Indian J. pure appl. Math:39(2): 105-122, April 2008
© Printed in India.

OSCILLATION AND ASYMPTOTIC BEHAVIOR OF PERTURBED NONLINEAR
DIFFERENCE EQUATIONS

S. H. SAKER* AND PATRICIA. J. Y. WONG**

*Department of Mathematics, Faculty of Scieridansoura University,
Mansoura35516,Egypt
e-mail: shsaker@mans.edu.eg

**School of Electrical and Electronic Engineerirfiganyang Technological Universijty
50 Nanyang Avenue, Singapd89798,Singapore
email: ejywong@ntu.edu.sg

(ReceivedL6 January2006;after final revisionl6 May 2007;acceptedl7 May 2007)

In this paper, by employing the generalized Riccati technique, we establish some new oscillation
criteria for the second-order perturbed nonlinear difference equation

A(an—1(Azn_1)") + F(n,2,) = G(n,z,, Azy), 1 > no,

where( > 0 is quotient of odd positive integers. Our results improve some well-known results
in the literature. Some comparison between our theorems and those previously known results
are indicated. Some examples are included to illustrate the relevance of the main results.
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1. INTRODUCTION

The theory of difference equations and their applications have been and still are receiving intensive
attention. In fact, in the last few years several monographs and hundreds of research papers have
been written, see for example the monographs [1, 2, 5, 6, 10]. In this paper, we are concerned with

the oscillation of the solutions of second-order perturbed nonlinear difference equation

Aan—1 (Azn-1)") + F(n,2,) = G(n, xn, Azy), 0> ng, (1.1)
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whereg is quotient of odd positive integerd, denotes the forward difference operator

Az, = zn41 — , fOr any sequencér, } of real numbers{a, }%, is areal positive sequence. We
consider the two cases:

i (al)ﬁ = 00, (1.2)
o0 1 %
> (a ) < 0. (1.3)

By a solution of (1.1), we mean a nontrivial sequefieg} satisfying equation (1.1) fot > ny.
A solution{z, } of (1.1) is said to be oscillatory if for every; > ng there exists: > n; such that

TnTnt1 < 0, otherwise it is nonoscillatory. Equation (1.1) is said to be oscillatory if all its solutions
are oscillatory.

The problem of determining oscillation criteria for second order difference equations has re-
ceived a fair amount of attention, see for example the papers [8, 9, 12, 13, 14, 15, 16, 20] and
the references cited therein. For equations with perturbation terms such as eq.(1.1) relatively few
oscillation criteria are known, for example, we refer to the results of Saker [11], Szmanda [17],
Thandapani [18] and Wong and Agarwal [19].

In [19], the authors considered eq.(1.1) when, = 1, 8 = 1 and assumed that: There exist
real sequence§y, }, {p,} and a functionf : R — R such that

uf(u) >0 for w#0, (1.4)

f(u) — f(v) = g(u,v)(u — v), for u,v # 0 where g is nonnegative function, (1.5)
F(n,u) G(n,u,v)
=t @

and used the summation averaging technique similar to that of the technique used in differential
equations and offered new necessary conditions for existence of nonoscillatory solutions.

< pp for u # 0, (1.6)

In [18], the author considered eq.(1.8)= 1 and assumed that (1.4)-(1.6) hold, and established
several sufficient conditions for oscillation. Most of the oscillation criteria in [18] required the
conditions (1.2), and

[e.e]

Z (Qn - pn) = 00. (1.7)

n=ng

But one can easily see that the results in [17, 18, 19] can not applied for the equation
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Azy,)z
Ao i+ P12y = & BT 1.8
X 1+n2m ( +xn) n21—|—(Aa:n)2’ n 9 Ly eeey ( )

since the condition (1.7) is not satisfied.

In [11], the author considered the perturbed equation

A(an—1 (Azp—1)") + F(n,z,) = G(n,xn, Azy,), n>1, (1.9)

wherey > 1 is quotient of odd positive integers and there exist two positive sequénggsand
{pn} such that

F(n,u) G(n,u,v)

7 Z dn, 8 S Pn fOI‘ U 7é O) (110)
w (2

where is quotient of odd positive integers and by using the Riccati substitution some sufficient
conditions for oscillation are established, which improve the results investigated in [17, 18, 19].

