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Many of interesting results on a locally compact gradpheavily depend on the fact that
gg.Im| = |eg.m| for everyx € G andm € C,(G)*. In the present paper, by introducing the
two notions of left cancellative and left shiftable hypergroups and investigating their properties,
we have been able (among other results) to prove that i a locally compact hypergroup

for which z % y is a finite set for every,y € K, thene,.|m| = |e,.m| for everyz € K and

m € Cy(K)* if and only if K is a group.

Keywords: Locally compact hypergroup, supernormal subhypergroup, left cancellative
hypergroup, left shiftable hypergroup

1. INTRODUCTION

Hypergroups generalize locally compact groups; many basic notations and facts from harmonic
analysis of groups carry over to hypergroups without changes. However, there exist some funda-
mental tools which hold trivially for groups, and which can not be transferred to hypergroups prop-
erly. This is caused mainly by the fact that convolution products of point measures usually spread
out. A hypergroup is not left (or right) cancellative in general as in the group case, but we show that
there are some kinds of hypergroups for which there is a property very similar to cancellativity for
groups. The purpose of this paper is to introduce the left cancellative and left shiftable hypergroups
and study their properties and relations. One of the interesting properties of a locally compact group
G (discrete left cancellative semigrodprespectively) which plays a vital role in harmonic analysis
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is thate,.|m| = |e;.m| for everyz € G andm € Cy(G)* (x € S andm € £°°(S)*, respectively),

see the proof of Theorem 2.1.8 of [6] for groups and [4] for semigroups. The aim of the present
paper is to prove that such equality also remains valid for a locally compact hypergrfarpvhich

x x gy is a finite set for every:, y € K, if and only if K is a locally compact group.

The organization of this paper is as follows. Section 1 is devoted to preliminaries and notations
which are needed throughout the rest of the paper. In section 2 we introduce left (right, respec-
tively) cancellative hypergroups and prove tigt/ H is cancellative wheik is a locally compact
hypergroup and{ is a compact supernormal subhypergroupsof Examples of left cancellative
and non-left cancellative hypergroups are also presented in this section. Section 3 introduces the left
(right, respectively) shiftable hypergroups and proves the main result of the paper (Theorem 4.16)
which gives several equivalent assertions for the equality:| = |e;.m/| (t € K, m € Cy(K)*) of
a locally compact hypergroufi’ for which x x y is a finite set for every, y € K. In particular, it
proves that such equality is valid if and onlyAf is a group.

2. PRELIMINARIES

Throughout this papeK is a locally compact measured hypergroup with involutior~ z and
the identitye as defined by Jewett ([3]). By the term measured we meanifredmits a left Haar
measurevy. Let M (K) be the space of all bounded regular Borel measurek oRorz,y € K
definez x y as the set sugp, * ¢,). Forz,y,t € K xy = t meanse xy = {t}. Define/}(K)
as the set of the discrete measuy€s, ;- A\zc., where{\,; : z € K} C Cwith }° . [A\;] < oo.
Note thatK with the discrete topology is a hypergroup if and only i y is a finite set for every
z,y € K (c.f. Example 3.4 of [7]). lf¢ is a Borel function orK andz, y € K, the left translation
L,¢ and the right translatioR, ¢ are defined by

Leo(y) = Ryo(x) = d(z + ) = /K b(y *ey).

3. LEFT CANCELLATIVE HYPERGROUPS
In this section we use freely the standard notations sudti/ag7 and other notations from [3].
We start with the following definition.

Definition3.1 — A hypergroup¥ is calledleft cancellativeatt € K, if the subse{e;xe, : = €
K} of M(K) is linearly independent. This means that for every finite number of distinct elements
iy Tn € K e xey,,...,61 %€, are all distinct and the s¢t, xe,,,...,&, *€,, } IS linearly
independentRight cancellativity at is defined similarly.K is calledcancellative at if it is both
left and right cancellative dt A hypergroupK that is left (right, respectively) cancellative at each
t € K is calledleft (right, respectively)ancellative K is calledcancellativeif it is both left and
right cancellative.
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Theorem3.2 — Let K be a locally compact hypergrouplf H is a compact supernormal
subhypergroup of<, thenK//H is cancellative

