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The paper is concerned with the existence of positive solutions for superlinear semipositone

Sturm-Liouville-like boundary value problems of second order difference equations. The main

tool is the fixed point theorem in cones due to Guo-Krasnosel’skii.
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1. INTRODUCTION

Due to the wide applications in many fields such as computer science, economics, neural network,

ecology, cybernetics, etc., the theory of nonlinear difference equations has been widely studied since

the 70’s of last century. See, for example, [1-5]. Also, in recent years, there has been much literature

written on the boundary value problems of difference equations. We refer the reader to [6-12] and

the references therein. However, to the best of our knowledge, there are few existence results of

positive solutions for semipositone problems of difference equations.

1Supported by the National Natural Science Foundations of P.R. China (No. 10471155 and No. 10571183).
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Let a, b be nonnegative integers witha < b. Define that[a, b] = {a, a + 1, · · · , b − 1, b}. We

consider the existence of positive solutions for the following Sturm-Liouvelle-like boundary value

problem of second-order difference equation

∆[p(t− 1)∆u(t− 1)] + λf(t, u(t)) = 0, t ∈ [a + 1, b + 1], (1)

γ1u(a)− γ2p(a)∆u(a) = 0, γ3u(b + 2) + γ4p(b + 1)∆u(b + 1) = 0, (2)

where∆u(t − 1) = u(t) − u(t − 1), γi ≥ 0 (i = 1, 2, 3, 4), γ1γ3 + γ1γ4 + γ2γ3 > 0, λ > 0 is a

positive parameter. We assume that

(A1) f : [a + 1, b + 1]× [0,∞) → R is continuous;

(A2) there exists a positive constantM > 0, such thatf(t, u) ≥ −M for everyt ∈ [a+1, b+1]
and allu ≥ 0;

(A3) there exist two positive integersα andβ with a + 1 < α < β < b + 1, such that

lim
u→∞

f(t, u)
u

= ∞
uniformly for t ∈ [α, β];

(A4) p(t) > 0 for t ∈ [a, b + 1].

The condition (A2) shows thatf need not to be non-negative (semipositone). (A3) is the su-

perlinear condition. So (1)-(2) is a superlinear semipositone problem. The aim of this paper is

to establish an existence result of at least one positive solution for the superlinear semipositone

boundary value problem (1)-(2) with the parameterλ belonging to an open interval.

Let w̄ be the unique positive solution of the following boundary value problem of second order

linear difference equation

−∆[p(t− 1)∆u(t− 1)] = 1, t ∈ [a + 1, b + 1], (3)

γ1u(a)− γ2p(a)∆u(a) = 0, γ3u(b + 2) + γ4p(b + 1)∆u(b + 1) = 0. (4)

Let

ρ := γ3γ2 + γ1γ4 + γ1γ3

b+1∑
τ=a

1
p(τ)

, (5)

A :=
1
ρ
(b + 1− a)

(
γ1

b+1∑
τ=a

1
p(τ)

+ γ2

) (
γ3

b+1∑
τ=a

1
p(τ)

+ γ4

)
. (6)

We state our main result below.

Theorem1.1— Let (A1)-(A4) be satisfied. Then for eachr > 0, there exists a positive number

Cr such that the problem(1)-(2)has at least one positive solution for

0 < λ < min
{

r

Cr||w̄|| ,
r

AM

}
. (7)
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The existence of positive solutions for semipositone problems of ordinary differential equations

has been extensively studied by Shivaji and co-authors [13-18]. We also refer the reader to [19, 20]

for some references.

The BVP (1)-(2) can be viewed as the discrete analogue of the following BVP of ordinary

differential equation

(p(t)u′)′ + λf(t, u) = 0,

γ1u(a)− γ2p(a)u′(a) = 0, γ3u(b) + γ4p(b)∆u′(b) = 0.

Anuradha, Hai and Shivaji [13] obtained the existence of one positive solution for the above BVP

under superlinear semipositone conditions. In [13], the positive numberr was taken particularly as

r = 1 and0 < λ < min
{

1
C1||w̄|| ,

1
AM

}
. In [19], the authors discussed some semipositone delay

differential equation and the numberr was also taken particularly asr = 1. From the succeeding

discussion, one can find that the nonlinear termf in this paper is suit to more general functions than

those in [13, 19].

