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In this paper, we define Banach spade¥ () of entire functions defined with the help of an
Orlicz function M and a particular type of an entire functighand study their structural prop-
erties. For finding the topological duals of these spaces, we introduce the sequential analogue
Ay,m Of these spaces, show that they are AK-BK spaces and investigate b 8uals.
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1. INTRODUCTION

The spacé of entire functions of one complex variable and its subspaces occupy a very privileged
position in the study of functional analysis. Indeed, they serve as examples of a number of concepts
in this theory; for instance, the spaewhen it is equipped with the compact open topoldQy
becomes a nuclear #&ahet space with an absolute Schauder base cf.[7], [8]. The translation oper-
ator defined on this space is hypercyclic, a result proved by Birkhoff [1] in 1929. The applications
of these spaces are too many to be elaborated here; however, in this paper we introduce subspaces
EM (+) of the space, by making use of Orlicz sequence spaégsand a particular type of entire
function~ to be referred in the sequel as ‘comparison function’. After equippifiyy) with suit-

able norm topologies, we study their structural properties, existence of Schauder bases, inclusion
properties and multipliers on these spaces. This study is an Orlicz space extension of results proved
in [2]. Finally, in the last section we introduce the sequence spagg corresponding t& (),

study its topological properties and find ité&tke dual.
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2. TERMINOLOGICAL EXCERPTS

Our study in the present paper makes use of definitions and results on sequence spaces, Orlicz
sequence spaces, Schauder bases and multipliers. We refer to [2], [5], [6], [7], [8] and [10] to have
glimpse of these topics and several unexplained terms. However, we recall a few terms from these
theories, relevant to the present study.

The symbolsC, N, Ny, R andR* denote respectively the complex plane, the set of nat-
ural numbersN U {0}, the set of reals and the set of non-negative reals. Following [11], an
Young function) : R — RT is a convex function such that(—z) = ¢(x), ¥(0) = 0 and
lim,_ .9 (z) = 400. An N—function is a continuous Young function such thai0) = 0 iff
r = 0and IimHOM =0, Iimx_,m@ = oo. In this paper, we shall consider ah—function
whose domain is rgstricted to non-nexgative real numbers, referred to in the literatur©dian
function and is defined as a continuous, convex, non- decreasing funttiorj0, co) — [0, c0)
with M(0) = 0, M(x) > 0 forz > 0, andM (z) — oo asx — oo. An Orlicz function M
would be abbreviated as @rfunctionin the sequel. The complementary O-functidynto M is
defined byN (z) = [ q(t)dt, whereq(s) = sup{t : p(t) < s}, s > 0; p being the kernel of
M in its representation, namely/ (z) = [’ p(t)dt, such thaip(0) = 0, p(t) > 0 for¢ > 0, pis
non-decreasing anat) — oo ast — oo; cf.[6], [10] for details.

Let us denote by, the class of all scalar-valued sequences, which is a vector space with the
usual pointwise addition and scalar multiplication. We weite(n. > 1) for the nth unit vector in
w,i.ee” = {5nj}]?";1 whered,,; is the Kronecker delta angfor the subspace of generated by the
e"’'s,n>1i.e¢p =-sple” : n> 1}. Asubspace of w with ¢ C )\ is called asequence space
A Banach sequence spatkg, S) is called anAK-BK spaceif the topology S is finer than the
co-ordinatewise convergence topology andrittesectionz (™ = (21, ...y, 0,0...) of the sequence
x = (x1,..., Ty, ...) tends tar in the topology S. Ther-dual of a sequence spaceis the space®
or \* defined as

N =X={y={yi} ew: Z |z;y;| converges for al{z;} € A}
and itsg-dual \? is given by
N ={y={y}€w: Y zy convergesforalfa;} € A}.

A sequence spackis said to benormal or solidif y = {y;} € A whenevely;| < |x;|, ¢ > 1
for somezr = {z;} € \; andperfectif A = \**.

