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In this paper we define the sequence spaicgM.p,q,s) ON @ Seminormed complex linear space,
by using an Orlicz function. We give various properties and some inclusion relations on this
space.
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1. INTRODUCTION

Let /-, andc denote the Banach spaces of real bounded and convergent sequen¢es) normed
by ||z|| = sup,, |z»|, respectively.

Let o be a one to one mapping of the set of positive integers into itself suclrtiat) =
o (c"71(n)), k = 1,2,.... Acontinuous linear functiona on ¢, is said to be an invariant mean
or ac—mean if and only if

(i) ¢ () > 0 when the sequence= (x,) hasx,, > 0 for all n,
(i) ¢ (e) = 1, wheree = (1,1, 1, ...) and
(i) ({xo(n)}) =p{z,}) forallz € l.

If o is the translation mapping — n + 1, ac—mean is often called a Banach limit [2], and
V., the set ofo —convergent sequences, that is, the set of bounded sequences all of whose invariant
means are equal, is the g(‘éof almost convergent sequences [7].
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If & = (), setTz = (Tzn) = (2,(n)) - It can be shown (see Schaefer [12]) that
Vo = {a: = (zp) : lilintkn (x) = Le uniformly inn, L = o — limx} , (1.1)

where
k

1 ,
- J
tin () k‘+1ZT Ty
7=0
The special case of (1.1) , in whieh(n) = n + 1 was given by Lorentz [7].

Subsequently invariant means have been studied by Ahmad and Mursaleen[1], Mursaleen [8,
9], Raimi [11] and many others.

The space

BV, = {x €l Z |¢rn ()| < 0o, uniformly in n}
k
was defined by Mursaleen [8], where

¢k,n (x) = tkn (1') - tkfl,n (CU)
assuming thaty,, (x) =0, for k = —1.
A straightforward calculation shows that
1 .
Fk+1) 2 J (xaj(n) - xoj—l(n)) , (k>1)
¢k,n (1’) = =1
T, (k=0).

Note that for any sequencesy and scalan, we have

P (T +Y) = pn (T) + P (y)  and  dpp (M) = Mg (7) -

An Orlicz function is a functionM : [0,00) — [0, 00), which is continuous, non decreasing
and convex withM (0) = 0, M(x) > 0 for x > 0 andM (z) — oo asz — oo. (For detail see
Krasnoselskii and Rutickii [5]).

It is well known that if A/ is a convex function and/ (0) = 0, thenM (Az) < AM (z) for all
Awith0 < A < 1.

Lindenstrauss and Tzafriri [6] used the idea of Orlicz function to construct the sequence space

EM:{J:Ew:ZEOIMCzH) < 0o, forsome ,0>O}.
)

The spacé, is a Banach space with the norm
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Joll =t {p>0: 53, a1 (261) <1}

and this space is called an Orlicz sequence spaceMFan = P, 1 < p < oo, the spacey,
coincides with the classical sequence space

Definition 1.1 — Any two Orlicz functionsM; and M, are said to be equivalent if there are
positive constanta and/3, andxz, such thatM; (ax) < M (x) < M, (Bz) forall z with 0 < z <
xo (See Kamthan and Gupta [4]).

Later on, different types of sequence spaces were introduced by using an Orlicz function by
Mursaleeret al. [10], Choudhary and Parashar [3], Tripathy and Mahanta [13] and many others.

A sequence spack is said to be solid (or normal) ffoxxr) € E whenever(zy) € FE for all
sequenceéuy,) of scalars withag | < 1.

It is well known that a sequence spageas normal implies thaly is monotone (See for instance
Kamthan and Gupta [4]).

Definition 1.2 — Letq;, g2 be seminorms on a vector spa¥e Theng; is said to be stronger
than g, if whenever(z,,) is a sequence such that(z,) — 0, then alsog(z,,) — 0. If each is
stronger than the othegs andgs are said to be equivalent (one may refer to Wilansky [14]).

Lemmal.3 — Letg; andg, be seminorms on a linear spa&e Theng; is stronger tharg, if
and only if there exists a constafitsuch thatg, (z) < T'q; (z) for all x € X (see for instance
Wilansky [14]).

