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The paper is concerned with the existence of positive solutions for superlinear semipositone
Sturm-Liouville-like boundary value problems of second order difference equations. The main
tool is the fixed point theorem in cones due to Guo-Krasnosel'skii.
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1. INTRODUCTION

Due to the wide applications in many fields such as computer science, economics, neural network,
ecology, cybernetics, etc., the theory of nonlinear difference equations has been widely studied since
the 70’s of last century. See, for example, [1-5]. Also, in recent years, there has been much literature
written on the boundary value problems of difference equations. We refer the reader to [6-12] and

the references therein. However, to the best of our knowledge, there are few existence results of
positive solutions for semipositone problems of difference equations.
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Let a, b be nonnegative integers with< b. Define thafa,b] = {a,a + 1,---,b — 1,b}. We
consider the existence of positive solutions for the following Sturm-Liouvelle-like boundary value
problem of second-order difference equation

Alp(t — DAu(t — )]+ Af(t,u(t) =0, te€la+1,b+1], (1)
Y1u(a) — vep(a)Au(a) =0,  y3u(b+2) +vap(b + 1)Au(b+ 1) =0, )
whereAu(t — 1) = u(t) —u(t —1),% >0 (i = 1,2,3,4), 7173 + 1v4 + 7273 > 0, A > 0is a
positive parameter. We assume that
(Al) f:la+1,b+1] x[0,00) — Ris continuous;

(A2) there exists a positive constant > 0, such thalf (¢, u) > —M for everyt € [a+1, b+1]
and allu > 0;

(A3) there exist two positive integetsands witha + 1 < o < 8 < b+ 1, such that

limM:oo

U—00 U

uniformly for ¢ € [a, 3];
(A4) p(t)>o0fort e [a,b+1].

The condition (A2) shows that need not to be non-negative (semipositone). (A3) is the su-
perlinear condition. So (1)-(2) is a superlinear semipositone problem. The aim of this paper is
to establish an existence result of at least one positive solution for the superlinear semipositone
boundary value problem (1)-(2) with the parametdrelonging to an open interval.

Let w be the unique positive solution of the following boundary value problem of second order
linear difference equation

APt = DAt —1)] =1, t€fa+1,b+1], @3)
viu(a) —yap(a)Au(a) =0, ~y3u(b+2) + vap(b+ 1)Au(b+ 1) = 0. (4)
Let
b+1
p =372 + 7174+ N3 ; o) (5)
A1=1(5+1—G)<71b+211+72> (73%14-74)- (6)
p “— p(7) “— p(7)

We state our main result below.

Theoreml.1— Let(Al)-(A4) be satisfied. Then for eaeh> 0, there exists a positive number
C, such that the problerfl)-(2) has at least one positive solution for

T '
0< A\ i R 7
< <mm{cv-rwr’ AM} (7)
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The existence of positive solutions for semipositone problems of ordinary differential equations
has been extensively studied by Shivaji and co-authors [13-18]. We also refer the reader to [19, 20]
for some references.

The BVP (1)-(2) can be viewed as the discrete analogue of the following BVP of ordinary
differential equation

(p(t)u') + Af(t,u) =0,
yiu(a) — yep(a)u’(a) =0, y3u(b) +yap(b)Au’(b) = 0.

Anuradha, Hai and Shivaji [13] obtained the existence of one positive solution for the above BVP
under superlinear semipositone conditions. In [13], the positive humivas taken particularly as
r=1and0 < A < min {01|1|w||7 A%M} In [19], the authors discussed some semipositone delay
differential equation and the numbemwas also taken particularly as= 1. From the succeeding
discussion, one can find that the nonlinear tgrm this paper is suit to more general functions than
those in [13, 19].

The proof of Theorem 1.1 is based on the following Guo-Krasnosel'skii fixed point theorem
[21].

TheoremA — Let E be a Banach space and C F be a cone. Assuniey, {2, are open sets
of EwithQ; C Qy, and letT : K N (Q2 \ 1) — K be a completely continuous operator such
that

) [|Tu|| < ||ull, we KnNoQ, and ||Tul| > ||ul|, ue K NoQs;or
(1) [|Tul| > JJul], we KNo, and ||Tu|| < ||ul], ue K Nos.

