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In this mostly expository article, we describe a criterion due to Atiyah and Weil for a
holomorphic vector bundle over a compact Riemann surface to admit a holomorphic
connection. The article also contains a similar result for vector bundles on a smooth
projective algebraic curve defined over an arbitrary perfect base field.
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1. Introduction

It is a classical fact that there is an equivalence between divisors of degree zero on a compact
Riemann surface X, and unitary characters of its fundamental group π1(X) (see, e.g., [6,
Theorem III.9.10] or [11, Theorem 7.3]). This equivalence arises essentially from two facts:
first, since the circle group U(1) is abelian, the Universal Coefficient Theorem implies that
Hom(π1(X), U(1)) is canonically isomorphic to H1(X, U(1)); second, the group H1(X,R),
where R is the field of real numbers, is canonically R-linearly isomorphic to H1(X,OX), as
can be seen using Hodge theory.

In the paper [16], Weil considered generalizations of the above equivalence. Specifically,
he described how a representation of π1(X) in GLr(C) gives rise to a “matricial divisor,”
and gave a criterion [16, pp. 82–83] to determine whether a given matricial divisor arises
from such a representation of the fundamental group of X.

In the paper [3], Atiyah developed a general theory of holomorphic connections in prin-
cipal bundles over complex manifolds. He recast Weil’s theorem on matricial divisors in
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this framework. A matricial divisor over a compact Riemann surface X corresponds to a
holomorphic vector bundle over X. Further, a matricial divisor that arises from a represen-
tation of π1(X) corresponds to a holomorphic vector bundle which admits a holomorphic
connection. Atiyah then reformulated Weil’s criterion as a criterion to determine whether
a given holomorphic vector bundle on X has a holomorphic connection. He proved this
reformulation using his general results on holomorphic connections. We shall refer to this
reformulation as the Atiyah-Weil criterion.

In this article, we give an exposition of the Atiyah-Weil criterion, assuming only the basic
notions regarding complex manifolds and vector bundles. We also show that the Atiyah-
Weil criterion continues to hold when the base field C is replaced by an arbitrary perfect
field. This was proved in I. Biswas, A Criterion for a vector bundle over a curve to admit
a connection, K-Theory, 36 (2005), 83-90.

In the second section, we develop some preliminaries regarding first order differential
operators on complex manifolds. These notions are used in Section 3 to define Atiyah alge-
bras. The following section treats holomorphic connections using Atiyah algebras. Section
5 discusses relations between holomorphic connections and jet bundles. Section 6 gives a
proof of the Atiyah-Weil criterion, using the notions developed in the previous sections. In
the last section we show that the Atiyah-Weil criterion holds when the base X is a smooth
projective curve defined over an arbitrary perfect field.

The article arose from notes of lectures given by the first-named author at the Harish-
Chandra Research Institute.

2. First Order Differential Operators

In this section, we recall some basic material about differential operators. We follow [12]
for this topic. The notions developed in this notion are preliminary to Section 3, in which
we will associate to every holomorphic vector bundle E, another holomorphic vector bundle
At(E), whose sections are differential operators of a special kind.

Let C denote the field of complex numbers. Let M be a complex manifold. For any
holomorphic vector bundle E over M , we will denote the sheaf of holomorphic sections of
E over M by the same symbol E. In particular, for any open subset U of M , E(U) will
stand for the OM (U)-module of holomorphic sections of E on U . If x is a point in M , then
Ex will denote the stalk of the sheaf E at x, and E(x) will denote the fibre of E at x,
i.e., E(x) = Ex/mxEx, where mx denotes the maximal ideal in the local ring OM,x (so mx

consists of functions vanishing at x). For any open neighbourhood U of x and any section
s ∈ E(U), sx ∈ Ex denotes the germ of s at x, while s(x) ∈ E(x) denotes the value of s at
x, i.e., the image of sx in E(x) under the canonical projection Ex → E(x).

If E and F are two holomorphic vector bundles over M , we will denote by HomC(E,F )
the set of C-linear sheaf morphisms from E to F . For any element P ∈ HomC(E, F ), and
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any open subset U of M , PU : E(U) → F (U) denotes the C-linear map induced by P . We
will denote by HomC(E, F ) the sheaf of C-linear sheaf morphisms from E to F , i.e.,

HomC(E, F )(U) = HomC(E|U , F |U ), U ⊂ M open.

The sheaf HomC(E, F ) has both a left and a right OM -module structure: if U ⊂ M is
open, if P ∈ HomC(E, F )(U), and if f ∈ OM (U), then the C-linear sheaf morphisms fP

and Pf from E|U to F |U are given by

(fP )V (s) = f |V · (PV (s)) and (Pf)V (s) = PV (f |V · s)

for all V open in U and s ∈ E(V ). Unless otherwise mentioned, we will considerHomC(E, F )
as a left OM -module.

Using the two OM -module structures on HomC(E, F ), we define, for
P ∈ HomC(E, F )(U) and f ∈ OM (U), their Lie bracket [P, f ] ∈ HomC(E, F )(U) by

[P, f ] = Pf − fP.

If V is an open subset of U , then [P, f ]V : E(V ) → F (V ) is given by

[P, f ]V (s) = PV (f |V · s)− f |V · PV (s), s ∈ E(U).

We will denote by HomOM
(E, F ) the set of OM -linear sheaf morphisms from E to F ,

and by HomOM
(E,F ) the sheaf of OM -linear morphisms from E to F .

Remark 2.1 : The sheaf HomOM
(E,F ) is both a left and a right OM -submodule of

HomC(E, F ), and the left and the right multiplication by OM coincide on this submodule.
In other words, a C-linear sheaf morphism P : E → F is OM -linear if and only if [P |U , f ] =
0 : E|U → F |U for every open subset U of M and for all f ∈ OM (U).

Remark 2.2 : The Lie bracket commutes with restrictions, i.e., if P ∈ HomC(E,F )(V )
and f ∈ OM (V ), and if U ⊂ V , then [P, f ]|U = [P |U , f |U ].

Definition 2.3 — Let E and F be holomorphic vector bundles over M . A first order
differential operator from E to F is a C-linear sheaf morphism P : E → F , such that for
every open subset U of M , and for every function f ∈ OM (U), the Lie bracket [P |U , f ] :
E|U → F |U is OU -linear.

Remark 2.4 : A C-linear morphism P : E → F is a first order differential operator if and
only if [[P |U , f ], g] = 0 : E|U → F |U for every open set U ⊂ M and f, g ∈ OM (U) (1.1).

Remark 2.5 : Every OM -module homomorphism P : E → F satisfies the condition
[P, f ] = 0, and is, therefore, a first order differential operator.

Let Diff1(E,F ) denote the subset of HomC(E,F ) consisting of first order differential
operators from E to F . More generally, for every open set U ⊂ M , define

Diff 1(E, F )(U) = Diff1(E|U , F |U ).
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Then Diff 1(E,F )(U) is an OM (U)-submodule ofHomC(E, F )(U). Definition 2.3 implies
the following statements:

(1) If U ⊂ V , and if P ∈ HomC(E, F )(V ) belongs to Diff 1(E, F )(V ), then P |U belongs
to Diff 1(E,F )(U).

(2) If {Ui}i∈I is a family of open sets in M and U = ∪Ui, and if P ∈ HomC(E, F )(U)
is such that P |Ui belongs to Diff 1(E, F )(Ui) for all i ∈ I, then P belongs to
Diff 1(E,F )(U). For, if V ⊂ U and f, g ∈ OM (V ), then

[[P |V , f ], g]|V ∩Ui = [[P |V ∩Ui , f |V ∩Ui ], g|V ∩Ui ] for all i ∈ I,

since the Lie bracket commutes with restrictions. As P |Ui is a first order differen-
tial operator, the right hand side of the above equation equals zero for all i ∈ I.
Therefore, [[P |V , f ], g] = 0, i.e., [P |V , f ] is OV -linear (1.1).

The statements (1) and (2) above imply that Diff 1(E, F ) is a subsheaf of OM -submodules
in HomC(E, F ).

Proposition 2.6 — Let P : E → F be a C-linear sheaf morphism. Then, the following
are equivalent:

(1) P is a first order differential operator.
(2) For every point x ∈ M , we have Px(m2

xEx) ⊂ mxFx, where mx denotes the maximal
ideal in OM,x, Ex denotes the stalk of E at x, and Px : Ex → Fx is the C-linear
map induced by P .

(3) Suppose that (U,ϕ = (z1, . . . , zn)) is a holomorphic chart on M , and let s =
{s1, . . . , sr} and t = {t1, . . . , tp} be holomorphic frames of E and F , respectively, on
U . Then, there exist holomorphic functions aij , b

α
ij ∈ OM (U) 1 ≤ i ≤ p, 1 ≤ j ≤ r,

1 ≤ α ≤ n), such that

PU




r∑

j=1

fjsj


 =

p∑

i=1

r∑

j=1

aijfjti +
p∑

i=1

r∑

j=1

n∑

α=1

bα
ij

∂fj

∂zα
ti (1)

for all f1, . . . , fr ∈ OM (U).
(4) For every point x ∈ M , there exist a holomorphic chart (U,ϕ = (z1, . . . , zn)) at x,

holomorphic frames s = {s1, . . . , sr} and t = {t1, . . . , tp} of E and F , respectively,
on U , and holomorphic functions aij , b

α
ij ∈ OM (U), such that equation (1) holds for

all f1, . . . , fr ∈ OM (U).

Proof: Suppose that P is a first order differential operator. Let x be a point in M , and
let s ∈ m2

xEx. Then we can write s =
∑k

j=1 fjgjuj , where fj , gj ∈ mx and uj ∈ Ex. Since
Px is C-linear, we can assume that k = 1, i.e., s = fgu, where f, g ∈ mx and u ∈ Ex are
defined on some open neighbourhood U of x. As [P |U , f ] is OU -linear, we have

P (s) = P (fgu) = [P, f ](gu) + fP (gu) = g[P, f ](u) + fP (gu).

The functions f and g both vanish at x, so the above equation implies that (Ps)(x) = 0,
i.e., Px(s) ∈ mxFx. Thus, (1) implies (2).
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Suppose that P is a C-linear sheaf morphism that satisfies the condition (2). Let U , sj

and ti be as given in (3). Define aij , b
α
ij ∈ OM (U) by

P (sj) =
p∑

i=1

aijti and [P, zα](sj) =
p∑

i=1

bα
ijti (1 ≤ j ≤ r, 1 ≤ α ≤ n).

Let f1, . . . , fr ∈ OM (U). Consider an arbitrary point x ∈ U . Then, there exist functions
gj ∈ m2

x, defined on some open neighbourhood V of x in U , such that

fj = fj(x) +
n∑

α=1

(zα − zα(x))
∂fj

∂zα
(x) + gj on V (1 ≤ j ≤ r).

The condition (2) implies that P (gjsj)(x) = 0 for all j. Therefore,

P




n∑

j=1

fjsj


 (x) = P




n∑

j=1

fj(x)sj


 (x) +

r∑

j=1

n∑

α=1

∂fj

∂zα
(x)P ((zα − zα(x))sj) (x)

=
∑

j

fj(x)P (sj)(x) +
∑

j,α

∂fj

∂zα
(x)[P, zα](sj)(x)

=
∑

i,j

aij(x)fj(x)ti(x) +
∑

i,j,α

bα
ij(x)

∂fj

∂zα
(x)ti(x).

This proves that equation (1) is true, hence (2) implies (3). On the other hand, condition
(3) trivially implies (4).

Finally, suppose that P : E → F is a C-linear morphism which satisfies the condition
(4). We will show that P ∈ Diff1(E,F ). Since Diff 1(E, F ) is a subsheaf of HomC(E, F ),
it suffices to show that every point x ∈ M has an open neighbourhood U such that

P |U ∈ Diff 1(E, F )(U). So, let x ∈ M , and let U be an open neighbourhood of x

satisfying equation (1). Let f ∈ OM (V ), V ⊂ U . We will show that [P |V , f ] : E|V → F |V
is OV -linear. Let W be an open subset of V , and let s =

∑r
j=1 fjsj ∈ E(W ). Then,

PW (fs) =
r∑

i,j

aijffjti +
∑

i,jα

bα
ij

∂(ffj)
∂zα

ti

fPW (s) = f
∑

i,j

aijfjti + f
∑

i,j,α

bα
ij

∂fj

∂zα
ti.

Therefore,

[PW , f ](s) =
∑

i,j,α

bα
ij

∂f

∂zα
fjti.

The right hand side of the above equation is linear in (f1, . . . , fr), hence [PW , f ] isOV (W )-
linear. Thus, [P |V , f ] : E|V → F |V is OV -linear. This proves that P ∈ Diff 1(E,F )(U). ¤
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We will now define the symbol of a first order differential operator P : E → F . Let Ωr
M

denote the sheaf of holomorphic r-forms on M , for every integer r ≥ 0.

Proposition 2.7 — Let P : E → F be a first order differential operator. Then, there
exists a unique OM -module homomorphism σ1(P ) : Ω1

M → HomOM
(E, F ) such that for

every open subset V of M , and for every function f ∈ OM (V ), we have

σ1(P )V (df) = [P |V , f ] : E|V → F |V . (2)

Proof: Since the differentials of holomorphic functions locally generate the sheaf Ω1
M

as an OM -module, equation (2) determines σ1(P ) uniquely. Therefore, it suffices to prove
that for every point x ∈ M , there exist an open neighbourhood U of x, and an OU -module
homomorphism σ1(P ) : Ω1

M → HomOU
(E|U , F |U ) satisfying equation (2) for all V ⊂ U

and f ∈ OU (V ). Fix x ∈ M , and let (U,ϕ = (z1, . . . , zn)) be a holomorphic chart at
x. Define σ1(P ) : Ω1

M → HomOU
(E|U , F |U ) as follows. Suppose V ⊂ U and ξ ∈ Ω1

U (V ).
Then, there exist uniquely determined holomorphic functions ξ1, . . . , ξn ∈ OU (V ), such that
ξ =

∑n
α=1 ξαdzα. Define

σ1(P )V (ξ) =
n∑

α=1

ξα[P |V , zα].

Since [P |V , zα] is OV -linear, σ1(P )V (ξ) is a well defined OV -module homomorphism from
E|V to F |V . We will show that σ1(P )V (df) = [P |V , f ] for all f ∈ OU (V ). Let W ⊂ V , let
y be an arbitrary point in W , and express f near y as

f = f(y) +
n∑

α=1

(z − zα(y))
∂f

∂zα
(y) + g,

where g ∈ m2
y. Then, for every s ∈ E(W ), we have

[P |V , f ]W (s)(y) = P ((f − f(y))s)(y)

=
∑
α

∂f

∂zα
(y)P ((z − zα(y))s)(y) + P (gs)(y)

=
∑
α

∂f

∂zα
(y)[P, zα](s)(y) (since P (gs)(y) = 0 by Proposition 1.6)

= σ1(P )V

(∑
α

∂f

∂zα
(y)dzα

)
(s)(y)

= (σ1(P )V (df))W (s)(y).