Letp = (pr) be a sequence of strictly positive real numbéfd)e a seminormed space over the
field C of complex numbers with the seminomm M be an Orlicz function and > 0 be a fixed
real number. Then we define the sequence spac¢e(M, p, ¢, s) as follows:

BV, (M, p,q,5) = {x: (z1) € X : ik—s [M <q <¢’“;(m)>)rk < o, lorsomep >0 }

Py uniformly in n

Itis clear thaty <¢k”;(x)> _ (k. (7)) for any seminorng and anyp > 0. Throughout the

)
paper we writey <W> instead ofM,
P p

We get the following sequence spaces fré¥, (M, p, ¢, s) by choosing some of the special
p, M ands :
For M (z) = = we get
BV, (p,q,5) = {x = (@) € X+ 3k [(¢ (g0 (2)))]” < oo, uniformly in n} ,
k=1

for pr, = 1, for all k € N, we get
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BV, (Mig,s) = {x e XY [M (q (m,n mm < o, forsomep >0 }

P uniformly in n

for s = 0 we get

BV, (M,p,q) = {x = (@) EX: g [M (q (¢k”;(x))>]pk < oo, Orsome s >0 }

uniformly in n

for M(z) = x ands = 0 we get

BVO’ (p7 Q) = {.T - xk € X Z d)k:n < OO,uniformly in n} ,

forp, = 1, forall k € N, ands = 0 we get

3 n f >0
BV, (M, q) = x:(xk)GX:Z[M (q <W>>} < 0, Or.somep. e
k=1 P uniformly in n

for M (z) = z, pr, = 1, forall k € N, ands = 0 we have

BV; (q) = {x = (z) € X : Zq Gk (z)) < 00, uniformly in n}
k=1

The following inequality will be used throughout the paper. ket (p;) be abounded sequence
of strictly positive real numbers with < p;, < supp, = H, D = max (1,27~1)  then

lag + bk|"* < D {|ag[P* + bk}, (1.2)
whereq;,, b, € C.
2. MAIN RESULTS

In this section we will prove the general results of this paper on the sequence®gatck/, p, q, s) ,
those characterize the structure of this space.

Theorem?2.1 — The sequence spadeV, (M, p,q,s) is a linear space over the fiel@ of
complex numbers

PROOF Letz,y € BV, (M,p,q,s) anda, 3 € C. There exist some positive; and p, such

that
0 Pk
Z k=* [M <q <<Z>km(:v)>)] < 0o, uniformly in n
k=1

P1

and
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Z k—* [M (q (g%(y)))]pk < 00, uniformly in n.
k=1

P2

Defineps = max (2|«a| p1,2|8| p2) - SinceM is non- decreasing and convexs a seminorm,
s Phn (az + By) >>r’“
k= | M —_ =
2 (o (™5
— APk (@) <5¢k,n (?D))]pk
k= | M —_ —
; [ (q ( P3 e P3
5 [ (o (5)) s (o (25
;%“k [M<q< p1 A p2

P [ (5E))] e ()] <

uniformly in n, whereD = max (1,2~1) . This proves thaBV, (M, p, ¢, s) is a linear space.

IN

IN

Theorem?2.2— For any Orlicz functionM and a bounded sequenpe= (py) of strictly pos-
itive real numbers BV, (M, p, q, s) is a paranormed spacgot necessarily totally paranormgd
paranormed by

o= (S (o (B )]) oz

whereH = max (1, sup px) -

PROOE Clearlyg (x) = g (—z) . Note that for any, p2 > 0 with p = p; + p2, we have

kiks [M (q <¢k’” (@) + Prn (y)>>]pk

p

S (5) ()

Now apply Minkowski's inequality to gef (z + y) < g (z) + g (v) -

Sinceq (6) = 0 and M (0) = 0, we getinf {pP»/H#} = 0 for z = ¢, whered is the zero
sequence oX.

Finally, we prove that scalar multiplication is continuous. Adie any number. By definition,

o=l (S (o (22 ) <002
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Then

o= (S (o (2)]") <72 |

1
wherer = ﬁ Since| APt < max (1, ])\|H) , it follows that|A[P*/# < (max (1, \)\\H)) "

Hence

1

g(w) = (mox (LINT))"
- {Tpm/H : (g s [M (q (w))rk>5 <1, :fllzzs } ,

which converges to zero g xz) converges to zero iBV, (M, p, q, s) . Now suppose that,, — 0
andz isin BV, (M, p, q, s) . For arbitrarye > 0, let N be a positive integer such that

2 () <6

for somep > 0 and alln. This implies that

(5 oofu

k=N+1

| — |
N
N
©-

kS

> |3
&
"
N~
| I
3
o
~—

T~
(VAN
N ™

for somep > 0 and alln.

