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In this paper, we define Banach spacesEM (γ) of entire functions defined with the help of an

Orlicz functionM and a particular type of an entire functionγ, and study their structural prop-

erties. For finding the topological duals of these spaces, we introduce the sequential analogue

λγ,M of these spaces, show that they are AK-BK spaces and investigate their Köthe duals.
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1. INTRODUCTION

The spaceE of entire functions of one complex variable and its subspaces occupy a very privileged

position in the study of functional analysis. Indeed, they serve as examples of a number of concepts

in this theory; for instance, the spaceE when it is equipped with the compact open topologyT ,

becomes a nuclear Fréchet space with an absolute Schauder base cf.[7], [8]. The translation oper-

ator defined on this space is hypercyclic, a result proved by Birkhoff [1] in 1929. The applications

of these spaces are too many to be elaborated here; however, in this paper we introduce subspaces

EM (γ) of the spaceE , by making use of Orlicz sequence spaces`M and a particular type of entire

functionγ to be referred in the sequel as ‘comparison function’. After equippingEM (γ) with suit-

able norm topologies, we study their structural properties, existence of Schauder bases, inclusion

properties and multipliers on these spaces. This study is an Orlicz space extension of results proved

in [2]. Finally, in the last section we introduce the sequence spaceλγ,M corresponding toEM (γ),
study its topological properties and find its Köthe dual.
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2. TERMINOLOGICAL EXCERPTS

Our study in the present paper makes use of definitions and results on sequence spaces, Orlicz

sequence spaces, Schauder bases and multipliers. We refer to [2], [5], [6], [7], [8] and [10] to have

glimpse of these topics and several unexplained terms. However, we recall a few terms from these

theories, relevant to the present study.

The symbolsC, N, N0, R andR+ denote respectively the complex plane, the set of nat-

ural numbers,N ∪ {0}, the set of reals and the set of non-negative reals. Following [11], an

Young functionψ : R → R+ is a convex function such thatψ(−x) = ψ(x), ψ(0) = 0 and

limx→∞ψ(x) = +∞. An N−function is a continuous Young function such thatψ(0) = 0 iff

x = 0 and limx→0
ψ(x)

x
= 0, limx→∞

ψ(x)
x

= ∞. In this paper, we shall consider anN−function

whose domain is restricted to non-negative real numbers, referred to in the literature as anOrlicz

function, and is defined as a continuous, convex, non- decreasing functionM : [0,∞) → [0,∞)
with M(0) = 0, M(x) > 0 for x > 0, andM(x) → ∞ asx → ∞. An Orlicz functionM

would be abbreviated as anO-functionin the sequel. The complementary O-functionN to M is

defined byN(x) =
∫ x
0 q(t)dt, whereq(s) = sup{t : p(t) ≤ s}, s ≥ 0; p being the kernel of

M in its representation, namely,M(x) =
∫ x
0 p(t)dt, such thatp(0) = 0, p(t) > 0 for t > 0, p is

non-decreasing andp(t) →∞ ast →∞; cf.[6], [10] for details.

Let us denote byω, the class of all scalar-valued sequences, which is a vector space with the

usual pointwise addition and scalar multiplication. We writeen (n ≥ 1) for thenth unit vector in

ω, i.een = {δnj}∞j=1 whereδnj is the Kronecker delta andφ for the subspace ofω generated by the

en ’s , n ≥ 1 i.e φ = sp{en : n ≥ 1}. A subspaceλ of ω with φ ⊂ λ is called asequence space.

A Banach sequence space(λ, S) is called anAK-BK spaceif the topologyS is finer than the

co-ordinatewise convergence topology and thenth sectionx(n) = (x1, ...xn, 0, 0...) of the sequence

x = (x1, ..., xn, ...) tends tox in the topology S. Theα-dualof a sequence spaceλ, is the spaceλα

or λ× defined as

λ× ≡ λα = {y = {yi} ∈ ω :
∑

|xiyi| converges for all{xi} ∈ λ}

and itsβ-dualλβ is given by

λβ = {y = {yi} ∈ ω :
∑

xiyi converges for all{xi} ∈ λ}.