In this paper, by employing Riccati and generalized Riccati technique we establish some new
oscillation criteria for eq.(1.1) bypassing the condition (1.5) and improving the condition (1.7).
When (1.2) holds, we will establish some sufficient conditions for oscillation of eq.(1.1), and when
(2.3) holds the sufficient conditions guarantee that every solution oscillates or converges to zero.
Our results improve the results in [11, 17, 18, 19] when (1.2) holds and when (1.3) holds our results
are essentially new. Examples are included to illustrate the relevance of our results.

2. MAIN RESULTS

In the following, we will use the generalized Riccati technique to establish some sufficient condi-
tions for oscillation of eq. (1.1). Throughout this Section, we will assume that there exist two real
sequences$q, }n2,,, and{p, },=,, such that

Gn — Pn > 0 and not identically zero for large n, (2.1)
F:NxR—R=(-00,0),G:NxR2—R,
uF'(n,u) > 0 and uG(n,u,v) > 0 for u # 0, (2.2)
F

(HAU) > qn, C:(n’ig’v) <pn foru;éO,

u U

where( > 1 is quotient of odd positive integers.

First, we consider the case when (1.2) holds
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Theorem2.1— Assume that (1.2), (2.1) and (2.2) hold. Furthermore, assume that there exists

y » Apn\?
a positive constant M and a positive sequefieg};>,, such thatp,,1a, < p ) < M and

lim sup Z s = 00, (2.3)
s$=ng
for some g > 0, where

U = pu (@0 = pn) = A (an-100-1) + an (an) 5] Land (an)? = - (ﬁipl)p |

Then every solution of eq. (1.1) oscillates.

PROOF Suppose to the contrary thit, } is an eventually positive solution of (1.1), say > 0
for all n > ng. We shall consider only this case, because the proof whea 0 is similar. From
eg. (1.1) and (2.2), we have

A(an-1(A2y-1)") < ~[gn — palz <0, 0> nq. (2.4)

From which we have thafa,_; (Ag:n,l)ﬂ} is an eventually nonincreasing sequence. We
first show thata,,Az,, > 0 for n > ng. In fact, if there exists an integer; > ng such that
tn, (Az,,)? = ¢ < 0, thena, (Az,)’ < an, (Az,,)? = cforn > ny thatis

1/1 %
Az, <cP () .
an

Upon summing the above inequality fram ton — 1, we get

— 1
1 /1N
Tp < Ty, +cP E — — —0o0 as n — 00,

a
s=ni s

which contradicts the fact that, > 0 for n > nq. Therefore, we have

Tn >0, Az, >0 and, A(an—1 (A:):n_l)ﬂ) < 0 for n > nyg. (2.5)

Define the sequendev,, } by the generalized Riccati substitution

w1 (Azy_1)”
Wy = Pn [al(;l) + ap_10—1] - (26)
Tn
Then
], Pal(an—1 (Az,1)”
Aw,, = a, (Aa:n)’gA [pﬁ] + pni(a l(ﬁ Zn-1)) + pnA (ap—10m-1) + ananApy,.
Th Th
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Thus, (2.4) and (2.6), imply that

n nln (Azy, BA $g
Awn < _pn[Qn - pn} + pnA (an—lan—l) + i Wn+1 p ( 3 ﬁ) ( ) (27)
Pn+1 TnTpyq

Now, by using the inequality (cf. [7, p. 39])
2P —yP > By’ Yo —y)forallz #y >0and § > 1,
we have

A(x)) =)y —all > B Nwnys — 20) = Bl (Azn), B>1. (2.8)

But, in view of (2.5) we have,, ;1 > z,,, and hence from (2.7) and (2.8), we obtain

