 7(u) on G, therefore
(15) m, 0oi = 0. Conversely, suppose that Z is an invariant vector field on 7—1(U), such
that 7.(Z) = 0. Then (15), (dn(u))(Z(u)) = 0 for all w € 7~}(U). On the other hand,
Ker(dm(u)) equals the tangent space of the fibre P(m(u)), which is biholomorphic to G
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under the orbit map «, : G — P. Therefore, there exists a unique element 7(u) € g such
that day(e)(7(u)) = Z(u). Define o € ad(P)(U) by o(u) = (u,7(u))-G, u € 7~1(U). Then,
iv(o) = Z, = Z. Therefore, Ker(m,) = Im(7).

Let X € T'M, be the germ of a holomorphic vector field at a point x € M. Since
P is holomorphically locally trivial, there exists a holomorphic local section s : U — P
defined on some open neighbourhood U of x in M. We may assume that the vector field
X is also defined on the same neighbourhood U. Define a vector field Z on 7~(U) by
Z(u) = d(Rgos)(x)(X(x)), u € U, where x = w(u) and g is the unique element of G such
that u = s(x)g. Then, Z is a holomorphic invariant vector field on 7=(U), and m.(Z) = X.
Therefore, the stalk homomorphism (7). : TPS — T M, is surjective. ]

We will now show that the sequence (12) is canonically isomorphic to the Atiyah sequence
(10) of the vector bundle E. Indeed, we will show that there exist canonical isomorphisms
® : ad(P) — Endo,,(E) and © : TPY — At(E), such that the diagram commutes.

7 T

0 ad(P) TP¢ M 0
J{ —® l e i 1rm (17)
0 — Endo,, (F) - At(E) s TM 0

We first recall the canonical isomorphism
® : ad(P) — Endo,, (E). (18)

Suppose that U is an open subset of M, and that o € ad(P)(U). Define an endomorphism
ao : Ely — Elu by
as(z) =uotTou"l: E(z) — E(z), (19)
where (u,7) is some point in P x g such that o(x) = (u,7) - G. The composition above
makes sense because u : C" — FE(z) is an isomorphism, and 7 : C" — C” is a linear
map. Moreover, a,(x) is well defined, i.e., independent of the choice of the point (u,7)
representing o(z). Define @y : ad(P)(U) — Endo,,(E)(U) by ®y(o) = a,. We thus get
an Ojr-module homomorphism @ : ad(P) — Endp,, (E).

The above morphism ® : ad(P) — Endop,,(E) is, in fact, an Op-module isomorphism.
Its inverse

U : Endp,,(E) — ad(P) (20)
is defined as follows. Suppose that a € Endp,,(E)(U). Define o, € ad(P)(U) by
oa(z) = (u,utoa(z)ou) -G e (P x g)/G,

where u is some point in the fibre P(x) of P over z. The composition above makes sense
because u : C" — FE(z) is an isomorphism, and a(z) : E(x) — E(x) is a linear map.
Moreover, o,(x) is well defined, i.e., independent of the choice of the point u in P(z).
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Define ¥y; : Endp,, (E)(U) — ad(P)(U) by ¥y (a) = 04. In this way, we get an Op-module
homomorphism ¥ : Ende,, (E) — ad(P), which is the inverse of the homomorphism ®.

Invariant vector fields preserve invariant functions. Suppose that U is an open subset
of M. Define a holomorphic function ¢ : 771(U) — C” to be an invariant function if it
satisfies the condition

o(ug) = g to(u) foralluen 1(U)and g € G.
For any holomorphic section s of E over U, define a function o4 : 7=1(U) — C" by
os(u) = u H(s(n(w)), wenx 1(U). (21)

This definition makes sense, since s(mw(u)) € E(n(u)) and since u : C" — E(m(u)) is
an isomorphism. Moreover, oy is an invariant function on 7—(U). Conversely, given an

invariant function o : 771 (U) — C”, define a section s, € E(U) by
so(z) =u(o(u)), =zel,

where u is some point in the fibre P(x) of P over x. Then, s, is a well defined holomorphic
section of ¥ on U. In this way, we get a bijective correspondence between holomorphic
sections of E over U, and invariant functions from 7=1(U) to C". Further, if f € Oy (U)
and o € E(U), then the invariant function o5 corresponding to the section fs € E(U) is
given by

ofs = (fom)os. (22)

If Z is an invariant vector field on 7=1(U), we will define a C-linear sheaf morphism

7 E|ly — E|y as follows. Suppose that o : 7=1(V) — C” is an invariant function,
where V C U. Then Zo : 771(V) — C" is also a invariant function, where Z¢ is defined by
Zo = (Zoy,...,Zoy) for ¢ = (01,...,0.) with o; : 77 1(V) — C, i =1,...,r. Therefore, Z
induces a map from the set of all invariant functions on 7~1(V') to itself. Since that set is in
bijective correspondence with the set E (V') of holomorphic sections of E on V', Z induces a
map Zy : E(V) — E(V). Explicitly, for any section s € E(V), Zys is the element of E(V)
given by

(Zys)(z) = u((Zog)(u) € E(x), z€V,ue Pz), (23)

where o : 771(V) — CT is the invariant function corresponding to s. In this way, we get a
C-linear sheaf morphism Z : E|y — E|y. Moreover, for any function f € O, (V), for any
section s € E(V), and for any point u € 7~1(V) with 7(u) = , we have

Zv (f9)(@) = u((Zogs)(w) = u((Z((f o m)os))(w))  (by (22))
= u((f om(u))(Zos)(u) + (Z(f o m))(u)os(u))
= ( (Zos)(uw)) + (Z(f om))(u)u(os(u)) (since u is C-linear)

)
fom(u))u(
(2)((Zvs)(x)) + (m(Z) f)(x)s(z)  (by (16)).

I
\H
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In other words,
Dy(f5) = 175+ ((7.(2))s.
T herefore,~2 satisfies the condition (8) in (3.2), and hence is a derivative endomorphism
of E|y, ie., Z € At(E)(U), and
o1(2) = m(2Z). (24)
Define Oy : TPY(U) — At(E)(U) by ©y(Z) = Z. We thus get an Op-module homo-

morphism

0 : TPY — At(E). (25)
Let
S0 E S E B EN S0
and

Sg:O—>E£i—2>E2p—2>Eg—>O

be two short exact sequences of Op-modules. Recall that an isomorphism from S to So
is a triple (v/,u,u”), where v’ : E} — E}, u: Ey — Es, and u” : Ef — E are Op/-module

isomorphisms, such that the diagram

1 p1

0 Ef Ey EY 0
\L u’ l U \L u
/ 1
0 E2 i E2 I E2 0

commutes.

Proposition 3.9 — Let E be a holomorphic vector bundle over F, and let ® : ad(P) —
Endo,,(E) and © : TPY — At(E) be the Op-module homomorphisms defined in (18)
and (25), respectively. Then, the triple (—®,©,17y/) is an isomorphism from the Atiyah
sequence (10) of E, to the short exact sequence (12).

ProoOF: Having provided an inverse ¥ : Endp,, (E) — ad(P) (20) for &, we have shown
that ® is an Ops-module isomorphism. Consider now the diagram (17). We will show that
each of the two squares in that diagram commutes. We first show that —io® = ©@oi. If U
is an open subset of M, and if o € ad(P)(U), then iy o By (o) = ay and Oy o iy(0) = Z,,
where a, is the endomorphism of E|y defined by (19), Z, is the invariant vector field on
77 1(U) defined by (13), and Z, is the derivative endomorphism of E |y defined by (23).
Therefore, we have to show that Z, = —a, in Endp,, (E)(U) for all ¢ € ad(P)(U). Let
s € E(V), where V is an open subset of U, and let € V. Pick a point u € P(z), and let
7(u) be the unique element of g such that o(z) = (u,7(u)) - G. Then,

(ags)(x) = (uoT(u)o ufl)(s(a:)).
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On the other hand, (Z,s)(z) = u((Z,0,)(v)). Using (14) and (21), and the fact that o,

is an invariant function, we get

(Zo0s) () = 5505 (- explir(u)]_ = - ((exp(tr(w))ou(w)|
— d _ _ -1
= 2 (ep(—tr)oy(w)| _ = —r(wos() = —r(u) o u™ (s(a)).
Therefore,

(Zos)(x) = u(=7(u) o u™" (s(2))) = —uor(u) o u™ (s(x)) = —(ar5)(x).

This proves that the left square in the diagram (17) commutes. The right square of that
diagram commutes because of equation (24), which describes the symbol of the derivative
endomorphism associated to an invariant vector field. Therefore, the diagram (17) is a
commutative diagram. Since the two extreme vertical arrows are isomorphisms, the Five
Lemma implies that the middle vertical arrow is also an isomorphism. Therefore, the triple
(=®,0, 1)) is an isomorphism from the top exact sequence to the bottom one. 0

4. HOLOMORPHIC CONNECTIONS

This section develops the basic notions of holomorphic connections in holomorphic vector
bundles over complex manifolds, following [3]. Let M be a complex manifold, and let E be
a holomorphic vector bundle over M.