ThenT has a fixed point i N (Qs \ Q).

In Section 2 of the paper, we show the proof of Theorem 1.1. In Section 3, an example is given
to present the applications of Theorem 1.1.

2. PROOF OFTHEOREM1.1

Let £ = {u: [a,b+ 2] — R} with the norm||u|| = ?%xz] |u(t)|. ThenE is a Banach space.
t€|a,b+

Define

ny 3 T2 73 3 0F T4
q(t):min{ ;f”(l) ;Ht”(l) } tefab+2.
4! ZT ap('r) +’Y2 73 ET ap )"‘74

Clearly,0 < q(t) <1, t€ [a,b+2].
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Denote thati (¢, s) is the Green function of the following homogeneous linear boundary value
problem

—Alp(t — 1)Au(t — 1)] =0,
yiu(a) —yap(a)Au(a) =0, ~y3u(b+2) + vap(b+ 1)Au(b+ 1) =0,

which is defined by

(’Yl Yt t ) <’Y Y o+ 4> . t<s,

b
(n bl +e) (i sk +m),  s<t,

=

G(t,s) =

=

wherep is given by (5). Itis easy to verify that

q(t)G(s,s) < G(t,s) <G(s,s), te€la,b+2],s€a+1,b+1]. (8)
In fact,
Ptfl 1 Pb+1 1
7 pT:a m""’YZ 3 =5 p(1) +74 < s
s—1 _1 P o =
G(t,s) Mormapm T2 o=y T
- P P
G(s5) mooSZh %T)-i-w V3 §+1 p<17) +74
" P 1 b+1 L s S t’
r=ap(n) T2 sl T
Ptfl 1 Pt71 1
V=g Hiy T2 V1 r—a 5 T2
IS—IQ_,,_ , t<s, b+1£+ , t<s,
M r=a p(ry T2 M r=a p(r) T2
= >
P, - P,
3 T’; ﬁer <t V3 72 ﬁ‘i"‘ﬂl <t
5T 1 , S0, E] s> T.
W3 r=s pn T % e mn T

Lemma2.1 — The unique positive solutiom of the boundary value problem (3)-(4) satisfies
that

() < A-qt), teab+2].

Here the constam is given by (6).
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PROOF: Fort € [a,b+ 2],

b+1
w(t) = X Gts)
s=a+1
1 t s—1 1 b+1
= 5 —Z+1 (’Yl 2 50 +72> (73 Z +’Y4)

L bl = b+l
+5 2 (71 > p(T)Jer) (’73 Z +74>

s=t+1 T=a

L =1 bl
= p s:%Jrl <fY1 T;a P(7) - 72) <f)/3 Et p(7) * 74)
| bl =1 b+1
+y 2 (71 2 p(T)Jr'Yz) (73 2 5 +74>
s=t+1 T=a
b =1 btl
N , S=za:+1 <le T;a P(7) - 72) (73 ;t p(7) * 74)
. t—1 bi1
= ;(b+1—a) <71 z_: Fe) —I—’yz) (732 +74>
< A-q(t).
O
Let
Filtw) = F(tu)+ M, w(t) = AMu(t). ©)

By w(t) solving (3)-(4), we have the following lemma.

Lemma2.2 —u(t) is a positive solution of the problem (1)-(2) if and onlyiif= u 4+ w is a
positive solution of the following problem

Alp(t — D)Au(t — 1))+ Af(t,u(t) —w(t)) =0, tela+1,b+1], (10)
mu(a) —yap(a)Au(a) =0, ~y3u(b+2) + yap(b+ 1)Au(b+1) = 0. (11)

andu(t) > w(t), t € [a+1,b+ 1]. Here

3 o fl(tau)a U207
f(t’“)_{ f(,0),  u<o0, (12)

andw(t) and fi(t, ) are given by (9).