PROOF Let wy denote the normalized Haar measurefbfand My (K) = {u € M(K) :
wh * b * wyg = p}t. By Theorem 1.5.20(ii) of [1], the mapping;;, : M(K//H) — Mg (K)
given byp}; (emeH) = wh * €, * wy IS an isomorphism and homeomorphism. E&tH € K//H
andHzH, ..., Hx, H be distinct elements ok //H. If for Ai,..., A\, € C, > ., o, Ni€HtH *
ez, # = 0, then by Proposition 1.5.7 of [1] o

0 = P}}( > )\z‘€HtH*€HxiH)

1<i<n

= Z NPy (emem) * Pr(EHzH)
1<i<n

= > Nilwn e rwn) x (Wi * x, W)
1<i<n

= E NWH * E¢ % €5, * WH.
1<i<n

So by Lemma 1.5.8.(iii) of [1]

pﬁ( > )\iefH:ciH) = > Apu(Eman)

1<i<n 1<i<n

= E NiWH * €4, ¥ WH

1<i<n

= E Ni€F* WH * €t % Eg, * WH
1<i<n

= ¢erx* ( E NiWH * €t * €4, *wH>
1<i<n

= 0.

Sincepy; is one-to-one, we hav®,, ., A\ie,m = 0. By Proposition 1.5.14(a) of [1] for
i# j, Hx;H N Hx;H = (), and hence for each< i < n, \; = 0. The proof of the case tha is
right cancellative alHtH is similar. |

Example3.3 — In the above theorem the supernormalityrbis necessary even K is can-
cellative. To see this, I€t/, x) be a hypergroup withl = [0, 1] such that: « y contains at most two
points for allz, y € J. Then by Theorem 3.4.21 of [1], the convolution(df ) is given by

1
Ep kEg = i(E‘r,ﬂ + 5\1*\1*7”*5”) (r,s € [O, 1])

8051 *E1 = €1 %Es, and hencéJ, x) is not cancellative. But by Theorem 3.4.21 of [L], *)
is |somorph|c toK//H whereK T®Z,; andH = Z,. Note that in this cas& is a group, and
is obviously cancellative.
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Example3.4 — Let H be a nontrivial compact hypergroup ardoe a nontrivial discrete hy-
pergroup such thall N J = {e} wheree is the identity of both hypergroupd and.J. The join
hypergroupH Vv J (c.f. [3]) is not left cancellative, since if € J \ {e} andx € H \ {e}, then

EtkEp = Et X Eg = E¢.

Definition 3.5 — A hypergroupk is calledcompletely lef(right, respectively)ancellativeat
te K,if x,y € K withz # yimpliesthatt xx Nt xy =0 (z *t Ny *t = 0, respectively).

Lemma3.6 — A hypergroupk is completely left cancellative ate K if and only if ¢ x t = e.

PROOF: Let K be completely left cancellative atlf x € ¢ xt, thent € ¢ x z. Butt € t x e and
hencer = e. Sot xt = e. The converse is obvious. |

The maximum subgroup df which is denoted by~ (K) is defined as follows.
GK)={te K:txt=txt=c¢e}.

If K is completely left cancellative at both poiritandt, then by the above lemnmiac G(K). So
we have the following corollary.

Corollary 3.7 — If K is completely left cancellative at each point, th€ris a group.

Remark3.8 : By [5], there exists a hypergroup andt € K such thatK is completely left
cancellative at, butt ¢ G(K).

4. LEFT SHIFTABLE HYPERGROUPS AND THEMAIN RESULT

For a locally compact groufy it is obvious that if¢ € C,(G) andt € G then there existg; €
Cy»(@G) such thatl,¢; = ¢. But this is no longer valid for arbitrary hypergroups. In this section we
study hypergroups for which this property is valid. Our starting point is the following definition.

Definition4.1 — A hypergroupK is calledleft (right, respectivelyshiftable att € K, if for
eachy € Cy(K), there exists);, € Cp(K) such thatl,¢, = ¢ (R = ¢, respectively). A hyper-
group K that is left (right, respectively) shiftable at eacke K is called left (right, respectively)
shiftable

Proposition4.2 — Let K be a hypergroup. IK is completely left cancellative ate K, then
K is left shiftable at.

PROOF: Let¢ € C(K) and definey, = L;¢. By Lemma 3.6 xt = e and hencd.;¢; = ¢.l

The next proposition and example show that the converse of the above proposition is not true in
general.