Therefore,
σ1(P )V (df) = [P |V , f ] for all f ∈ OU (V ). ¤
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Definition 2.8 — Let P : E → F be a first order differential operator. The OM -module
homomorphism σ1(P ) : Ω1

M → HomOM
(E,F ) defined in Proposition 2.7 is called the

symbol of P .

Remark 2.9 : We describe the symbol in local coordinates. Suppose that P : E → F is a
first order differential operator. Let (U,ϕ = (z1, . . . , zn)) be a holomorphic chart on M , and
let s = {s1, . . . , sr} and t = {t1, . . . , tp} be holomorphic frames of E and F , respectively, on
U . Then (2.6) there exist holomorphic functions aij , b

α
ij ∈ OM (U)

(1 ≤ i ≤ p, 1 ≤ j ≤ r, 1 ≤ α ≤ n), such that

PU




r∑

j=1

fjsj


 =

p∑

i=1

r∑

j=1

aijfjti +
p∑

i=1

r∑

j=1

n∑

α=1

bα
ij

∂fj

∂zα
ti

for all f1, . . . , fr ∈ OM (U). Thus

P (zαsj) =
∑

i

aijzαti +
∑

i

bα
ijti

and

zαP (sj) = zα

∑

i

aijti.

These two equations imply that

[P, zα](sj) =
∑

i

bα
ijti for all j and α.

Therefore, if V ⊂ U and ξ ∈ Ω1
U (V ), say ξ =

∑
α ξαdzα, where ξα ∈ OU (V ), then

σ1(P )V (ξ)(sj) =
∑
α

ξασ1(P )V (dzα)(sj) =
∑
α

ξα[P, zα](sj) =
∑

i,α

bα
ijξαti.

In other words, the matrix of the OU -module homomorphism σ1(P )(ξ) : E|U → F |U with
respect to the frames {sj} and {ti} equals

(
n∑

α=1

bα
ijξα

)

1≤i≤p
1≤j≤r

.

Every OM -module homomorphism P : E → F is a first order differential operator (2.5).
Therefore, HomOM

(E,F ) is an OM -submodule of Diff 1(E, F ). Let i : HomOM
(E, F ) →

Diff 1(E, F ) be the inclusion morphism. Consider also the symbol map defined above (2.8).
Using the canonical isomorphism

HomOM
(Ω1

M ,HomOM
(E,F )) ∼= TM ⊗OM

HomOM
(E, F ),

where TM is the sheaf of holomorphic vector fields on M , we can consider the symbol σ1(P )
of an operator P ∈ Diff 1(E,F )(U) as a section of TM ⊗OM

HomOM
(E, F ) on U . We thus

get the symbol morphism σ1 : Diff 1(E, F ) → TM ⊗OM
HomOM

(E, F ).
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Proposition 2.10 — (Symbol Exact Sequence) The sequence

0 → HomOM
(E,F ) i−→ Diff 1(E, F ) σ1−→ TM ⊗OM

HomOM
(E,F ) → 0

is an exact sequence of OM -modules.

Proof: For any open subset U of M , an operator P ∈ Diff 1(E, F )(U) is OU -linear if and
only if [P |V , f ] = 0 for all V ⊂ U and f ∈ OU (V ). By Proposition 2.7, this is equivalent to
the condition that σ1(P )V (df) = 0 for all V ⊂ U and f ∈ OU (V ). Since the differentials of
holomorphic functions locally generate Ω1

M , it follows that an operator P ∈ Diff 1(E, F )(U)
is OU -linear if and only if σ1(P ) = 0. Therefore, Ker(σ1) = HomOM

(E,F ).

To see that σ1 is surjective, let x ∈ M and let θ be an element of the stalk of TM ⊗
HomOM

(E,F ) at x. We have to show that there exists a differential operator P defined
near x, such that (σ1)x(Px) = θ, where Px ∈ Diff 1(E, F )x is the germ of P at x. Let (U,ϕ =
(z1, . . . , zn)) be a holomorphic chart on M , and let s = {s1, . . . , sr} and t = {t1, . . . , tp} be
holomorphic frames of E and F , respectively, on U . We may assume that θ is the germ at
x of a section u of TM ⊗Hom (E, F ) over U . Consider u as an OU -module homomorphism
Ω1

U → HomOU
(E|U , F |U ). Then, there exist uniquely determined functions bα

ij ∈ OM (U)

(1 ≤ i ≤ p, 1 ≤ j ≤ r, 1 ≤ α ≤ n) such that

u(dzα)(sj) =
p∑

i=1

bα
ijti.

Define P : E|U → F |U by

P




r∑

j=1

fjsj


 =

∑

i,j,α

bα
ij

∂fj

∂zα
ti.

Proposition 2.6 implies that P ∈ Diff 1(E,F )(U). Let V ⊂ U and ξ ∈ Ω1
U (V ). Write

ξ =
∑

α ξαdzα, where ξα ∈ OU (V ). Then, by Proposition 2.7,

σ1(P )V (ξ) =
∑
α

ξασ1(P )V (dzα) =
∑
α

ξα[P, zα]. (3)

The definition of P implies that P (sj) = 0 for all j, hence

[P, zα](sj) = P (zαsj) =
∑

i

bα
ijti = (uV (dzα))(sj).

Therefore, [P, zα] = u(dzα), hence equation (3) becomes

σ1(P )V (ξ) =
∑
α

ξαuV (dzα) = uV (ξ).

This proves that σ1(P )U = u, i.e., (σ1)x(Px) = θ. ¤

Proposition 2.11 — If E and F are holomorphic vector bundles over M , then the OM -
module Diff 1(E, F ) is locally free of rank (n + 1)pr, where n is the dimension of M , and r

and p are the ranks of E and F , respectively.
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Proof: Consider the Symbol Exact Sequence (2.10)

0 → HomOM
(E, F ) i−→ Diff 1(E, F ) σ1−→ TM ⊗OM

HomOM
(E, F ) → 0.

Since TM⊗OM
HomOM

(E, F ) is a locally freeOM -module, the above short exact sequence
locally splits. Therefore, Diff 1(E,F ) is locally OM -isomorphic to the direct sum of
HomOM

(E, F ) and TM ⊗OM
HomOM

(E, F ). Since both these sheaves are locally free, it
follows that Diff 1(E, F ) is locally free. Moreover, its rank equals the sum of the rank pr of
HomOM

(E, F ), and the rank npr of

TM ⊗OM
HomOM

(E, F ).

¤
We will denote the vector bundle corresponding to the locally freeOM -moduleDiff 1(E, F )

also by the symbol Diff 1(E,F ) itself.

Remark 2.12: Let (U,ϕ = (z1, . . . , zn)) be a holomorphic chart on M , and let s =
{s1, . . . , sr} and t = {t1, . . . , tp} be holomorphic frames of E and F , respectively, on U .
Define (n + 1)pr differential operators Pij , Q

α
ij ∈ Diff 1(E, F )(U) (1 ≤ i ≤ p, 1 ≤ j ≤ r,

1 ≤ α ≤ n) by

Pij(s) = fjti and Qα
ij(s) =

∂fj

∂zα
ti

for all sections s = f1s1 + · · · + frsr ∈ E(V ), where f1, . . . , fr ∈ OU (V ) and V ⊂ U . The
local description of a first order differential operator (2.6) then implies that the set

{Pij | 1 ≤ i ≤ p, 1 ≤ j ≤ r} ∪ {Qα
ij | 1 ≤ i ≤ p, 1 ≤ j ≤ r, 1 ≤ α ≤ n}

is an OU -basis of the sheaf Diff 1(E, F )|U .

3. Atiyah Algebras

In this section, we associate to each holomorphic vector bundle E, another holomorphic
vector bundle At(E) using first order differential operators with scalar symbols. The vec-
tor bundle At(E), which is known as the Atiyah algebra of E, will be the basis for the
development of connections in the sequel.

Let M be a complex manifold, and let E be a holomorphic vector bundle over M . We
will write EndC(E), EndC(E), EndOM

(E) and EndOM
(E), respectively, for HomC(E, E),

HomC(E, E), HomOM
(E,E) and HomOM

(E,E). Similarly, we will write Diff1(E) and
Diff 1(E), respectively, for Diff1(E, E) and Diff 1(E, E).

Let Tr : EndOM
(E) → OM denote the trace morphism, and let End0

OM
(E) = Ker(Tr).

We then have a direct sum decomposition

EndOM
(E) = OM · 1E ⊕ End0

OM
(E), (4)
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where 1E denotes the identity endomorphism of E. Explicitly, if U is an open subset of M

and if u ∈ EndOM
(E)(U), we have

u =
Tr(u)
rk(E)

· 1E + u0, where u0 = u− Tr(u)
rk(E)

· 1E ∈ End0
OM

(E)(U).

We will denote by p0 : EndOM
(E) → End0

OM
(E) the projection u 7→ u0.

There is a canonical OM -module monomorphism i : TM → TM ⊗OM
EndOM

(E) given
by

iU (X) = X ⊗ 1E (X ∈ (TM)(U), U ⊂ M). (5)

We will identify TM as an OM -submodule of TM ⊗OM
EndOM

(E) by identifying it with
its image under the above OM -monomorphism. With this identification made, tensoring
the decomposition (4) by TM gives a direct sum decomposition

TM ⊗OM
EndOM

(E) = TM ⊕ (TM ⊗OM
End0

OM
(E)). (6)

We will denote the canonical projection

1TM ⊗ p0 : TM ⊗OM
EndOM

(E) → TM ⊗OM
End0

OM
(E) (7)

by p0 itself.

The symbol σ1(P ) of any first order differential operator P ∈ Diff1(E) is a global section
of TM ⊗OM

EndOM
(E) on M . We are interested in the operators P , whose symbols are

actually sections of TM under the decomposition (6).

Definition 3.1 — Let E be a a holomorphic vector bundle over M . A derivative endo-
morphism of E is a first order differential operator P ∈ Diff1(E), whose symbol σ1(P ) is a
section of TM , where TM is considered an OM -submodule of TM ⊗OM

EndOM
(E) using

the OM -module monomorphism (5).

The term “derivative endomorphism” is taken from [10, Definition 1.1].

Proposition 3.2 — A first order differential operator P ∈ Diff1(E) is a derivative endo-
morphism if and only if for every open subset U of M , there exists a holomorphic vector
field X ∈ (TM)(U), such that

PU (fs) = fPU (s) + (Xf)s (8)

for all f ∈ OM (U) and s ∈ E(U). In that case, the symbol morphism σ1(P ) : Ω1
M →

EndOM
(E) is given on U by

σ1(P )U (ξ) = 〈X, ξ〉 · 1E (ξ ∈ Ω1
M (U)),

where 〈·, ·〉 is the canonical pairing TM × Ω1
M → OM .

Proof: Suppose that P is a derivative endomorphism. By definition, this means that
σ1(P ) is a global section of TM , where TM is considered as a subsheaf of TM ⊗OM
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EndOM
(E) under the OM -module monomorphism

i : TM → TM ⊗OM
EndOM

(E)

given by

iU (X) = X ⊗ 1E (X ∈ (TM)(U), U ⊂ M).

Since i is a sheaf monomorphism, its image presheaf is in fact a sheaf, so

(Im(i))(U) = Im(iU ) for all U ⊂ M open.

Therefore, for every open subset U of M , σ1(P )U ∈ Im(iU ), i.e., there exists a holo-
morphic vector field X ∈ (TM)(U), such that σ1(P )U = X ⊗ 1E . Under the canonical
isomorphism

TM ⊗OM
EndOM

(E) ∼= HomOM
(Ω1

M , EndOM
(E)) (9)

the section θ = X⊗1E of TM⊗OM
EndOM

(E|U ) over U corresponds to theOU -homomorphism
θ(ξ) = 〈X|V , ξ〉 · 1E , where ξ ∈ Ω1

U (V ) and V ⊂ U . Therefore,

σ1(P )U (ξ) = 〈X, ξ〉 · 1E for all ξ ∈ Ω1
M (U).

Putting ξ = df , where f is a holomorphic function on U , we get

σ1(P )U (df) = 〈X|V , df〉 · 1E = (Xf) · 1E

in EndOM
(E)(U). On the other hand (2.7),

σ1(P )U (df) = [P |U , f ].

Therefore, for all f ∈ OM (U) and s ∈ E(U), we have

P (fs) = fP (s) + [P |U , f ](s) = fP (s) + (Xf)s.

We have, thus, shown that every derivative endomorphism P satisfies the condition (8).

Conversely, if P is a first order differential operator that satisfies the condition (8), then

[P |U , f ] = (Xf) · 1E for every holomorphic function f on any open subset U of M . This
means that

σ1(P )U (ξ) = 〈X|V , ξ〉 · 1E for ξ = df , f ∈ OM (U).

Since both sides of the above equation are OU -linear in ξ, and since the differentials of
holomorphic functions locally generate the OM -module Ω1

M , the equation holds for all

ξ ∈ Ω1
M (U). This implies that under the canonical isomorphism (9), we have

σ1(P )U = X ⊗ 1E = iU (X) ∈ (Im(i))(U).

Therefore, P is a derivative endomorphism. ¤

Given a holomorphic vector bundle E over M , we denote by At(E) the set of all derivative
endomorphisms of E. More generally, we define

At(E)(U) = At(E|U ), U ⊂ M open.
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Then, At(E) = σ−1
1 (TM), where σ1 : Diff 1(E) → TM ⊗OM

EndOM
(E) is the symbol

morphism. Since σ1 is an OM -module homomorphism, and since TM is an OM -submodule
of TM ⊗OM

EndOM
(E), therefore At(E) is a subsheaf and an OM -submodule of Diff 1(E).

Further, since σ1(P ) = 0 for every P ∈ EndOM
(E)(U), U ⊂ M open, the sheaf EndOM

(E)
is an OM -submodule of At(E).

Definition 3.3 — For any holomorphic vector bundle E over M , the OM -module At(E)
is called the Atiyah algebra of E.

The term “Atiyah algebra” is from [4, Section 1], where the Atiyah algebra of a holomor-
phic vector bundle E over M is denoted by AE . It is the same as the object D(E) in [10,
Theorem 1.4].

The Symbol Exact Sequence (2.10) and the direct sum decomposition (6) give rise to two
exact sequences of OM -modules

0 → EndOM
(E) i−→ At(E) σ1−→ TM → 0, (10)

and

0 → At(E) i−→ Diff 1(E)
p0◦σ1−−−→ TM ⊗OM

End0
OM

(E) → 0,

where i denotes the appropriate inclusion morphism, σ1 : Diff 1(E) → TM ⊗OM
EndOM

(E)
denotes the symbol morphism, and p0 : TM ⊗OM

EndOM
(E) → TM ⊗OM

End0
OM

(E)

denotes the canonical projection in (7). The first of these two short exact sequences is
closely related to connections in E.