Definition 4.1 — A holomorphic connection in E is an Op;-module homomorphism V :
TM — At(FE), which is a splitting of the Atiyah sequence (10).

Suppose that V is a holomorphic connection in £. Then, for every holomorphic vector
field X on any open subset U of M, we denote Vi;(X) € At(E)(U) by Vx. Thus, Vx :
E|y — E|v is a derivative operator. Indeed, for all sections s € E(U) and for all functions
f € On(U), we have

(1) Vix(s) = fVx(s); and
(2) Vx(fs) = fVx(s)+ (X[)s.
The Ops-linearity of V : TM — At(E) implies (1), while (2) follows from (3.2) and the
fact that 01 o V = 1pps and hence 01(Vx) = X.

Conversely, suppose that for every open subset U of M, and for every holomorphic vector
vector field X on U, we are given a C-linear sheaf morphism Vx : E|y — E|y satisfying (1)
and (2) above for all s € E(U) and f € Op(U). Then, there exists a unique holomorphic
connection V in E, such that Vi (X) = Vx for all X € TM(U), U C M. Indeed, for all
such U and X, define Vi (X) : E|ly — Ely by Vy(X) = Vx. Condition (2) implies, using
(3.2), that V(X)) is a derivative endomorphism of E|y, i.e., Vi (X) € At(E)(U), and that
01(Vy(X)) = X. Condition (1) implies that V7(X) is Op-linear in X. Therefore, the Vi
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define an Oj-module homomorphism V : TM — At(E) such that o1 0 V = 17y, ie., a
holomorphic connection in E.

Proposition 4.2 — Let V be a holomorphic connection in a holomorphic vector bundle
E over M. Then, there exists a unique C-linear sheaf morphism dy : Q°*(F) — Q°*(E) of
degree 1, such that:

(1) fa e Q,(U) and ¢ € Q*(E)(U), U open in M, then
dy(a A ¢) = (da) Aé+ (1) a A (dv o).
(2) For all s € E(U) and X € TM(U), U open in M, we have (dys)(X) = Vxs.

PROOF: Uniqueness: Let dy and dy be two C-linear sheaf morphisms Q°(E) — Q*(E)
satisfying the given conditions. To prove that dy = Zi;, it suffices to prove that for every
point = € M, the stalk homomorphisms (dy), and (8;)33 from Q" (FE), to itself are equal.
So, let x € M, and let 6 € Q" (E);. Let U be an open neighbourhood of x, on which there
exists a holomorphic frame s = {s1,...,s,} of E, and let ¢ € Q"(E)(U) be a form whose
germ at x equals 0. We can write ¢ = >/, ¢; @ s, where ¢; € Q},(U). Using (2), we have

dv(¢) = Z(d@' ® si + @i A dysi). (26)

On the other hand, (1) implies that dys; = dys;. Therefore,

dy (o) = Z(d@ ® 8; + ¢ A dysi) = dv ().
This proves that (dv).(0) = (dAé)x(Q), and hence that dy = dy.

Ezistence: Since uniqueness has been proved, to prove existence it suffices to show local
existence. So, let x be a point in M, and let U be an open neighbourhood of  on which
there exists a holomorphic frame s = {s1,...,s,} of E. Given any form ¢ € Q" (E)(V), on
an open subset V of U, write ¢ = > . ;| ¢; ® s;, where ¢; € Q,(V), and define dy(¢) by
(26), where the forms dy(s;) € Q'(E)(U) are given by

(dv(s))(X)=Vxs; (i=1,....,r, X eTMU)).

This gives a C-linear sheaf morphism dy : Q@ (E|y) — Q' (F|y) that satisfies (1) and (2),
and proves the existence of dy . ([l

4.1. Extension classes: We now relate the notion of a connection to extension classes.
Recall that every extension
a: 0-ELELE -0 (27)
of a holomorphic vector bundle E” by another holomorphic vector bundle E’, on a complex
manifold M, defines an extension class €(a) € HY (M, Hom(E",E")). The assignment o —
() induces a bijection from the set of equivalence classes of extensions of E” by E’ to the
cohomology set H' (M, Hom (E", E")), where we say that two extensions

o 0—E L p PE o
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and
ay: 0—=F 2 B2 E -0
are equivalent if there exists an isomorphism w : By — FE5 such that the diagram

i1 P1

0 E By E" 0
llE/ lu llE//
/ /!
0——>F ——>E —>F 0

commutes. An extension « splits if and only if (o) = 0 in HY (M, Hom (E", E")).

The extension class e(«) is defined as follows. Since E” is locally free, the short exact
sequence (27) defines another short exact sequence of vector bundles

0 — Hom(E",E'") 2 Hom(E", E) L5 End(E") — 0.
This short exact sequence, in turn induces a long exact sequence
0 — HY(M, Hom(E", E')) = HY(M, Hom (E", E)) 25 HO(M, End (E"))
O HY(M, Hom(E",E')) L ... (28)
of cohomology groups. The extension class e(a) € HY (M, Hom(E",E")) is, by definition,

the image §(1g~) of the identity section 1+ € HY(M, End(E")) under the interconnecting
homomorphism ¢ of the above long exact sequence.

4.2 Cech Description of the Interconnecting Homomorphism : We will now use
Cech cohomology to describe the interconnecting homomorphism

§: HY(M, F") — HY(M, F') for a short exact sequence
0-FLFEF S0 (29)

of sheaves of abelian groups on M. Let u € H°(M, F") be a global section of F”. The
surjectivity of p : F — F” implies that there exists an open cover U = {U, }aca of M and
sections uq € F(Uy) such that p(ug) = uly, for all a. Define uqag € F'(Uy N Up) by

uaﬁzr&\ﬁ/_r&\(;) O[,ﬂeA.
Then, p(uqg) =0 in F”’ (U, NUg). Since the sequence
0 — HYUy NUs, F') 5 HO Uy N Us, F) L HO (U, N U5, F)

is exact, there exists a unique section uqg € F'(Uy NUg) such that i(uag) = uag. On every

triple intersection U, N Ug N U, we have i(uqg + ugy) = i(Uay), hence uqag + ugy = ta~-
Therefore, the family of sections {qg}a gea is a 1-cocycle of the Cech complex C*(U, F').

The element 6(u) € HY(M, F') equals the Cech cohomology class of the cocycle {uqg}-.

4.3 Cech Description of Extension Classes : Consider now an extension « of holo-
morphic vector bundles, as in (27). The extension class e(a) € HY(M, Hom (E", E')) can be
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now described using Cech cohomology, as follows. Let U = {U, }aca be an open cover of M,
such that E”|y, is trivial for all @ € A. Then, for each index «, there exists a holomorphic
splitting h : E” |y, — E|u, of the short exact sequence

0— E'ly, & Ely, & E"|y, — 0.
Define uq3 € Hom(E", E)(Uy N Ug) by
s =hs — hay, a,B€ A
Then, ps«(uqp) =0 in End(E")(Uy NUg). Since the sequence
0 — HO (U, NUg, Hom(E", E')) 2 H(U, N Us, Hom(E", E)) 25 HO(Uy N Uy, End (E"))

is exact, there exists a unique holomorphic section un,g € Hom(E", E")(U, NUg) such that
i+(UaB) = Uqp- On every triple intersection U, NUg NU,,, we have iy (uag + ugy) = ix(Uay),
hence uqag + ugy = uqy. Therefore, the family of sections {ungla,gea is a 1-cocycle of
the Cech complex C*(U,Hom(E",E')). The extension class e(a) € H (M, Hom(E", E"))
equals the Cech cohomology class of the cocycle {uas}-

Definition 4.3 — The extension class of the Atiyah sequence (10) of a holomorphic vector
bundle E over M is called the Atiyah class of E, and is denoted by at(E).

The definition of the extension class implies that the Atiyah class at(F) is an element of
HY (M, Hom (T M, Endp,,(E))), which is canonically isomorphic to HY(M, QY (Endo,, (E))).
Further, using the Dolbeault isomorphism

HY (M, Endo,, (E)) = H! (M, 2 (Endo,, (E))), (30)

we can consider at(E) to be an element of the Dolbeault cohomology group

HYY(M, Endp,,(E)). Since an extension splits if and only if its extension class vanishes, it
follows that a holomorphic vector bundle E admits a holomorphic connection if and only if
its Atiyah class at(E) is zero in H' (M, Q! (Endp,, (F))).