A sequence spaceλ is said to benormal or solidif y = {yi} ∈ λ whenever|yi| ≤ |xi| , i ≥ 1
for somex = {xi} ∈ λ; andperfectif λ = λ××.

Corresponding to an O-functionM , the class

˜`M =



x ∈ ω : δ(x,M) ≡

∑

i≥0

M(|xi|) < ∞



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is called anOrlicz sequence class. If M andN are mutually complementary O-functions, define

theOrlicz sequence space

`M =



x ∈ ω :

∑

i≥0

xiyi converges for ally ∈ ˜̀
N



 .

The function‖.‖M : `M → R+ defined by

‖x‖M = sup





∣∣∣∣∣∣
∑

i≥0

xiyi

∣∣∣∣∣∣
: δ(y, N) ≤ 1





is a norm oǹ M and (`M , ‖.‖M ) is a Banach space. It is known that the space`M can also be

defined as follows:

`M =



 x ∈ ω :

∑

i≥0

M

( |xi|
k

)
< ∞ , for somek > 0



 ;

and the norm given by

‖x‖(M) = inf



k > 0 :

∑

i≥0

M

( |xi|
k

)
≤ 1





on `M is equivalent to‖x‖M ; indeed,

‖x‖(M) ≤ ‖x‖M ≤ 2‖x‖(M) , for x ∈ `M ,

cf.[6], p.301. An important subspace of`M is the space defined as follows:

hM =



x ∈ `M :

∑

i≥0

M

( |xi|
k

)
< ∞, for eachk > 0



 .

An Orlicz functionM is said to satisfy the∆2-condition for smallx or at ‘0’ if for eachk > 1,

there existRk > 0 andxk > 0 such that

M(kx) ≤ RkM(x) , ∀ x ∈ (0, xk].

For an O-functionM , we have

M satisfies∆2-condition at 0⇔ hM = `M .

For the study of multipliers in this paper, we consider an O-functionM∗
N (s) defined with the

help of two given O-functionsM andN as follows

M∗
N (s) = max{0, sup0≤t≤1{N(st)−M(t)}}, s ≥ 0.
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Clearly,

N(st) ≤ M(t) + M∗
N (s), 0 ≤ t ≤ 1, s ≥ 0.

A sequence{xn} in a topological vector space (X,>) is called abaseif eachx in X can be

represented uniquely in the series form,

x =
∞∑

n=1

αnxn

where the series converges tox in the topology> of X. The sequence{fn} of linear functionals

defined on X byfn(x) = αn, n ∈ N andx ∈ X, are known asco-ordinate functionalsand if

these functionals are continuous, the base is known as aSchauder base. In case of an F-space (in

particular a Fŕechet space or a Banach space) every base is a Schauder base, cf. [7], p.32 or [8],

p.28. A Schauder base{xn; fn} in a topological vector space is said to benormalizedif there

exists a continuous semi-norm℘ (or equivalently a neighborhoodV of θ) such that infn℘(xn) > 0
(xn /∈ V, for all n ≥ 1).

We denote byE the space of entire functions equipped with the compact open topologyT .

An elementγ of E with γ(z) =
∑∞

n=0 γnzn is called acomparison functionif γn > 0 for each

n ∈ N0, and the sequence of ratios
γn+1

γn
decreases to zero asn increases to∞. If the sequence

{wn}, wn =
nγn

γn−1
is also monotonically decreasing, we callγ anadmissible comparison function.

Using comparison functionγ, a subspaceE2(γ) of E has been defined in [2] as follows

E2(γ) =

{
f ∈ E :

{
f̂(n)
γn

}
∈ `2

}
.

where

f(z) =
∞∑

n=0

f̂(n)zn , z ∈ C (1)

The spaceE2(γ) equipped with the norm‖f‖2,γ =


∑∞

n=0

∣∣∣∣∣
f̂(n)
γn

∣∣∣∣∣
2



1
2

is a Hilbert space such

that for eachz ∈ C, the point evaluation defined fromE2(γ) toC, namely,f 7→ f(z) is continuous

onE2(γ).