Definition 3.4 — The short exact sequence (10) of OM -modules is called the Atiyah
sequence of the holomorphic vector bundle E over M .

Proposition 3.5 — The Atiyah algebra At(E), of any holomorphic vector bundle E over
M , is a locally free OM -module of rank n + r2, where n is the dimension of M , and r the
rank of E.

Proof: The statement follows from the short exact sequence (10), as in the proof of
(2.11). ¤

In Section 2, we had defined the Lie bracket of a first order differential operator P : E → F

and a function f . When E = F , we can define the Lie bracket of any two C-linear sheaf
morphisms P : E → E and Q : E → E by

[P, Q] = P ◦Q−Q ◦ P. (11)

Then, [P, Q] : E → E is also a C-linear sheaf morphism. With this definition of the
Lie bracket, the sheaf EndC(E) is a sheaf of C-Lie algebras. For example, if E is a trivial
holomorphic vector bundle of rank 2 on M = C, with a global holomorphic frame {s1, s2},
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and if P and Q are the first order differential operators on E defined by

P (f1s1 + f2s2) =
∂f1

∂z
s2 and Q(f1s1 + f2s2) =

∂f2

∂z
s1,

then

[P, Q](f1s1 + f2s2) = −∂2f1

∂z2
s1 +

∂2f2

∂z2
s2.

Thus, in general, the Lie bracket of two first order differential operators P and Q on E

is a second order differential operator — a C-linear sheaf morphism R : E → E, such that
[R, f ] is a first order differential operator for every function f . However, when P and Q are
derivative endomorphisms, [P, Q] is again a derivative endomorphism.

Proposition 3.6 — Let E be a holomorphic vector bundle over M . Then,

(1) At(E) is a sheaf of C-Lie subalgebras of the sheaf of all C-linear sheaf morphisms
P : E → E, with respect to the Lie bracket (11).

(2) The symbol morphism σ1 : At(E) → TM is a homomorphism of sheaves of C-Lie
algebras.

(3) For every open subset U of M , and for P,Q ∈ At(E)(U) and f ∈ OM (U), we have

[P, fQ] = f [P, Q] + (σ1(P )f)Q.

Proof: Suppose that P and Q are derivative endomorphisms of E over U , with symbols
X and Y , respectively. Then, by (3.2), for all f ∈ OM (U) and s ∈ E(U), we have

PQ(fs) = P (fQs + (Y f)s) = fPQs + (Xf)Qs + (Y f)Ps + (XY f)s,

QP (fs) = Q(fPs + (Xf)s) = fQPs + (Y f)Ps + (Xf)Qs + (Y Xf)s,

and hence

[P, Q](fs) = f [P,Q](s) + ([X,Y ]f)s.

This implies (3.2) that [P, Q] is also a derivative endomorphism of E, with symbol [X,Y ],
and proves (1) and (2). Using the same notation as above, we have

[P, fQ](s) = P (fQs)− fQPs = fPQs + (Xf)Qs− fQPs.

Therefore,

[P, fQ] = f [P, Q] + (Xf)Q,

which proves (3). ¤

Proposition 3.6 is equivalent to the statement that the Atiyah algebra At(E), together
with the symbol morphism σ1 : At(E) → TM , is a Lie algebroid [10, Definition 1.3] over
M .

In [3, Section 1], Atiyah defines the notion of a holomorphic connection in E using the
short exact sequence

0 → ad(P ) i−→ TPG π∗−→ TM → 0, (12)
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where π : P → M is the frame bundle of E, and TPG is the sheaf of invariant vector fields
on P . (The various objects that occur in the above exact sequence are described in detail
below.) We will show that the Atiyah sequence of E is canonically isomorphic, as a short
exact sequence of OM -modules, to the sequence (12).

Remark 3.7: The short exact sequence (12) is the same as the one defined in [3, Theorem
1], where ad(P ) is denoted by L(P ) and TPG is denoted by Q.

We now describe in detail the objects that occur in the exact sequence (12). Let E be
a holomorphic vector bundle, of rank r, over M . Denote the Lie group GLr(C) by G, and
its Lie algebra glr(C) by g. Let π : P → M be the frame bundle of E. Then, P is a
holomorphic principal G-bundle over M , whose fibre P (x) over any point x ∈ M is the
space Iso(Cr, E(x)) of all C-vector space isomorphisms from Cr to E(x). The right action
of G on P , that is a part of the principal G-bundle structure on P , is given by

P ×G → P, (u, g) 7→ u · g = u ◦ g,

where u : Cr → E(x) and g : Cr → Cr are isomorphisms.

The adjoint bundle ad(P ) of P is the vector bundle over M associated to P by the
adjoint representation of G on g. Explicitly, the total space of ad(P ) is the quotient complex
manifold (P × g)/G, where the action of G on P × g is given by

(u, τ) · g = (ug, g−1τg), for (u, τ) ∈ P × g and g ∈ G,

and the vector bundle projection ad(P ) → M is given by (u, τ) · G 7→ π(u). As usual, we
will denote the sheaf of holomorphic sections of ad(P ) over M by ad(P ) itself.

The sheaf TPG of invariant holomorphic vector fields on P is the OM -module defined as
follows. Suppose that U is an open subset of M . For any element g ∈ G, let Rg : P → P

be the action of g, i.e., Rg(u) = ug for u ∈ P . We say that a holomorphic vector field Z on
π−1(U) is an invariant vector field if

Z(ug) = (dRg(u))(Z(u)) for all u ∈ π−1(U) and g ∈ G.

Equivalently, for all functions σ ∈ OP (V ), V ⊂ π−1(U), and for all g ∈ G, we have

Z(σ ◦Rg) = (Zσ) ◦Rg on V · g−1.

Define TPG(U) to be the set of all invariant vector fields on π−1(U). Then, TPG(U) has
an OM (U)-module structure, that is given by

f · Z = (f ◦ π)Z for f ∈ OM (U) and Z ∈ TPG(U).

If U ⊂ V ⊂ M , then the inclusion π−1(U) ⊂ π−1(V ) provides a natural restriction map
TPG(V ) → TPG(U). We thus obtain an OM -module TPG, called the sheaf of invariant
vector fields on P .
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Suppose that σ : U → ad(P ) is a holomorphic section of ad(P ) on an open subset U of
M . Then, for every point u ∈ π−1(U), there exists a unique element τ(u) ∈ g such that
σ(π(u)) = (u, τ(u)) ·G in (P × g)/G. Define Zσ(u) ∈ TP (u) by

Zσ(u) = (dαu(e))(τ(u)), (13)

where αu : G → P is the orbit map g → ug, and dαu(e) : g = TG(e) → TP (u) is the
differential of αu at the identity element e of G. We thus get a vector field Zσ on π−1(U).
In terms of the exponential map exp : g → G, we have

Zσ(u) =
d
dt

(u · exp(tτ(u)))
∣∣∣
t=0

(u ∈ π−1(U)).

If f is a holomorphic function on V ⊂ π−1(U), then

(Zσf)(u) =
d
dt

f (u · exp(tτ(u)))
∣∣∣
t=0

(u ∈ V ). (14)

The vector field Z is a holomorphic invariant vector field on π−1(U). Define iU :
ad(P )(U) → TPG(U) by iU (σ) = Zσ. This gives the OM -module homomorphism i :
ad(P ) → TPG in (12).

Every invariant vector fields is “projectable” in the following sense. Suppose that U is an
open subset of M , and that Z is an invariant vector field on π−1(U). For any point x ∈ U ,
define X(x) ∈ TM(x) by

X(x) = (dπ(u))(Z(u)), (15)

where u is an arbitrary point in the fibre P (x) of P over x. The fact that Z is an invariant
holomorphic vector field on π−1(U) implies that X is a well defined holomorphic vector
field on U . We denote X by π∗(Z), and call it the projection of Z. The action of π∗(Z) on
a holomorphic function f ∈ OU (V ), where V ⊂ U , is given by

((π∗(Z))f)(x) = (Z(f ◦ π))(u), x ∈ V, u ∈ P (x). (16)

In this way, we get the OM -module homomorphism π∗ : TPG → TM in (12).

The following result is the content of [3, Theorem 1].

Proposition 2.8 — The sequence (12) is an exact sequence of OM -modules.

Proof: Suppose that σ ∈ ad(P )(U), where U is an open subset of M , and that iU (σ) =
Zσ = 0. For every point u ∈ π−1(U), we have (13) Zσ(u) = (dαu(e))(τ(u)), where

αu : G → P is the orbit map g 7→ ug, and τ(u) is the unique element of g such that
σ(π(u)) = (u, τ(u)) ·G in (P × g)/G. Since αu is a biholomorphism from G onto the fibre
P (π(u)), this means that τ(u) = 0 for all u ∈ π−1(U), hence σ = 0. This proves that
i : ad(P ) → TPG is a monomorphism.

For any point u ∈ π−1(U), the map π ◦ αu has the constant value π(u) on G, therefore
(15) π∗ ◦ i = 0. Conversely, suppose that Z is an invariant vector field on π−1(U), such
that π∗(Z) = 0. Then (15), (dπ(u))(Z(u)) = 0 for all u ∈ π−1(U). On the other hand,
Ker(dπ(u)) equals the tangent space of the fibre P (π(u)), which is biholomorphic to G
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under the orbit map αu : G → P . Therefore, there exists a unique element τ(u) ∈ g such
that dαu(e)(τ(u)) = Z(u). Define σ ∈ ad(P )(U) by σ(u) = (u, τ(u)) ·G, u ∈ π−1(U). Then,
iU (σ) = Zσ = Z. Therefore, Ker(π∗) = Im(i).

Let X ∈ TMx be the germ of a holomorphic vector field at a point x ∈ M . Since
P is holomorphically locally trivial, there exists a holomorphic local section s : U → P

defined on some open neighbourhood U of x in M . We may assume that the vector field
X is also defined on the same neighbourhood U . Define a vector field Z on π−1(U) by
Z(u) = d(Rg ◦ s)(x)(X(x)), u ∈ U , where x = π(u) and g is the unique element of G such
that u = s(x)g. Then, Z is a holomorphic invariant vector field on π−1(U), and π∗(Z) = X.
Therefore, the stalk homomorphism (π∗)x : TPG

x → TMx is surjective. ¤
We will now show that the sequence (12) is canonically isomorphic to the Atiyah sequence

(10) of the vector bundle E. Indeed, we will show that there exist canonical isomorphisms
Φ : ad(P ) → EndOM

(E) and Θ : TPG → At(E), such that the diagram commutes.

0 // ad(P ) i //

−Φ
²²

TPG
π∗ //

Θ
²²

TM

1TM

²²

// 0

0 // EndOM
(E)

i
// At(E)

σ1

// TM // 0

(17)

We first recall the canonical isomorphism

Φ : ad(P ) → EndOM
(E). (18)

Suppose that U is an open subset of M , and that σ ∈ ad(P )(U). Define an endomorphism

aσ : E|U → E|U by

aσ(x) = u ◦ τ ◦ u−1 : E(x) → E(x), (19)

where (u, τ) is some point in P × g such that σ(x) = (u, τ) · G. The composition above
makes sense because u : Cr → E(x) is an isomorphism, and τ : Cr → Cr is a linear
map. Moreover, aσ(x) is well defined, i.e., independent of the choice of the point (u, τ)
representing σ(x). Define ΦU : ad(P )(U) → EndOM

(E)(U) by ΦU (σ) = aσ. We thus get
an OM -module homomorphism Φ : ad(P ) → EndOM

(E).

The above morphism Φ : ad(P ) → EndOM
(E) is, in fact, an OM -module isomorphism.

Its inverse

Ψ : EndOM
(E) → ad(P ) (20)

is defined as follows. Suppose that a ∈ EndOM
(E)(U). Define σa ∈ ad(P )(U) by

σa(x) = (u, u−1 ◦ a(x) ◦ u) ·G ∈ (P × g)/G,

where u is some point in the fibre P (x) of P over x. The composition above makes sense
because u : Cr → E(x) is an isomorphism, and a(x) : E(x) → E(x) is a linear map.
Moreover, σa(x) is well defined, i.e., independent of the choice of the point u in P (x).
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Define ΨU : EndOM
(E)(U) → ad(P )(U) by ΨU (a) = σa. In this way, we get an OM -module

homomorphism Ψ : EndOM
(E) → ad(P ), which is the inverse of the homomorphism Φ.

Invariant vector fields preserve invariant functions. Suppose that U is an open subset
of M . Define a holomorphic function σ : π−1(U) → Cr to be an invariant function if it
satisfies the condition

σ(ug) = g−1σ(u) for all u ∈ π−1(U) and g ∈ G.

For any holomorphic section s of E over U , define a function σs : π−1(U) → Cr by

σs(u) = u−1(s(π(u))), u ∈ π−1(U). (21)

This definition makes sense, since s(π(u)) ∈ E(π(u)) and since u : Cr → E(π(u)) is
an isomorphism. Moreover, σs is an invariant function on π−1(U). Conversely, given an
invariant function σ : π−1(U) → Cr, define a section sσ ∈ E(U) by

sσ(x) = u(σ(u)), x ∈ U,

where u is some point in the fibre P (x) of P over x. Then, sσ is a well defined holomorphic
section of E on U . In this way, we get a bijective correspondence between holomorphic
sections of E over U , and invariant functions from π−1(U) to Cr. Further, if f ∈ OM (U)
and σ ∈ E(U), then the invariant function σfs corresponding to the section fs ∈ E(U) is
given by

σfs = (f ◦ π)σs. (22)

If Z is an invariant vector field on π−1(U), we will define a C-linear sheaf morphism

Z̃ : E|U → E|U as follows. Suppose that σ : π−1(V ) → Cr is an invariant function,
where V ⊂ U . Then Zσ : π−1(V ) → Cr is also a invariant function, where Zσ is defined by
Zσ = (Zσ1, . . . , Zσr) for σ = (σ1, . . . , σr) with σi : π−1(V ) → C, i = 1, . . . , r. Therefore, Z

induces a map from the set of all invariant functions on π−1(V ) to itself. Since that set is in
bijective correspondence with the set E(V ) of holomorphic sections of E on V , Z induces a
map Z̃V : E(V ) → E(V ). Explicitly, for any section s ∈ E(V ), Z̃V s is the element of E(V )
given by

(Z̃V s)(x) = u((Zσs)(u)) ∈ E(x), x ∈ V, u ∈ P (x), (23)

where σs : π−1(V ) → Cr is the invariant function corresponding to s. In this way, we get a
C-linear sheaf morphism Z̃ : E|U → E|U . Moreover, for any function f ∈ OM (V ), for any
section s ∈ E(V ), and for any point u ∈ π−1(V ) with π(u) = x, we have

Z̃V (fs)(x) = u((Zσfs)(u)) = u((Z((f ◦ π)σs))(u)) (by (22))

= u((f ◦ π(u))(Zσs)(u) + (Z(f ◦ π))(u)σs(u))

= (f ◦ π(u))u((Zσs)(u)) + (Z(f ◦ π))(u)u(σs(u)) (since u is C-linear)

= f(x)((Z̃V s)(x)) + (π∗(Z)f)(x)s(x) (by (16)).
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In other words,

Z̃V (fs) = fZ̃s + ((π∗(Z)f)s.