63
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The problem (10)-(11) is equivalent to the fixed point equation

b1 )
u(t) = A D> Gt 9)f(s,u(s) — w(s))
s=a+1
= :Tu(t).
Define the cond{ C FE by
K={ueFE:u(t)>|ull-q(t), t €[a,b+2]}. (13)

It is easy to check thal K’ C K. In fact, for each, € K, we have by (8) that

b+1 N
1Tull <X > G(s,8)f(s,u(s) —w(s)),
s=a+1
and
b+1 ~
Tu(t) = M(t) S Gls,9)f(s,u(s) —w(s)), t€la,b+2).
s=a+1

Thus we have thaf'u(t) > ¢(t)||Tu||, Vu € K. The complete continuity df' can be guaran-
teed by the continuity of. Now we prove by using Theorem A that the operafdnas at least a
fixed point in the cone¥.

For an any givem > 0, define
Cr:=sup{fi(s,u):a+1<s<b+1,0<u<r}. (14)

Letr > 0 be fixed. Take?; = {u € E : ||u]| < r}. Foru € K N 994, we have from (7), (12) and

(14) that
b1

Tu(t) = X 3 G(t,s)f(s,u(s) —w(s))

s=a+1

b+1
AC, S Gt s)
s=a+1

IN

= NCw(t)<r, t€la,b+2]
Thus||Tu|| < ||u]| foru € K NoQ;.
Choose a constant > 0 satisfying that
B

1 ~
5)\6M Jnax SzaG(t, s) > 1. (15)

Hered = min{q(¢) : t € [, 5]}.
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By (A3), there is a constart > 0 such that

ft,u) > Mu, Yu>L, te[af. (16)
Set
R:r—l—max{Q)\MA, 251)}, (a7)

and define)y = {u € E : ||u|| < R}. Foru € K N 08, we have from (13) and Lemma 2.1 that

w(t) = A\Mw(t) < \M Ag(t) < 244,

(t), tela,b+2].
It follows that
u() —w(t) > (1 2MA) u(t) > Su(t) > Lq(t)l]ull
(18)
> R, telo,fl.

Therefore by (16)-(18), for € K N 09, we have

(e ult) = w(®) 2 Fi(u(t) — w(t) = SNIRS, € [o,],
which implies from (15) that for eacth € K N 025,
b1 N
|Tul] = X max > G(t,8)f(s,u(s) —w(s))

a<t<b+2 s Sh

B .
> XA max Y, G(t,s)f(s,u(s) —w(s))

a<t<b+2 g—¢

v

- B
1
2)\6MRGSI?§8§3-2 8;(1 G(t,s)

> R=|[ul].
Thus by the first part of Theorem A; has a fixed point with » < ||a|| < R. Since
a(t) = q)llal] = rq(t) > AM Aq(t) = AMw(t) = w(t), t € [a+ 1,0+ 1],
u = U — w is a positive solution of the problem (1)-(2), completing the proof of Theorem 1[1.
3. AN EXAMPLE
Let& < & with & > 0. Take the nonlinear terrji of the equation (1) as

ftu)=(u—&)(u—&)(t—a—-1)(b+1—1). (19)
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Clearly, lim f(fi“) = oo uniformly for ¢ € [a, 5] C [a + 1,b + 1]. Herea, 3 are arbitrarily

givenwitha+1<a< g <b+ 1.

Now we calculate the two positive numbers andC,. in Theorem (1.1).
There are three cases.

(1) If & < 0 and|& | < &, then

Fltw) > 1 (b= a6 — €)* = —M.

For an any givem > 0, if » > &, then
C, = sup{f(t,u)+ M:a+1<t<b+1,0<u<r}

= -8 -&)b- o+ M.

If 0 < r < &,thenf(t,u) < 0foreacht € [a+1,b+ 1] and all0 < u < r, which implies

thatC, = M.

(2) If & < 0and|&;] > &, then
1 2
M= _z&&(b_ a)”.
For an any givem > 0, if » > &, then

C, = %(r e — &)(b—a)? + M.

If 0 <r <&,thenC, = M.
(3)If & >0, then

M = 16— a6~ &0

For an any givem > 0, if > &5, then
1
Cr = Z(b —a)’max{&,&, (r — &) (r — &)} + M.

If 0 <r <&, thenC, = ;(b—a)*6& + M.

Therefore, by Theorem 1.1, for each case with an any given 0, there exists a number
C, > 0, such that the problem (1)-(2) (the nonlinearjtyis taken as the form (19)) has at least
one positive solution fob < A\ < min {W’ ﬁ}, whereA is given by (6) ando solves the
problem (3)-(4).
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