A an (Azy)? 1
Aw, < _pn[Qn - pn] + pnA (anflanfl) + P Wn+1 — ﬁpn = (L;+1n) (29)
From (2.6), we have
an (Azp)?
Wn+1 = Pn+1 % + anan] s
xn+1
and this implies that
1
<Aa:n>ﬁ+l _ { Wntl ]Hﬁ
Tnt1 anpPnt1
Now, by using the inequality, [cf. [9]).
1 11 1 1 1
(v — u)1+ﬁ1’ > V't F + BuHﬁlf - (1 + ﬁ) u»flfv, B =odd/odd > 1,
we have,
(Aﬂin)Hé [ Wit ]H;
= _— a”’l
Tn+1 G Pn+1
4 (1 n l) (an)?
1 n
> < Wn+1 ) b ()oY (2.10)
AnPn+1 B anPn+1

Substitute (2.10) into (2.9) gives

109



110 S. H. SAKER AND PATRICIA. J. Y. WONG

1
Awy < —pplgn — pa] + pnA (@n—100-1) — anpn (an)H—B
Moo, (143) (e)? Gon e
+ + B Wn41 — 1 141 wnJrf' (211)
Prtl Prtl (an)? (pnt1) 5

Using the fact that the maximum of the functigtw) = Bw — Aw't5 for A > 0 is given by

3P BA+1
CE R (2.12)

we get from (2.11) that

1
Awy, < —Pn [Qn - pn] + pnA (an—lan—l) — AnPn (an)H—B

B+1

1 1
n an(pn+1)'6+1 App + Bp (1 + ﬁ) (an)ﬁ
(ﬂ + 1)ﬂ+1(pn)ﬂ Pn+1 "

2.13
. (2.13)

= —ﬂ, we have
(B+1Dpn

R

Now, since(a,)

1 1
A (1+4) (an)?
Pn gy _o,
Pn+1 Pn+1

and this implies from (2.13) that

Aw, < =1y,
Summing the last inequality froms, to n, we obtain

n

D[] < wny — wagr. (2.14)

s=n1

Now by (2.6), we have

Wnt1 > — Pyl <Apn>6
n+1 —Z n+1Un (ﬁ"‘l)pn .

. B
Using the fact thap,, ;1 a, (ﬁiﬂ) < M, we have

n

1 Apn\? 1
Wn+1 > —mpn+1an <> 2 —WM, (215)
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and therefore, it follows that the right side of (2.14) is bounded above. This is contrary to (2.3). The
proof is complete.

Remark2.1 : From Theorem 2.1, we can obtain different conditions for oscillation of all solu-
tions of (1.1) by different choices df,,}. For examples one can lpt = n*, n > ng and\ > 1is

n—1 1
1\5 .
a constant, op,, = R(n,ng) = E () . The details are left to the reader.
as
s=ng

Remark2.2 : Note that, wher = 1 andp,, = 0, eq. (1.1) reduces to the linear difference
equation

Alap-—1A%p—1) + @uxn =0, n=1,2.., (2.16)

and the condition (2.3) reduces to

Jim sup E o e — A (a—10q-1) + a0 ] = oo, (2.17)
l=ng
for some g > 0, where
Apn,
an = —=Pn, (2.18)
2pn

The following examples are illustrative.

Example2.1 — As special case of eq. (1.1), we consider the discrete Euler equation

ANy + L, =0, n>1, (2.19)
n
1
wherepy > T Heref =1,a, =1, p, = 0andg, = # If we takep,, = n + 1, we have
Apn 1

and

zn:(erl) [gs — Aag—1 + o] :ZH:(H_U{ " A<S>+4(811)2]

= s=1
n i 1 1
§ ;(H Y [(s+ D7 2 4<3+1>2}

I~ [4p—1 2
N 4;[84—1 ((S—Fl)}_)oo7

asn — oo provided thap, > i. Then by (2.17) and Theorem 2.1, every solution of (2.19) oscillates

if > i, and this is compatible with the oscillation results of Euler equation (see [19]). Hence,
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Theorem 2.1 is able to conclude the oscillation of (2.19). Note that the results in [17, 18] can not be
applied to eq. (2.19).