Therefore, Z̃ satisfies the condition (8) in (3.2), and hence is a derivative endomorphism
of E|U , i.e., Z̃ ∈ At(E)(U), and

σ1(Z̃) = π∗(Z). (24)

Define ΘU : TPG(U) → At(E)(U) by ΘU (Z) = Z̃. We thus get an OM -module homo-
morphism

Θ : TPG → At(E). (25)

Let

S1 : 0 → E′
1

i1−→ E1
p1−→ E′′

1 → 0

and

S2 : 0 → E′
2

i2−→ E2
p2−→ E′′

2 → 0

be two short exact sequences of OM -modules. Recall that an isomorphism from S1 to S2

is a triple (u′, u, u′′), where u′ : E′
1 → E′

2, u : E1 → E2, and u′′ : E′′
1 → E′′

2 are OM -module
isomorphisms, such that the diagram

0 // E′
1

i1 //

u′
²²

E1

p1 //

u

²²

E′′
1

u′′
²²

// 0

0 // E′
2 i2

// E2 p2

// E′′
2

// 0

commutes.

Proposition 3.9 — Let E be a holomorphic vector bundle over E, and let Φ : ad(P ) →
EndOM

(E) and Θ : TPG → At(E) be the OM -module homomorphisms defined in (18)
and (25), respectively. Then, the triple (−Φ, Θ,1TM ) is an isomorphism from the Atiyah
sequence (10) of E, to the short exact sequence (12).

Proof: Having provided an inverse Ψ : EndOM
(E) → ad(P ) (20) for Φ, we have shown

that Φ is an OM -module isomorphism. Consider now the diagram (17). We will show that
each of the two squares in that diagram commutes. We first show that −i ◦Φ = Θ ◦ i. If U

is an open subset of M , and if σ ∈ ad(P )(U), then iU ◦ ΦU (σ) = aσ and ΘU ◦ iU (σ) = Z̃σ,
where aσ is the endomorphism of E|U defined by (19), Zσ is the invariant vector field on
π−1(U) defined by (13), and Z̃σ is the derivative endomorphism of E|U defined by (23).
Therefore, we have to show that Z̃σ = −aσ in EndOM

(E)(U) for all σ ∈ ad(P )(U). Let
s ∈ E(V ), where V is an open subset of U , and let x ∈ V . Pick a point u ∈ P (x), and let
τ(u) be the unique element of g such that σ(x) = (u, τ(u)) ·G. Then,

(aσs)(x) = (u ◦ τ(u) ◦ u−1)(s(x)).
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On the other hand, (Z̃σs)(x) = u((Zσσs)(u)). Using (14) and (21), and the fact that σs

is an invariant function, we get

(Zσσs)(u) =
d
dt

σs (u · exp(tτ(u)))
∣∣∣
t=0

=
d
dt

(
(exp(tτ(u)))−1σs(u)

)∣∣∣
t=0

=
d
dt

(exp(−tτ(u))σs(u))
∣∣∣
t=0

= −τ(u)σs(u) = −τ(u) ◦ u−1(s(x)).

Therefore,

(Z̃σs)(x) = u(−τ(u) ◦ u−1(s(x))) = −u ◦ τ(u) ◦ u−1(s(x)) = −(aσs)(x).

This proves that the left square in the diagram (17) commutes. The right square of that
diagram commutes because of equation (24), which describes the symbol of the derivative
endomorphism associated to an invariant vector field. Therefore, the diagram (17) is a
commutative diagram. Since the two extreme vertical arrows are isomorphisms, the Five
Lemma implies that the middle vertical arrow is also an isomorphism. Therefore, the triple
(−Φ,Θ,1TM ) is an isomorphism from the top exact sequence to the bottom one. ¤

4. Holomorphic Connections

This section develops the basic notions of holomorphic connections in holomorphic vector
bundles over complex manifolds, following [3]. Let M be a complex manifold, and let E be
a holomorphic vector bundle over M .

Definition 4.1 — A holomorphic connection in E is an OM -module homomorphism ∇ :
TM → At(E), which is a splitting of the Atiyah sequence (10).

Suppose that ∇ is a holomorphic connection in E. Then, for every holomorphic vector
field X on any open subset U of M , we denote ∇U (X) ∈ At(E)(U) by ∇X . Thus, ∇X :
E|U → E|U is a derivative operator. Indeed, for all sections s ∈ E(U) and for all functions
f ∈ OM (U), we have

(1) ∇fX(s) = f∇X(s); and
(2) ∇X(fs) = f∇X(s) + (Xf)s.

The OM -linearity of ∇ : TM → At(E) implies (1), while (2) follows from (3.2) and the
fact that σ1 ◦ ∇ = 1TM and hence σ1(∇X) = X.

Conversely, suppose that for every open subset U of M , and for every holomorphic vector
vector field X on U , we are given a C-linear sheaf morphism ∇X : E|U → E|U satisfying (1)
and (2) above for all s ∈ E(U) and f ∈ OM (U). Then, there exists a unique holomorphic
connection ∇ in E, such that ∇U (X) = ∇X for all X ∈ TM(U), U ⊂ M . Indeed, for all
such U and X, define ∇U (X) : E|U → E|U by ∇U (X) = ∇X . Condition (2) implies, using
(3.2), that ∇U (X) is a derivative endomorphism of E|U , i.e., ∇U (X) ∈ At(E)(U), and that
σ1(∇U (X)) = X. Condition (1) implies that ∇U (X) is OU -linear in X. Therefore, the ∇U
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define an OM -module homomorphism ∇ : TM → At(E) such that σ1 ◦ ∇ = 1TM , i.e., a
holomorphic connection in E.

Proposition 4.2 — Let ∇ be a holomorphic connection in a holomorphic vector bundle
E over M . Then, there exists a unique C-linear sheaf morphism d∇ : Ω•(E) → Ω•(E) of
degree 1, such that:

(1) If α ∈ Ωr
M (U) and φ ∈ Ω•(E)(U), U open in M , then

d∇(α ∧ φ) = (dα) ∧ φ + (−1)rα ∧ (d∇φ).

(2) For all s ∈ E(U) and X ∈ TM(U), U open in M , we have (d∇s)(X) = ∇Xs.

Proof: Uniqueness: Let d∇ and d̃∇ be two C-linear sheaf morphisms Ω•(E) → Ω•(E)
satisfying the given conditions. To prove that d∇ = d̃∇, it suffices to prove that for every
point x ∈ M , the stalk homomorphisms (d∇)x and (d̃∇)x from Ωr(E)x to itself are equal.
So, let x ∈ M , and let θ ∈ Ωr(E)x. Let U be an open neighbourhood of x, on which there
exists a holomorphic frame s = {s1, . . . , sr} of E, and let φ ∈ Ωr(E)(U) be a form whose
germ at x equals θ. We can write φ =

∑r
i=1 φi⊗ si, where φi ∈ Ωr

M (U). Using (2), we have

d∇(φ) =
∑

(dφi ⊗ si + φi ∧ d∇si). (26)

On the other hand, (1) implies that d∇si = d̃∇si. Therefore,

d∇(φ) =
∑

(dφi ⊗ si + φi ∧ d̃∇si) = d̃∇(φ).

This proves that (d∇)x(θ) = (d̃∇)x(θ), and hence that d∇ = d̃∇.

Existence: Since uniqueness has been proved, to prove existence it suffices to show local
existence. So, let x be a point in M , and let U be an open neighbourhood of x on which
there exists a holomorphic frame s = {s1, . . . , sr} of E. Given any form φ ∈ Ωr(E)(V ), on
an open subset V of U , write φ =

∑r
i=1 φi ⊗ si, where φi ∈ Ωr

M (V ), and define d∇(φ) by
(26), where the forms d∇(si) ∈ Ω1(E)(U) are given by

(d∇(si))(X) = ∇Xsi (i = 1, . . . , r, X ∈ TM(U)).

This gives a C-linear sheaf morphism d∇ : Ω·(E|U ) → Ω·(E|U ) that satisfies (1) and (2),
and proves the existence of d∇. ¤

4.1. Extension classes: We now relate the notion of a connection to extension classes.
Recall that every extension

α : 0 → E′ i−→ E
p−→ E′′ → 0 (27)

of a holomorphic vector bundle E′′ by another holomorphic vector bundle E′, on a complex
manifold M , defines an extension class ε(α) ∈ H1(M,Hom (E′′, E′)). The assignment α 7→
ε(α) induces a bijection from the set of equivalence classes of extensions of E′′ by E′ to the
cohomology set H1(M,Hom (E′′, E′)), where we say that two extensions

α1 : 0 → E′ i1−→ E1
p1−→ E′′ → 0
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and
α2 : 0 → E′ i2−→ E2

p2−→ E′′ → 0

are equivalent if there exists an isomorphism u : E1 → E2 such that the diagram

0 // E′ i1 //

1E′
²²

E1

p1 //

u

²²

E′′

1E′′
²²

// 0

0 // E′
i2

// E2 p2

// E′′ // 0

commutes. An extension α splits if and only if ε(α) = 0 in H1(M,Hom (E′′, E′)).

The extension class ε(α) is defined as follows. Since E′′ is locally free, the short exact
sequence (27) defines another short exact sequence of vector bundles

0 → Hom (E′′, E′) i∗−→ Hom (E′′, E)
p∗−→ End (E′′) → 0.

This short exact sequence, in turn induces a long exact sequence

0 → H0(M,Hom (E′′, E′)) i∗−→ H0(M,Hom (E′′, E))
p∗−→ H0(M, End (E′′))
δ−→ H1(M,Hom (E′′, E′)) i∗−→ · · · (28)

of cohomology groups. The extension class ε(α) ∈ H1(M,Hom (E′′, E′)) is, by definition,
the image δ(1E′′) of the identity section 1E′′ ∈ H0(M, End (E′′)) under the interconnecting
homomorphism δ of the above long exact sequence.

4.2 Čech Description of the Interconnecting Homomorphism : We will now use
Čech cohomology to describe the interconnecting homomorphism

δ : H0(M,F ′′) → H1(M,F ′) for a short exact sequence

0 → F ′ i−→ F p−→ F ′′ → 0 (29)

of sheaves of abelian groups on M . Let u ∈ H0(M,F ′′) be a global section of F ′′. The
surjectivity of p : F → F ′′ implies that there exists an open cover U = {Uα}α∈A of M and
sections ũα ∈ F(Uα) such that p(ũα) = u|Uα for all α. Define ũαβ ∈ F ′(Uα ∩ Uβ) by

ũαβ = ũβ − ũα, α, β ∈ A.

Then, p(ũαβ) = 0 in F ′′(Uα ∩ Uβ). Since the sequence

0 → H0(Uα ∩ Uβ,F ′) i−→ H0(Uα ∩ Uβ,F)
p−→ H0(Uα ∩ Uβ,F ′′)

is exact, there exists a unique section uαβ ∈ F ′(Uα ∩Uβ) such that i(uαβ) = ũαβ. On every
triple intersection Uα ∩ Uβ ∩ Uγ , we have i(uαβ + uβγ) = i(uαγ), hence uαβ + uβγ = uαγ .

Therefore, the family of sections {uαβ}α,β∈A is a 1-cocycle of the Čech complex C•(U ,F ′).
The element δ(u) ∈ H1(M,F ′) equals the Čech cohomology class of the cocycle {uαβ}.

4.3 Čech Description of Extension Classes : Consider now an extension α of holo-
morphic vector bundles, as in (27). The extension class ε(α) ∈ H1(M,Hom (E′′, E′)) can be
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now described using Čech cohomology, as follows. Let U = {Uα}α∈A be an open cover of M ,
such that E′′|Uα is trivial for all α ∈ A. Then, for each index α, there exists a holomorphic
splitting hα : E′′|Uα → E|Uα of the short exact sequence

0 → E′|Uα

i−→ E|Uα

p−→ E′′|Uα → 0.

Define ũαβ ∈ Hom (E′′, E)(Uα ∩ Uβ) by

ũαβ = hβ − hα, α, β ∈ A.

Then, p∗(ũαβ) = 0 in End (E′′)(Uα ∩ Uβ). Since the sequence

0 → H0(Uα ∩ Uβ,Hom (E′′, E′)) i∗−→ H0(Uα ∩ Uβ,Hom (E′′, E))
p∗−→ H0(Uα ∩ Uβ, End (E′′))

is exact, there exists a unique holomorphic section uαβ ∈ Hom (E′′, E′)(Uα ∩Uβ) such that
i∗(uαβ) = ũαβ. On every triple intersection Uα ∩Uβ ∩Uγ , we have i∗(uαβ + uβγ) = i∗(uαγ),
hence uαβ + uβγ = uαγ . Therefore, the family of sections {uαβ}α,β∈A is a 1-cocycle of
the Čech complex C•(U ,Hom (E′′, E′)). The extension class ε(α) ∈ H1(M,Hom (E′′, E′))
equals the Čech cohomology class of the cocycle {uαβ}.

Definition 4.3 — The extension class of the Atiyah sequence (10) of a holomorphic vector
bundle E over M is called the Atiyah class of E, and is denoted by at(E).

The definition of the extension class implies that the Atiyah class at(E) is an element of
H1(M,Hom (TM, EndOM

(E))), which is canonically isomorphic to H1(M, Ω1(EndOM
(E))).

Further, using the Dolbeault isomorphism

H1,1(M, EndOM
(E)) ∼= H1(M, Ω1(EndOM

(E))), (30)

we can consider at(E) to be an element of the Dolbeault cohomology group
H1,1(M, EndOM

(E)). Since an extension splits if and only if its extension class vanishes, it
follows that a holomorphic vector bundle E admits a holomorphic connection if and only if
its Atiyah class at(E) is zero in H1(M, Ω1(EndOM

(E))).

Remark 4.4: Let P denote the frame bundle of E, as in Section 3. Then the extension
class of (12) is a cohomology class in H1(M, Ω1(ad(P ))). This is the class that is denoted by
a(P ) in [3, Section 1]. The canonical isomorphism Φ : ad(P ) → EndOM

(E) induces an iso-
morphism Φ : H1(M, Ω1(ad(P ))) → H1(M, Ω1(EndOM

(E))). Proposition 3.9, together with
the fact that the interconnecting homomorphism is functorial with respect to morphisms of
short exact sequences, implies that the isomorphism Φ maps the class a(P ) to −at(E).