Remark 4.4: Let P denote the frame bundle of E, as in Section 3. Then the extension
class of (12) is a cohomology class in H! (M, Q! (ad(P))). This is the class that is denoted by
a(P) in [3, Section 1]. The canonical isomorphism ® : ad(P) — Endp,,(F) induces an iso-
morphism ® : H! (M, Q*(ad(P))) — HY(M, Q' (Ende,,(E))). Proposition 3.9, together with
the fact that the interconnecting homomorphism is functorial with respect to morphisms of
short exact sequences, implies that the isomorphism ® maps the class a(P) to —at(E).

4.4. Cech Description of the Atiyah Class : We will now describe the Atiyah
class of F using Cech cohomology. Let {Uy}aca be an open cover of M such that E|y,
is trivial for each «. Since a trivial bundle clearly admits a holomorphic connection, we
have a holomorphic connection V, on each restriction E|y,. Each V, is a splitting of the
Atiyah sequence (10). Since the difference of two holomorphic connections is Op-linear, we
can consider 0,5 = Vglu,nv; — Valv.nus to be a holomorphic section of O (Endo,, (E))
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on U, NUg. The Cech description of the extension class in Section 4.3 implies that the
extension class of the Atiyah sequence of F, i.e., the Atiyah class at(F), is the cohomology
class of the Cech 1-cocycle {045}

Let so = {5a1;---,Sar} be a holomorphic frame of E on U,, and let an3 = (aqgij) : Ua N
Uz — GL,(C) be the transition function defined by sg; = Y/ GagijSai- Then, we can take
V4 to be the 0-operator, defined by Vo (>, fisai) = > _;(0fi) ® sai, for fi € Oy (Uy). For
this choice of {Vq}, the 1-cocycle {0as} is given by 0as(D_; g95585) = — 245 (a;édaag)ijgj ®
sgj, where g; € Op(Us NUg). In other words, if E is defined by the cocycle {ans}, then
the Atiyah class at(E) is defined by the cocycle {—a;é daeg}.

4.5. Cech Description of the Dolbeault Isomorphism : Let E be a holomorphic
vector bundle, and let g : AP4(E) — AP4T(E) denote the Cauchy-Riemann operator of
E, where AP4(E) is the sheaf of C* (p, ¢)-forms with values in E. Let ZP9(E) denote the
sheaf of dp-closed (p, q)-forms. We then have a short exact sequence of sheaves

0 — QYE) — AM(E) 22 2V (E) — 0. (31)
This induces a long exact sequence
c— AN(B) (M) 22 2V (E)(M) S HY (M, QY(E)) — H (M, AMN(E)) — -

Since the sheaf AYC(E) is fine, the interconnecting homomorphism & of this short ex-
act sequence is surjective. Since its kernel is the space BY1(E)(M) of dg-exact (1,0)-
forms, the surjective map ¢ induces an isomorphism 6 : HYY(M, E) — HY(M, QY (E)),
where H' (M, E) denotes the Dolbeault cohomology groups Z'1(E)(M)/BY (E)(M).

We can describe the Dolbeault isomorphism using the Cech cohomology description of
the interconnecting homomorphism in Section 4.2. Let {U,} be an open cover such that
each U, is biholomorphic to an open ball in C*. Let a € H“' (M, E) be a Dolbeault
cohomology class, and let w € ZH(E)(M) be a dg-closed form representing a. Since E is
holomorphically trivial on each U,, by the Dolbeault-Grothendieck Lemma there exists a
C* form 7, € AM(E)(U,) such that g(7a) = w|u,. Let uag = 78lv.nv; — Talvanu,- Then
Op(uap) =0, ie., ugs € Q1 (E)(UyNUg). We thus obtain a 1-cocycle {unsz} of Q*(E). The
cohomology class §(a) is the class in H'(M, Q'(E)) of the cocycle {uqs}.

We will assume the basic notions regarding C* connections in C* vector bundles [9,
Chapter I]. Let E be a holomorphic vector bundle over a complex manifold M. Let A"(E)
(respectively, AP4(E)) denote the sheaf of C*> complex r-forms (respectively, (p, ¢)-forms)
on M with values in E. Recall that a C* connection D : A%(E) — A(E) is said to be
compatible with the holomorphic structure of E if the (0,1)-part D% : A%(E) — A%L(E) of
D equals the Cauchy-Riemann operator dg : A°(E) — A%L(E). Let D be such a connection,
and let R € A%2(Endo,,(F)) denote the curvature of E. Let R = R?>? + R + R%2) where
RP4 € AP9(Endp,,(E)), be the type decomposition of R. Let o = {sa1,...,Sar} be a
holomorphic frame of E on Uy, and let ang = (aagi;) : UnNUg — GL,(C) be the transition
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function defined by sg; = Yi_ ;| @agijSai- Let wa = (waij) and Qo = (Qaij) be, respectively,
the connection and curvature matrices of D with respect to the frame s,. Then

Qo = dwo + wa A wa,
wg = aa_édaag + aa_éwaaag, and (32)
Qg = aa_éQaaag.

Since the sections s,; are holomorphic and since D is compatible with the holomorphic
structure on E, the matrices w, are of type (1,0), i.e., waij € AM(U,). Further, since
R = D? we have R%? = (D%!)2 = 52]3 = 0. Therefore,

Qi’o = Owq + wa A Wa,
Qb = Ow,, and (33)
Q0% =0.

This implies that 9Q4' = 9°wa = 0, i, IpRY! = 0 in AY2(Endo,, (E)), where, by
abuse of notation, we denote the Cauchy-Riemann operator of Endp,,(E) by 0. Thus,
every C* connection D in E that is compatible with the holomorphic structure defines a
Dolbeault cohomology class [RYY] in HY (M, Endp,, (E)).

Proposition 4.5 — Let E be a holomorphic vector bundle over M, and let D be a
C connection in F that is compatible with the holomorphic structure of E. Let R de-
note the curvature of D. Then, the Dolbeault isomorphism § : HYY(M, Endp,, (F)) —
HY (M, QY (Endo,,(E))) carries the class [RY1] to —at(E). In particular, the class [RY1] €
HY(M, Endp,,(F)) is independent of the connection D.

PROOF: Let s4, wa, etc., be as above. Then, Ry, = Z” inlj ® Saij, where Sqj is
the endomorphism of E|y, which maps s.; to sq; and all other s, to 0, and Qyt = (b

Ly
aij
Therefore, by (33), we have

R, = Y008 Sy = Pl
i7j

; ig wi’é ® Saij, and OF is the Cauchy-Riemann operator of Endo,,(E). The
Cech description of the Dolbeault isomorphism in Section 3.5 now implies that §([R"!]) €

HY(M, QY (Endo,, (E))) is the cohomology class of the 1-cocycle {uqg}, where

where o, =

Uap = 08lU.nUs — TalUanu;,-
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We have

Ua’UaﬂUg (sﬁj> = Oq (Z aaﬂijsai)
)

= § Ao BijWaki & Sak = 5 AaBijWakiQpalk & S81
ik ikl

= (apawatap)ij ® spi-

(2

Therefore, using (32), we get

Uag (85lUanvs) = 03(567) — 0a(ss))

= wei; @55 — Y _(apawatap)ij ® i
:

7
= (a 3daap)i; ® sgi.
7

On the other hand, the Cech description of the Atiyah class in Section 4.4 implies that
at(E) € HY(M, Q' (Endp,,(E))) is the cohomology class of the 1-cocycle {vag}, where

vag (88iluanus) = = D _(agsdaas)i; © spi.

Since uag = —vqp, it follows that §([RM1]) = —at(E). O

Recall that a complex manifold is said to be of Kdhler type if it admits a Kéhler metric.

Theorem 4.6 — Let M be a compact complex manifold of Kdhler type, and let E be
a holomorphic vector bundle over M. Suppose that E admits a holomorphic connection.
Then all the Chern classes c;(E) € H*(M,R) of E are zero.

PROOF: Introduce a Kahler metric on M, and a C* Hermitian metric in £. Recall that
there exists a unique unitary C* connection D in E which is compatible with the holomor-
phic structure on E. Let R denote the curvature of E. Since D is unitary, its curvature R
is a 2-form with values in the real vector bundle of skew-Hermitian endomorphisms of E.
This implies that R*? = —(R%2)* =0, i.e., R = RY! is of type (1,1).

Since E admits a holomorphic connection, we have at(E) = 0, hence Proposition 4.5
implies that the Dolbeault cohomology class [RY] € HY (M, Endp,, (E)) is zero, i.e., there
exists a form 7 € AY0(Endp,,(F))(M) such that RY' = dp7, where dp is the Cauchy-
Riemann operator of Endp,, (E).
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Let U,, sa, 24, etc., be as above, and write

7—|Uoz (SOéj) = ZTCW,] ® Sah Taij S ALO(Ua)
%

Since 7 is a global form, we have
T8 = ac_yﬁlraaag on U, NUg.
Moreover, the equality R = g7 implies that €, = 07,.

Let f: gl,(C) — C be a GL,(C)-invariant homogeneous polynomial of degree p. Then,
f(R) is well defined, and is the unique form in APP(M) such that

f(R)|u, = f(Qn) for all a.