Example2.2 — Consider the second-order perturbed difference equation

1
A Axrp_1 ] + lxn =0, for n>2. (2.20)
n—1 n3
HereG =1,a,_1 = 1 andg, —p, = 13 Note thata,, satisfies the condition (1.2). To ap-
n — n

. . _ Apn\”?
ply Theorem 2.1, it remains to prove that (2.3) holds. By chooging n?, thenp,,1a, < P > <
Pn

2n+1
2n2

and

9, Ay = —

n n
Jim sup Z [¥s] = lim Suprs [as — ps — A (as—105-1) + asa?]

s$=ng s=2

n 2
_ . 2| 1 s+s+1 s—1+s
N nlggosul)sz:;s s3 + s < 252 +a 2(s—1)3

n 2
B . 2| 7 1 2s+1 2s —1
= fm SUPZS R < 252 A 2(s —1)3

s=2 L

n B 2

. ¥ 1/2s+1 2s+1 2s —1
= 1 20 14 _

oo SuPsz:;S R < 252 > T 2(s —1)3

. oy 1 s 11 1 1
= nerolosupZS = +-—=(2s+1) —i—?—&——g—

s=1 -

v

nor
: v

1 2| Ly -4 - 4 - __
ni»néosul)gs _s3+33+283+82 2(s—1)3 (8—1)2]

n
. v 1 1
= lim su -+ -+ —+1- -
n—00 p;[s s 2s 2(s— 1) (s—1)
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_ i |:12’}/S3—6’}/82+6’}/8—2"y—283—3S2+78—3
B 2

s s(s—1)3

. 5 1 1 1
= signum(yoo) — 3 5( (3) — §7T2 + 3 (27 —2) (gamma — 1)
= 007

provided thaty > 1, where
ifz # 0,

sighum = || ,
0 ifz=0,

( is Zeta function and

n—oo m

n
1
gamma = lim Z [ —lnn} = 00.
=1

Then, by Theorem 2.1 every solution of difference equation (2.20) oscillaies if.

Also, one can see that, all the results established in [11, 17, 18, 19] cannot be applied to
eq.(2.20), since the condition (1.7) is not satisfied.

In the following, we derive new oscillation criteria, which can be considered the generalized of
the Kamenev-type oscillation criteria for second order differential equation.

Theorem2.2— Assume that (1.2), (2.1) and (2.2) hold. Lgt, be a positive sequence

[e's)
n=no

B .
such thatp,11a, (ﬁi") < M. Furthermore, we assume that there exists a double sequence
{Hmn : m > n > 0} such that ()H,,, = 0 form > 0, (i) Hy,,, > 0for m > n > 0, (iii)
AQHm7n = Hm,n+1 — Hm,n <0form>n>0.If

1 Hpn=2 — h )
m- an, |: mn— — Nmn m,n}
lim sup Hpynthy — Pt = 00, 2.21
m=co " Hino go e (B+ 1)y (Hyn )" @21
where Ao
1 1
Cn = Apn + Bpn <1 + > (an)ﬁlf andhy, , = _2mn > > 0.
ﬂ H’mn

Then every solution of (1.1) oscillates.

PrRoOOF. Proceeding as in the proof of Theorem 2.1, we assume that eq. (1.1) has a nonoscil-
latory solution, sayt,, > 0 for all n > ng. From the proof of Theorem 2.1 by (1.2) we saw that
Ax, > 0forall n > ng. By defining againv,, by (2.6) and proceeding as in Theorem 2.1, we get
(2.12). From (2.12), we have for > ny

= 1
Pn +3 _ Bpn
w, 1, where p, = ——

T gL
Pt (pny1)' 7 (an)

(2.22)