The proof of Theorem 1.1 is based on the following Guo-Krasnosel’skii fixed point theorem

[21].

TheoremA — Let E be a Banach space andK ⊂ E be a cone. AssumeΩ1, Ω2 are open sets

of E with Ω1 ⊂ Ω2, and letT : K ∩ (Ω2 \ Ω1) −→ K be a completely continuous operator such

that

(i) ||Tu|| ≤ ||u||, u ∈ K ∩ ∂Ω1, and ||Tu|| ≥ ||u||, u ∈ K ∩ ∂Ω2; or

(ii ) ||Tu|| ≥ ||u||, u ∈ K ∩ ∂Ω1, and ||Tu|| ≤ ||u||, u ∈ K ∩ ∂Ω2.

ThenT has a fixed point inK ∩ (Ω2 \ Ω1).

In Section 2 of the paper, we show the proof of Theorem 1.1. In Section 3, an example is given

to present the applications of Theorem 1.1.

2. PROOF OFTHEOREM 1.1

Let E = {u : [a, b + 2] → R} with the norm||u|| = max
t∈[a,b+2]

|u(t)|. ThenE is a Banach space.

Define

q(t) = min

{
γ1

∑t−1
τ=a

1
p(τ) + γ2

γ1
∑b+1

τ=a
1

p(τ) + γ2

,
γ3

∑b+1
τ=t

1
p(τ) + γ4

γ3
∑b+1

τ=a
1

p(τ) + γ4

}
, t ∈ [a, b + 2].

Clearly,0 ≤ q(t) ≤ 1, t ∈ [a, b + 2].
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Denote thatG(t, s) is the Green function of the following homogeneous linear boundary value

problem

−∆[p(t− 1)∆u(t− 1)] = 0,

γ1u(a)− γ2p(a)∆u(a) = 0, γ3u(b + 2) + γ4p(b + 1)∆u(b + 1) = 0,

which is defined by

G(t, s) =





1
ρ

(
γ1

∑t−1
τ=a

1
p(τ) + γ2

)(
γ3

∑b+1
τ=s

1
p(τ) + γ4

)
, t ≤ s,

1
ρ

(
γ1

∑s−1
τ=a

1
p(τ) + γ2

)(
γ3

∑b+1
τ=t

1
p(τ) + γ4

)
, s ≤ t,

whereρ is given by (5). It is easy to verify that

q(t)G(s, s) ≤ G(t, s) ≤ G(s, s), t ∈ [a, b + 2], s ∈ [a + 1, b + 1]. (8)

In fact,

G(t, s)
G(s, s)

=





�
γ1
Pt−1

τ=a
1

p(τ)
+γ2

��
γ3
Pb+1

τ=s
1

p(τ)
+γ4

�
�
γ1
Ps−1

τ=a
1

p(τ)
+γ2

��
γ3
Pb+1

τ=s
1

p(τ)
+γ4

� , t ≤ s,

�
γ1
Ps−1

τ=a
1

p(τ)
+γ2

��
γ3
Pb+1

τ=t
1

p(τ)
+γ4

�
�
γ1
Ps−1

τ=a
1

p(τ)
+γ2

��
γ3
Pb+1

τ=s
1

p(τ)
+γ4

� , s ≤ t,

=





γ1
Pt−1

τ=a
1

p(τ)
+γ2

γ1
Ps−1

τ=a
1

p(τ)
+γ2

, t ≤ s,

γ3
Pb+1

τ=t
1

p(τ)
+γ4

γ3
Pb+1

τ=s
1

p(τ)
+γ4

, s ≤ t,

≥





γ1
Pt−1

τ=a
1

p(τ)
+γ2

γ1
Pb+1

τ=a
1

p(τ)
+γ2

, t ≤ s,

γ3
Pb+1

τ=t
1

p(τ)
+γ4

γ3
Pb+1

τ=a
1

p(τ)
+γ4

, s ≤ t.

Lemma2.1 — The unique positive solution̄w of the boundary value problem (3)-(4) satisfies

that

w̄(t) ≤ A · q(t), t ∈ [a, b + 2].