ON ORLICZ SPACES OF ENTIRE FUNCTIONS 127

3. THE SPACESEM (γ)

Using the representation (1) off in E and recallingM, N, ˜`M andγ from the previous section, let

us introduce

EM (γ) =

{
f ∈ E :

∞∑

n=0

f̂(n)
γn

yn converges for ally = {yn} ∈ ˜̀
N

}
.

Forf ∈ EM (γ), write

‖f‖M,γ = sup

{∣∣∣∣∣
∞∑

n=0

f̂(n)
γn

yn

∣∣∣∣∣ : δ(y, N) ≤ 1

}
(2)

and

‖f‖(M),γ = inf

{
ρ > 0 :

∞∑

n=0

M

(
|f̂(n)|
γnρ

)
≤ 1

}
(3)

Then one can easily show thatEM (γ) is a subspace ofE , and either of the expressions (2) or

(3) defines a norm onEM (γ). Further these norms are equivalent, cf.[6], p.301 Also, we have

Proposition3.1 — The inclusion map from(EM (γ), ‖.‖M,γ) to (E , T ) is continuous; i.e the

norm topology onEM (γ) is finer than the compact open topology induced fromT .

PROOF: For proving the continuity of the inclusion map, considerf ∈ EM (γ) and fixr > 0
arbitrarily. Choose a sequence{αn} of scalars such thatαnf̂(n) = |f̂(n)|, for n ∈ N0. Also choose

n0 ∈ N such that

γ
1
n
n <

1
(2r)

, for all n ≥ n0.

Hence ∑

n≥n0

N(γnrn) ≤ N(1)
∑

n≥n0

1
2n

=
N(1)
2n0

and so {γnrn} ∈ ˜̀
N . Further

sup|z|≤r|f(z)| ≤
∑

n≥0

|f̂(n)|rn =
∑

n≥0

f̂(n)
γn

(αnγnrn) ≤ max{δ({γnrn}, N), 1}‖f‖M,γ

⇒ the norm topology onEM (γ) is finer than the topology induced fromE .

Next, we prove

Proposition3.2 — The space(EM (γ), ‖.‖M,γ) is a Banach space.
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PROOF: It suffices to prove here the completeness of the spaceEM (γ). So, consider a Cauchy

sequence{fn} in EM (γ). Since(E , T ) is a Fŕechet space, the sequence{fn} converges to some

element, sayf , in E . We now show thatf ∈ EM (γ) and it is, indeed, the‖.‖M,γ - limit of {fn}.
For provingf ∈ EM (γ), considery = {yn} ∈ ˜̀

N . Since{fn}, being Cauchy, is bounded in

EM (γ) and so for some constantK > 0,

∞∑

k=0

M

(
|f̂m(k)|
γkK

)
≤ 1, for eachm ≥ 1 .

Fix p ∈ N. Then

p∑

k=0

∣∣∣∣∣
f̂m(k)

γk
yk

∣∣∣∣∣ ≤
p∑

k=0

M

(
|f̂m(k)|
γkK

)
+

∞∑

k=0

N(|Kyk|) ≤ 1 + L

whereL =
∑∞

k=0 N(|Kyk|) < ∞, sinceKy ∈ ˜̀
N . Hence

∞∑

k=0

∣∣∣∣∣
f̂(k)
γk

yk

∣∣∣∣∣ < ∞ .

Consequently,f ∈ EM (γ).

Since{fn} is Cauchy inEM (γ), for ε > 0, we can findn0 such that

‖fn − fm‖M,γ = sup

{∣∣∣∣∣
∞∑

k=0

f̂n(k)− f̂m(k)
γk

yk

∣∣∣∣∣ : δ(y, N) ≤ 1

}
< ε

for all n, m ≥ n0. On lettingm → ∞, we get immediately thatfm → f w.r.to ‖.‖M,γ and so

(EM (γ), ‖.‖M,γ) is a Banach space.

The Sequence{un} in EM (γ): Forn ∈ N0 andz ∈ C, defineun(z) = γnzn. On restrictingM

further, we prove

Theorem3.3 — Let the O-functionM satisfy42-condition at‘0’ and the complementary O-

functionN be such thatN(1) = 1. Then the sequence{un} forms a normalized Schauder base for

EM (γ) with ‖un‖M,γ = 1, for each n; and a fortiori, the spaceEM (γ) is separable.