@l=
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Therefore, we have
m—1

Hynp 1+1
Z Hpponthn, < — Z Hpp o Awy, + Z Hmn I 3 (pm,;l:éwn+f (2.23)
n=ni n+1

n=ni n=ni n=ni

which yields, after summing by parts

m—1
Z Hm,ndjn < Hm,nlwnl

n=ni
m—1

s A s Cn Hm,nﬁn H‘%
+ Z Wn+1 2Hm,n + Z Hm,niwn—ﬁ—l - Z ﬁwn—‘rl
Pr+1 n=n1 (Pn+1) 7

n=ni n=ni
= mnlwnl Z hom, ny mnwn+1 + Z Hmn wnJrl
n=ni n=ni n
mnpn 1+g
- Z Wp11
n=n1 ,0n+1)
“lom p 1+1
m,nfn B
= mnlwnl + Z |: hm,n\/ Hm,n:| Wp41 — Z 71# n—i—f'
n=nj n=ni (pn+1) 3
Then, as in the proof of Theorem 2.1, we have

B+1
1 (Pn+1)ﬁ+1 |:Hm,n Gn_ _ hm,n Hm,n]

Hm,nwn < Hm,nlwnl + A 81 - _
n=ni (B+1)7* n=n1 (Hm,npn)ﬁ
Then
B+1
m—1 Qnp Hm,npgﬁ - hm,n\/ Hm,n}
Z Hm,nwn - 1 8 < Hmmlwnl S Hm70’wn1,
n=n1 (84 1)+ pn (Hrn,n)

which implies that

B+1
() n [ Hinpes = i/ Fon| < Hpmy (w - ni:lw )
m ni n | -

Hm,n¢n -
nZ:o (ﬁ + I)B—HPH (Hm,n)ﬁ n=0
Hence
m-1 [H S 2 rﬂ
— Gnp, mmn, . Nmmn m,n
I pn ’ ’
R A
meee (L Up— (B4 1) pp (Hipn)
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and this contradicts (2.21). The proof is complete.
As an immediate consequence of Theorem 2.2, we get the following:

Corollary 2.1 — Assume that all the assumptions of Theorem 2.2 hold, except that the condition
(2.21) is replaced by

1 m—1
li H = 2.24
mglloo Sup Hm7n0 n:ZnO m,nwn OO? ( )
B+1
1 m—1gq, [Hm,n p'rfil - hm,n\/ Hm,n}
lim sup 3 < 0.
mmee Hpo n=0 (/6 + 1)’6+lpn (Hmn>

Then every solution of eq. (1.1) oscillates.

Remark2.3 : By choosing the sequen{#,,, ,,} in appropriate manners, one can derive several
oscillation criteria for (1.1). For instance, one can use the double seq{i&ficg} defined by

R
Hpypp = (m—n)*, or Hyp = <10gm+> A>1,m>n>0, (2.25)
’ ’ n+1
or
Hoppn=m—-n)™ X>2m>n>0. (2.26)

where(m —n)M = (m —n)(m —n+1)...(m —n+ X — 1) and
Ag(m —n)N = (m—n—-1)N — (m—n)N = —X(m —n)AY. (2.27)

We observe thati,, ,, = 0 form > 0 andH,,, > 0 andAyH,,,, < 0form >n > 0. The
details are left to the interesting reader.

Next, we will consider the case when (1.3) holds.

Theorem?2.3 — Assume that (1.3), (2.1) and (2.2) hold. Furthermore, we assume that there

exist positive sequencép,, },>,,, such thatp,,, 1a,, (Ap‘;") < M and(2.3) holds, and

o) o) n—1 B
Z [gn — pn) = o0 and Z (a 1 1 Z 4 _pi]> = o0, (2.28)
n=no n=ng "= i=ng

for some p > 0. Then every solution of eq. (1.1) oscillates or,Jim.z, = 0.