Proposition4.3 — Let K be a discrete hypergroup and K. If for x,y € K \ {e} andz # y,
txxNtxy=(0andforr # e, t*x # t, thenK is left shiftable at.
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PROOF: Let ¢ € (*°(K). If for eachx € K\{e}, t ¢ ¢ * x, thenK is completely left
cancellative at and hence by Proposition 4.% is left shiftable att. Otherwise there exists a
uniquez? # e such that € ¢ x z¥. In this case define

o(y) forxz e txy, y;éxg,
o) = { e (0(a9) — e g ({tho(e) ) fora e txaf\ {1},
0 / otherwise

Sincet x x # t, g4 x %g({t}) # 1 and hence; is well-defined. Note thak;¢; = ¢. The proof
is complete. |

Exampled.4 — (a). LetK = {e,a}. Then with the convolution given by
1
Ee k Ee = Eey e ¥ Eq = Eq * E¢ = Eq, ANde, x4 = 5(56 + €a),

K defines a hypergroup which is not completely cancellative. By the above propakitisreft
shiftable. Note that any two point hypergroup which is not a group is not completely cancellative,
but is left shiftable (see [3] for classification of two point hypergroups).

(b). LetG be a locally compact group. Then with the convolution:

E@ryn) * E(ma2) = (5:101 * 5902) @ Eyrys ((x1,y1), ($27y2) € K x G)a

K x G defines a hypergroup which is also not completely cancellativegletC, (K x G). Let
t € G. Define
Pley (T, y) = dla,t~y) for (z,y) € K x G,
and
ple, t™1y) forz = a,
Oan)(:9) = { 2¢(a,t™1y) — ¢(e, t71y) forz =e.
It is easy to check that for eadh, t) € K x G, ¢(sy) € Cp(K x G) and L, yd(s 1) = ¢-
ThereforeK x G is a left shiftable hypergroup.

Proposition4.5 — If a hypergroupy is left shiftable at € K, thenK is left cancellative at.

PrROOF Letzq,...,z, be distinct elements df and for\,..., \, € C, Z1gign Ni€t* g, =
0. By Urysohn's Lemma, for each < i < n there exists)’ € Cy,(K) such thai'(x;) = 1, and
¢'(zj) = 0for j #i. Foreachl <i<n

A=) M)

1<j<n

= > ALdi(ay)

1<j<n

= Z Aj/}{‘f’id(gt*ga:j)

1<j<n
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1<j<n

= /de‘:d( Z )\jEt*ExJ)
0.

ThereforeK is left cancellative at. [ |

Proposition4.6 — Let K be a discrete hypergroup,c K, and¢ € ¢(*°(K). The following
statements are equivalent:

() There existsp, € ¢>°(K) such thatl;¢; = ¢.

(i) There exists a bounded linear mdp from the linear span ofs; x e, : * € K} into C
satisfying
(I)t({-ft * EI) = (;S(x)

PROOF (i)=(ii): Define ®, € ¢*(K)* by

O(f) =) fl@)gn(z) (f € L1(K)).

zeK

Let &, be the restriction o®; to the linear span ofe; x e, : © € K}. Then®, is a well-defined
bounded linear functional and

Oi(ernen) = Y (e % ea)W)de(y) = di(t * x) = Lign(z) = ().

yeK

(i)=(i): By the Hahn-Banach Theorem there exists a bounded extefsien/! (K)* of ®.
Sincel' (K)* = (*(K), we can regar@ as an element; € (>*(K). Indeedp;(z) = ®;(e,) for
x € K. We have

Ligy(x) = ¢u(t x x) = By(eq % £2) = Pr(er % £2) = ().
|

Note that if a hypergroug is left cancellative at, then the mapb; as required in the above
proposition is well-defined. Since all linear functionals on a finite-dimensional topological vector
space are continuous, we have the following corollary.

Corollary 4.7 — For a finite hypergrouft, the following statements are equivalent:
(i) K is left cancellative at € K.
(i) K is left shiftable at € K.

The following example shows that Corollary 4.7 is no longer valid for infinite hypergroups.
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Example4.8 — Consider the hypergroug = R with the convolution given by

1
Er*&s = 5(5\r—s| +erts) (r,s €Ry).

Note that K, +) is isomorphic tdR&Za / /Z». Letr € K ands, ..., s, be distinct elements of
K with Y, ;.. Mierxe5, = 0, where\, ..., A, € C. Assume not al\; are zero. We may assume
that all \; 720_ Let's assume that, is the largess;. Then in the expansion of, _, ., Aie, * €,
the terme, 5, has the largest subscript and its coefficien%))sl. But since the sum is 0, this
coefficient must be 0, a contradiction.