Here the constantA is given by (6).
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PROOF : For t ∈ [a, b + 2],

w̄(t) =
b+1∑

s=a+1
G(t, s)

= 1
ρ

t∑
s=a+1

(
γ1

s−1∑
τ=a

1
p(τ) + γ2

)(
γ3

b+1∑
τ=t

1
p(τ) + γ4

)

+1
ρ

b+1∑
s=t+1

(
γ1

t−1∑
τ=a

1
p(τ) + γ2

)(
γ3

b+1∑
τ=s

1
p(τ) + γ4

)

≤ 1
ρ

t∑
s=a+1

(
γ1

t−1∑
τ=a

1
p(τ) + γ2

)(
γ3

b+1∑
τ=t

1
p(τ) + γ4

)

+1
ρ

b+1∑
s=t+1

(
γ1

t−1∑
τ=a

1
p(τ) + γ2

)(
γ3

b+1∑
τ=t

1
p(τ) + γ4

)

= 1
ρ

b+1∑
s=a+1

(
γ1

t−1∑
τ=a

1
p(τ) + γ2

)(
γ3

b+1∑
τ=t

1
p(τ) + γ4

)

= 1
ρ(b + 1− a)

(
γ1

t−1∑
τ=a

1
p(τ) + γ2

)(
γ3

b+1∑
τ=t

1
p(τ) + γ4

)

≤ A · q(t).
¤

Let

f1(t, u) := f(t, u) + M, w(t) = λMw̄(t). (9)

By w̄(t) solving (3)-(4), we have the following lemma.

Lemma2.2 — u(t) is a positive solution of the problem (1)-(2) if and only ifũ = u + w is a

positive solution of the following problem

∆[p(t− 1)∆u(t− 1)] + λf̃(t, u(t)− w(t)) = 0, t ∈ [a + 1, b + 1], (10)

γ1u(a)− γ2p(a)∆u(a) = 0, γ3u(b + 2) + γ4p(b + 1)∆u(b + 1) = 0. (11)

andũ(t) > w(t), t ∈ [a + 1, b + 1]. Here

f̃(t, u) =

{
f1(t, u), u ≥ 0,

f1(t, 0), u ≤ 0,
(12)

andw(t) andf1(t, u) are given by (9).
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The problem (10)-(11) is equivalent to the fixed point equation

u(t) = λ
b+1∑

s=a+1

G(t, s)f̃(s, u(s)− w(s))

= : Tu(t).

Define the coneK ⊂ E by

K = {u ∈ E : u(t) ≥ ||u|| · q(t), t ∈ [a, b + 2]}. (13)

It is easy to check thatTK ⊂ K. In fact, for eachu ∈ K, we have by (8) that

||Tu|| ≤ λ

b+1∑

s=a+1

G(s, s)f̃(s, u(s)− w(s)),

and

Tu(t) ≥ λq(t)
b+1∑

s=a+1

G(s, s)f̃(s, u(s)− w(s)), t ∈ [a, b + 2].

Thus we have thatTu(t) ≥ q(t)||Tu||, ∀u ∈ K. The complete continuity ofT can be guaran-

teed by the continuity off . Now we prove by using Theorem A that the operatorT has at least a

fixed point in the coneK.

For an any givenr > 0, define

Cr := sup{f1(s, u) : a + 1 ≤ s ≤ b + 1, 0 ≤ u ≤ r}. (14)

Let r > 0 be fixed. TakeΩ1 = {u ∈ E : ||u|| < r}. Foru ∈ K ∩ ∂Ω1, we have from (7), (12) and

(14) that

Tu(t) = λ
b+1∑

s=a+1
G(t, s)f̃(s, u(s)− w(s))

≤ λCr

b+1∑
s=a+1

G(t, s)

= λCrw̄(t) ≤ r, t ∈ [a, b + 2].

Thus||Tu|| ≤ ||u|| for u ∈ K ∩ ∂Ω1.