PROOF: Clearly, the sequence{un} is linearly independent and‖un‖M,γ = sup{|yn| : δ(y, N) ≤
1} = N(1) = 1 for eachn ∈ N0.

For showing that{un} is a base forEM (γ), considerf ∈ EM (γ) and write

Sm =
m∑

k=0

f̂(k)uk , for m ∈ N0. (4)
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Then for anyε with 0 < ε < 2, we have

‖f − Sm‖M,γ = sup
{∣∣∣∑∞

n=m+1
f̂(n)
γn

yn

∣∣∣ : δ(y, N) ≤ 1
}

≤ sup
{∑∞

n=m+1
|f̂(n)|

γn
|yn| : δ(y,N) ≤ 1

}

≤ ∑∞
n=m+1 M

(
|f̂(n)|
γn

ε
2

)
+ sup

{∑∞
n=m+1 N

( ε

2
|yn|

)
: δ(y,N) ≤ 1

}

≤ ε

2
+

ε

2
= ε , for sufficiently largem.

Thusf = limm→∞Sm in (EM (γ), ‖.‖M,γ). Hence{un} is a base and so a Schauder base in

EM (γ).

4. THE SPACES`∞(γ), E∞(γ) AND THEIR RELATIONSHIP WITH THE SPACESEM (γ)

In this section we study the Banach spaces`∞(γ) andE∞(γ) of entire functions defined with the

help of a comparison functionγ as follows:

`∞(γ) =

{
f ∈ E : supn

∣∣∣∣∣
f̂(n)
γn

∣∣∣∣∣ < ∞
}

and

E∞(γ) =
{

f ∈ E : sup

{ |f(z)|
γ(|z|) : z ∈ C

}
< ∞

}
.

Write

‖f‖∞, γ = supn

∣∣∣∣∣
f̂(n)
γn

∣∣∣∣∣ , f ∈ `∞(γ)

and

‖f‖∞γ = sup

{ |f(z)|
γ(|z|) : z ∈ C

}
, f ∈ E∞(γ).

One can easily establish the following, cf. also [2], p. 1429.

Proposition4.1 — The spaces(`∞(γ), ‖.‖∞, γ) and(E∞(γ), ‖.‖∞γ ) are Banach spaces.

The spacesEM (γ) are contained iǹ∞(γ), as shown in

Proposition4.2 — If M is an O-function such thatM(1) = 1, thenEM (γ) ⊂ `∞(γ) ⊂ E∞(γ)
and the inclusion maps fromEM (γ) to `∞(γ), and toE∞(γ) are continuous.
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PROOF: Let f ∈ EM (γ). Then there exists a sequence{tm} of strictly positive real numbers

such thattm → ‖f‖(M),γ and
∑

n≥0 M

(
|f̂(n)|
γntm

)
≤ 1. As M(1) = 1, we get

|f̂(n)|
γntm

≤ 1 for each m,n = 0, 1, 2, ...

Hence
|f̂(n)|

γn
≤ ‖f‖(M),γ for each n ∈ N0

⇒ ‖f‖∞, γ ≤ ‖f‖(M),γ (5)

and sof ∈ `∞(γ). Also

|f(z)| ≤
∑

n≥0

|f̂(n)| |z|n ≤ ‖f‖(M),γ γ(|z|)

⇒ ‖f‖∞γ ≤ ‖f‖(M),γ (6)

Thus from (5)and (6), the inclusion maps fromEM (γ) to `∞(γ), and toE∞(γ) are continuous.

We are now interested to know whether the inclusion in the above proposition is strict. To our

surprise, what we prove in the next result that these spaces are almost the same. Indeed, we have

Proposition4.3 — If the comparison functionγ is such that the sequence

{
nγn

γn−1

}
is bounded,

andγ̃(z) = a0 + a1z + a2z
2 + z3γ(z) (wherea0, a1, anda2 are chosen appropriately so thatγ̃(z)

becomes a comparison function), thenE∞(γ) ⊂ EM (γ̃) and‖f‖M,γ̃ ≤ B‖f‖∞γ for some constant

B > 0.