4.4. Čech Description of the Atiyah Class : We will now describe the Atiyah
class of E using Čech cohomology. Let {Uα}α∈A be an open cover of M such that E|Uα

is trivial for each α. Since a trivial bundle clearly admits a holomorphic connection, we
have a holomorphic connection ∇α on each restriction E|Uα . Each ∇α is a splitting of the
Atiyah sequence (10). Since the difference of two holomorphic connections is OM -linear, we
can consider θαβ = ∇β|Uα∩Uβ

− ∇α|Uα∩Uβ
to be a holomorphic section of Ω1(EndOM

(E))
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on Uα ∩ Uβ. The Čech description of the extension class in Section 4.3 implies that the
extension class of the Atiyah sequence of E, i.e., the Atiyah class at(E), is the cohomology
class of the Čech 1-cocycle {θαβ}.

Let sα = {sα1, . . . , sαr} be a holomorphic frame of E on Uα, and let aαβ = (aαβij) : Uα ∩
Uβ → GLr(C) be the transition function defined by sβj =

∑r
i=1 aαβijsαi. Then, we can take

∇α to be the ∂-operator, defined by ∇α(
∑

i fisαi) =
∑

i(∂fi) ⊗ sαi, for fi ∈ OM (Uα). For
this choice of {∇α}, the 1-cocycle {θαβ} is given by θαβ(

∑
j gjsβj) = −∑

ij(a
−1
αβdaαβ)ijgj ⊗

sβj , where gj ∈ OM (Uα ∩ Uβ). In other words, if E is defined by the cocycle {aαβ}, then
the Atiyah class at(E) is defined by the cocycle {−a−1

αβdaαβ}.

4.5. Čech Description of the Dolbeault Isomorphism : Let E be a holomorphic
vector bundle, and let ∂E : Ap,q(E) → Ap,q+1(E) denote the Cauchy-Riemann operator of
E, where Ap,q(E) is the sheaf of C∞ (p, q)-forms with values in E. Let Zp,q(E) denote the
sheaf of ∂E-closed (p, q)-forms. We then have a short exact sequence of sheaves

0 → Ω1(E) → A1,0(E) ∂E−−→ Z1,1(E) → 0. (31)

This induces a long exact sequence

· · · → A1,0(E)(M) ∂E−−→ Z1,1(E)(M) δ−→ H1(M, Ω1(E)) → H1(M, A1,0(E)) → · · ·
Since the sheaf A1,0(E) is fine, the interconnecting homomorphism δ of this short ex-

act sequence is surjective. Since its kernel is the space B1,1(E)(M) of ∂E-exact (1, 0)-
forms, the surjective map δ induces an isomorphism δ : H1,1(M,E) → H1(M, Ω1(E)),
where H1,1(M, E) denotes the Dolbeault cohomology groups Z1,1(E)(M)/B1,1(E)(M).

We can describe the Dolbeault isomorphism using the Čech cohomology description of
the interconnecting homomorphism in Section 4.2. Let {Uα} be an open cover such that
each Uα is biholomorphic to an open ball in Cn. Let a ∈ H1,1(M, E) be a Dolbeault
cohomology class, and let ω ∈ Z1,1(E)(M) be a ∂E-closed form representing a. Since E is
holomorphically trivial on each Uα, by the Dolbeault-Grothendieck Lemma there exists a
C∞ form τα ∈ A1,0(E)(Uα) such that ∂E(τα) = ω|Uα . Let uαβ = τβ|Uα∩Uβ

−τα|Uα∩Uβ
. Then

∂E(uαβ) = 0, i.e., uαβ ∈ Ω1(E)(Uα ∩Uβ). We thus obtain a 1-cocycle {uαβ} of Ω1(E). The
cohomology class δ(a) is the class in H1(M, Ω1(E)) of the cocycle {uαβ}.

We will assume the basic notions regarding C∞ connections in C∞ vector bundles [9,
Chapter I]. Let E be a holomorphic vector bundle over a complex manifold M . Let Ar(E)
(respectively, Ap,q(E)) denote the sheaf of C∞ complex r-forms (respectively, (p, q)-forms)
on M with values in E. Recall that a C∞ connection D : A0(E) → A1(E) is said to be
compatible with the holomorphic structure of E if the (0, 1)-part D0,1 : A0(E) → A0,1(E) of
D equals the Cauchy-Riemann operator ∂E : A0(E) → A0,1(E). Let D be such a connection,
and let R ∈ A2(EndOM

(E)) denote the curvature of E. Let R = R2,0 + R1,1 + R0,2, where
Rp,q ∈ Ap,q(EndOM

(E)), be the type decomposition of R. Let α = {sα1, . . . , sαr} be a
holomorphic frame of E on Uα, and let aαβ = (aαβij) : Uα∩Uβ → GLr(C) be the transition
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function defined by sβj =
∑r

i=1 aαβijsαi. Let ωα = (ωαij) and Ωα = (Ωαij) be, respectively,
the connection and curvature matrices of D with respect to the frame sα. Then

Ωα = dωα + ωα ∧ ωα,

ωβ = a−1
αβdaαβ + a−1

αβωαaαβ, and (32)

Ωβ = a−1
αβΩαaαβ.

Since the sections sαi are holomorphic and since D is compatible with the holomorphic
structure on E, the matrices ωα are of type (1, 0), i.e., ωαij ∈ A1,0(Uα). Further, since
R = D2, we have R0,2 = (D0,1)2 = ∂

2
E = 0. Therefore,

Ω2,0
α = ∂ωα + ωα ∧ ωα,

Ω1,1
α = ∂ωα, and

Ω0,2
α = 0.

(33)

This implies that ∂Ω1,1
α = ∂

2
ωα = 0, i.e., ∂ER1,1 = 0 in A1,2(EndOM

(E)), where, by
abuse of notation, we denote the Cauchy-Riemann operator of EndOM

(E) by ∂E . Thus,
every C∞ connection D in E that is compatible with the holomorphic structure defines a
Dolbeault cohomology class [R1,1] in H1,1(M, EndOM

(E)).

Proposition 4.5 — Let E be a holomorphic vector bundle over M , and let D be a
C∞ connection in E that is compatible with the holomorphic structure of E. Let R de-
note the curvature of D. Then, the Dolbeault isomorphism δ : H1,1(M, EndOM

(E)) →
H1(M, Ω1(EndOM

(E))) carries the class [R1,1] to −at(E). In particular, the class [R1,1] ∈
H1,1(M, EndOM

(E)) is independent of the connection D.

Proof: Let sα, ωα, etc., be as above. Then, R1,1|Uα =
∑

i,j Ω1,1
αij ⊗ Sαij , where Sαij is

the endomorphism of E|Uα which maps sαj to sαi and all other sαk to 0, and Ω1,1
α = (Ω1,1

αij).
Therefore, by (33), we have

R1,1|Uα =
∑

i,j

∂ω1,1
αij ⊗ Sαij = ∂E(σα),

where σα =
∑

i,j ω1,1
αij ⊗ Sαij , and ∂E is the Cauchy-Riemann operator of EndOM

(E). The
Čech description of the Dolbeault isomorphism in Section 3.5 now implies that δ([R1,1]) ∈
H1(M, Ω1(EndOM

(E))) is the cohomology class of the 1-cocycle {uαβ}, where

uαβ = σβ|Uα∩Uβ − σα|Uα∩Uβ
.
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We have

σα|Uα∩Uβ
(sβj) = σα

(∑

i

aαβijsαi

)

=
∑

i,k

aαβijωαki ⊗ sαk =
∑

i,k,l

aαβijωαkiaβαlk ⊗ sβl

=
∑

i

(aβαωαaαβ)ij ⊗ sβi.

Therefore, using (32), we get

uαβ

(
sβj |Uα∩Uβ

)
= σβ(sβj)− σα(sβj)

=
∑

i

ωβij ⊗ sβi −
∑

i

(aβαωαaαβ)ij ⊗ sβi

=
∑

i

(a−1
αβdaαβ)ij ⊗ sβi.

On the other hand, the Čech description of the Atiyah class in Section 4.4 implies that
at(E) ∈ H1(M, Ω1(EndOM

(E))) is the cohomology class of the 1-cocycle {vαβ}, where

vαβ

(
sβj |Uα∩Uβ

)
= −

∑

i

(a−1
αβdaαβ)ij ⊗ sβi.

Since uαβ = −vαβ , it follows that δ([R1,1]) = −at(E). ¤
Recall that a complex manifold is said to be of Kähler type if it admits a Kähler metric.

Theorem 4.6 — Let M be a compact complex manifold of Kähler type, and let E be
a holomorphic vector bundle over M . Suppose that E admits a holomorphic connection.
Then all the Chern classes ci(E) ∈ H2i(M,R) of E are zero.

Proof: Introduce a Kähler metric on M , and a C∞ Hermitian metric in E. Recall that
there exists a unique unitary C∞ connection D in E which is compatible with the holomor-
phic structure on E. Let R denote the curvature of E. Since D is unitary, its curvature R

is a 2-form with values in the real vector bundle of skew-Hermitian endomorphisms of E.
This implies that R2,0 = −(R0,2)∗ = 0, i.e., R = R1,1 is of type (1, 1).

Since E admits a holomorphic connection, we have at(E) = 0, hence Proposition 4.5
implies that the Dolbeault cohomology class [R1,1] ∈ H1,1(M, EndOM

(E)) is zero, i.e., there
exists a form τ ∈ A1,0(EndOM

(E))(M) such that R1,1 = ∂Eτ , where ∂E is the Cauchy-
Riemann operator of EndOM

(E).
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Let Uα, sα, Ωα, etc., be as above, and write

τ |Uα(sαj) =
∑

i

ταij ⊗ sαi, ταij ∈ A1,0(Uα).

Since τ is a global form, we have

τβ = a−1
αβταaαβ on Uα ∩ Uβ.

Moreover, the equality R = ∂Eτ implies that Ωα = ∂τα.

Let f : gln(C) → C be a GLn(C)-invariant homogeneous polynomial of degree p. Then,
f(R) is well defined, and is the unique form in Ap,p(M) such that

f(R)|Uα = f(Ωα) for all α.

Viewing f as a multilinear function f : gln(C)× · · · × gln(C) → C, we have

f(Ωα, . . . ,Ωα) = ∂(f(τα, ∂τα, . . . , ∂τα)).

This implies that
f(R, . . . , R) = ∂(f(τ, ∂Eτ, . . . , ∂Eτ)).

Thus, f(R) ∈ Ap,p(M) is ∂-exact. On the other hand, it is a basic fact of Chern-Weil
theory that f(R) is d-closed. It follows, by comparing bidegrees, that f(R) is ∂-closed.
Now, the Hodge Decomposition Theorem for a compact Kähler manifold implies that

Im(∂) ∩Ker(∂) = Im(∂∂).

Thus, f(R) ∈ Im(∂∂), hence f(R) is d-exact, i.e., its de Rham cohomology class in
H2p(M,C) equals zero. Applying this statement to the case when f(X) is the i-th elemen-
tary symmetric function in the eigenvalues of the matrix X ∈ gln(C), we get ci(E) = 0 for
all i. ¤

5. First Order Jets

In this section, we relate differential operators and holomorphic connection to jet bundles.
Let E be a holomorphic vector bundle over a complex manifold M .

For each point x ∈ M , let mx denote the maximal ideal in the local ring OM,x, and define
J1(E)(x) = Ex/m2

xEx. For any local holomorphic section s of E at x, denote the canonical
projection of sx ∈ Ex to J1(E)(x) by j1(s)(x). Let J1(E) =

∐
x∈M J1(E)(x). Then, it can

be proved as in [12], that J1(E) has a unique structure of a holomorphic vector bundle on
M , with the property that for every holomorphic section s of E on an open set U ⊂ M ,
the map j1(s) : U → J1(E), x 7→ j1(s)(x) is a holomorphic section of J1(E) on U . We call
J1(E) the bundle of 1-jets of E. If (U, φ = (z1, . . . , zn)) is a holomorphic chart on M , and
if {s1, . . . , sr} is a holomorphic frame of E on U , then the family

{j1(si) | 1 ≤ i ≤ r} ∪ {j1(xαsi) | 1 ≤ α ≤ n, 1 ≤ i ≤ r}
is a holomorphic frame of J1(E) on U . In particular, the rank of J1(E) equals (n + 1)r.
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The map j1 is a C-linear sheaf morphism from E to J1(E). However, it is not OM -linear
for, if f ∈ OM (U) and s ∈ E(U), and if (z1, . . . , zn) is a holomorphic coordinate system on
U , then using the Taylor series expansion of f , we get

j1(fs)(x) = (fs)x + m2
xEx = f(x)sx +

∑
α

∂f

∂zα
(x)zα(x)sx + m2

xEx for all x ∈ U,

which indicates that j1 is a first order differential operator.

Proposition 5.1 — The C-linear sheaf homomorphism j1 : E → J1(E) is a first order
differential operator. Moreover, for every holomorphic vector bundle F over M , the map

j∗1 : HomOM
(J1(E), F ) → Diff 1(E, F ), T 7→ T ◦ j1

is an isomorphism of OM -modules.

Proof: If s is a holomorphic section of E on an open neighbourhood U of a point x ∈ M ,
whose germ sx belongs to m2

xEx, then j1(s)(x) = sx + m2
xEx = 0. In other words, the stalk

homomorphism (j1)x : Ex → J1(E)x carries m2
xEx to mxJ1(E)x. Therefore, by Proposition

2.6, j1 is a first order differential operator. Next, let F be another vector bundle. The
composition of an OM -linear sheaf morphism with a first order differential operator is again
a first order differential operator. Thus, j∗1(T ) ∈ Diff 1(E, F )(U) for every homomorphism

T ∈ HomOM
(J1(E), F )(U). Conversely, given a first order differential operator P from

E|U to F |U , since every stalk homomorphism Px : Ex → Fx carries m2
xEx to mxFx, there

exists a unique C-linear sheaf morphism TP : J1(E)|U → F |U such that TP ◦ j1 = P .
Moreover, if f ∈ OM (V ) and θ ∈ J1(E)(V ), V ⊂ U , then for all x ∈ V , we have

TP (fθ)(x) = Px(f(x)s)(x) = f(x)Px(s)(x) = (fT (θ))(x),

where θ(x) = j1(s)(x). This shows that TP is OM -linear. The map P 7→ TP is the inverse
of j∗1 . ¤

Remark 5.2: Proposition 5.1 shows that j1 : E → J1(E) is a universal first order differ-
ential operator, i.e., given any holomorphic vector bundle F over M , and any first order
differential operator P : E → F , there exists a unique OM -linear sheaf homomorphism

TP : J1(E) → F such that TP ◦ j1 = P .

