
Indian J. pure appl. Math.,39(1): 49-58, February 2008

c© Printed in India.

THE SEQUENCE SPACEBVσ (M, p, q, s) ON SEMINORMED SPACES

HIFSI ALTINOK∗, YAVUZ ALTIN∗ AND MAHMUT I ŞIK∗∗
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In this paper we define the sequence spaceBVσ(M,p,q,s) on a seminormed complex linear space,

by using an Orlicz function. We give various properties and some inclusion relations on this

space.
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1. INTRODUCTION

Let `∞ andc denote the Banach spaces of real bounded and convergent sequencesx = (xn) normed

by ‖x‖ = supn |xn| , respectively.

Let σ be a one to one mapping of the set of positive integers into itself such thatσk (n) =
σ

(
σk−1 (n)

)
, k = 1, 2, ... . A continuous linear functionalϕ on `∞ is said to be an invariant mean

or aσ−mean if and only if

(i) ϕ (x) ≥ 0 when the sequencex = (xn) hasxn ≥ 0 for all n,

(ii ) ϕ (e) = 1, wheree = (1, 1, 1, ...) and

(iii ) ϕ
({

xσ(n)

})
= ϕ ({xn}) for all x ∈ `∞.

If σ is the translation mappingn → n + 1, a σ−mean is often called a Banach limit [2], and

Vσ, the set ofσ−convergent sequences, that is, the set of bounded sequences all of whose invariant

means are equal, is the setf̂ of almost convergent sequences [7].
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If x = (xn) , setTx = (Txn) =
(
xσ(n)

)
. It can be shown (see Schaefer [12]) that

Vσ =
{

x = (xn) : lim
k

tkn (x) = Le uniformly in n,L = σ − limx

}
, (1.1)

where

tkn (x) =
1

k + 1

k∑

j=0

T jxn.

The special case of (1.1) , in whichσ (n) = n + 1 was given by Lorentz [7].

Subsequently invariant means have been studied by Ahmad and Mursaleen[1], Mursaleen [8,

9], Raimi [11] and many others.

The space

BVσ =

{
x ∈ `∞ :

∑

k

|φk,n (x)| < ∞, uniformly in n

}

was defined by Mursaleen [8], where

φk,n (x) = tkn (x)− tk−1,n (x)

assuming thattkn (x) = 0, for k = −1.

A straightforward calculation shows that

φk,n (x) =





1
k (k + 1)

k∑

j=1

j
(
xσj(n) − xσj−1(n)

)
, (k ≥ 1)

xn, (k = 0) .

Note that for any sequencesx, y and scalarλ, we have

φk,n (x + y) = φk,n (x) + φk,n (y) and φk,n (λx) = λφk,n (x) .

An Orlicz function is a functionM : [0,∞) → [0,∞), which is continuous, non decreasing

and convex withM(0) = 0, M(x) > 0 for x > 0 andM(x) → ∞ asx → ∞. (For detail see

Krasnoselskii and Rutickii [5]).

It is well known that ifM is a convex function andM (0) = 0, thenM (λx) ≤ λM (x) for all

λ with 0 < λ < 1.

Lindenstrauss and Tzafriri [6] used the idea of Orlicz function to construct the sequence space

`M =
{

x ∈ w :
∑∞

k=1 M

( |xk|
ρ

)
< ∞, for some ρ > 0

}
.

The spacèM is a Banach space with the norm
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‖x‖ = inf
{

ρ > 0 :
∑∞

k=1 M

( |xk|
ρ

)
≤ 1

}

and this space is called an Orlicz sequence space. ForM (t) = tp, 1 ≤ p < ∞, the spacè M

coincides with the classical sequence space`p.

Definition 1.1 — Any two Orlicz functionsM1 andM2 are said to be equivalent if there are

positive constantsα andβ, andx0 such thatM1 (αx) ≤ M2 (x) ≤ M1 (βx) for all x with 0 ≤ x ≤
x0 (See Kamthan and Gupta [4]).

Later on, different types of sequence spaces were introduced by using an Orlicz function by

Mursaleenet al. [10], Choudhary and Parashar [3], Tripathy and Mahanta [13] and many others.

A sequence spaceE is said to be solid (or normal) if(αkxk) ∈ E whenever(xk) ∈ E for all

sequences(αk) of scalars with|αk| ≤ 1.

It is well known that a sequence spaceE is normal implies thatE is monotone (See for instance

Kamthan and Gupta [4]).

Definition1.2 — Letq1, q2 be seminorms on a vector spaceX. Thenq1 is said to be stronger

thanq2 if whenever(xn) is a sequence such thatq1(xn) → 0, then alsoq2(xn) → 0. If each is

stronger than the othersq1 andq2 are said to be equivalent (one may refer to Wilansky [14]).