PROOF: For a givenr > 0, let us denote the maximum term of the null sequence{γnrn}
by µ(r). Then we prove that

{
γ(r)
rµ(r)

, r > 0
}

is a bounded set. Indeed, the boundedness of the

sequence

{
nγn

γn−1

}
yields the existence of a constanceK > 0 such that

γn

γn−1
≤ K

n
and soγn ≤

Kn

n!
γ0 for eachn=1, 2, ... . Using Stirling’s formula, we getγn ≤ c

(
Ke

n

)n

for some constant

c > 0. Now for givenr, 0 ≤ r < ∞, choose the unique integerp such that

2Ker < p ≤ 2Ker + 1. (7)

Then
∑∞

n=p γnrn ≤ c and soγ(r) ≤ c + pµ(r). Thus

γ(r) ≤ c + (2Ker + 1)µ(r). (8)

Hence we can findA > 0 such that

γ(r)
rµ(r)

≤ A for eachr > 0. (9)
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Let us now considerf ∈ E∞(γ). Then from Cauchy’s inequality (cf.[3], p.73) and (9) we get

|f̂(n + 1)| ≤ A ‖f‖∞γ r−n µ(r) (10)

for anyr > 0. As the sequence{ γn

γn−1
} decreases to zero, for givenn ∈ N0, chooser > 0 such that

γn−1

γn
≤ r ≤ γn

γn+1
,whereγ−1 means 0. Then

µ(r) = γnrn (11)

Hence from (10) and (11)

|f̂(n + 1)| ≤ A ‖f‖∞γ γn ≤ A ‖f‖∞γ K2 γn−2

n(n− 1)

⇒
∑

n≥3

∣∣∣∣∣
f̂(n)
γ̃n

yn

∣∣∣∣∣ ≤ ‖f‖∞γ A K2 A
′ ∑

n≥3

1
(n− 1)(n− 2)

= B‖f‖∞γ

whereγ̃(z) is a comparison function such thatγ̃(z) = a0 + a1z + a2z
2 + z3γ(z), A

′
= sup{|yn| :

n ∈ N0 , δ(y, N) ≤ 1} and

B = A K2 A
′ ∑

n≥3

1
(n− 1)(n− 2)

< ∞.

5. MULTIPLIERS ON THE SPACESEM (γ)

Let M and N be O-functions. In this section, we consider the multipliers between the spaces

EM (γ) andEN (γ) defined in

Definition5.1 — A sequenceα = {αn} of scalars is said to be amultiplier between the spaces

EM (γ) andEN (γ) if for eachf ∈ EM (γ), αf ∈ EN (γ) where(αf)(z) =
∑∞

n=0 f̂(n)αnzn.

For the caseM(x) = x2 = N(x), we consider the definition of a multiplier defined for the

Hilbert space of functions [5], as follows.

Definition5.2 — LetH be a Hilbert space of functions defined on an open connected setG. A

functionϕ : G → C is said to be amultiplier if ϕf ∈ H for everyf ∈ H.

Multipliers between the spacesEM (γ) andEN (γ): Let us first note the following simple

Proposition5.3 — For{αn} ∈ `∞ andf ∈ EM (γ), the functiong defined onC by g(z) =∑∞
n=0 f̂(n)αnzn is an entire function.

PROOF: Immediate from the inequality|f̂(n)αn| ≤ |f̂(n)|K ′, whereK ′ = supn|αn|.
Recalling the O-functionM∗

N from Section 2, we prove
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Theorem5.4— LetM andN be O-functions such thatM(1) = 1. Then for anyϕ ∈ EM∗
N (γ),

the sequence

{
ϕ̂(n)
γn

}
is a multiplier between the spacesEM (γ) andEN (γ).