Viewing f as a multilinear function f : gl,(C) x --- x gl,(C) — C, we have
Q.. Q) = 0(f(Ta, OTas - - -, OTa)).
This implies that
f(R,...,R) =0(f(r,0pT,...,08T)).
Thus, f(R) € APP(M) is d-exact. On the other hand, it is a basic fact of Chern-Weil

theory that f(R) is d-closed. It follows, by comparing bidegrees, that f(R) is 0-closed.
Now, the Hodge Decomposition Theorem for a compact Kéahler manifold implies that

Im(9) N Ker(9) = Im(99).

Thus, f(R) € Im(d9), hence f(R) is d-exact, i.e., its de Rham cohomology class in
H?P(M, C) equals zero. Applying this statement to the case when f(X) is the i-th elemen-
tary symmetric function in the eigenvalues of the matrix X € gl,(C), we get ¢;(E) = 0 for
all 4. O

5. FIRST ORDER JETS

In this section, we relate differential operators and holomorphic connection to jet bundles.
Let E be a holomorphic vector bundle over a complex manifold M.

For each point x € M, let m, denote the maximal ideal in the local ring Oy ,, and define
JYE)(x) = E,/m2E,. For any local holomorphic section s of E at z, denote the canonical
projection of s, € E, to JH(E)(x) by ji(s)(x). Let JHE) = [I,cp J'(E)(x). Then, it can
be proved as in [12], that J!(FE) has a unique structure of a holomorphic vector bundle on
M, with the property that for every holomorphic section s of F on an open set U C M,
the map ji(s) : U — JY(E), 2 — j1(s)(x) is a holomorphic section of J}(E) on U. We call
JY(E) the bundle of 1-jets of E. If (U,¢ = (21,...,2,)) is a holomorphic chart on M, and
if {s1,...,8,} is a holomorphic frame of E on U, then the family

{g1(s) |1 <i<rpU{ji(zasi) |1 <a<n, 1<i<r}

is a holomorphic frame of J'(E) on U. In particular, the rank of J}(E) equals (n + 1)r.
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The map j; is a C-linear sheaf morphism from E to J!(E). However, it is not Oy;-linear
for, if f € Oy (U) and s € E(U), and if (z1,...,2y) is a holomorphic coordinate system on
U, then using the Taylor series expansion of f, we get

of

2
a_ fe% xT xT )
5 (2)za(2)sz + mZE, forallzeU
24

J1(fs)(@) = (fs)e +miEs = f(@)se + )

which indicates that j; is a first order differential operator.

Proposition 5.1 — The C-linear sheaf homomorphism j; : E — J(E) is a first order
differential operator. Moreover, for every holomorphic vector bundle F' over M, the map

Jt i Homo,,(JYE), F) — Diff (E,F), T w—Toj
is an isomorphism of Ojps-modules.

PROOF: If s is a holomorphic section of £ on an open neighbourhood U of a point = € M,
whose germ s, belongs to m2E,, then ji(s)(x) = s, + m2E, = 0. In other words, the stalk
homomorphism (j1), : B, — J'(E), carries m2E, to m,J!(E),. Therefore, by Proposition
2.6, j1 is a first order differential operator. Next, let F' be another vector bundle. The
composition of an Oy -linear sheaf morphism with a first order differential operator is again
a first order differential operator. Thus, j7(T') € Diff ;(E, F)(U) for every homomorphism

T € Homo,,(J1(E), F)(U). Conversely, given a first order differential operator P from
E|y to F|y, since every stalk homomorphism P, : E, — F, carries miEm to m, [, there
exists a unique C-linear sheaf morphism Tp : J'(E)|y — F|y such that Tp o j; = P.
Moreover, if f € Oy (V) and 0 € JL(E)(V), V C U, then for all z € V, we have

Tp(f0)(x) = Po(f(x)s)(x) = f(x)Pu(s)(x) = (fT(0)) (),

where 0(z) = j1(s)(x). This shows that Tp is Ops-linear. The map P — Tp is the inverse
of j1. O

Remark 5.2: Proposition 5.1 shows that j; : E — J'(E) is a universal first order differ-
ential operator, i.e., given any holomorphic vector bundle F' over M, and any first order
differential operator P : E — F', there exists a unique Ojs-linear sheaf homomorphism

Tp : JY(E) — F such that Tp o j; = P.

In addition to the universal first order differential operator j; : E — J!(E), there are
two other relevant operators involving the jet bundle J!(E). First, the evaluation map
p(z) : JHE)(x) — E(x), p(x)(j1(s)(z)) = s(x) is a well defined C-linear map for every
point € M, and defines an Oj;-linear sheaf homomorphism p : J'(E) — E. Second, if
€€ QY(M)(x) and e € E(z), say ¢ = df and e = s(z), where f € Oy (U), f(z) = 0,
s € E(U), and U is an open neighbourhood of z, then j;(fs)(z) is a well defined element
of J}(E)(x). This defines an Oy-linear sheaf homomorphism i : Q}(E) — J(E). Now, the
following result is a consequence of the definitions.
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Proposition 5.3 — (Jet Bundle Exact Sequence). The sequence
0—QYE) LIE) L E=DO
is an exact sequence of Op;-modules.

In [3, Section 4], for every holomorphic vector bundle E over M, a sheaf D(F) is defined
as follows. As a sheaf of C-vector spaces, D(E) = E @ QY(E). The Op-module structure
on D(E) is defined by

f(s,a) = (fs, fa+(df) ®s)

for all f € O (U), s € E(U), a € QY(E)(U), and U open in M. Up to sign, the sheaf
D(E) is the jet bundle J'(E). Indeed, define a C-module homomorphism

®: D(E) — JI(E) by
O(s,a) = ji(s) —i(e), (s,@) € D(E),
where i is the Oy/-homomorphism Q!(E) — J'(E) defined above.
Proposition 5.4 — The C-module homomorphism ® : D(E) — J}(E) is, in fact, an
isomorphism of Oj;-modules, and makes the diagram
00— QYE)
l -1 J/ ® i 1 (34)

0—>91(E)T>J1(E)T>E—>O

commute, where 7' and j’ are the canonical inclusion and projection, respectively.

ProOF: Forall U € M, f € Op(U) and = € U, we have

O(f(s, ) (@) = O(fs, fao+ df @ s)(x) = j1(fs)(x) —i(fe)(z) —i(df @ s)()
= f(@)q1(s)(x) = fw)i(a)(z) —i(d(f - f(x)) @ s)(x)
= f(@)q1(s)(x) = fe)i(a)(z) = i ((f = f(2))s) ()
= f(@)jr(s) (@) — f()ila)(x) = jr(fs)(x) + j1(f(x)s)(x)
= f(@)jr(s)(@) — f(w)i(a)(x) — f(2)71(s)(x) + f(2)71(s)(x)
= [(2)®(s, a)(x).

Therefore, ® : D(E) — JY(E) is an Op-module homomorphism. The commutativity of
the given diagram now follows from the definition of ®. The Five Lemma then implies that

® is an isomorphism. O

Remark 5.5: In [3, Section 4], the top row of the commutative diagram (34) in Proposition
5.4 is denoted by B(E), and its extension class is denoted b(E). Since the interconnecting

homomorphism in a long exact sequence is functorial, Proposition 5.4 implies that b(E)
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equals the negative of the extension class of the bottom row of (2) i.e., of the Jet Bundle
Exact Sequence (5.3).

The extension class of the Jet Bundle Exact Sequence (5.3) is an element of H' (M, E* ®
QY(E)), which is canonically isomorphic to H! (M, Q' (Ende,,(F))). On the other hand, the
Atiyah class at(F) also is an element of the same vector space H' (M, QY (Endo,,(E))). The
following statement relates these two elements.

Proposition 5.6 — The extension class of the Jet Bundle Exact Sequence (5.3) equals
—at(E) in HY(M, QY (Endo,, (E))).