PROOFE Suppose to the contrary thét,, } is an eventually positive solution of (1.1) such that
xy, > 0 for alln > ng. We shall consider only this case, since the proof wher: 0 is similar. By
(2.1) and Theorem 2 in [19] we see tHatx,, } does not oscillate and there exist two possible cases.
If {Az,} is eventually positive, we are then back to the case where (2.5) holds. Thus the proof of
Theorem 2.1 goes through, and we may conclude{tha} cannot be eventually positive, which is
not possible. Suppose thatr,, < 0 for n > ny > ng. It follows thatlim,, .., 2, = b > 0. Now,
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we claim thath = 0. If not, we assume thaim,, .., z,, = b > 0 which implies thatz:ﬁ - >0
asn — oo, and hence there exists > n; such thatz > 5. Therefore from (1.1) and (2.2), we
have

A(anfl (Axnfl)ﬁ) < _[Qn - pn]bﬁ'
Define the sequenag, = a,,_1 (Azn,l)ﬁ for n > ny. Then we have
Au, < _bﬁ[Qn - pn]‘

Summing the last inequality from, ton — 1, we have

n—1
Uy < Upy, — bﬁ Z [QS _ps}-

s=ngy

o0
In view of (2.28), since >  [¢, — pn] = oo it is possible to choose integeg sufficiently large
n=no

such that for alh > ns

Summing the last inequality fromy; to n we obtain

Tni1 < Ty — (Zﬂ) z”: < ! %[%—Pﬂ)é

As—1 !
s=n3 i=ng

Condition @.28) implies that{z, } is eventually negative, which is a contradiction. Thus the
proof is complete.

Remark2.4 : From Theorem 2.3, one can obtain different conditions for oscillation of all solu-
tions of eq.(1.1) when (1.3) holds by different choiceg @f}. The details are left to the reader.

The following example is illustrative.

Example2.3 — Consider the linear difference equation

wherep > i. Herea, 1 = (n — 1), 3 = 1, p, = 0 andg, = p. If we takep,, = n, then one

can easily see that (2.3) and (2.28) hold. Thus, Theorem 2.3 asserts that every solution of (2.29)
oscillates orz,, — oo asn — oo. Note that none of the above mentioned papers can be applied to
eq.(2.29).

Theorem2.4 — Assume that (1.3), (2.1), (2.2) and (2)2®ld. Let{p,};2,, be a positive

n

B .
sequence such that, 1 a, (Ap”") < M. Furthermore, we assume that there exists a double
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sequence H,, , : m > n > 0} as defined in Theorem 2.2 and (2.21) holds. Then every solution of
eq.(1.1) oscillates olim,, o, z,, = 0.

PROOF: Suppose thafz, } is an eventually positive solution of (1.1). Then as seen in the proof
of Theorem 2.3, eithefAz, } is eventually positive or is eventually negative. In the case, when
{Az,} is eventually positive we may follow the proof of Theorem 2.2 and obtain a contradiction.
If {Az,} is eventually negative, then we may follow the proof of Theorem 2.3 to show{ihgt
converges to zero.

By choosing the sequendéd,, ,,} in appropriate manners, we can derive several oscillation
criteria for (1.1). For instance, let us consider the double sequdtigg, } be defined as in Remark
(2.5). Hence we have the following conditions which are sufficient for oscillation or imply that
lim, .o x, = 0 when (1.3) holds.

Corollary 2.2 — Assume that all the assumptions of Theorem 2.4 hold, except that the condi-
tion (2.21) is replaced by (2.25) or (2.26) or (2.27). Then every solution of eq.(1.1) oscillates or

lim,, oo z, = 0.

In the following, we will use the Riccati substitution to establish some oscillation criteria for the
equation
Aan—1 (Azp_1)) + F(n,z,) = G(n, xn, Azy), n > ng, (2.30)

when0 < g < 1.

o0
First, we consider the case wherc 3 < 1, > ((}) = oo andAa, > 0.

i=ng

Theorem2.5— Let0 < < 1. Assume that (2.1) and (2.2) holdy_ <ai> = oo and
1=ng v

Aa, > 0. Furthermore, assume that there exists a positive sequgngg>.,,, such that for every
b>1

(a) b'B(1 + 1)1_B(Apn)2] — . (2.31)

n
I —p -
lim sup ) [pz la — pi] e

l=ng

Then every solution of eq.(2.31) oscillates.