Corresponding to an O-functiall, the class

Uy = xGw:é(m,M)EZM(\xiD < 0o
i>0
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is called anOrlicz sequence clasdf M and N are mutually complementary O-functions, define
the Orlicz sequence space

ly={zr€cw: Z:czyl converges for ally € ¢y
>0
The function||.||x : £as — R* defined by
lzllm = SUD{ > miyi| : 6(y, N) < 1}
>0

is a norm only; and (¢, ||.]|ar) is @ Banach space. It is known that the spégecan also be
defined as follows:

gM{xew : ZM<|Z;:|> < o0, forsomek:>0};

>0

and the norm given by

- 4]
= : <1
lzll(ar) = inf § & >0 E M ( e

i>0
on/, is equivalent td|z|| 5, ; indeed,

lzll(ary < llzllar < 2|zl (ary » fOr @ € Lay,

cf.[6], p.301. An important subspace &f; is the space defined as follows:

hyy = {x €l ZM("Z’") < 00, foreachk>0}.

An Orlicz function M is said to satisfy thé\,-condition for smallz or at ‘0’ if for eachk > 1,
there existR; > 0 andxj;, > 0 such that

M(kz) < RgM(z), Yz € (0,z].
For an O-functionM/, we have

M satisfies Ay-condition at 0 hyy = £y

For the study of multipliers in this paper, we consider an O-funclifp(s) defined with the
help of two given O-functiond/ and N as follows

M (s) = max{0, supy <, { N (st) — M(£)}}, s> 0.
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Clearly,

N(st) < M(t)+ My(s),0<t<1,s>0.

A sequenceg{z,, } in a topological vector space (X) is called abaseif eachz in X can be
represented uniquely in the series form,

)
T = g nTn
n=1

where the series convergesatan the topologyT of X. The sequencéf, } of linear functionals
defined on X byf,(z) = an,n € Nandzx € X, are known aso-ordinate functionaland if

these functionals are continuous, the base is knownSchauder baseln case of an F-space (in
particular a Féchet space or a Banach space) every base is a Schauder base, cf. [7], p.32 or [8],
p.28. A Schauder basgr,; f,} in a topological vector space is said to bermalizedif there

exists a continuous semi-normn(or equivalently a neighborhooddof ) such that info(z,) > 0

(xn, ¢V, forall n>1).

We denote by¢ the space of entire functions equipped with the compact open topdlogy
An elementy of £ with v(z) = > y,2" is called acomparison functiorif ~,, > 0 for each

. 1 .
n € Ny, and the sequence of ratigd*! decreases to zero asincreases toc. If the sequence

Tn
" s also monotonically decreasing, we calinadmissible comparison function

{wn}7 Wp =
n—1

Using comparison function, a subspac&?(y) of £ has been defined in [2] as follows

EQ('y)—{feé’: {Jig”)}ee?}.

f(z)=)_fm)z", zeC 1)
n=0

where

. 2
f(n)

n

2
The spacés?(v) equipped with the normif |2, = (Z;’fo ) is a Hilbert space such

that for each: € C, the point evaluation defined froii?(y) to C, namely,f — f(z) is continuous
on E?(vy).
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3. THE SPACESEM ()

Using the representation (1) ¢fin £ and recallingh, N, ¢5; and~ from the previous section, let
us introduce

EM(y) = {f €& i ) yn, converges for aly = {y,} € 6]\;} )

n=0 n

For f € EM (), write

(n) "
Tn

>

n=0

[ fllary = SUP{ 10(y, N) < 1} 2)

and

1w :inf{p>o S m ('f(”)> < 1} @)
n=0

Ynp

Then one can easily show that” () is a subspace df, and either of the expressions (2) or
(3) defines a norm o™ (y). Further these norms are equivalent, cf.[6], p.301 Also, we have

Proposition3.1 — The inclusion map fromiE* (v), ||.|[a4) to (€,7) is continuous; i.e the
norm topology on (v) is finer than the compact open topology induced frbm

PROOF. For proving the continuity of the inclusion map, consigee £ (v) and fixr > 0
arbitrarily. Choose a sequenge,, } of scalars such that, f(n) = | f(n)|, for n € Ny. Also choose
ng € N such that

1 1
WJ<(2— forall n > ng.

Hence

andso {y,r"} € {y. Further

sup. <, |f (=) < Y 1)l =) /) (anymr™) < max{o({ymr™}, N), 13 fll s,
n>0

n>0 "
= the norm topology o2 () is finer than the topology induced frofh

Next, we prove

Proposition3.2 — The spaceéE (v), ||.||a,,) is @ Banach space.
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PROOF It suffices to prove here the completeness of the spaééy). So, consider a Cauchy
sequencd f,,} in EM(v). Since(&,T) is a Feéchet space, the sequengg,} converges to some
element, say, in £. We now show thaf € EM (v) and itis, indeed, thé.||a/ - - limit of {f,,}.