PROOF: Let {U, }aca be an open cover of M, and suppose that there exists a holomorphic
frame sq = {Sa1,...,5ar} of E on each U,. Let ang = (aqpij) : Us N Ug — GL,(C) be the
transition function defined by sg; = Zle (nBijSai- For each index «, define an Oy, -module
homomorphism h, : E|y, — JY(E)|y, by

oD 1isag) =D fiii(sag)  (fro--o fr € On(V),V C Ub).
J J

Then, h,, is a splitting of the Jet Bundle Exact Sequence of F over U,, i.e., pohy, = 1.
According to the Cech description of extension classes in Section 4.3, the extension class of
the Jet Bundle Exact Sequence is the cohomology class of the 1-cocycle {uq3}, where

i(uap) = hglv.nus — halv.nug-

If = is a point in U, N Ug, then for all j € {1,...,r}, we have

(hs — ha)(sp;)(x) = j1(38;)( Zaaﬁusm
= j1(5)( Zaamg o(50) (@)
ng Zaaﬁm ]1 Saz)

=1 S/g] Zaaﬁzj ]1 aﬁakzsﬁk)( )

_Z]1< Ok — Z%W a@m)Sﬂk)( )-

Define fi; € Onmz by fij = 6kj — D @apij(€)agaki- Then, fi; € my, so the definition of
i:QYE)(z) — E(x) implies that

i(d frj(®) @ sp;)(2) = j1(frjs65) ().
Therefore,

(hg — ha)(s85)( 231 frispr) (x Zi(dfkj(l‘) ® sgj(x))-

k
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In other words,
Ua/g Sﬁ] Z dfkj ® Sﬁk Z aaﬁz] daﬁakzz( ) & sﬁk’(x)a

i.e.,

uag(Sgj) = — Z((daﬂa)aaﬂ)k‘j @ sk
k

Since agaaqg = 1, we have

—(daﬁa)aag = ABa daag.
Thus,

Uas(5;) = Y _(apadaap)r; ® Sgk.
k

On the other hand, the Cech description of the Atiyah class in Section 4.4 implies that
at(FE) is the cohomology class of the cocycle {v,g} given by

Vap(58;) = = >_(apadaap)k; ® g
K

This proves that the cohomology class of the cocycle {uqg} equals —at(FE). O

Remark 5.7: The Jet Bundle Exact Sequence of E, upon dualizing and tensoring by F,
gives a short exact sequence

0 — Endo,,(E) — Home,,(JH(E),E) — TM ® Ende,,(E) — 0.

Proposition 5.1 implies that Home,, (J1(E), E) is canonically isomorphic to Diff;(E).
Since the Atiyah algebra At(FE) is a subbundle of Diff; (E), we obtain a canonical injective
morphism u : At(E) — Homo,,(J}(E), E). Indeed, we obtain an injective morphism of

extensions

0 —— Endo,, (E) At(B) T™ 0

k | )
0 —E&ndo, (E) — JYE)* @ FE —= TM @ Endo,, (E) — 0

where v is the canonical injection X — X ® 1g. The functorial properties of extension
classes [3, Proposition 2] can now be used to show that the negative of the extension class
of the Jet Bundle Exact Sequence equals the Atiyah class. This would give another proof
of Proposition 5.16.

A bundle E, by definition, admits a holomorphic connection if and only if the Atiyah
sequence of E splits. We, therefore, have the following fact.

Proposition 5.8 — A vector bundle E admits a holomorphic connection if and only if its
Jet Bundle Exact Sequence splits holomorphically.
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In fact, a more precise statement can be made. It follows from Proposition 4.2 that a
holomorphic connection in E induces a C-linear sheaf morphism dy : E — Q!(E), which is
characterized by the property that

dy(fs) = fdv(s) +df ®s (35)

forall f € Oy (U), s € E(U) and U C M. We call dy the covariant derivative associated to
the connection V. Equation (35) implies that dy is a first order differential operator from F
to Q1 (E). Conversely, it is easy to see that given a C-linear sheaf morphism P : E — Q!(FE)
such that

P(fs)=[fP(s)+df ®s,
there exists a unique holomorphic connection V in E such that P = dy. We shall call such

a differential operator P a covariant derivative in E. Thus, there is a canonical bijective
correspondence between holomorphic connections and covariant derivatives in F.

Proposition 5.9 — There is a canonical bijection between the set of holomorphic splittings
of the Jet Bundle Exact Sequence of E and the set of covariant derivatives in E, which takes
a splitting T : J1(E) — Q(E) of the Jet Bundle Exact Sequence, to the covariant derivative
g (T)=Toj : E— QYE).

PROOF: Let T : J}(E) — Q!(E) be a splitting of the Jet Bundle Exact Sequence
0—QYE) S IJ(E)L E -0,
and let P denote the operator j;(T) =T oj; : E — QYE). Let U C M, f € Op(U) and
s € E(U). For every point z € U, we have
i(df(x)@s(x)) = i(d(f - f(z))(x) ®s(x)) =0 ((f — fz))s)(x)
= Ji(fs)(x) — f(@)j1(s)(x).
Applying the splitting T, we obtain
df(z) @ s(x) = P(fs)(z) — f(z)P(s)(z),
ie.,
P(fs)=fP(s)+df ®s.
Therefore, P is, indeed, a covariant derivative in F.
Conversely, every covariant derivative P in E is a first order differential operator from
E to QY(E). Since j; : E — J'(E) is the universal first order differential operator (Propo-

sition 5.1), there exists a unique Oy;-module homomorphism 7 : J'(E) — Q!(E) such that
P=ji(T)=Toyj. U, f and s are as above, and if x € U and f(x) = 0, then

Toi(df(@)@s(@) = T(ir(f5)@) = P(fs)(x)
= [f(@)P(s)(@) + df(z) ® s(z) = df(z) ® s(z).
Therefore, T is a splitting of the Jet Bundle Exact Sequence.
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We have, thus, defined two functions between the set of splittings of the Jet Bundle Exact
Sequence and the set of covariant derivatives in E. The definitions of these functions imply
that that they are mutual inverses. O

6. THE ATIYAH-WEIL CRITERION

In this section, we give Atiyah’s proof [3] of the Atiyah-Weil criterion. This criterion
determines when a given holomorphic vector bundle admits a holomorphic connection.

Let E be a coherent sheaf on a compact complex manifold. Let ¢ € Endp,,(E) be
a global endomorphism of E. For each integer n > 0, define E™(¢) = Im(¢"), where

" =¢o...¢: E— E is the n-fold iterate of ¢. The E™(¢) are coherent subsheaves of F,
and we have natural inclusion morphisms i, : E"(¢) < E"!(¢), and natural epimorphisms

Pn = ¢len(g) : E"(¢) — E"1(9).

Proposition 6.1 — (The Fitting Decomposition) Let ¢ be an Op-endomorphism of a
coherent sheaf E on a compact complex manifold M. Then, there exists an integer N > 0
such that

E =E"(¢) ®Ker(¢") foralln> N.

ProOOF: The morphisms ¢, and p,, induce a C-linear map
Hom (pm in) : End@M (En((é)) - End@M (Enil (‘b))
U 0y O UO Pp—1.

Since iy, is a monomorphism and p,, is an epimorphism, Hom (p,,, i) is an injective map. The
C-vector space Endp,, (F) is finite-dimensional because M is compact and E is coherent.
Therefore, there exists an integer N > 0 such that

dim(Endo,, (E"(¢))) = dim(Ende,, (E""!(¢))) for alln > N.

This implies that the map Hom(py,,i,) is an isomorphism of C-vector spaces for all
n > N. In particular, for such n, there exists an element v € Endp,,(E"(¢)) such that
inup, = 1. It follows that p, is a monomorphism and %,, is an epimorphism. Thus, p,, and
i, are isomorphisms for all n > N. For any such integer n, consider the exact sequence

0 — Ker(¢") — E L E™(¢) — 0, (36)

where g, is the morphism ¢" considered as a map to E"(¢). Let j, : E™"(¢) — E be
the natural inclusion morphism. Then, ¢,j, : E™"(¢) — E™(¢$) can be factored into the

composition

E"(g) 2t o B, pEn(g) ey gl (g) Bt 2L pr(g),
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All the arrows in the above composition are isomorphisms, hence ¢y, j, is an automorphism
of E™(¢). Therefore, the short exact sequence (36) splits, and we obtain

E = Ker(¢") & E"(9).
O

Definition 6.2 — We say that a holomorphic vector bundle E over a complex manifold
M is indecomposable if whenever F7 and FEs are holomorphic subbundles of E such that
E = E1 ® E5, we have either F; =0 or F» = 0.

Proposition 6.3 — Let E be an indecomposable holomorphic vector bundle over a compact
complex manifold M. Then, every global endomorphism ¢ € Endp,,(E) is of the form
Alg + ¢, where A € C and ¢ € Endp,,(F) is nilpotent.

PROOF: For any point x € M, let P(x,t) = >_i_, a;(z)t" € C[t] denote the characteristic
polynomial of the C-linear map ¢(x) : E(z) — E(z), where r denotes the rank of E. The
formula P(x,t) = det(¢(x)—t1) implies that the coefficients a;(z) of P(x,t) are holomorphic
functions of z. Since M is compact, these functions are constant, so P(z,t) = P(t) is
independent of x.