Proposition4.9 — Let K be a discrete hypergroup that is left shiftable at K. If 4 € /1 (K)
andey x p = 0, theny = 0.

PROOF. Letyu = ) .y An€z,, Where{z, : n € N} consists of distinct elements &f and
ey x = 0. Foreachn € N, let¢™ = ¢,,,. We have

neN

= Z )\nLtd);n(In)

neN
= (e p)(ef")
= 0.

Sop =0. |
Remark4.10: LetK be a hypergroup antle K. If for x4 € ¢'(K) the equalitys; * u = 0
implies thaty = 0, thenK is left cancellative at.

Proposition4.11 — LetK be a hypergroup ande K. If K is completely left cancellative at
andyu € ¢1(K) is such that; * u = 0, theny = 0.

PROOFE By Lemma 3.6f xt = e and hence, = e; * (¢ * 1) = 0. [ ]

Proposition4.12 — LetK be a hypergroup anf be a compact supernormal subhypergroup of
K.Ift € Kandu € ¢*(K//H) are such thaty; g * 1 = 0, thenp = 0.

PROOF. Let { Hx,, H },en be distinct elements oK //H such thafy = > -y Anefz, 0. By @
similar method as in Theorem 3.2, we conclude that for eaehN, A,, = 0 and hence: =0. R

Example4.13 — Consider the hypergroufg of the Example 3.8. Let € K andpu =
> nen Anés, € (H(K), where{s,, : n € N} consists of distinct elements &f ande, 1 = 0.
Let m € N. For nonnegative integets lets;; := 2jr + s,,. Firstly, suppose thafs;, : j €
NU{0}} € {sn :n € N}. Fors € R\ {0}, we haver + s;, = |[r — s|ifand only if s = —s;, or
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s =2r+s;, =s;, . Ofcoursey + s;; = r + sifand only if s = s;,. The preceding observation
shows that the coefficient ef ., in > neN AnEr * €5, IS $Ai; 4+ A, . Since the sum is 0, these
coefficients must be 0. i.e.,

1 1 .
5)\2‘]. + 5)\1‘]._'_1 = Ofor] € N.

Sinces;, = sy, it follows that for allj € N, A,, = (—1)j)\ij. Sincelim, .o A\, = 0,
we concludelim;_...(—1)7\;; = 0. Therefore),, = 0. Secondly, if{s;, : j € NU{0}} &
{sn : n € N}, then there exist¢ € N U {0} such that2(k + 1)r + s,,, ¢ {s1,...,s,} and
{si; : 0 < j < k} C {s1,...,s,}. Hence the coefficient oé,drsij in > cnAnEr * €5, IS
3Xi; + 5Ai,y, for1 < j <k — 1, and the coefficient Of s, IS 3. Since the sum is 0, these
coefficients must be 0. i.e.,

1 1 1 .
5)% =0 andi)\ij + 5)\% =0forj <k-—1.
Therefore all\;, = 0 for 0 < j < k. Sinces;, = s,,, we have in particular that,, = \;, = 0.
Henceu = 0.

Let K be a hypergroup. Fgr € M (K) andm € Cy(K)*, define

(m)(¢) =m(¢*p) (¢ € Cp(K)).

Similarly we can definen.u. Note that this is the canonical dual module multiplication where
Cy(K) is an M (K )-bimodule with the canonical module multiplication. Clearly foe K and
m € Cyp(K)*
(er.m)(¢) = m(d * &) = m(Lyop) (¢ € Cy(K)).

Let X be a complex linear space of complex-valued functions on & setdm € X™*. For each
nonnegative functiop € X, let

[m|(¢) = sup{|m ()| : ¥ € X, [¢] < ¢}
Then|m| can be extended to a nonnegative linear functiona fn which again we denote by
|m| (c.f. Theorems 14.5 and B.38 of [2]).

Proposition4.14 — Let K be a hypergroup antd € K. Then the following statements are
equivalent:

(i) K is completely left cancellative at

(i) For eachg € Cy(K)™, there existsy; € Cp(K)™ such thatl;¢; = ¢.
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PrROOFE (i)=(ii): Let ¢ > 0. If ¢; = L;z¢, then by Proposition 4.2,;¢; = ¢. Clearly¢; > 0.