For provingf € EM(y), considery = {y,,} € £x. Since{f,}, being Cauchy, is bounded in
EM (~) and so for some constaht > 0,

ZM ('fm(;?> <1, foreachm > 1.

=0 Yk
Fix p € N. Then
| fm(k) - | fm (k)] .-
> ye| <D M| ) Y ON(Kyl) <1+ L
k=o| Tk k=0 WK k=0

whereL = 322°  N(|Kyy|) < oo, sinceKy € £y. Hence

>

k=0

®),
Yk

Consequentlyf € EM(~).

Since{f,} is Cauchy inE" (v), for e > 0, we can findny such that

3 Jn(k) = fm(K) ulk) = fm(k)
k=0

for all n,m > ngy. On lettingm — oo, we get immediately thaf,, — f w.r.to |.||a and so
(EM(%),]l.|la.) is @ Banach space.

an—meM,«,:SUp{ :5(y,N)§1} <e

The Sequencgu, } in EM(v): Forn € Ny andz € C, defineu,(z) = v,2". On restrictingh/
further, we prove

Theorem3.3 — Let the O-functionM satisfy As-condition at'0’ and the complementary O-
function NV be such thatV(1) = 1. Then the sequende:,, } forms a normalized Schauder base for
EM () with ||uy| a4 = 1, for each n; and a fortiori, the spacE™ () is separable

ProOF Clearly, the sequende, } is linearly independent arjds, || p7,, = Sup{|yx| : d(y, N) <
1} = N(1) = 1 for eachn € Nj.

For showing tha{u,, } is a base foiz"! (), considerf € E () and write

m

= f(k)u , form € No. (4)
k=0
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Then for anye with 0 < ¢ < 2, we have

I = Sllarey = sup{ |5 i L2,

:5(y,N)§1}

< sup{32% 0 H2 g s 6(y. V) < 1}

€
ny

< fo:mH M (’Jf;(””) +SUp{E$LO=m+1N (g’yn‘) :6(y,N) < 1}

< -+ — =€, for sufficiently largem.

N

€
2

Thusf = liMy, 0o Sm in (EM(v), [-[l5s)- Hence{u,} is a base and so a Schauder base in
EM(y).

4. THE SPACES/™(v), E>°(7y) AND THEIR RELATIONSHIP WITH THE SPACES E ()

In this section we study the Banach spat¥$y) and E°°() of entire functions defined with the
help of a comparison function as follows:

E“(v):{fegzsum‘m <oo}
and
E*®(y) = {fEz‘::sup{v‘]z(;))| :zE(C} <oo}.
Write )
||f||m,v=sum‘f§:), fer)
and
171 = sup{m e c} e EX().

One can easily establish the following, cf. also [2], p. 1429.
Proposition4.1 — The space@°(v), ||.|[o0,v) @nd(E>(y), [|.][5°) are Banach spaces.
The space& (v) are contained ii*(+), as shown in

Proposition4.2 — If M is an O-function such that/ (1) = 1, thenEM () C £°(y) C E*¥(y)
and the inclusion maps from™ () to £>°(v), and toE>(~) are continuous.
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PROOF. Let f € EM(y). Then there exists a sequenfgg,} of strictly positive real numbers

such that,, — || fll(ar),, and)_, o M (W) <1.AsM(1) =1, we get
|f ()] <1 for each m,n=0,1,2,...
Ynlm
Hence .
7 ()] <\ fllary, for each neNg
= [ flloosy < [1fll(ar), (5)

and sof € ¢>°(~). Also

@< DO " < 1 lan, (12D

n>0
= NFI5° < [l (6)

Thus from (5)and (6), the inclusion maps frdift’ () to £>°(y), and toE>°(v) are continuous.

We are now interested to know whether the inclusion in the above proposition is strict. To our
surprise, what we prove in the next result that these spaces are almost the same. Indeed, we have

Proposition4.3 — If the comparison functiofi is such that the sequen({e%} is bounded,

Tn—1

and¥(z) = ag + a1z + az2® + z3v(z) (Whereag, a1, andas are chosen appropriately so thgt)
becomes a comparison function), thef (v) ¢ EM(5) and| f||ar5 < B f]|3° for some constant
B> 0.