Let A be a root of the polynomial P(¢) in C, and consider the endomorphism ¢y = ¢ —A1g
of E. Proposition 6.1 gives the Fitting decomposition

E = Ker(y") & E"(¢)

for a sufficiently large integer n. Nakayama’s Lemma implies that every projective finite
module over a local ring is free. Therefore, the direct summand subsheaves Ker(¢") and
E"™ (1)) of the locally free sheaf E are, in fact, subbundles of E. Since E is indecomposable,
we must have either Ker(¢") = 0 or E"(¢) = 0. In the former case, 1" (and hence 1)) is
an automorphism of F, and in the latter case 1 is nilpotent. Let x be an arbitrary point
of M, and let v € E(x) be an eigenvector of ¢(z) : E(xr) — E(x) for the eigenvalue .
Then, ¥(z)(v) = 0 and v # 0, so ¥ cannot be an automorphism of E. Therefore, 1) must
be nilpotent. O

Recall that a Remak decomposition of a holomorphic vector bundle E over a complex
manifold is a splitting

of F into indecomposable subbundles F;. The Krull-Schmidt Theorem [2, Theorem 3] states
that every holomorphic vector bundle E over a compact complex manifold M has a Remak
decomposition (37), and that the isomorphism classes of the summands E; are unique up

to permutation.

Proposition 6.4 — Let £ = FE1 @ --- ® Er be a Remak decomposition of a holomor-
phic vector bundle E over a compact complex manifold M. Then, F has a holomorphic
connection if and only if each F; has one.
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PROOF: The jet bundle functor is additive, i.e., we have a canonical isomorphism
o JYE)=IWE)®---©I(E.
This gives rise to an isomorphism of extensions

0 — QL(E) LY o) p— 0

ll lcp ll (38)

where the morphisms are the ones in the Jet Bundle Exact Sequences of E and the Ej.

%

Further, the diagram

Jl(El) ? El

commutes, where m and 7; are the canonical projections given by the direct sum decom-
positions of E and J*(E). Therefore, every splitting of the top row of (38) gives rise to a
splitting of the Jet Bundle Exact Sequence of E; for all [. It follows, by Proposition 5.8,
that if F admits a holomorphic connection, then so does each F;. The converse also follows
similarly from diagram (38). O

We now consider the special case when the base manifold is a compact Riemann surface
X. To begin with, we recall Serre duality for holomorphic vector bundles over X. Let E be
a holomorphic vector bundle over X, and let (-,-) : E x E* — Ox be the canonical pairing
between E and its dual. This pairing induces an Ox-bilinear sheaf morphism

AP(E) x AY(E) — APTI(X)
(a,b) — e A\ b,

where AP(E) denotes the sheaf of C*° complex p-forms on X with values in F, and A"(X)
denotes the sheaf of C>* complex-valued r-forms on X. This Ox-bilinear morphism is
characterized by the property that

(W s)AN(T®u) = (s,u)w AT

for all w € AP(U), 7 € AP(U), s € E(U), u € E*(U) and U open in X. The above bilinear
sheaf morphism induces a C-bilinear map

S:HY (X,0YE)) xH(X,E*) - C (39)

as follows. Let a € HY(X, QY(E)), and let u € H°(X, E*). Using the Dolbeault isomorphism,
identify HY (X, QY (E)) with HY (X, E), and consider a as an element of H'}(X, E). We can
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then represent a as a = [a], where a € AV(E)(X) and dga = 0. Since a A u € AMH(X),

we can define
S(a,u) :/ aAu.
X

The Stokes theorem and the relation
OwWAT)=0pw AT+ (=1)PwAIpT, w€AP(E)(X), 7€ AYE*)(X),
ensure that the integral above is well defined.

We now consider the special case of an endomorphism bundle Endp, (E), where E is a
holomorphic vector bundle. The trace pairing

Endp, (E) x Endo, (E) — Ox
(u,v) — Tr(uv)
is a nondegenerate bilinear map, and induces an isomorphism of Endop , (E) with Endo, (E)*.
Combining this self-duality with Serre duality for Endep, (F), we obtain a nondegenerate
bilinear pairing
S :HY(X,QY(Endo, (E))) x H(X, Endo, (E)) — C (40)
given by
S(a,u) = /X Tr(ow), (41)
where a € AY(Endo, (E))(X) is a Dolbeault representative of a.
Let M be a complex manifold. Recall that an O;-module E is said to be torsion-free if

for every point x € M, the stalk E, is a torsion-free Oy ,-module. For any Oj/-module F,
and for any open subset U of M, we define

Etors(U) = {S € E(U) ‘ SERS (Ex)tors}’

where (Ew) tor
in fact, an Ops-submodule, Fios of E. We call Eigs the torsion Opp-submodule of E.

. denotes the torsion O z-submodule of E,. The Fis(U) form a subsheaf,

We have Eios = Ker(e), where € is the canonical morphism from FE to its bidual E** [7,
Chapter 3, Section 3.3]. If E is coherent, then so is its bidual, hence E}og is then a coherent
O p-module.

Now, let X be a Riemann surface, let E be a holomorphic vector bundle over X, and let
F be a coherent Ox-submodule of E. Being a subsheaf of a torsion-free sheaf, F' is itself a
torsion-free O x-module. Since the local rings of X are principal ideal domains, this implies
that F' is locally free. We say that F' is a subbundle of E if the coherent sheaf F/F is also

a locally free or, equivalently, torsion-free, Ox-module.

Lemma 6.5 — Let E be a holomorphic vector bundle over a Riemann surface, and let F'
be a coherent Ox-submodule of E. Then, there exists a unique Ox-submodule (F) of E
such that
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(1) (F) is a subbundle of E, and contains F.
(2) If G is an Ox-submodule of E, which is a subbundle of £ and contains F, then
(F) CG.

We call (F') the subbundle of E generated by F.

PRrROOF: Let Q@ = E/F, and let Qiors denote the torsion Ox-submodule of ). Define
(F) = p~Y(Qtors), where p : E — @Q denotes the canonical projection. We then have an
exact sequence of Ox-modules

O—><F>_’E_’Q/Qtors_>0-

Since E, @ and Qo are all coherent, so is (F'). By the definition of Qtors, @/Qtors 18
torsion-free. Therefore, (F') is a subbundle of E. Since F' = Ker(p), it is an Ox-submodule
of (F'). Suppose that G is a coherent subsheaf of E, which is a subbundle of E' and contains
F. Let ¢ : E — E/G be the canonical projection. We can then factor the restriction
ql(ry : (F) — E/G into the composition

<F>I7|<—F>>Qtorsi>Qi>E/G7

where 7 is the inclusion map of Qiors in @, and w is the map E/F — E/G induced by the
inclusion F' < (. Since there are no nonzero homomorphisms from a torsion module to a
torsion-free module, the composition u o4 must be zero. Therefore, ¢|py = 0, i.e., (F) C G.
This proves the existence of (F'). The uniqueness is obvious from the properties (1) and
(2). O

Lemma 6.6 — Let ¢ : E — F be a homomorphism of holomorphic vector bundles over
a Riemann surface X. Suppose that E' and F’ are coherent Ox-submodules of E and F,
respectively, such that ¢(E') C F'. Then, ¢((E’)) C (F'), where (E’), etc., are as in Lemma
6.5.

PROOF: The Ox-submodule ¢~ 1((F")) of E is coherent since it is the kernel of the Ox-
homomorphism po ¢ : E — F/(F'), where p : F — F/(F') is the canonical projection.
Moreover, ¢ : E — F induces an injective Ox-homomorphism E/¢~L((F')) — F/(F"). By
definition of (F'), F//(F") is torsion-free, hence E/¢p~1({F')) is also torsion-free. Therefore,
¢~L((F")) is a subbundle of E. Since E' C ¢~ 1(F') C ¢~ 1((F")), condition (2) in Lemma
6.5 implies that (E') C ¢~ L((F")), i.e., p((E")) C (F'). O

Let E be a holomorphic vector bundle over a complex manifold M, and let E, be a flag
0=FEy C Ey C--- C E; = FE of holomorphic subbundles of E. Let Endp,,(F.) be the
Opr-submodule of Endp,, (F) consisting of endomorphisms which preserve the flag E,, i.e.,
for any open subset U of M, we have

Endo,, () (U) = {u € Endo,, (E)(U) |uy (E:(V)) € E;(V) YV CU,0<i<k}
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The sheaf Endp,,(E,) is a subbundle of Endp,,(E). The inclusion morphism i from
Endp,,(E.) to Endp,,(E) induces a C-linear map from

i : HY(M, QY (Endo,, (E.))) — HY(M, Q' (Endo,, (F))).

Lemma 6.7 — With notation as above, the Atiyah class at(E) € HY(M, QY (Endo,, (E)))
belongs to the image of the canonical map

i : HY(M, QY (Endo,, (E.))) — BY(M,Q (Endo,, (F))).