In addition to the universal first order differential operator j1 : E → J1(E), there are
two other relevant operators involving the jet bundle J1(E). First, the evaluation map
p(x) : J1(E)(x) → E(x), p(x)(j1(s)(x)) = s(x) is a well defined C-linear map for every
point x ∈ M , and defines an OM -linear sheaf homomorphism p : J1(E) → E. Second, if
ξ ∈ Ω1(M)(x) and e ∈ E(x), say ξ = df and e = s(x), where f ∈ OM (U), f(x) = 0,
s ∈ E(U), and U is an open neighbourhood of x, then j1(fs)(x) is a well defined element
of J1(E)(x). This defines an OM -linear sheaf homomorphism i : Ω1(E) → J1(E). Now, the
following result is a consequence of the definitions.
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Proposition 5.3 — (Jet Bundle Exact Sequence). The sequence

0 → Ω1(E) i−→ J1(E)
p−→ E → 0

is an exact sequence of OM -modules.

In [3, Section 4], for every holomorphic vector bundle E over M , a sheaf D(E) is defined
as follows. As a sheaf of C-vector spaces, D(E) = E ⊕ Ω1(E). The OM -module structure
on D(E) is defined by

f(s, α) = (fs, fα + (df)⊗ s)

for all f ∈ OM (U), s ∈ E(U), α ∈ Ω1(E)(U), and U open in M . Up to sign, the sheaf
D(E) is the jet bundle J1(E). Indeed, define a C-module homomorphism

Φ : D(E) → J1(E) by

Φ(s, α) = j1(s)− i(α), (s, α) ∈ D(E),

where i is the OM -homomorphism Ω1(E) → J1(E) defined above.

Proposition 5.4 — The C-module homomorphism Φ : D(E) → J1(E) is, in fact, an
isomorphism of OM -modules, and makes the diagram

0 // Ω1(E)
i′ //

−1
²²

D(E)
p′

//

Φ
²²

E

1

²²

// 0

0 // Ω1(E)
i

// J1(E)
p

// E // 0

(34)

commute, where i′ and j′ are the canonical inclusion and projection, respectively.

Proof: For all U ⊂ M , f ∈ OM (U) and x ∈ U , we have

Φ(f(s, α))(x) = Φ(fs, fα + df ⊗ s)(x) = j1(fs)(x)− i(fα)(x)− i(df ⊗ s)(x)

= f(x)j1(s)(x)− f(x)i(α)(x)− i(d(f − f(x))⊗ s)(x)

= f(x)j1(s)(x)− f(x)i(α)(x)− j1((f − f(x))s)(x)

= f(x)j1(s)(x)− f(x)i(α)(x)− j1(fs)(x) + j1(f(x)s)(x)

= f(x)j1(s)(x)− f(x)i(α)(x)− f(x)j1(s)(x) + f(x)j1(s)(x)

= f(x)Φ(s, α)(x).

Therefore, Φ : D(E) → J1(E) is an OM -module homomorphism. The commutativity of
the given diagram now follows from the definition of Φ. The Five Lemma then implies that
Φ is an isomorphism. ¤

Remark 5.5: In [3, Section 4], the top row of the commutative diagram (34) in Proposition
5.4 is denoted by B(E), and its extension class is denoted b(E). Since the interconnecting
homomorphism in a long exact sequence is functorial, Proposition 5.4 implies that b(E)
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equals the negative of the extension class of the bottom row of (2) i.e., of the Jet Bundle
Exact Sequence (5.3).

The extension class of the Jet Bundle Exact Sequence (5.3) is an element of H1(M, E∗⊗
Ω1(E)), which is canonically isomorphic to H1(M, Ω1(EndOM

(E))). On the other hand, the
Atiyah class at(E) also is an element of the same vector space H1(M, Ω1(EndOM

(E))). The
following statement relates these two elements.

Proposition 5.6 — The extension class of the Jet Bundle Exact Sequence (5.3) equals
−at(E) in H1(M, Ω1(EndOM

(E))).

Proof: Let {Uα}α∈A be an open cover of M , and suppose that there exists a holomorphic
frame sα = {sα1, . . . , sαr} of E on each Uα. Let aαβ = (aαβij) : Uα ∩ Uβ → GLr(C) be the
transition function defined by sβj =

∑r
i=1 aαβijsαi. For each index α, define an OUα-module

homomorphism hα : E|Uα → J1(E)|Uα by

hα

(∑

j

fjsαj

)
=

∑

j

fjj1(sαj) (f1, . . . , fr ∈ OM (V ), V ⊂ Uα).

Then, hα is a splitting of the Jet Bundle Exact Sequence of E over Uα, i.e., p ◦ hα = 1E .
According to the Čech description of extension classes in Section 4.3, the extension class of
the Jet Bundle Exact Sequence is the cohomology class of the 1-cocycle {uαβ}, where

i(uαβ) = hβ|Uα∩Uβ
− hα|Uα∩Uβ

.

If x is a point in Uα ∩ Uβ, then for all j ∈ {1, . . . , r}, we have

(hβ − hα)(sβj)(x) = j1(sβj)(x)− hα(
∑

i

aαβijsαi)(x)

= j1(sβj)(x)−
∑

i

aαβij(x)hα(sαi)(x)

= j1(sβj)(x)−
∑

i

aαβij(x)j1(sαi)

= j1(sβj)(x)−
∑

i,k

aαβij(x)j1(aβαkisβk)(x)

=
∑

k

j1

((
δkj −

∑

i

aαβij(x)aβαki

)
sβk

)
(x).

Define fkj ∈ OM,x by fkj = δkj −
∑

i aαβij(x)aβαki. Then, fkj ∈ mx, so the definition of
i : Ω1(E)(x) → E(x) implies that

i(dfkj(x)⊗ sβj)(x)) = j1(fkjsβj)(x).

Therefore,

(hβ − hα)(sβj)(x) =
∑

k

j1

(
fkjsβk

)
(x) =

∑

k

i(dfkj(x)⊗ sβj(x)).
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In other words,

uαβ(sβj)(x) =
∑

k

dfkj(x)⊗ sβk(x) = −
∑

k,i

aαβij(x)daβαki(x)⊗ sβk(x),

i.e.,

uαβ(sβj) = −
∑

k

((daβα)aαβ)kj ⊗ sβk

Since aβαaαβ = 1, we have

−(daβα)aαβ = aβαdaαβ.

Thus,

uαβ(sβj) =
∑

k

(aβαdaαβ)kj ⊗ sβk.

On the other hand, the Čech description of the Atiyah class in Section 4.4 implies that
at(E) is the cohomology class of the cocycle {vαβ} given by

vαβ(sβj) = −
∑

k

(aβαdaαβ)kj ⊗ sβk.

This proves that the cohomology class of the cocycle {uαβ} equals −at(E). ¤

Remark 5.7: The Jet Bundle Exact Sequence of E, upon dualizing and tensoring by E,
gives a short exact sequence

0 → EndOM
(E) → HomOM

(J1(E), E) → TM ⊗ EndOM
(E) → 0.

Proposition 5.1 implies that HomOM
(J1(E), E) is canonically isomorphic to Diff1(E).

Since the Atiyah algebra At(E) is a subbundle of Diff1(E), we obtain a canonical injective
morphism u : At(E) → HomOM

(J1(E), E). Indeed, we obtain an injective morphism of
extensions

0 // EndOM
(E) //

1
²²

At(E)

u

²²

// TM

v

²²

// 0

0 // EndOM
(E) // (J1(E))∗ ⊗ E // TM ⊗ EndOM

(E) // 0

where v is the canonical injection X 7→ X ⊗ 1E . The functorial properties of extension
classes [3, Proposition 2] can now be used to show that the negative of the extension class
of the Jet Bundle Exact Sequence equals the Atiyah class. This would give another proof
of Proposition 5.16.

A bundle E, by definition, admits a holomorphic connection if and only if the Atiyah
sequence of E splits. We, therefore, have the following fact.

Proposition 5.8 — A vector bundle E admits a holomorphic connection if and only if its
Jet Bundle Exact Sequence splits holomorphically.
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In fact, a more precise statement can be made. It follows from Proposition 4.2 that a
holomorphic connection in E induces a C-linear sheaf morphism d∇ : E → Ω1(E), which is
characterized by the property that

d∇(fs) = fd∇(s) + df ⊗ s (35)

for all f ∈ OM (U), s ∈ E(U) and U ⊂ M . We call d∇ the covariant derivative associated to
the connection ∇. Equation (35) implies that d∇ is a first order differential operator from E

to Ω1(E). Conversely, it is easy to see that given a C-linear sheaf morphism P : E → Ω1(E)
such that

P (fs) = fP (s) + df ⊗ s,

there exists a unique holomorphic connection ∇ in E such that P = d∇. We shall call such
a differential operator P a covariant derivative in E. Thus, there is a canonical bijective
correspondence between holomorphic connections and covariant derivatives in E.

Proposition 5.9 — There is a canonical bijection between the set of holomorphic splittings
of the Jet Bundle Exact Sequence of E and the set of covariant derivatives in E, which takes
a splitting T : J1(E) → Ω1(E) of the Jet Bundle Exact Sequence, to the covariant derivative
j∗1(T ) = T ◦ j1 : E → Ω1(E).

Proof: Let T : J1(E) → Ω1(E) be a splitting of the Jet Bundle Exact Sequence

0 → Ω1(E) i−→ J1(E)
p−→ E → 0,

and let P denote the operator j∗1(T ) = T ◦ j1 : E → Ω1(E). Let U ⊂ M , f ∈ OM (U) and
s ∈ E(U). For every point x ∈ U , we have

i(df(x)⊗ s(x)) = i(d(f − f(x))(x)⊗ s(x)) = j1((f − f(x))s)(x)

= j1(fs)(x)− f(x)j1(s)(x).

Applying the splitting T , we obtain

df(x)⊗ s(x) = P (fs)(x)− f(x)P (s)(x),

i.e.,

P (fs) = fP (s) + df ⊗ s.

Therefore, P is, indeed, a covariant derivative in E.

Conversely, every covariant derivative P in E is a first order differential operator from
E to Ω1(E). Since j1 : E → J1(E) is the universal first order differential operator (Propo-
sition 5.1), there exists a unique OM -module homomorphism T : J1(E) → Ω1(E) such that
P = j∗1(T ) = T ◦ j1. If U , f and s are as above, and if x ∈ U and f(x) = 0, then

T ◦ i(df(x)⊗ s(x)) = T (j1(fs))(x) = P (fs)(x)

= f(x)P (s)(x) + df(x)⊗ s(x) = df(x)⊗ s(x).

Therefore, T is a splitting of the Jet Bundle Exact Sequence.
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We have, thus, defined two functions between the set of splittings of the Jet Bundle Exact
Sequence and the set of covariant derivatives in E. The definitions of these functions imply
that that they are mutual inverses. ¤

6. The Atiyah-Weil Criterion

In this section, we give Atiyah’s proof [3] of the Atiyah-Weil criterion. This criterion
determines when a given holomorphic vector bundle admits a holomorphic connection.

Let E be a coherent sheaf on a compact complex manifold. Let φ ∈ EndOM
(E) be

a global endomorphism of E. For each integer n ≥ 0, define En(φ) = Im(φn), where
φn = φ ◦ . . . φ : E → E is the n-fold iterate of φ. The En(φ) are coherent subsheaves of E,
and we have natural inclusion morphisms in : En(φ) ↪→ En−1(φ), and natural epimorphisms
pn = φ|En(φ) : En(φ) → En+1(φ).

Proposition 6.1 — (The Fitting Decomposition) Let φ be an OM -endomorphism of a
coherent sheaf E on a compact complex manifold M . Then, there exists an integer N ≥ 0
such that

E = En(φ)⊕Ker(φn) for all n ≥ N.

Proof: The morphisms in and pn induce a C-linear map

Hom(pn, in) : EndOM
(En(φ)) → EndOM

(En−1(φ))

u 7→ in ◦ u ◦ pn−1.

Since in is a monomorphism and pn is an epimorphism, Hom(pn, in) is an injective map. The
C-vector space EndOM

(E) is finite-dimensional because M is compact and E is coherent.
Therefore, there exists an integer N ≥ 0 such that

dim(EndOM
(En(φ))) = dim(EndOM

(En−1(φ))) for all n ≥ N.

This implies that the map Hom(pn, in) is an isomorphism of C-vector spaces for all
n ≥ N . In particular, for such n, there exists an element u ∈ EndOM

(En(φ)) such that
inupn = 1. It follows that pn is a monomorphism and in is an epimorphism. Thus, pn and
in are isomorphisms for all n ≥ N . For any such integer n, consider the exact sequence

0 → Ker(φn) → E
qn−→ En(φ) → 0, (36)

where qn is the morphism φn considered as a map to En(φ). Let jn : En(φ) ↪→ E be
the natural inclusion morphism. Then, qnjn : En(φ) → En(φ) can be factored into the
composition

En(φ)
pn−→ · · · p2n−1−−−→ E2n(φ) i2n−−→ E2n−1(φ)

i2n−1−−−→ · · · in+1−−−→ En(φ).
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All the arrows in the above composition are isomorphisms, hence qnjn is an automorphism
of En(φ). Therefore, the short exact sequence (36) splits, and we obtain

E = Ker(φn)⊕ En(φ).

¤

Definition 6.2 — We say that a holomorphic vector bundle E over a complex manifold
M is indecomposable if whenever E1 and E2 are holomorphic subbundles of E such that
E = E1 ⊕ E2, we have either E1 = 0 or E2 = 0.

Proposition 6.3 — Let E be an indecomposable holomorphic vector bundle over a compact
complex manifold M . Then, every global endomorphism φ ∈ EndOM

(E) is of the form
λ1E + ψ, where λ ∈ C and ψ ∈ EndOM

(E) is nilpotent.

Proof: For any point x ∈ M , let P (x, t) =
∑r

i=0 ai(x)ti ∈ C[t] denote the characteristic
polynomial of the C-linear map φ(x) : E(x) → E(x), where r denotes the rank of E. The
formula P (x, t) = det(φ(x)−t1) implies that the coefficients ai(x) of P (x, t) are holomorphic
functions of x. Since M is compact, these functions are constant, so P (x, t) = P (t) is
independent of x.

Let λ be a root of the polynomial P (t) in C, and consider the endomorphism ψ = φ−λ1E

of E. Proposition 6.1 gives the Fitting decomposition

E = Ker(ψn)⊕En(ψ)

for a sufficiently large integer n. Nakayama’s Lemma implies that every projective finite
module over a local ring is free. Therefore, the direct summand subsheaves Ker(ψn) and
En(ψ) of the locally free sheaf E are, in fact, subbundles of E. Since E is indecomposable,
we must have either Ker(ψn) = 0 or En(ψ) = 0. In the former case, ψn (and hence ψ) is
an automorphism of E, and in the latter case ψ is nilpotent. Let x be an arbitrary point
of M , and let v ∈ E(x) be an eigenvector of φ(x) : E(x) → E(x) for the eigenvalue λ.
Then, ψ(x)(v) = 0 and v 6= 0, so ψ cannot be an automorphism of E. Therefore, ψ must
be nilpotent. ¤

Recall that a Remak decomposition of a holomorphic vector bundle E over a complex
manifold is a splitting

E = E1 ⊕ · · · ⊕ Ek (37)

of E into indecomposable subbundles Ei. The Krull-Schmidt Theorem [2, Theorem 3] states
that every holomorphic vector bundle E over a compact complex manifold M has a Remak
decomposition (37), and that the isomorphism classes of the summands Ei are unique up
to permutation.