PROOF Suppose to the contrary thét,,} is an eventually positive solution of (2.30), say
x, > 0forall n > ng. We shall consider only this case, because the proof when 0 is similar.
From eq.(2.30) and (2.2), we have

Alan—1 (Azp_1)) < —[gn — palzl) <0, 1 > nq, (2.32)

and so{a,—1 (Az,—1)} is an eventually nonincreasing sequence, and as in the proof of Theorem
2.1 we can easily show that Ax,, > 0 for n > ng. Definew,, by the Riccati substitution

wy, = pp T (2.33)
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Thenw,, > 0 and as in the proof of Theorem 2.1 by using (2.32), we obtain

A
Awyp, < —pplan — pn] + ; (2.34)

Now we claimAZ2z, < 0. If not there exists:; > ng such thatA%z,, > 0 and this implies
that Ax,, > Ax,_1, so that since\a,, > 0, a,, (Azx,) > a, (Azp_1) > ap—1 (Azy,—1) and this
contradicts the fact thdta,, 1 (Az,_1)} is nonincreasing sequence, th&hr,, < 0, and therefore
we have

zp >0, Az, >0 and A?z, <O0forn > no. (2.35)

Now, by using the inequality (cf. [7, p. 39])

2’ — o >Bxﬁ*1(m—y)forallx7éy>0and0<ﬂ§ 1,
we have
A = 2y — 2 2 B(@ns1)” " (@np1 —2) = B (2ag1)”" (Awn). (2.36)
Substitute (2.36) into (2.34) gives

B (anrl)ﬂ_l (Azy,) (Azy)

A
Aw, < *Pn[Qn - pn} + ﬂwnJrl — PnQn

ot Y , (2.37)
‘ (1)
or ) )
A a Ax
Awn < *pn[q *pn] + P Wn+1 — ﬁQpn -8 (anrl n) ( 2 n) .
Pn+1 an (Pnt1)” (Tnt1) (;Uﬁ )
n+1
Hence, A
Aw, < —Pn [Qn - pn] + Pn Wn41 — ipn -3 w721+1‘ (238)
Pr+1 an (Pn+1)” (Tn+1)
From (2.35), we conclude that
Ty < Tpy + Axpy(n —ng), n > np.
Consequently there existsa > ny and appropriate constalht> 1 such that
Tp < bnforn > nq,
and this implies that
Tnt1 <b(n+1)forn>ny=ny —1,
and, hence
1 1
(2.39)

> .
() ™7 7 I+ 1)1
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Then from (2.38) and (2.39), we obtain

App, Bpn
Wn+1 — 2 1-8 1
Pn+1 (Pnt1)” (@) B1=P(n +1)

Awy, < —pplgn — pa] + = w2 4. (2.40)

The remainder of the proof is similar to that of the proof of Theorem 2.1 and hence is omitted.

Remark2.5 : Note that from Theorem 2.5, we can obtain different conditions for oscillation of
all solutions of eq.(1.1) when (1.2) holds by different choice$gf}. Let p, = n*, n > ng and

n—1
A > lisaconstant, op, = R(n,ng) = > ai Hence we have the following results.

s=ngo
Corollary 2.3 — Assume that all the assumptions of Theorem 2.5 hold, except that the condition
(2.31) is replaced by

Jlim sup Z [sk[qs P O L Cr. 12555(3 b SA)Z] —o, (241
or
Jim_sup sg;o R(s,n0)[qs — ps] — (o) bl_ﬁ(l;rgg(ljn(o?]%(&nO))2] = 0. (2.42)
Then, every solution of eq.(2.30) oscillates.
Remark2.8: Whenp,, = 0, eq.(2.30) reduces to the linear difference equation
A(n 1Ay 1)+ quz’ =0, n=0,1,2.., (2.43)

and condition (2.31) reduces to

. - a)) BB+ DB (Ap,)?
,};H;OSUPZ[M—(D (4@0); (p)}zoo

)

l=no
which improves Theorem 4.3 in [8] in the sublinear case.