Choose a constant̃M > 0 satisfying that

1
2
λδM̃ max

a≤t≤b+2

β∑
s=α

G(t, s) > 1. (15)

Hereδ = min{q(t) : t ∈ [α, β]}.
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By (A3), there is a constantL > 0 such that

f̃(t, u) ≥ M̃u, ∀ u ≥ L, t ∈ [α, β]. (16)

Set

R = r + max
{

2λMA,
2L

δ

}
, (17)

and defineΩ2 = {u ∈ E : ||u|| < R}. Foru ∈ K ∩ ∂Ω2, we have from (13) and Lemma 2.1 that

w(t) = λMw̄(t) ≤ λMAq(t) ≤ λMA

R
u(t), t ∈ [a, b + 2].

It follows that

u(t)− w(t) ≥ (
1− λMA

R

)
u(t) ≥ 1

2u(t) ≥ 1
2q(t)||u||

≥ 1
2Rδ, t ∈ [α, β].

(18)

Therefore by (16)-(18), foru ∈ K ∩ ∂Ω2, we have

f̃(t, u(t)− w(t)) ≥ M̃(u(t)− w(t)) ≥ 1
2
M̃Rδ, t ∈ [α, β],

which implies from (15) that for eachu ∈ K ∩ ∂Ω2,

||Tu|| = λ max
a≤t≤b+2

b+1∑
s=a+1

G(t, s)f̃(s, u(s)− w(s))

≥ λ max
a≤t≤b+2

β∑
s=α

G(t, s)f̃(s, u(s)− w(s))

≥ 1
2λδM̃R max

a≤t≤b+2

β∑
s=α

G(t, s)

≥ R = ||u||.

Thus by the first part of Theorem A,T has a fixed point̃u with r ≤ ||ũ|| ≤ R. Since

ũ(t) ≥ q(t)||ũ|| ≥ rq(t) > λMAq(t) ≥ λMw̄(t) = w(t), t ∈ [a + 1, b + 1],

u = ũ− w is a positive solution of the problem (1)-(2), completing the proof of Theorem 1.1.2

3. AN EXAMPLE

Let ξ1 < ξ2 with ξ2 > 0. Take the nonlinear termf of the equation (1) as

f(t, u) = (u− ξ1)(u− ξ2)(t− a− 1)(b + 1− t). (19)
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Clearly, lim
u→∞

f(t,u)
u = ∞ uniformly for t ∈ [α, β] ⊂ [a + 1, b + 1]. Hereα, β are arbitrarily

given witha + 1 < α < β < b + 1.

Now we calculate the two positive numbersM andCr in Theorem (1.1).

There are three cases.

(1) If ξ1 < 0 and|ξ1| < ξ2, then

f(t, u) ≥ − 1
16

(b− a)2(ξ2 − ξ1)2 =: −M.

For an any givenr > 0, if r > ξ2, then

Cr = sup{f(t, u) + M : a + 1 ≤ t ≤ b + 1, 0 ≤ u ≤ r}

=
1
4
(r − ξ1)(r − ξ2)(b− a)2 + M.

If 0 < r ≤ ξ2, thenf(t, u) ≤ 0 for eacht ∈ [a + 1, b + 1] and all0 ≤ u ≤ r, which implies

thatCr = M .

(2) If ξ1 < 0 and|ξ1| ≥ ξ2, then

M = −1
4
ξ1ξ2(b− a)2.

For an any givenr > 0, if r > ξ2, then

Cr =
1
4
(r − ξ1)(r − ξ2)(b− a)2 + M.

If 0 < r ≤ ξ2, thenCr = M .

(3) If ξ1 ≥ 0, then

M =
1
16

(b− a)2(ξ2 − ξ1)2.

For an any givenr > 0, if r > ξ2, then

Cr =
1
4
(b− a)2 max{ξ1ξ2, (r − ξ1)(r − ξ2)}+ M.

If 0 < r ≤ ξ2, thenCr = 1
4(b− a)2ξ1ξ2 + M .

Therefore, by Theorem 1.1, for each case with an any givenr > 0, there exists a number

Cr > 0, such that the problem (1)-(2) (the nonlinearityf is taken as the form (19)) has at least

one positive solution for0 < λ < min
{

r
Cr||w̄|| ,

r
AM

}
, whereA is given by (6) andw̄ solves the

problem (3)-(4).
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