PROOF: Let ϕ ∈ EM∗
N (γ) andf ∈ EM (γ). As

{
f̂(n)
γn

}
∈ `∞, the functiong defined onC

by g(z) =
∞∑

n=0

f̂(n)ϕ̂(n)
γn

zn is an entire function by Proposition 5.3. Thus, in order to show that

g ∈ EN (γ), we need prove

{
f̂(n)ϕ̂(n)

γ2
n

}
∈ `N .

Now, since M(1) = 1 and
∑∞

n=0 M
( |f̂(n)|

αγn

)
< ∞ for someα > 0, we can findn0 such that

|f̂(n)|
αγn

≤ 1, for all n ≥ n0.

Let β > 0 be such that
∑∞

n=0 M∗
N

( |ϕ̂(n)|
βγn

)
< ∞. Then using the definition ofM∗

N , we get

∑

n≥n0

N

(
|f̂(n)ϕ̂(n)|

αβγ2
n

)
≤

∑

n≥n0

M

(
|f̂(n)|
αγn

)
+

∑

n≥n0

M∗
N

( |ϕ̂(n)|
βγn

)
.

Henceg ∈ EN (γ) and the result follows.

Multipliers on the spaceE2(γ): Recalling the spaceE2(γ) from Section 2 and the definition of

a multiplier on a Hilbert spaceH as given in Definition 5.2, we prove.

Theorem5.5— Every multiplier onE2(γ) is a constant.

PROOF: Let ϕ be a multiplier onE2(γ). Then by the closed graph theorem and the continuity

of the point evaluation, the linear mapMϕ : E2(γ) → E2(γ) defined byMϕ(f) = ϕf is bounded.

Further, for givenz ∈ C there existsKz in E2(γ) such that< f, Kz > = f(z) for all f ∈ E2(γ).
Hence,|ϕ(z)| | < f,Kz > | = |ϕ(z)f(z)| = | < ϕf, Kz > | = | < Mϕf,Kz > | ≤
‖Mϕ‖‖f‖2,γ‖Kz‖2,γ . In particular, takingf = Kz, we get

|ϕ(z)| ≤ ‖Mϕ‖ for all z ∈ C.

Henceϕ is constant by Liouville’s theorem, cf.[3], p.77.

6. SEQUENTIAL ANALOGUE OF THESPACE EM (γ) AND ITS K ÖTHE DUAL

Let M andN be complementary O-functions withM(1) = 1 andN(1) = 1. Recalling the spaces

ω, `M , `N and the comparison functionγ, let us define the sequence spaces

λγ,M =
{
{αn} ∈ ω :

{
αn

γn

}
∈ `M

}
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µγ
N = { {βn} ∈ ω : {γnβn} ∈ `N } .

One can easily check thatλγ,M andµγ
N are vector subspaces ofω, containingφ. In this section,

we study the structural properties of these spaces and show that each one is the Köthe dual of the

other.

The spaceλγ,M : This space is the sequence space corresponding to the spaceEM (γ). Indeed,

if δ denotes the space of entire sequences, namely,δ = { {αn} ∈ ω : |αn| 1n → 0 asn → ∞},
cf.[6], p.48; one can easily show thatλγ,M ⊂ δ and the containment is proper, for{γn} /∈ λγ,M .

Forα = {αn} ∈ λγ,M define

‖α‖λ = inf

{
ρ > 0 :

∞∑

k=0

M

( |αk|
γkρ

)
≤ 1

}
. (12)

Then‖.‖λ defines a norm onλγ,M . Indeed, we prove

Proposition6.1 —(λγ,M , ‖.‖λ) is a BK-space. IfM satisfies42-condition, then it is also AK.

PROOF: Clearly,(λγ,M , ‖.‖λ) is a normed linear space. For showing the completeness ofλγ,M ,

consider a Cauchy sequence{αn} in λγ,M . Then forε > 0 there existsn0 ∈ N such that

‖αn − αm‖λ = inf

{
ρ > 0 :

∞∑

k=0

M

( |αn
k − αm

k |
γkρ

)
≤ 1

}
< ε for m,n ≥ n0.