Proposition 6.4 — Let E = E1 ⊕ · · · ⊕ Ek be a Remak decomposition of a holomor-
phic vector bundle E over a compact complex manifold M . Then, E has a holomorphic
connection if and only if each Ei has one.



36 INDRANIL BISWAS AND N. RAGHAVENDRA

Proof: The jet bundle functor is additive, i.e., we have a canonical isomorphism

Φ : J1(E) ∼= J1(E1)⊕ · · · ⊕ J1(Ek).

This gives rise to an isomorphism of extensions

0 // Ω1(E)
i //

1
²²

J1(E)

Φ
²²

p
// E

1

²²

// 0

0 // ⊕lΩ1(El) ⊕il

// ⊕lJ1(El) ⊕pl

// ⊕lEl
// 0

(38)

where the morphisms are the ones in the Jet Bundle Exact Sequences of E and the El.
Further, the diagram

J1(E)

π

²²

p
// E

πl

²²
J1(El) pl

// El

commutes, where π and πl are the canonical projections given by the direct sum decom-
positions of E and J1(E). Therefore, every splitting of the top row of (38) gives rise to a
splitting of the Jet Bundle Exact Sequence of El for all l. It follows, by Proposition 5.8,
that if E admits a holomorphic connection, then so does each Ei. The converse also follows
similarly from diagram (38). ¤

We now consider the special case when the base manifold is a compact Riemann surface
X. To begin with, we recall Serre duality for holomorphic vector bundles over X. Let E be
a holomorphic vector bundle over X, and let 〈·, ·〉 : E ×E∗ → OX be the canonical pairing
between E and its dual. This pairing induces an OX -bilinear sheaf morphism

Ap(E)×Aq(E) → Ap+q(X)

(α, b) 7→ α ∧ b,

where Ap(E) denotes the sheaf of C∞ complex p-forms on X with values in E, and Ar(X)
denotes the sheaf of C∞ complex-valued r-forms on X. This OX -bilinear morphism is
characterized by the property that

(ω ⊗ s) ∧ (τ ⊗ u) = 〈s, u〉ω ∧ τ

for all ω ∈ Ap(U), τ ∈ Ap(U), s ∈ E(U), u ∈ E∗(U) and U open in X. The above bilinear
sheaf morphism induces a C-bilinear map

S : H1(X, Ω1(E))×H0(X, E∗) → C (39)

as follows. Let a ∈ H1(X, Ω1(E)), and let u ∈ H0(X, E∗). Using the Dolbeault isomorphism,
identify H1(X, Ω1(E)) with H1,1(X, E), and consider a as an element of H1,1(X,E). We can
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then represent a as a = [α], where α ∈ A1,1(E)(X) and ∂Eα = 0. Since α ∧ u ∈ A1,1(X),
we can define

S(a, u) =
∫

X
α ∧ u.

The Stokes theorem and the relation

∂(ω ∧ τ) = ∂Eω ∧ τ + (−1)pω ∧ ∂E∗τ, ω ∈ Ap(E)(X), τ ∈ Aq(E∗)(X),

ensure that the integral above is well defined.

We now consider the special case of an endomorphism bundle EndOX
(E), where E is a

holomorphic vector bundle. The trace pairing

EndOX
(E)× EndOX

(E) → OX

(u, v) 7→ Tr(uv)

is a nondegenerate bilinear map, and induces an isomorphism of EndOX
(E) with EndOX

(E)∗.
Combining this self-duality with Serre duality for EndOX

(E), we obtain a nondegenerate
bilinear pairing

S̃ : H1(X, Ω1(EndOX
(E)))×H0(X, EndOX

(E)) → C (40)

given by

S̃(a, u) =
∫

X
Tr(αu), (41)

where α ∈ A1,1(EndOX
(E))(X) is a Dolbeault representative of a.

Let M be a complex manifold. Recall that an OM -module E is said to be torsion-free if
for every point x ∈ M , the stalk Ex is a torsion-free OM,x-module. For any OM -module E,
and for any open subset U of M , we define

Etors(U) = {s ∈ E(U) | sx ∈
(
Ex

)
tors
},

where
(
Ex

)
tors

denotes the torsion OM,x-submodule of Ex. The Etors(U) form a subsheaf,
in fact, an OM -submodule, Etors of E. We call Etors the torsion OM -submodule of E.
We have Etors = Ker(ε), where ε is the canonical morphism from E to its bidual E∗∗ [7,
Chapter 3, Section 3.3]. If E is coherent, then so is its bidual, hence Etors is then a coherent
OM -module.

Now, let X be a Riemann surface, let E be a holomorphic vector bundle over X, and let
F be a coherent OX -submodule of E. Being a subsheaf of a torsion-free sheaf, F is itself a
torsion-free OX -module. Since the local rings of X are principal ideal domains, this implies
that F is locally free. We say that F is a subbundle of E if the coherent sheaf E/F is also
a locally free or, equivalently, torsion-free, OX -module.

Lemma 6.5 — Let E be a holomorphic vector bundle over a Riemann surface, and let F

be a coherent OX -submodule of E. Then, there exists a unique OX -submodule 〈F 〉 of E

such that
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(1) 〈F 〉 is a subbundle of E, and contains F .
(2) If G is an OX -submodule of E, which is a subbundle of E and contains F , then

〈F 〉 ⊂ G.

We call 〈F 〉 the subbundle of E generated by F .

Proof: Let Q = E/F , and let Qtors denote the torsion OX -submodule of Q. Define
〈F 〉 = p−1(Qtors), where p : E → Q denotes the canonical projection. We then have an
exact sequence of OX -modules

0 → 〈F 〉 → E → Q/Qtors → 0.

Since E, Q and Qtors are all coherent, so is 〈F 〉. By the definition of Qtors, Q/Qtors is
torsion-free. Therefore, 〈F 〉 is a subbundle of E. Since F = Ker(p), it is an OX -submodule
of 〈F 〉. Suppose that G is a coherent subsheaf of E, which is a subbundle of E and contains
F . Let q : E → E/G be the canonical projection. We can then factor the restriction
q|〈F 〉 : 〈F 〉 → E/G into the composition

〈F 〉 p|〈F 〉−−−→ Qtors
i−→ Q

u−→ E/G,

where i is the inclusion map of Qtors in Q, and u is the map E/F → E/G induced by the
inclusion F ↪→ G. Since there are no nonzero homomorphisms from a torsion module to a
torsion-free module, the composition u ◦ i must be zero. Therefore, q|〈F 〉 = 0, i.e., 〈F 〉 ⊂ G.
This proves the existence of 〈F 〉. The uniqueness is obvious from the properties (1) and
(2). ¤

Lemma 6.6 — Let φ : E → F be a homomorphism of holomorphic vector bundles over
a Riemann surface X. Suppose that E′ and F ′ are coherent OX -submodules of E and F ,
respectively, such that φ(E′) ⊂ F ′. Then, φ(〈E′〉) ⊂ 〈F ′〉, where 〈E′〉, etc., are as in Lemma
6.5.

Proof: The OX -submodule φ−1(〈F ′〉) of E is coherent since it is the kernel of the OX -
homomorphism p ◦ φ : E → F/〈F ′〉, where p : F → F/〈F ′〉 is the canonical projection.
Moreover, φ : E → F induces an injective OX -homomorphism E/φ−1(〈F ′〉) → F/〈F ′〉. By
definition of 〈F ′〉, F/〈F ′〉 is torsion-free, hence E/φ−1(〈F ′〉) is also torsion-free. Therefore,
φ−1(〈F ′〉) is a subbundle of E. Since E′ ⊂ φ−1(F ′) ⊂ φ−1(〈F ′〉), condition (2) in Lemma
6.5 implies that 〈E′〉 ⊂ φ−1(〈F ′〉), i.e., φ(〈E′〉) ⊂ 〈F ′〉. ¤

Let E be a holomorphic vector bundle over a complex manifold M , and let E• be a flag
0 = E0 ⊂ E1 ⊂ · · · ⊂ Ek = E of holomorphic subbundles of E. Let EndOM

(E•) be the
OM -submodule of EndOM

(E) consisting of endomorphisms which preserve the flag E•, i.e.,
for any open subset U of M , we have

EndOM
(E•)(U) = {u ∈ EndOM

(E)(U) |uV (Ei(V )) ⊂ Ei(V ) ∀V ⊂ U, 0 ≤ i ≤ k}.
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The sheaf EndOM
(E•) is a subbundle of EndOM

(E). The inclusion morphism i from
EndOM

(E•) to EndOM
(E) induces a C-linear map from

i∗ : H1(M, Ω1(EndOM
(E•))) → H1(M, Ω1(EndOM

(E))).

Lemma 6.7 — With notation as above, the Atiyah class at(E) ∈ H1(M, Ω1(EndOM
(E)))

belongs to the image of the canonical map

i∗ : H1(M, Ω1(EndOM
(E•))) → H1(M, Ω1(EndOM

(E))).

Proof: Let {Uα}α∈A be an open cover of M , and suppose that on each Uα there exists
a holomorphic frame sα = {sα1, . . . , sαr} of E such that for each i ∈ 1, . . . , k, the subset

s(i)
α = {sα1, . . . , sαri}

is a frame of Ei, where ri denotes the rank of Ei. Let aαβ = (aαβij) : Uα∩Uβ → GLr(C) be
the transition function defined by sβj =

∑r
i=1 aαβijsαi. Then, each function aαβ is a block

matrix of the form




A11 A12 . . . A1,k−1 A1k

0 A22 . . . A2,k−1 A2k

...
... . . .

...
...

0 0 . . . 0 Akk




, (42)

where the elements of each block are functions on Uα ∩ Uβ, and each diagonal block Aii is
a di × di matrix, di being the rank ri − ri−1 of Ei/Ei−1. It is clear that daαβ is also of the
form (42), with each block Aij consisting of 1-forms on Uα∩Uβ. Since matrices of the shape
(42) form a subgroup of GLr(C), it follows that hαβ = −aβαdaαβ is also of the form (42).
Any endomorphism of E|Uα∩Uβ

whose matrix with respect to the frame sβ is of the form
(42) preserves the flag E•. Therefore, the 1-form uαβ ∈ Ω1(EndOM

(E))(Uα∩Uβ
) defined by

uαβ(sβj) =
∑

i

hαβij ⊗ sβi

is an element of Ω1(EndOM
(E•))(Uα∩Uβ

). Since the Atiyah class at(E) is the cohomology
class in H1(M, Ω1(EndOM

(E))) of the Čech cocycle uαβ (Section 4.4), it follows that at(E)
is, in fact, the cohomology class of a 1-cocycle with values in Ω1(EndOM

(E•)). In other
words, at(E) lies in the image of i∗. ¤

Consider a flag E• as above. Now, suppose that E carries a Hermitian metric h. Let D be
the unique unitary C∞ connection in E that is compatible with the holomorphic structure
of E. It was seen in Section 4 that the curvature R is of bidegree (1, 1), i.e., an element
of A1,1(EndOM

(E))(M), and that ∂ER = 0, where ∂E denotes, by abuse of notation, the
Cauchy-Riemann operator of EndOM

(E). Thus, R defines a Dolbeault cohomology class
[R] in H1,1(M, EndOM

(E)).
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Lemma 6.8 — With notation as above, the Dolbeault class [R] in H1,1(M, EndOM
(E)),

of the curvature R of (E, h), belongs to the image of the canonical map

i∗ : H1,1(M, EndOM
(E•)) → H1,1(M, EndOM

(E)).

Proof: The Dolbeault isomorphism commutes with inclusions of holomorphic subbun-
dles. Therefore, the diagram

H1,1(M, EndOM
(E•))

φ ∼=
²²

i∗ // H1,1(M, EndOM
(E))

δ∼=
²²

H1(M, Ω1(EndOM
(E•)))

i∗
// H1(M, Ω1(EndOM

(E)))

commutes, where φ and δ denote the Dolbeault isomorphisms, and i∗ denotes the canonical
maps. Since R is a (1, 1)-form, it follows from Proposition 4.5 that δ([R]) = −at(E). The
result now follows from Lemma 6.7. ¤

Remark 6.9 : Lemma 6.8 is related to the notion of the second fundamental form in the
following manner. Suppose that the flag E• consists of just one subbundle E1 = S. Let
Q = E/S. Since Q is isomorphic, as a C∞ vector bundle, to the orthogonal complement
bundle S⊥ of F in E, the metric h in E induces a C∞ Hermitian metric hQ in E. Let
hS denote the metric induced in S. Let DS and DQ denote the unitary connections that
are compatible with the holomorphic structures of S and Q, respectively. Let RS and RQ

denote their curvatures. Let A ∈ A1,0(HomOM
(S,Q))(M) denote the second fundamental

form of S in E with respect to the metric h. It is defined by As = p(Ds), where p : E → Q

is the canonical projection. The Gauss-Codazzi equations [9, Chapter I, Section 6] state
that

R =

(
RS −A∗ ∧A D′A∗

−∂A RQ −A ∧A∗

)
= U − ∂V,

where

U =

(
RS −A∗ ∧A D′A∗

0 RQ −A ∧A∗

)
and V =

(
0 0
A 0

)
.

The form U preserves the subbundle S, i.e., is an element of A1,1(EndOM
(E•))(M). On

the other hand, using the C∞ orthogonal decomposition E = S⊕Q, we can identify V with
A. Thus, the curvature R differs from the flag-preserving form U by the coboundary of
the second fundamental form A. In particular, the Dolbeault classes of R and U are equal.
This gives another proof of Lemma 5.8 in the special case when the flag E• consists of just
one subbundle.

Proposition 6.10 — Let E be a holomorphic vector bundle over a compact Riemann
surface X, and let

S̃ : H1(X, Ω1(EndOX
(E)))×H0(X, EndOX

(E)) → C
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be the nondegenerate C-bilinear pairing defined by (41). Let φ ∈ H0(X, EndOX
(E)). Then

S̃(at(E), φ) =





2π
√−1 deg(E) if φ = 1E

0 if φ is nilpotent,

where at(E) ∈ H1(X,Ω1(EndOX
(E))) is the Atiyah class of E, and deg(E) denotes the

degree
∫
X c1(E) of E.

Proof: Fix a C∞ Hermitian metric h in E, and let D be the unique C∞ unitary
connection in E that is compatible with the holomorphic structure of E. Let R denote the
curvature of D. Since R is of type (1, 1), it defines a Dolbeault cohomology class [R] in
H1,1(X, EndOX

(E)) (Section 4). Proposition 4.5 implies that the Dolbeault isomorphism
from H1(X,Ω1(EndOX

(E))) to H1,1(X, EndOX
(E)) carries the Atiyah class at(E) to −[R].