> /1
Theorem2.6— Let0 < 3 < 1. Assume that (2.1) and (2.2) hol3, () = oo and
. ai
i=ng

Aay, > 0. Let{p,}°°, be a positive sequencEurthermore, we assume that there exists a double
sequencg H,, ,, : m > n > 0} such that (i)H,, ,, = 0 for m > 0, (ii) Hy,, > 0form >n >0,
(i) AoHpyp = Hymy1 — Hy < 0form >n > 0. If

m—1 p2 A,O 2
lim sup Z Hoppnpnlan — pn) — ntl <hm,n - = Hm,n) = 00, (2.44)
m—00 m0 =50 4P, Pn+1
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where

Bpn
b6 (a,) (n+ 1)1-68"
andh,, , be defined in Theorem 2Phen every solution of eq.(2.30) oscillates.

P, =

PrROOF. Proceeding as in the proof of Theorem 2.5, we assume that eq.(2.30) has a nonoscilla-
tory solution, sayr,, > 0 and for alln > ng. From the proof of Theorem 2.5 we obtain (2.40) for
all n > ny. From (2.40) we have fom > ny

A P
Awn < _pn[Qn - pn] + ﬁwn_t,_l — 771211)721_,'_1. (245)
Prt1 (Pn+1)

The remainder of the proof is similar to that of Theorem 2.2 and hence is omitted.

Corollary 2.4 — Assume that all the assumptions of Theorem 2.6 hold, except the condition
(2.44) is replaced by

: 1 & Pt
Jim s o 3 [<m 1) pnlan ]~ 2 A?n,n} Y (2.46)
where
A o
A = </\(m )i 2P (m —n) ) ,
Pn+1
or
1 ol m+ 1\ P>
li — 1 —p] -2l = 2.47
s, SUP (log(m + 1))* vt [( 8 n+1 > Pnldn = Pl 4p, ™" oo ( )
where )
A m+1 T Apn m+1\"
By = log — log
’ n+1 n+1 Pn+1 n+1
or
1 = P2 A Apn \2
i L RYe) 1 Pat A — .
mimso > P m) nz_;) (m—n) pnldn = Pnl 4P, \m—n+X—1  pp1 >

(2.48)
Then, every solution of eq. (2.30) oscillates.

Next, we consider eq. (2.30) whérn< 5 < 1, > (ai) < oo andAa, > 0.
i=ng ‘

Theorem2.7— Let 0 < § < 1. Assume that (2.1) and (2.2) hold} (ai) < oo and
i=ng ‘

Aan, > 0. Furthermore, assume that there exists a positive sequepgg$e ,,, such that (2.31)
hold and

o0

> lgn—pa] =00 and Y ( . i[% —m]) = 0. (2.49)

ap—1 !
n=ng n=ng n 1z:n0
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Then every solution of eq.(2.30) oscillatedioti,, o z,, = 0.
PROOF: The proof is similar to that of Theorem 2.3 and hence is omitted.

Theorem2.8— Let 0 < 3 < 1. Assume that (2.1)-(2.2) hold, and lgt, };2,,, be a positive
sequences such that (2)4Bolds Furthermore, we assume that there exists a double sequence
{Hpn : m > n > 0} as defined in Theorem 2.6 and (2.44) holds. Then every solution of eq.
(2.30) oscillates otim,, o, z,, = 0.

PrROOF: The proof is similar to that of Theorem 2.4 by using the inequality (2.40) and hence is
omitted.

By choosing{p,, } and{ H,, ,,} in appropriate manners, one can derive several oscillation criteria

for (2.30) when >~ <1 < oo holds and due to the limited space the details are left to the reader.

i:nl al

3. CONCLUSION

By employing Riccati and generalized Riccati technique, we have developed some new oscillation
criteria for eq.(1.1) which do not require the conditions (1.5) and (1.7). When (1.2) holds, we have
established some sufficient conditions for the oscillation of eq.(1.1), and when (1.3) holds the suf-
ficient conditions guarantee that every solution oscillates or converges to zero. Our results improve
the results in [11, 17, 18, 19] when (1.2) holds, and when (1.3) holds our results are essentially
new. We have also given some examples to illustrate the usefulness of our results. Readers who are
interested in other work which uses a different approach may refer to [3, 4].
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