Hence there existsρε > 0 such thatρε < ε with

∞∑

k=0

M

( |αn
k − αm

k |
γkρε

)
≤ 1 ⇒ |αn

k − αm
k | ≤ γkρε ≤ K ′ε for m,n ≥ n0,

whereK ′ = supkγk ⇒ {αn
k} is a Cauchy sequence for eachk ≥ 1. Let αn

k → αk asn → ∞.

Hence by continuity ofM , we get

∞∑

k=0

M

( |αn
k − αk|
γkρε

)
≤ 1 for n ≥ n0

⇒ α ∈ λγ,M andαn → α. Thus the spaceλγ,M is complete.

For the continuity of projections, note that forα ∈ λγ,M

∞∑

k=0

M

( |αk|
γk‖α‖λ

)
≤ 1 ⇒ |αk| ≤ ‖α‖λ γk ≤ K ′‖α‖λ.

In caseM satisfies∆2-condition, we havèM = hM and so forα ∈ λγ,M

∞∑

n=0

M

( |αn|
ργn

)
< ∞, for eachρ > 0.
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Hence for anyε > 0, we can findn0 ∈ N such that

∞∑

n≥n0

M

( |αn|
εγn

)
≤ 1

⇒ ‖α(n) − α‖λ < ε for n ≥ n0. Thus,λγ,M is anAK-space.

The spaceµγ
N : We show in this subsection that the sequence spaceµγ

N has properties similar to

λγ,M , but the marked difference between the two spaces is thatλγ,M is properly contained iǹ∞,

whereasµγ
N properly contains̀∞; indeed{n} ∈ µγ

N . Forβ = {βn} ∈ µγ
N define

‖β‖µ = inf

{
ρ > 0 :

∞∑

k=0

M

(
γk|βk|

ρ

)
≤ 1

}
.

Then we have

Proposition6.2 —(µγ
N , ‖.‖µ) is a BK-space. IfN satisfies42-condition, then it is also AK.

PROOF: Omitted as it is similar to the proof for the spaceλγ,M .

Finally, we prove the main result of this section

Proposition6.3 — (i) (λγ,M )× = µγ
N if M satisfies∆2-condition and (ii ) (µγ

N )× = λγ,M if N

satisfies∆2-condition.

PROOF: (i) Forx ∈ µγ
N andy ∈ λγ,M

∑

i≥0

|xiyi| =
∑

i≥0

∣∣∣∣
γixi

ρ

ρyi

γi

∣∣∣∣ ≤
∑

i≥0

N

(∣∣∣∣
γixi

ρ

∣∣∣∣
)

+
∑

i≥0

M

(∣∣∣∣
ρyi

γi

∣∣∣∣
)

< ∞

whereρ > 0 is such that
∑

i≥0 N
(∣∣∣γixi

ρ

∣∣∣
)

< ∞. Henceµγ
N ⊂ (λγ,M )× andλγ,M ⊂ (µγ

N )×.

Conversely, letx ∈ (λγ,M )×. Then

∑

i≥0

|xiyi| < ∞ for all {yi} with

{
yn

γn

}
∈ `M (13)

As M satisfies∆2-condition,`M = hM and so for provingx ∈ µγ
N , it suffices to show that∑

n≥0 |γnxnyn| < ∞ for all {yn} ∈ hM . This is immediate from (13) and the observation that

{yn} ∈ hM ⇔ {γnyn} ∈ λγ,M . Hence(λγ,M )× ⊂ µγ
N .

(ii ) Proof is similar to that of (i) and so omitted.

As an immediate consequence of the above result, we derive

Corollary 6.4— If M andN satisfy∆2-condition, then the sequence spacesλγ,M andµγ
N are

perfect.

Note— We know that the topological dual of a barrelled AK-sequence space can be identified

with its β-dual cf.[4], p.965 or [6], p.60. Hence it follows from Propositions 6.1, 6.2 and 6.3 that
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λγ,M andµγ
N are the topological duals of each other. Asλγ,M can be identified with the space

EM (γ), we conclude that the topological dual ofEM (γ) must correspond to the sequence space

µγ
N , i.e (EM (γ))∗ must contain those analytic functionsf which have representation of the form

f(z) =
∑

n≥0 αnzn, where{αnγn} ∈ `N . Clearly, this space is not contained inE .
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