(i)=(i): If K is not completely left cancellative atthen by Lemma 3.6, « ¢ # e. So there
existss # eint xt and hence € ¢ x s. Let¢ € Cy(K)™ such thatp(e) = 1 andg(s) = 0. If
¢ € Cp(K)T such thatl;¢; = ¢, theng,(t) = Lidi(e) = ¢d(e) = 1. Sincet € t x s, ¢4(t) = 1,
andg¢; € C,(K)™, we have[ ¢;d(e; x £5) > 0. Hence

Ligi(s) = ¢yt x s) = /¢td(€t xe5) > 0= ¢(s).

This contradiction shows thadf is completely left cancellative at |

Theorem4.15— Let K be a hypergroup such that* y is a finite set for alle,y € K. For
t € K the following statements are equivalent

(i) Foreachu € M(K), ey * |p| = |er * pl.

(i) K is completely left cancellative at

(iii) For eachg € Cy(K)™, there existsp; € C,(K)™* such thatL;¢; = ¢.
(iv) For eachm € Cy(K)*, e¢./m| = |er.m].

PROOF (i)=(ii): If K is not completely left cancellative atthen there exists # e such that
t€txs. Lety =e. — e, Sinces; x e5({t}) = 0, we have

g% p| = |5t—5t*55\:‘(1—5t*53({t}))6t+ S erre(fad)es
z€txs\{t}
- ‘1—et*es({t})|5t+ Y are{e)es
x€txs\{t}
# e+ Y axe{r})es
TEL*S

= gterkes=cpx(ee+es)

= e x|yl

(i) < (iii) follows from Proposition 4.14.

(il)=(iv): For each nonnegative € C;(K) we have,

le.m|(¢)

sup{|(ee.m)(¥)| : || < o}
= sup{|m(Ly)| : |[¢] < &}

Letop, v € Cp(K). If || < ¢, itisobvious thatL,y| < Lio. If || < Ly, then by Proposition
4.2, Lypy = ¢ whereyy = Lyh. Soli| < || < ¢.
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Thereforez;.|m| = |e,.m].

(iv)=-(i): Note that we can embetl/ (K') in Cy(S)* through

() = /K bdu (1€ M(K), 6 € Cy(K)).

Foru € M(K), from (1.2.8) of [1]

(e-p) (@) = u(Li@) = (er % p)(@) (¢ € Cy(K)).

So
v * |pu| = eplpl = lerpl = lew = pl.

We are now in a position to state and prove the main result of the paper.

Theorem4.16— Let K be a hypergroup such thatx y is a finite set for alle,y € K. Then
the following statements are equivalent

(i) Foreacht € K andp € M(K), e * |p] = |et * pl.

(it) For eacht € K andm € Cy(K)*, e¢.|m| = |er.m].

(iii) For eacht € K and¢ € Cy(K)™, there exists; € C,(K)™ such thatL;¢; = ¢.
(iv) K isagroup

(V) Foreacht € K andu € M(K), |p| x ey = | * &

(vi) For eacht € K andm € Cy(K)*, |m|.e; = |m.c¢|.

(vii) For eacht € K and¢ € C,(K)™, there existsy; € C,(K)™ such thatR;¢; = ¢.

PROOE (i)« (i) < (iii) <(iv) is proved in Theorem 4.15. By using an argument similar to the
proof of Theorem 4.15, one can prove @vjv)<(vi)<(vii). |

Remarld.17 : LetK be a hypergroup ande K suchthatforeach € M (K), ey *|u| = |ep*p].
If n € ¢(K)ande; * u = 0, theng, = |u| = |e; * u| = 0 and hence: = 0. To see this, note
thate; * |u| = > cx [n{z}|er x €. = 0, if and only if, u{x} = 0 for eachz € K. SoK is left
cancellative at.

We close the paper with the following questions.

Questionl — Let K be a hypergroup that is left shiftabletat K. Fory € ¢'(K), does the
equalitye; * p = 0imply p = 0?
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Note that by Proposition 4.9, the answer to the above question is affirmative for discrete hyper-
groups. A general form of the above question is the following:

Question2 — Is the converse of Remark 4.10 valid? In other wordskldte a hypergroup that
is left cancellative at € K. For eachu € ¢'(K), does the equality; * . = 0 imply p = 0?

Question3 — Is Theorem 3.15 valid for an arbitrary hypergroup?
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