PROOF: Let {U,}aca be an open cover of M, and suppose that on each U, there exists

a holomorphic frame s, = {Sa1,...,Sar} of E such that for each i € 1,...,k, the subset
sg) = {Sals---sSar; }

is a frame of F;, where r; denotes the rank of E;. Let ang = (aagij) : UaNUg — GL,(C) be
the transition function defined by sgj = >"7_ | aagijSai- Then, each function a,g is a block

matrix of the form

A A o0 A A
0 Ay ... Ay Ay
. . . I (42)
0 0 ... 0  Aw

where the elements of each block are functions on U, N Ug, and each diagonal block A;; is
a d; x d; matrix, d; being the rank r; — r;_y of E;/FE;_1. It is clear that dag is also of the
form (42), with each block A;; consisting of 1-forms on U, NUpg. Since matrices of the shape
(42) form a subgroup of GL,(C), it follows that hag = —agadaag is also of the form (42).
Any endomorphism of E |UamU5 whose matrix with respect to the frame sg is of the form
(42) preserves the flag E,. Therefore, the 1-form uqg € Q' (Endo,, (E))(Uanu,) defined by

Uap(55;) = Y hagij ® sg;
7

is an element of Q'(Endo,,(E,))(Uanu,). Since the Atiyah class at(E) is the cohomology
class in HY(M, QY (Endo,, (E))) of the Cech cocycle uqg (Section 4.4), it follows that at(E)
is, in fact, the cohomology class of a 1-cocycle with values in Q!(Endp,,(E.)). In other
words, at(F) lies in the image of i,. O

Consider a flag E, as above. Now, suppose that F carries a Hermitian metric h. Let D be
the unique unitary C* connection in F that is compatible with the holomorphic structure
of E. Tt was seen in Section 4 that the curvature R is of bidegree (1,1), i.e., an element
of AYY(Endp,,(E))(M), and that R = 0, where dg denotes, by abuse of notation, the
Cauchy-Riemann operator of Endp,,(F). Thus, R defines a Dolbeault cohomology class
[R] in HYY(M, Endo,, (E)).
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Lemma 6.8 — With notation as above, the Dolbeault class [R] in HY (M, Endp,, (E)),
of the curvature R of (F,h), belongs to the image of the canonical map

i : HYY (M, Endo,, (Ed)) — HY (M, Endo,, (F)).

PROOF: The Dolbeault isomorphism commutes with inclusions of holomorphic subbun-
dles. Therefore, the diagram

[

HLl(MvgndOM(EO)) HI’I(M,EndOM(E))

o= =|s

H' (Mv Ql(gndoM (EO)>) T) H! (M7 o (5ndoM (E)))

commutes, where ¢ and § denote the Dolbeault isomorphisms, and ¢, denotes the canonical
maps. Since R is a (1, 1)-form, it follows from Proposition 4.5 that §([R]) = —at(E). The
result now follows from Lemma 6.7. ]

Remark 6.9 : Lemma 6.8 is related to the notion of the second fundamental form in the
following manner. Suppose that the flag E, consists of just one subbundle Fy = S. Let
@ = E/S. Since @ is isomorphic, as a C*> vector bundle, to the orthogonal complement
bundle St of F in E, the metric h in E induces a C* Hermitian metric hg in E. Let
hs denote the metric induced in S. Let Dg and D¢ denote the unitary connections that
are compatible with the holomorphic structures of S and @, respectively. Let Rg and Rq
denote their curvatures. Let A € AL0(Homoe,,(S,Q))(M) denote the second fundamental
form of S in E with respect to the metric h. It is defined by As = p(Ds), where p: E — Q
is the canonical projection. The Gauss-Codazzi equations [9, Chapter I, Section 6] state

that
Rg—A*NA D' A* —
R = — =U -0V,
( —0A RQ — AN A*)

_ * ! A%
U Rs—A*"NA D'A and V= 0 0 '
0 Rg — AN A* A0

The form U preserves the subbundle S, i.e., is an element of A (Endp,, (E.))(M). On
the other hand, using the C* orthogonal decomposition £ = S @ @, we can identify V with

where

A. Thus, the curvature R differs from the flag-preserving form U by the coboundary of
the second fundamental form A. In particular, the Dolbeault classes of R and U are equal.
This gives another proof of Lemma 5.8 in the special case when the flag E, consists of just
one subbundle.

Proposition 6.10 — Let E be a holomorphic vector bundle over a compact Riemann
surface X, and let

S:HY (X, Q' (Endo, (E))) x H(X, Endo, (E)) — C
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be the nondegenerate C-bilinear pairing defined by (41). Let ¢ € H*(X,Endp, (E)). Then

~ 2ny/—1deg(E) if¢p=1g
S(at(E), ¢) = o
0 if ¢ is nilpotent,
where at(E) € HY(X, QY (Endo, (E))) is the Atiyah class of F, and deg(E) denotes the
degree [y c1(E) of E.

Proor: Fix a C°° Hermitian metric h in F, and let D be the unique C* unitary
connection in F that is compatible with the holomorphic structure of E. Let R denote the
curvature of D. Since R is of type (1,1), it defines a Dolbeault cohomology class [R] in
HY(X,Endo, (E)) (Section 4). Proposition 4.5 implies that the Dolbeault isomorphism
from HY(X, QY (Endoy (E))) to HYYH(X, Ende, (E)) carries the Atiyah class at(E) to —[R].
Therefore, by the definition (41) of the pairing S, we have

S(at(E),¢) = /XTr(RgZ)). (43)
If ¢ = 1g, we thus have
S(at(E),1p) = — /X Tr(R).

According to the Chern-Weil theory, the first Chern class ¢;(E) € H2(X, C) is represented
by the de Rham class of the 2-form —Tr(R)/2m\/—1. Therefore,

—/ Tr(R)zznﬁ/ c1(E) = 2mv/~1deg(E).
X X

This proves that S(at(E), 1) = 2my/—1 deg(E). Next, suppose that ¢ € HO(X, Endo, (E))
is nilpotent. For each integer i > 0, let F' be the Ox-submodule of E defined by F* =
Im(¢?), where ¢' : E — FE is the i-fold iterate of ¢. Let E' = (F*) be the subbundle of F
generated by F* (Lemma 6.5). Since F**! C F' C E' and E' is a subbundle of F, condition
(2) of Lemma 6.5 implies that E‘*! C E. Since ¢ is nilpotent, there exists an integer i
such that F?, and hence E?, is zero. Let k be the least such integer i. We then have a flag
Ee

E=E'D>E'S>.-.DEM'DEF =0
of holomorphic subbundles of E. Let Endp, (E®) be the Ox-submodule of Endep, (E)
consisting of endomorphisms of E which preserve the flag E°®. It follows from Lemma 6.8
that the Dolbeault class [R] lies in the image of the canonical map

HYY (M, Endo,, (E®)) — HYY(M, Endo,, (E)).

Let U be a form in Z1(Endp,, (E®))(M) which is cohomologous to R in HY (M, Endp,, (E)).
Then

S(at(E), 6) = — /X Tr(Ro) = — /X Te(U ). (44)

Now, let « be a point in X, and let v and w be complex tangent vectors to X at z, i.e.,
elements of T, X ®gr C. Since U is a flag-preserving form, the C-linear map
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U(z)(v,w) : BE(r) — E(x) carries each subspace E'(x) to E'(x). On the other hand,
since ¢(F?) C F'*! Lemma 6.6 implies that ¢(E?) C E'T!. Therefore, U(z)(v,w) o ¢(x)
carries E’(z) to a C-subspace of E™1(z). Since E°(x) = E(x) and E*(z) = 0, it follows
that U(x)(v,w) o ¢(z) is a nilpotent endomorphism of E(z), so Tr(U(z)(v,w) o ¢(z)) = 0.
Since the point x was arbitrary, it follows that Tr(U¢) = 0. Thus, by (44), we obtain
S(at(E),¢) = 0. 0

Theorem 6.11 — Let E be an indecomposable holomorphic vector bundle over a compact
Riemann surface X. Then, E has a holomorphic connection if and only if deg(E) = 0.

PROOF: Since E is indecomposable, Proposition 6.3 implies that every endomorphism
¢ € HY(X,Endo, (E)) is of the form ¢ = Mg + ¢, where A € C and v is a nilpotent
endomorphism of E. Since Tr(y) = 0, A\ = Tr(¢)/rk(E). (The trace of ¢ is a global
holomorphic function on X, and is hence constant). It follows, from Proposition 6.10, that

S(at(E), ¢) = zwﬁTr(@ieli(EE)) for all ¢ € HY(X,Endoy (F)).

Thus, S(at(E),¢) = 0 for all ¢ if and only if deg(E) = 0. Since S is a nondegenerate
pairing, this implies that at(E) = 0 if and only if deg E = 0. O

Theorem 6.12 — (The Atiyah-Weil Criterion). Let E = Ey @ --- @ Ey be a Remak
decomposition of a holomorphic vector bundle EE over a compact Riemann surface X. Then,
E has a holomorphic connection if and only if deg(F;) =0 for alli=1,...,k.

PRrROOF: The statement is an immediate consequence of Proposition 6.4 and Theorem
6.11. O

Remark 6.13 : In the Séminaire Bourbaki article [8], Grothendieck considers a discrete
group 7 acting properly on a complex manifold M, and develops the notions of bundles
invariant under the action of m. The article discusses the Atiyah-Weil criterion for such
vector bundles when the base M is a Riemann surface X [8, p. 141-13].