PROOE For a givenr > 0, let us denote the maximum term of the null sequefige"}
(r)
ru(r)

sequence{ "V } yields the existence of a constanke> 0 such that
Tn—1

by w(r). Then we prove tha{ 7> 0} is a bounded set. Indeed, the boundedness of the

K
Tn_ < = and soy, <

TYn—1 n
n n

— 0 for eachn=1, 2, ... . Using Stirling’s formula, we get, < ¢ ) for some constant
n: n

¢ > 0. Now for givenr, 0 < r < oo, choose the unique integeisuch that
2Ker <p < 2Ker + 1. @)
Then >°%° " <c andsoy(r) <c+pu(r). Thus

v(r) <c+ (2Ker + 1)u(r). (8)

Hence we can findl > 0 such that

< A for eachr > 0. 9)
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Let us now considef € E*°(+). Then from Cauchy’s inequality (cf.[3], p.73) and (9) we get

A~

[fin+ D] < ANFIT ™" pu(r) (10)

foranyr > 0. As the sequenc{a%} decreases to zero, for givenc Ny, choose > 0 such that
% <r< 7Z—il,whereﬂy,l means 0. Then

pu(r) = ynr" (11)
Hence from (10) and (11)

: ANFIF K2 2
< o0 <

N Z fén)yn 1
n>3| M

© AK2A S

= BIfII5°

where¥(z) is a comparison function such thtz) = ag + a1z + a2 + 23y(2), A" = sup{|y,| :
n €Ny, d(y,N) <1} and

/ 1
B= AK?A -_ .
;3 n—Dm-2 ~°

5. MULTIPLIERS ON THE SPACESEM ()
Let M and N be O-functions. In this section, we consider the multipliers between the spaces
EM(y) andEY () defined in

Definition5.1 — A sequencer = {«, } of scalars is said to beraultiplier between the spaces
EM(~) andEN (v) if for eachf € EM (), af € EN(y) where(af)(z) = 320, f(n)an 2™

For the caséV/(z) = 2> = N(x), we consider the definition of a multiplier defined for the
Hilbert space of functions [5], as follows.

Definition5.2 — Let H be a Hilbert space of functions defined on an open connected. st
functiony : G — Cis said to be anultiplierif of € H foreveryf € H.

Multipliers between the spacdsV () and E™V (v): Let us first note the following simple

Proposition5.3 — For{a,,} € ¢~ andf € EM(y), the functiong defined onC by g(z) =
2%, f(n)ay2™ is an entire function.

PROOF. Immediate from the inequalityf (n)ay,| < |f(n)|K’, whereK’ = sup, |a,|.

Recalling the O-functiod/3; from Section 2, we prove
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Theorem5.4— Let M and N be O-functions such that/ (1) = 1. Then for anyp € EM~ (y),
#(n) } is a multiplier between the spacé&g’ (v) and EV ().

Tn

the sequenc{

PROOF. Letp € EMN(v) andf € EM (). As {f(n)} € (>, the functiong defined onC
Tn

by g(= Z f(n ™ is an entire function by Proposition 5.3. Thus, in order to show that

g € EN(v), we need provs{f(n)@(n)} € ly.

Now, since M(1) =1 an@_ > , M ('f( ”) < oo forsomea > 0, we can findng such that

aYn

HQI <1, forall n > ny.
QYn
Let3 > 0 be suchthaty > M7, <‘(g(n)‘> < oo. Then using the definition of/3;, we get
Tn
f(n If ( >
N < M
>Z ( O‘ﬁf)'n g: ; BYn
n>ngo n>ngo n>ngo

Henceg € £ (v) and the result follows.

Multipliers on the spacé?(y): Recalling the spac&? () from Section 2 and the definition of
a multiplier on a Hilbert spacé as given in Definition 5.2, we prove.
Theorem5.5— Every multiplier onE? () is a constant

PROOF. Let ¢ be a multiplier onE2(y). Then by the closed graph theorem and the continuity
of the point evaluation, the linear mag,, : E2(y) — E*(v) defined byM,(f) = »f is bounded.
Further, for giverr € C there exists<, in E2(v) suchthak f, K, > = f(z)forall f € E%(v).
Hence,[o(2)| | < LK. > | = le(2)f(2)] = | < of, Kz > | = | < Myf, K. > | <
| Mol fll24] Kz |24~ In particular, takingf = K., we get

lp(2)| < | M| forallz e C.

Hencey is constant by Liouville’s theorem, cf.[3], p.77.