Lemma1.3 — Letq1 andq2 be seminorms on a linear spaceX. Thenq1 is stronger thanq2 if

and only if there exists a constantT such thatq2 (x) ≤ Tq1 (x) for all x ∈ X (see for instance

Wilansky [14]).

Let p = (pk) be a sequence of strictly positive real numbers,X be a seminormed space over the

field C of complex numbers with the seminormq, M be an Orlicz function ands ≥ 0 be a fixed

real number. Then we define the sequence spaceBVσ (M,p, q, s) as follows:

BVσ (M,p, q, s) =

{
x = (xk) ∈ X :

∞∑

k=1

k−s

[
M

(
q

(
φk,n (x)

ρ

))]pk

< ∞,
for some ρ > 0
uniformly in n

,

}
.

It is clear thatq

(
φk,n (x)

ρ

)
=

q (φk,n (x))
ρ

for any seminormq and anyρ > 0. Throughout the

paper we writeq

(
φk,n (x)

ρ

)
instead of

q (φk,n (x))
ρ

.

We get the following sequence spaces fromBVσ (M, p, q, s) by choosing some of the special

p, M ands :

ForM (x) = x we get

BVσ (p, q, s) =

{
x = (xk) ∈ X :

∞∑

k=1

k−s [(q (φk,n (x)))]pk < ∞, uniformly in n

}
,

for pk = 1, for all k ∈ N, we get
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BVσ (M, q, s) =

{
x = (xk) ∈ X :

∞∑

k=1

k−s

[
M

(
q

(
φk,n (x)

ρ

))]
< ∞,

for some ρ > 0
uniformly in n

,

}
,

for s = 0 we get

BVσ (M, p, q) =

{
x = (xk) ∈ X :

∞∑

k=1

[
M

(
q

(
φk,n (x)

ρ

))]pk

< ∞,
for some ρ > 0
uniformly in n

,

}
,

for M(x) = x ands = 0 we get

BVσ (p, q) =

{
x = (xk) ∈ X :

∞∑

k=1

[(q (φk,n (x)))]pk < ∞, uniformly in n

}
,

for pk = 1, for all k ∈ N, ands = 0 we get

BVσ (M, q) =

{
x = (xk) ∈ X :

∞∑

k=1

[
M

(
q

(
φk,n (x)

ρ

))]
< ∞,

for some ρ > 0
uniformly in n

,

}
,

for M (x) = x, pk = 1, for all k ∈ N, ands = 0 we have

BVσ (q) =

{
x = (xk) ∈ X :

∞∑

k=1

q (φk,n (x)) < ∞,uniformly in n

}
.

The following inequality will be used throughout the paper. Letp = (pk) be a bounded sequence

of strictly positive real numbers with0 < pk ≤ sup pk = H, D = max
(
1, 2H−1

)
, then

|ak + bk|pk ≤ D {|ak|pk + |bk|pk} , (1.2)

whereak, bk ∈ C.

2. MAIN RESULTS

In this section we will prove the general results of this paper on the sequence spaceBVσ (M, p, q, s) ,

those characterize the structure of this space.

Theorem2.1 — The sequence spaceBVσ (M, p, q, s) is a linear space over the fieldC of

complex numbers.

PROOF: Let x, y ∈ BVσ (M, p, q, s) andα, β ∈ C. There exist some positiveρ1 andρ2 such

that ∞∑

k=1

k−s

[
M

(
q

(
φk,n (x)

ρ1

))]pk

< ∞, uniformly in n

and
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∞∑

k=1

k−s

[
M

(
q

(
φk,n (y)

ρ2

))]pk

< ∞, uniformly in n.

Defineρ3 = max (2 |α| ρ1, 2 |β| ρ2) . SinceM is non- decreasing and convex,q is a seminorm,

∞∑

k=1

k−s

[
M

(
q

(
φk,n (αx + βy)

ρ3

))]pk

≤
∞∑

k=1

k−s

[
M

(
q

(
αφk,n (x)

ρ3

)
+ q

(
βφk,n (y)

ρ3

))]pk

≤
∞∑

k=1

1
2pk

k−s

[
M

(
q

(
φk,n (x)

ρ1

))
+ M

(
q

(
φk,n (y)

ρ2

))]pk

≤ D
∞∑

k=1

k−s

[
M

(
q

(
φk,n (x)

ρ1

))]pk

+ D
∞∑

k=1

k−s

[
M

(
q

(
φk,n (y)

ρ2

))]pk

< ∞

uniformly in n, whereD = max
(
1, 2H−1

)
. This proves thatBVσ (M, p, q, s) is a linear space.