Let0 < |A| < 1, using convexity ofdf and alln, we get

k£§;1k_s[A[<Q<A¢kﬁ(x)>>}mj<k£§;1k_5DA|N{<q<¢%€fx)>>]pk<:(;)H'

SinceM is continuous everywhere i, co) , then

el ()

is continuous af. So thereisl > ¢ > 0 suchthatf (t)| < 5 for0 <t < ¢. Let K be such that
[A\i| < d fori > K. Then fori > K, and alln,

Er b)) -

DO ™

Thus
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(S (o)) <

for i > K and alln, so thatg (Ax) — 0 asA — 0.
Theorem2.3— Let M, M, M, be Orlicz functiong, ¢1, g2 sSeminorms and, s1, ss > 0. Then
(i) BV, (Ma,p,q,8) N BVs (M2, p,q,8) € BV, (My + Ma,p,q,s),
(i) If s; < sathenBV, (M,p,q,s1) C BV, (M,p,q,s2),
(iit) BV, (M, p, q1,s) N BV (M, p,q2,5) € BVs (M, p,q1 + g2, ),
(iv) If g1 is stronger tham, thenBV,, (M, p, q1,s) € BV, (M, p,q2,s).

PROOF: (i) From (1.2) we have

o s - o5 em o ()]
oo (5)
+DE™° [Mz <q <W>>rk : (2.1)

Letz = (z) € BV, (M1,p,q,s) N BV, (Ma,p,q, s) . Taking summation front = 1 to oo in
(2.1), we getr = (zx) € BV, (M1 + M2, p,q,s).

IN

(i) Lets; < spandx € BV, (M,p,q,s1).Sincek™*2 < k=1 we haver € BV, (M, p,q, s2) .

(iii) Letx = (zx) € BV, (M,p,q1,s) N BV, (M, p, g2, s) . Then, we write

0 b (a:) Pk

g k™° [M <q1 <n>>] < 00, for some p; > 0, uniformly in n
P1

k=1

and

0 Pk

Z k™ [M <q2 <W>>} < 00, for some ps > 0, uniformly in n.
P2

k=1

If we takep = max {2p1,2p2}, then we have

S (e m ()] = o (252) v (5]
< ka—s [M <q1 <¢k,; (x)>>rk +k§1Dk_s [M (q2 (qﬁk;(;p)))rk

=1 1
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Hence, we get: = (zx) € BV, (M,p,q1 + g2, ) .
(iv) follows easily.

Corollary 2.4 — Let M be an Orlicz function, then we have

(i) If ¢1 = (equivalent to)ye, thenBV,, (M, p,q1,s) = BV, (M,p, q2, ),
(it) BVy (M,p,q) € BVy (M, p,q,s),

(iii) BV, (M. q) C BV, (M,q, 5).

The proof is straightforward.

Theorem?2.5 — Suppose thab < r;, < tx < oo for eachk € N. ThenBV, (M,r,q) C
BV, (M, t,q) wherer = (ry) andt = (ty).

PROOF. Letz € BV, (M, r,q) . Then there exists some> 0 such that

[e.@] Tk

Z [M (q (W)ﬂ < o0, uniformly in n.
p

k=1

This implies that\/ <q (%@)) < 1 for sufficiently large values of, sayk > kq for some

fixed kg € N. Sincer, < t; for eachk € N, we get

(e ()] = o ()]

for all k > kg, and therefore

5 (o))" < £ (s (352

k>ko
2 (o (5] <

sox € BV, (M,t,q). This completes the proof.

Hence we have

The following result is a consequence of the above result.
Corollary 2.6 — () If 0 < p, < 1 for eachk, thenBV, (M, p,q) C BV, (M,q),
(i) If p, > 1 for all k, thenBV,, (M, q) C BV, (M,p,q).

Theorem2.7— Let M7 and M- be two any of Orlicz functions. I#/; and M, are equivalent
thenBVo’ (Mlap) q, S) - BVO’ (MQapa q, S) .

ProoE Proof follows from Definition 1.1.

Theorem2.8— The sequence spaédV,, (M, p, g, s) is solid
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Letz € BV, (M,p,q,s),i.e.

Beb 5]

Let () be sequence of scalars such thgt| < 1 for all £ € N. Then the result follows from
the following inequality

S B ) B (5]

Corollary 2.9 — The sequence spa8d/, (M, p, q, s) is monotone.
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