7. PERFECT FIELDS
Take any field k of arbitrary characteristic. The characteristic of k will be denoted by p.
Let X be a smooth projective curve defined over the field k.
Take any vector bundle F over X. Let

0— Endo, (B) 5 At(E) 25 TX — 0 (45)

be the corresponding Atiyah exact sequence constructed in (10). We recall that A¢(FE) is
the subbundle of the sheaf Diff | (E) of first order differential operators whose symbol is of
the form s ® Idg, where s is a locally defined vector field on X.

A connection on E is a splitting of the exact sequence in (45).
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Let Qx denote the cotangent bundle of X. A splitting homomorphism TX — A¢(E) C
Diff (E) for the Atiyah exact sequence in (45) gives a first order differential operator

D:FE — E®Qx (46)

satisfying the Leibniz identity. We recall that the Leibniz identity says that D(¢ -s) =
¢ - D(s)+ s ®d¢, where ¢ is any locally defined function on X and s is any locally defined
section of F.

Consequently, giving a connection on F is equivalent to giving a differential operator as
in (46) that satisfies the Leibniz identity.

If a vector bundle E over X admits a connection, then the degree of E must be a multiple
of p [3].
Let £ be a finite field extension of k. Set Y := X x £. Let
f:Y — X (47)

be the natural projection defined by the inclusion of k in . We note that the degree of the
morphism f coincides with the degree of the field extension. Take any vector bundle V' over
Y. Let

W = f.V (48)
be the vector bundle over X obtained by taking the direct image of V' using the morphism
f defined in (47).

Lemma 7.1 — If the vector bundle V over Y admits a connection, then the vector bundle
W over X (defined in (48)) also admits a connection.

PRrROOF: Let 2y denote the cotangent bundle of Y. Let D : V — V ® Qy be a
differential operator (as in (46)) satisfying the Leibniz identity giving a connection on V.
Take any locally defined section s of V defined on the open subset f~!(U), where U ¢ X
is some open subset and f is the morphism in (47). Therefore, D(s) is a section of V ® Qy
defined over f~1(U). So D(s) gives a locally defined section of f.(V ® Qy) defined on the
open subset U of X. Since f*Qx = y, the projection formula says

LVeQy) = (fV)20x = W®Qx.

Consequently, D(s) gives a section of W ® Qx defined over U.

The differential operator D gives a differential operator
D:W — WaQy

which is determined by the following condition: for any section s of V' defined on the inverse
image of some open subset U C X, the section of W ® Qx over U given by D(s) coincides
with D(S), where § is the section of f,V = W over U given by s.

Since D satisfies the Leibniz identity, and d(¢ o f) = f*(d¢) for any locally defined
function ¢ on X, we conclude that the differential operator D also satisfies the Leibniz
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identity. Therefore, D is a connection on the vector bundle W. This completes the proof
of the lemma. |

Let Y be an irreducible projective curve defined over a field ¢. Following [1] we define:

Definition 7.2 — A vector bundle V over Y is called absolutely indecomposable if there
is an algebraic closure ¢ of ¢ such that the corresponding vector bundle V @ ¢ over Y x, ¢
is indecomposable.

A vector bundle W over Y x, ¢ is indecomposable if and only if the Jacobson rad-
ical of the algebra HO(Y x, ¢, Snd@YXﬂ(W)) is ¢ [3, Proposition 16], [1, page 1324].
If / is an algebraically closed field containing ¢, then the Jacobson radical of the alge-
bra HO(Y x; ¢, EndoYX[@_(W)) is ¢ if and only if the Jacobson radical of the algebra

HO(Y x4, End@YXﬂ(W)) is £ (this follows from the fact that the cohomology base changes).
Therefore, we conclude that the condition that a vector bundle over Y is absolutely inde-
composable does not depend on the choice of the algebraic closure /.

Theorem 7.3 — Let k be a perfect field of arbitrary characteristic. Let X be a smooth
projective curve defined over k. A vector bundle E over X admits a connection if the degree

of each indecomposable component of E is zero.

Let p denote the characteristic of the perfect field k. Assume that p > 0. Let E be a
vector bundle over X with the following property: the rank of each of the indecomposable
components of E is not divisible by p. Then E admits a connection if and only if the degree
of each indecomposable component of E is a multiple of p.

ProoOF: We will first reduce to the case of indecomposable vector bundles. This will be

achieved using the following lemma:

Lemma 7.4 — Take any two vector bundles V; and V5 over X. The direct sum V; @ V5
admits a connection if and only if both V; and V5 admit a connection. Consequently, a
vector bundle V over X admits a connection if and only if each of the indecomposable

components of V' admits a connection.

PRroOOF: If D; and D5 are connections on Vi and V5 respectively, then Dy @ D5 is indeed
a connection on Vi @ Vs.

Conversely, if D is a connection on the vector bundle V1 @ V53, then the differential operator
(qv, ®Idgy)o Doy, : Vi — V;®Qx,

t = 1,2, is a connection on the vector bundle V;, where vy, : V; — V; @ V4 is the inclusion

morphism, and
qv, - VidVa — Vi

the natural projection. This proves the lemma. [l
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Continuing with the proof of the theorem, we note that every vector bundle over X is
isomorphic to a direct sum of indecomposable vector bundles. In view of Lemma 7.4 it
therefore suffices to prove the theorem under the assumption that the vector bundle E is

indecomposable.

Let E be an indecomposable vector bundle over X. Since the field k is perfect, there is
a finite field extension £ of k with the following property: There is an absolutely indecom-
posable vector bundle V over Y := X Xxj £ such that the direct image f,V is isomorphic
to E, where f is the morphism in (47) [1, Theorem 1.8] [14]. In [1] this result is attributed
to Tillmann.

It is easy to see that for any vector bundle W over Y we have
degree(f W) = d - degree(W), (49)
where d is the degree of the extension field ¢ of k.

Assume now that degree(E) = 0. Since f,V = E, using (49) we conclude that
degree(V) = 0.

Let ¢ be an algebraic closure of £. We note that the vector bundle V ®; £ over Y x, ¢ is

indecomposable; recall that V' is absolutely indecomposable. Also,
degree(V ®,¢) = degree(V) = 0.

Since V ®; ¢ is an indecomposable vector bundle of degree zero over Y x;, £, and ¢
is algebraically closed, we conclude that the vector bundle V ®; ¢ over Y x, { admits a

connection [3].
Consider the Atiyah exact sequence
0—&ndo, (V) — At(V) - TY — 0 (50)
for the vector bundle V; see (45). Let
T € H'(Y, Endo, (V) ®o, Q) (51)
be the corresponding extension class. Let
0— Endo, (V)& 0 — At(V) @l — (TY) @ L =T(Y xp£) — 0 (52)

be the exact sequence of vector bundles over Y x, ¢ given by (50) using base change to /.

The extension class for (52)
T E Hl(Y Xy Z, (5ndOY(V) Koy Qy) @y Z)
coincides with 7 ® 1, where 7 is the cohomology class in (51). Note that

HYY %0, (Endoy, (V) @0y Qy) @0 l) = HY(Y, Endo, (V) ®o, Ny) ¢ L.

Hence 7@ 1 € HY(Y x4, (Endo, (V) ®oy Qy) @4 L).
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The exact sequence in (52) evidently coincides with the Atiyah exact sequence for the
vector bundle V ®,¢. We have shown that V @, ¢ admits a connection. In other words, the
Atiyah exact sequence for V ®; ¢ splits. Therefore,

T®1 =0 (53)
as it is the extension class for (52).

From (53) it follows that 7 = 0. In other words, the Atiyah exact sequence (50) splits.
Therefore, the vector bundle V' admits a connection.

Since V' admits a connection, from Lemma 7.1 it follows that the vector bundle E over
X admits a connection. This completes the proof of the first part of the theorem.

Let p denote the characteristic of k. To prove the second part of the theorem, assume
that p > 0. In view of Lemma 7.4, it is enough to prove for indecomposable vector bundles.
Let E be an indecomposable vector bundle over X of rank r with the condition that r is
not a multiple of p.

As before, take ¢ and V for the indecomposable vector bundle E which are given by [1,
Theorem 1.8]. Since

d-rank(V) = rank(E) =: r,

where d is the degree of the field extension £ of k, and r is coprime to p, we conclude that
d is coprime to p.

Assume now that the degree of E is a multiple of p. Then, using (49) together with the

above observation that d is coprime to p, we conclude that degree(V) is also a multiple of

p-

Since V' is absolutely indecomposable, and degree(V') is a multiple of p, repeating the
argument in the proof of the first part of the theorem we conclude that V' admits a connec-
tion. Hence by Lemma 7.1, the vector bundle E admits a connection. This completes the
proof of the theorem. O
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