Theorem2.2 — For any Orlicz functionM and a bounded sequencep = (pk) of strictly pos-

itive real numbers. BVσ (M, p, q, s) is a paranormed space(not necessarily totally paranormed),

paranormed by

g (x) = inf



ρpm/H :

( ∞∑

k=1

k−s

[
M

(
q

(
φk,n (x)

ρ

))]pk
) 1

H

≤ 1,
m = 1, 2, 3, ...

n = 1, 2, 3, ...



 ,

whereH = max (1, sup pk) .

PROOF: Clearlyg (x) = g (−x) . Note that for anyρ1, ρ2 > 0 with ρ = ρ1 + ρ2, we have

∞∑

k=1

k−s

[
M

(
q

(
φk,n (x) + φk,n (y)

ρ

))]pk

≤
∞∑

k=1

k−s

[
M

(
q

(
φk,n (x)

ρ1

))
+ M

(
q

(
φk,n (y)

ρ2

))]pk

.

Now apply Minkowski’s inequality to getg (x + y) ≤ g (x) + g (y) .

Sinceq
(
θ̄
)

= 0 andM (0) = 0, we getinf
{
ρpn/H

}
= 0 for x = θ, where θ̄ is the zero

sequence ofX.

Finally, we prove that scalar multiplication is continuous. Letλ be any number. By definition,

g (λx) = inf



ρpm/H :

( ∞∑

k=1

k−s

[
M

(
q

(
λφk,n (x)

ρ

))]pk
) 1

H

≤ 1,
m = 1, 2, 3, ...

n = 1, 2, 3, ...



 .
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Then

g (λx) = inf



(λr)pm/H :

( ∞∑

k=1

k−s

[
M

(
q

(
φk,n (x)

r

))]pk
) 1

H

≤ 1,
m = 1, 2, 3, ...

n = 1, 2, 3, ...



 ,

wherer =
ρ

|λ| . Since|λ|pk ≤ max
(
1, |λ|H

)
, it follows that|λ|pk/H ≤

(
max

(
1, |λ|H

)) 1
H

.

Hence

g (λx) =
(
max

(
1, |λ|H

)) 1
H

inf



rpm/H :

( ∞∑

k=1

k−s

[
M

(
q

(
φk,n (x)

r

))]pk
) 1

H

≤ 1,
m = 1, 2, 3, ...

n = 1, 2, 3, ...



 ,

which converges to zero asg (x) converges to zero inBVσ (M, p, q, s) . Now suppose thatλn → 0
andx is in BVσ (M, p, q, s) . For arbitraryε > 0, let N be a positive integer such that

∞∑

k=N+1

k−s

[
M

(
q

(
φk,n (x)

ρ

))]pk

<
(ε

2

)H

for someρ > 0 and alln. This implies that

( ∞∑

k=N+1

k−s

[
M

(
q

(
φk,n (x)

ρ

))]pk
) 1

H

≤ ε

2

for someρ > 0 and alln.

Let 0 < |λ| < 1, using convexity ofM and alln, we get

∞∑

k=N+1

k−s

[
M

(
q

(
λφk,n (x)

ρ

))]pk

<

∞∑

k=N+1

k−s

[
|λ|M

(
q

(
φk,n (x)

ρ

))]pk

<
(ε

2

)H
.

SinceM is continuous everywhere in[0,∞) , then

f (t) =
N∑

k=1

k−s

[
M

(
q

(
tφk,n (x)

ρ

))]

is continuous at0. So there is1 > δ > 0 such that|f (t)| < ε
2 for 0 < t < δ. Let K be such that

|λi| < δ for i > K. Then fori > K, and alln,

(
N∑

k=1

k−s

[
M

(
q

(
λiφk,n (x)

ρ

))]pk
) 1

H

<
ε

2
.

Thus
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( ∞∑

k=1

k−s

[
M

(
q

(
λiφk,n (x)

ρ

))]pk
) 1

H

< ε

for i > K and alln, so thatg (λx) → 0 asλ → 0.

Theorem2.3— LetM, M1,M2 be Orlicz functionsq, q1, q2 seminorms ands, s1, s2 ≥ 0. Then

(i) BVσ (M1, p, q, s) ∩BVσ (M2, p, q, s) ⊆ BVσ (M1 + M2, p, q, s) ,

(ii ) If s1 ≤ s2 thenBVσ (M, p, q, s1) ⊆ BVσ (M, p, q, s2) ,

(iii ) BVσ (M, p, q1, s) ∩BVσ (M,p, q2, s) ⊆ BVσ (M,p, q1 + q2, s) ,

(iv) If q1 is stronger thanq2 thenBVσ (M, p, q1, s) ⊆ BVσ (M, p, q2, s) .