Therefore, by the definition (41) of the pairing S̃, we have

S̃(at(E), φ) = −
∫

X
Tr(Rφ). (43)

If φ = 1E , we thus have

S̃(at(E),1E) = −
∫

X
Tr(R).

According to the Chern-Weil theory, the first Chern class c1(E) ∈ H2(X,C) is represented
by the de Rham class of the 2-form −Tr(R)/2π

√−1. Therefore,

−
∫

X
Tr(R) = 2π

√−1
∫

X
c1(E) = 2π

√−1 deg(E).

This proves that S̃(at(E),1E) = 2π
√−1 deg(E). Next, suppose that φ ∈ H0(X, EndOX

(E))
is nilpotent. For each integer i ≥ 0, let F i be the OX -submodule of E defined by F i =
Im(φi), where φi : E → E is the i-fold iterate of φ. Let Ei = 〈F i〉 be the subbundle of E

generated by F i (Lemma 6.5). Since F i+1 ⊂ F i ⊂ Ei and Ei is a subbundle of E, condition
(2) of Lemma 6.5 implies that Ei+1 ⊂ Ei. Since φ is nilpotent, there exists an integer i

such that F i, and hence Ei, is zero. Let k be the least such integer i. We then have a flag
E•

E = E0 ⊃ E1 ⊃ · · · ⊃ Ek−1 ⊃ Ek = 0

of holomorphic subbundles of E. Let EndOX
(E•) be the OX -submodule of EndOX

(E)
consisting of endomorphisms of E which preserve the flag E•. It follows from Lemma 6.8
that the Dolbeault class [R] lies in the image of the canonical map

H1,1(M, EndOM
(E•)) → H1,1(M, EndOM

(E)).

Let U be a form in Z1,1(EndOM
(E•))(M) which is cohomologous to R in H1,1(M, EndOM

(E)).
Then

S̃(at(E), φ) = −
∫

X
Tr(Rφ) = −

∫

X
Tr(Uφ). (44)

Now, let x be a point in X, and let v and w be complex tangent vectors to X at x, i.e.,
elements of TxX ⊗R C. Since U is a flag-preserving form, the C-linear map
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U(x)(v, w) : E(x) → E(x) carries each subspace Ei(x) to Ei(x). On the other hand,
since φ(F i) ⊂ F i+1, Lemma 6.6 implies that φ(Ei) ⊂ Ei+1. Therefore, U(x)(v, w) ◦ φ(x)
carries Ei(x) to a C-subspace of Ei+1(x). Since E0(x) = E(x) and Ek(x) = 0, it follows
that U(x)(v, w) ◦ φ(x) is a nilpotent endomorphism of E(x), so Tr(U(x)(v, w) ◦ φ(x)) = 0.
Since the point x was arbitrary, it follows that Tr(Uφ) = 0. Thus, by (44), we obtain
S̃(at(E), φ) = 0. ¤

Theorem 6.11 — Let E be an indecomposable holomorphic vector bundle over a compact
Riemann surface X. Then, E has a holomorphic connection if and only if deg(E) = 0.

Proof: Since E is indecomposable, Proposition 6.3 implies that every endomorphism
φ ∈ H0(X, EndOX

(E)) is of the form φ = λ1E + ψ, where λ ∈ C and ψ is a nilpotent
endomorphism of E. Since Tr(ψ) = 0, λ = Tr(φ)/rk(E). (The trace of φ is a global
holomorphic function on X, and is hence constant). It follows, from Proposition 6.10, that

S̃(at(E), φ) = 2π
√−1Tr(φ)

deg(E)
rk(E)

for all φ ∈ H0(X, EndOX
(E)).

Thus, S̃(at(E), φ) = 0 for all φ if and only if deg(E) = 0. Since S̃ is a nondegenerate
pairing, this implies that at(E) = 0 if and only if deg E = 0. ¤

Theorem 6.12 — (The Atiyah-Weil Criterion). Let E = E1 ⊕ · · · ⊕ Ek be a Remak
decomposition of a holomorphic vector bundle E over a compact Riemann surface X. Then,
E has a holomorphic connection if and only if deg(Ei) = 0 for all i = 1, . . . , k.

Proof: The statement is an immediate consequence of Proposition 6.4 and Theorem
6.11. ¤

Remark 6.13 : In the Séminaire Bourbaki article [8], Grothendieck considers a discrete
group π acting properly on a complex manifold M , and develops the notions of bundles
invariant under the action of π. The article discusses the Atiyah-Weil criterion for such
vector bundles when the base M is a Riemann surface X [8, p. 141-13].

7. Perfect Fields

Take any field k of arbitrary characteristic. The characteristic of k will be denoted by p.
Let X be a smooth projective curve defined over the field k.

Take any vector bundle E over X. Let

0 → EndOX
(E) i−→ At(E) σ1−→ TX → 0 (45)

be the corresponding Atiyah exact sequence constructed in (10). We recall that At(E) is
the subbundle of the sheaf Diff 1(E) of first order differential operators whose symbol is of
the form s⊗ IdE , where s is a locally defined vector field on X.

A connection on E is a splitting of the exact sequence in (45).
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Let ΩX denote the cotangent bundle of X. A splitting homomorphism TX −→ At(E) ⊂
Diff 1(E) for the Atiyah exact sequence in (45) gives a first order differential operator

D : E −→ E ⊗ ΩX (46)

satisfying the Leibniz identity. We recall that the Leibniz identity says that D(φ · s) =
φ ·D(s) + s⊗ dφ, where φ is any locally defined function on X and s is any locally defined
section of E.

Consequently, giving a connection on E is equivalent to giving a differential operator as
in (46) that satisfies the Leibniz identity.

If a vector bundle E over X admits a connection, then the degree of E must be a multiple
of p [3].

Let ` be a finite field extension of k. Set Y := X ×k `. Let

f : Y −→ X (47)

be the natural projection defined by the inclusion of k in `. We note that the degree of the
morphism f coincides with the degree of the field extension. Take any vector bundle V over
Y . Let

W := f∗V (48)

be the vector bundle over X obtained by taking the direct image of V using the morphism
f defined in (47).

Lemma 7.1 — If the vector bundle V over Y admits a connection, then the vector bundle
W over X (defined in (48)) also admits a connection.

Proof: Let ΩY denote the cotangent bundle of Y . Let D : V −→ V ⊗ ΩY be a
differential operator (as in (46)) satisfying the Leibniz identity giving a connection on V .
Take any locally defined section s of V defined on the open subset f−1(U), where U ⊂ X

is some open subset and f is the morphism in (47). Therefore, D(s) is a section of V ⊗ΩY

defined over f−1(U). So D(s) gives a locally defined section of f∗(V ⊗ ΩY ) defined on the
open subset U of X. Since f∗ΩX = ΩY , the projection formula says

f∗(V ⊗ ΩY ) = (f∗V )⊗ ΩX = W ⊗ ΩX .

Consequently, D(s) gives a section of W ⊗ ΩX defined over U .

The differential operator D gives a differential operator

D̂ : W −→ W ⊗ ΩX

which is determined by the following condition: for any section s of V defined on the inverse
image of some open subset U ⊂ X, the section of W ⊗ΩX over U given by D(s) coincides
with D̂(ŝ), where ŝ is the section of f∗V = W over U given by s.

Since D satisfies the Leibniz identity, and d(φ ◦ f) = f∗(dφ) for any locally defined
function φ on X, we conclude that the differential operator D̂ also satisfies the Leibniz
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identity. Therefore, D̂ is a connection on the vector bundle W . This completes the proof
of the lemma. ¤

Let Y be an irreducible projective curve defined over a field `. Following [1] we define:

Definition 7.2 — A vector bundle V over Y is called absolutely indecomposable if there
is an algebraic closure ` of ` such that the corresponding vector bundle V ⊗` ` over Y ×` `

is indecomposable.

A vector bundle W over Y ×` ` is indecomposable if and only if the Jacobson rad-
ical of the algebra H0(Y ×` `, EndOY×``

(W )) is ` [3, Proposition 16], [1, page 1324].

If ˜̀ is an algebraically closed field containing `, then the Jacobson radical of the alge-
bra H0(Y ×`

˜̀, EndO
Y×`

è(W )) is ˜̀ if and only if the Jacobson radical of the algebra

H0(Y ×``, EndOY×``
(W )) is ` (this follows from the fact that the cohomology base changes).

Therefore, we conclude that the condition that a vector bundle over Y is absolutely inde-
composable does not depend on the choice of the algebraic closure `.

Theorem 7.3 — Let k be a perfect field of arbitrary characteristic. Let X be a smooth
projective curve defined over k. A vector bundle E over X admits a connection if the degree
of each indecomposable component of E is zero.

Let p denote the characteristic of the perfect field k. Assume that p > 0. Let E be a
vector bundle over X with the following property: the rank of each of the indecomposable
components of E is not divisible by p. Then E admits a connection if and only if the degree
of each indecomposable component of E is a multiple of p.

Proof: We will first reduce to the case of indecomposable vector bundles. This will be
achieved using the following lemma:

Lemma 7.4 — Take any two vector bundles V1 and V2 over X. The direct sum V1 ⊕ V2

admits a connection if and only if both V1 and V2 admit a connection. Consequently, a
vector bundle V over X admits a connection if and only if each of the indecomposable
components of V admits a connection.

Proof: If D1 and D2 are connections on V1 and V2 respectively, then D1⊕D2 is indeed
a connection on V1 ⊕ V2.

Conversely, if D is a connection on the vector bundle V1⊕V2, then the differential operator

(qVi ⊗ IdΩX
) ◦D ◦ ιVi : Vi −→ Vi ⊗ ΩX ,

i = 1, 2, is a connection on the vector bundle Vi, where ιVi : Vi ↪→ V1⊕V2 is the inclusion
morphism, and

qVi : V1 ⊕ V2 −→ Vi

the natural projection. This proves the lemma. ¤
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Continuing with the proof of the theorem, we note that every vector bundle over X is
isomorphic to a direct sum of indecomposable vector bundles. In view of Lemma 7.4 it
therefore suffices to prove the theorem under the assumption that the vector bundle E is
indecomposable.

Let E be an indecomposable vector bundle over X. Since the field k is perfect, there is
a finite field extension ` of k with the following property: There is an absolutely indecom-
posable vector bundle V over Y := X ×k ` such that the direct image f∗V is isomorphic
to E, where f is the morphism in (47) [1, Theorem 1.8] [14]. In [1] this result is attributed
to Tillmann.

It is easy to see that for any vector bundle W over Y we have

degree(f∗W ) = d · degree(W ) , (49)

where d is the degree of the extension field ` of k.

Assume now that degree(E) = 0. Since f∗V ∼= E, using (49) we conclude that
degree(V ) = 0.

Let ` be an algebraic closure of `. We note that the vector bundle V ⊗` ` over Y ×` ` is
indecomposable; recall that V is absolutely indecomposable. Also,

degree(V ⊗` `) = degree(V ) = 0 .

Since V ⊗` ` is an indecomposable vector bundle of degree zero over Y ×` `, and `

is algebraically closed, we conclude that the vector bundle V ⊗` ` over Y ×` ` admits a
connection [3].

Consider the Atiyah exact sequence

0 → EndOY
(V ) → At(V ) → TY → 0 (50)

for the vector bundle V ; see (45). Let

τ ∈ H1(Y, EndOY
(V )⊗OY

ΩY ) (51)

be the corresponding extension class. Let

0 → EndOY×``
(V )⊗` ` → At(V )⊗` ` → (TY )⊗` ` = T (Y ×` `) → 0 (52)

be the exact sequence of vector bundles over Y ×` ` given by (50) using base change to `.
The extension class for (52)

τ̂ ∈ H1(Y ×` `, (EndOY
(V )⊗OY

ΩY )⊗` `)

coincides with τ ⊗ 1, where τ is the cohomology class in (51). Note that

H1(Y ×` `, (EndOY
(V )⊗OY

ΩY )⊗` `) = H1(Y, EndOY
(V )⊗OY

ΩY )⊗` ` .

Hence τ ⊗ 1 ∈ H1(Y ×` `, (EndOY
(V )⊗OY

ΩY )⊗` `).
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The exact sequence in (52) evidently coincides with the Atiyah exact sequence for the
vector bundle V ⊗` `. We have shown that V ⊗` ` admits a connection. In other words, the
Atiyah exact sequence for V ⊗` ` splits. Therefore,

τ ⊗ 1 = 0 (53)

as it is the extension class for (52).

From (53) it follows that τ = 0. In other words, the Atiyah exact sequence (50) splits.
Therefore, the vector bundle V admits a connection.

Since V admits a connection, from Lemma 7.1 it follows that the vector bundle E over
X admits a connection. This completes the proof of the first part of the theorem.

Let p denote the characteristic of k. To prove the second part of the theorem, assume
that p > 0. In view of Lemma 7.4, it is enough to prove for indecomposable vector bundles.
Let E be an indecomposable vector bundle over X of rank r with the condition that r is
not a multiple of p.

As before, take ` and V for the indecomposable vector bundle E which are given by [1,
Theorem 1.8]. Since

d · rank(V ) = rank(E) =: r ,

where d is the degree of the field extension ` of k, and r is coprime to p, we conclude that
d is coprime to p.

Assume now that the degree of E is a multiple of p. Then, using (49) together with the
above observation that d is coprime to p, we conclude that degree(V ) is also a multiple of
p.

Since V is absolutely indecomposable, and degree(V ) is a multiple of p, repeating the
argument in the proof of the first part of the theorem we conclude that V admits a connec-
tion. Hence by Lemma 7.1, the vector bundle E admits a connection. This completes the
proof of the theorem. ¤
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Bourbaki: 1956/1957–1957/1958, W. A. Benjamin, Inc., New York and Amsterdam, 1966,
pp. Exp. No. 141, 57–71.

9. S. Kobayashi, Differential geometry of complex vector bundles, Publications of the Mathe-
matical Society of Japan, No. 15, Princeton University Press, Princeton, NJ, 1987, ISBN
0-691-08467-X.

10. Y. Kosmann-Schwarzbach and K. C. H. Mackenzie, Differential operators and actions of Lie
algebroids, in Voronov [15], pp. 213–233, arXIV: math. DG/0209337.

11. M. S. Narasimhan, Vector bundles on compact Riemann surfaces, in [5], pp. 63–88.

12. R. S. Palais, Differential operators on vector bundles, in Palais [13], chapter IV, pp. 51–91.

13. R. S. Palais (ed.), Seminar on the Atiyah-Singer index theorem, Annals of Mathematics
Studies, No. 57, Princeton, N.J., Princeton University Press, 1965.

14. A. Tillmann, Unzerlegbare vectorbündel über algebraischen kurven, Thesis at the Fernuni-
veruniversität in Hagen, 1983.

15. T. Voronov (ed.), Quantization, Poisson brackets and beyond, Contemporary Mathematics,
no. 315, Providence, RI, American Mathematical Society, 2002.
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