6. SEQUENTIAL ANALOGUE OF THE SPACE EM () AND ITs KOTHE DUAL

Let M and N be complementary O-functions wit (1) = 1 and N (1) = 1. Recalling the spaces
w, £, £y and the comparison function let us define the sequence spaces

- {es s {en
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ph={{Bu}ew : {mbuyeln }.

One can easily check that, ,; andy), are vector subspaces®of containings. In this section,

we study the structural properties of these spaces and show that each one dghibelb@l of the
other.

The space\, 5;: This space is the sequence space corresponding to the Bfaeg. Indeed,
if & denotes the space of entire sequences, namedy, { {a,} € w ]anﬁ — 0asn — oo},

cf.[6], p.48; one can easily show that 5, C ¢ and the containment is proper, 0%, } ¢ Ay .
Fora = {ay} € Ay ar define

HozH/\Iinf{p >0 : iM(‘O"“‘> < 1}. (12)

=0 VP

Then|.||\ defines a norm on, ;. Indeed, we prove
Proposition6.1 — (A, as, ||.[») is a BK-space. 1M satisfies/\»-condition, then it is also AK.

ProoF Clearly, (A s, ||-|[x) is @ normed linear space. For showing the completeness gf
consider a Cauchy sequenge”} in A, 7. Then fore > 0 there exists;y € N such that

o0 n__ . m
o™ —a™|[x=infsp > 0 : ZM(M) < 1p < e form,n > ng.
pad TP

Hence there exists > 0 such thap, < e with
- g — )|
> M <’“’“> < 1= |ap — of| < wpe < K'e form,n > no,

where K’ = sup,y, = {a}} is a Cauchy sequence for edeh> 1. Leta) — o asn — oo.
Hence by continuity of\/, we get

R laf — oy
ZM <k> < 1 forn>ng
k=0 Yk Pe

= a € Ay anda™ — a. Thus the spacg, ,; is complete.

For the continuity of projections, note that forc A, s

o0

O
ZM( o )s1 = ol < olx 1% < K'llalln.
=\l

In case)M satisfiesAy-condition, we havé,; = hjy; and so fora € A\, s

> M (a"|> < oo, foreachp > 0.
Pn

n=0
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Hence for any > 0, we can findng € N such that

= [|a™ — al|y < eforn > ng. Thus,\, s is an AK-space.

The space:);: We show in this subsection that the sequence spgclas properties similar to
Ay, m, but the marked difference between the two spaces is\that is properly contained i,
whereag.); properly containg>; indeed{n} € p},. Forg = {f,} € p}, define

Hﬂ]uzinf{p >0 iM(%W’“') < 1},

k=0 P

Then we have

Proposition6.2 — (), ||.]|.) is a BK-space. IfV satisfiesA\,-condition, then it is also AK.
ProoF. Omitted as it is similar to the proof for the spakeg),.

Finally, we prove the main result of this section

Proposition6.3 — () (Ay,ar)* = ) if M satisfiesA,-condition andif) (13)* = Ay if N
satisfiesA,-condition.

PROOF (i) Forz € p}; andy € Ay p

Z |51 = Z < N <
i>0

i>0 i>0
YiZs

YiZi PYi
P i

Yilq
P

(e

i>0

) <

wherep > 0 is such thaEiZON( ) < oo. Henceu ), C (Ay,ar)* andXy ar C (p})~-

Conversely, let: € (A, 7). Then
3 |zl < oo for all {y;} with {y"} € lar (13)
i>0 Tn

As M satisfiesAs-condition,?¢y; = hjys and so for provinges € ;JV, it suffices to show that

> >0 ImTnyn| < ocoforall{y,} € har. This is immediate from (13) and the observation that
{yn} € har & {Ynyn} € Ay m. Hence(Ay ar)* C p).

(i) Proof is similar to that of (i) and so omitted.
As an immediate consequence of the above result, we derive

Corollary 6.4— If M andN satisfy Ay-condition, then the sequence spages, andu ), are
perfect.

Note— We know that the topological dual of a barrelled AK-sequence space can be identified
with its g-dual cf.[4], p.965 or [6], p.60. Hence it follows from Propositions 6.1, 6.2 and 6.3 that
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Ay,m and ), are the topological duals of each other. Asy, can be identified with the space
EM (+), we conclude that the topological dual Bf/ () must correspond to the sequence space

LA

f(z)

10.

11

12

i.e (EM(~))* must contain those analytic functioriswhich have representation of the form
= ano an 2™, where{a,vy,} € ¢n. Clearly, this space is not containedén
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