PROOF : (i) From (1.2) we have

k−s

[
(M1 + M2)

(
q

(
φk,n (x)

ρ

))]pk

= k−s

[
M1

(
q

(
φk,n (x)

ρ

))
+ M2

(
q

(
φk,n (x)

ρ

))]pk

≤ Dk−s

[
M1

(
q

(
φk,n (x)

ρ

))]pk

+Dk−s

[
M2

(
q

(
φk,n (x)

ρ

))]pk

. (2.1)

Let x = (xk) ∈ BVσ (M1, p, q, s) ∩BVσ (M2, p, q, s) . Taking summation fromk = 1 to∞ in

(2.1) , we getx = (xk) ∈ BVσ (M1 + M2, p, q, s) .

(ii ) Lets1 ≤ s2 andx ∈ BVσ (M, p, q, s1) . Sincek−s2 ≤ k−s1 , we havex ∈ BVσ (M,p, q, s2) .

(iii ) Let x = (xk) ∈ BVσ (M,p, q1, s) ∩BVσ (M, p, q2, s) . Then, we write

∞∑

k=1

k−s

[
M

(
q1

(
φk,n (x)

ρ1

))]pk

< ∞, for some ρ1 > 0, uniformly in n

and ∞∑

k=1

k−s

[
M

(
q2

(
φk,n (x)

ρ2

))]pk

< ∞, for some ρ2 > 0, uniformly in n.

If we takeρ = max {2ρ1, 2ρ2} , then we have

∞∑

k=1

k−s

[
M

(
(q1 + q2)

(
φk,n (x)

ρ

))]pk

=
∞∑

k=1

k−s

[
M

(
q1

(
φk,n (x)

ρ

)
+ q2

(
φk,n (x)

ρ

))]pk

≤
∞∑

k=1

Dk−s

[
M

(
q1

(
φk,n (x)

ρ1

))]pk

+
∞∑

k=1

Dk−s

[
M

(
q2

(
φk,n (x)

ρ2

))]pk

.
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Hence, we getx = (xk) ∈ BVσ (M,p, q1 + q2, s) .

(iv) follows easily.

Corollary 2.4 — LetM be an Orlicz function, then we have

(i) If q1
∼= (equivalent to)q2, thenBVσ (M,p, q1, s) = BVσ (M,p, q2, s) ,

(ii ) BVσ (M, p, q) ⊆ BVσ (M, p, q, s) ,

(iii ) BVσ (M, q) ⊆ BVσ (M, q, s) .

The proof is straightforward.

Theorem2.5 — Suppose that0 < rk ≤ tk < ∞ for eachk ∈ N. ThenBVσ (M, r, q) ⊆
BVσ (M, t, q) wherer = (rk) andt = (tk).

PROOF: Let x ∈ BVσ (M, r, q) . Then there exists someρ > 0 such that

∞∑

k=1

[
M

(
q

(
φk,n (x)

ρ

))]rk

< ∞,uniformly in n.

This implies thatM
(
q
(

φk,n(x)
ρ

))
≤ 1 for sufficiently large values ofk, sayk ≥ k0 for some

fixedk0 ∈ N. Sincerk ≤ tk for eachk ∈ N, we get

[
M

(
q

(
φk,n (x)

ρ

))]tk

≤
[
M

(
q

(
φk,n (x)

ρ

))]rk

for all k ≥ k0, and therefore

∞∑

k≥k0

[
M

(
q

(
φk,n (x)

ρ

))]tk

≤
∞∑

k≥k0

[
M

(
q

(
φk,n (x)

ρ

))]rk

.

Hence we have
∞∑

k=1

[
M

(
q

(
φk,n (x)

ρ

))]tk

< ∞,

sox ∈ BVσ (M, t, q) . This completes the proof.

The following result is a consequence of the above result.

Corollary 2.6 — (i) If 0 < pk ≤ 1 for eachk, thenBVσ (M, p, q) ⊆ BVσ (M, q) ,

(ii ) If pk ≥ 1 for all k, thenBVσ (M, q) ⊆ BVσ (M, p, q) .

Theorem2.7— Let M1 andM2 be two any of Orlicz functions. IfM1 andM2 are equivalent

thenBVσ (M1, p, q, s) = BVσ (M2, p, q, s) .

PROOF: Proof follows from Definition 1.1.

Theorem2.8— The sequence spaceBVσ (M,p, q, s) is solid.
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Let x ∈ BVσ (M,p, q, s) , i.e.

∞∑

k=1

k−s

[
M

(
q

(
φk,n (x)

ρ

))]pk

< ∞.

Let (αk) be sequence of scalars such that|αk| ≤ 1 for all k ∈ N. Then the result follows from

the following inequality

. ∞∑

k=1

k−s

[
M

(
q

(
αkφk,n (x)

ρ

))]pk

≤
∞∑

k=1

k−s

[
M

(
q

(
φk,n (x)

ρ

))]pk

.

Corollary 2.9 — The sequence spaceBVσ (M, p, q, s) is monotone.
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