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Applying the multisection series method to Lehmer’s expansion formula [7], we devise
a general procedure to find infinite series formulae for . Several recent results due to
Almkvist et al. [1] are recovered and further new summation identities are established.

Key words : Multisection series method, nm-formula, central binomial coeffi-
cient

1. INTRODUCTION

In classical combinatorics, there is the following useful multisection series result for formal
power series.

Lemma 1.1 — (Comtet [4, P. 84]). Let f be a formal power series with complex coef-
ficients. f = f(z) = >_,5¢an2™ and wy, := exp(2mi/n) a nth root of unity with n being a
natural number. Then for each integer » with 0 < r < n, the following formula holds:

n—1

1
arx” + ar-&-an_n + ar+2nxT+2n +oe== E w;krf(wﬁx)' (1'1)
n
k=0

Applying this lemma to Lehmer’s expansion formula [7, Eq. 15] (see also [2, P. 385])

1 n rarcsinz f: (2z)%"
_ 22 _ 2\3/2 2
1 r (1 z ) / n=0 (7711)
this paper will investigate the infinite series expressions of 7 in form
= A (n)

2" o

n=0 mn
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where « is a rational number and A,,(n) a polynomial of degree m in n. Several formulae
due to Almkvist et al. [1] are recovered and further new identities are derived.

Throughout the paper, the following almost-trivial identity [8, P132] will frequently be
used without explanation:

i _8] mad

1 =0,1,2,.... 1.2
Z ws —I‘mjj 07 ) ( )

s=0 W

where m is a natural number and w,, = exp (27i/m) a mth root of unity.
2. MULTISECTION METHOD AND TwO MAIN SUMMATION THEOREMS

From the almost trivial relation
1-22=1-0a?>—-{(z—a)®+2a(z —a)}

we have the following expansion:

1-a {1_ (:c—a)2+2a(;c—a)}—1/2

1— 22

1—a2

{(ma)2+2a(xa)}k

>t (F) =t

k=0 J

> - 2a)%k—n (-1 k

2 (@-a)" ) )(1—a2)k(k>(n—k>
With the U,-sequence being defined by

Un(a) = zn: (ﬁ;)k (2:) (n ﬁ k) (2.1)

k=0

the last expansion can be reformulated as follows:

Y M C Y[ 22

k=0

Integrating the last equation with respect to x from a to z, we obtain

a)nJrl

el

arcsin x = arcsina +

(2.3)
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Multiplying the last two equations together leads us to
a)k—i-l

arcsinz a i Uk( )(
Vo2 1a2jz[:)(2a)j(x_a)JkZO(2a)k k+1

arcsin a nla@
/1_0/2”;0 (2a)n(
n+1
- 1—a2Z ZkJrl JUn-i(a)

arcsin a n(a)
/1 . a2 % (20,)” (

from which we derive further another expansion formula:

1 T arcsinx d ( arcsinx }

P(z) = 1_$2+(1_m2)3/2_dx{m

1 K(z—a)"=n+1
1—a® &= (2a)" £ k+1 #(@)Un-s(a)

(n+ 1)Upt1(a).

arcsina
V1 — a2 Z n+1
n=

Rewriting the convolution

n+1
Uk(a)Up—k(a)
E+1
k=0
-5 () (L) 5 ()
- — 2 _ — 2 ke
k:0k+1120 1—a ) k—1 = a J n—k—j
_z":< a? )" " in—i—l(Qz’)( i )(2m 22)( m—i )
= — _ N B B
L \l—a k:Oz:0k+1 i) \k—1 m—1 n—m-—k+i
we can alternatively express ¢(x) as
n+1 = @2V (m,n)
p(z) = ;(%)n(%—a) mzzo(l_GQ)m-H (2.4a)
arcsin a Unti(a n
(n+1)(x —a) (2.4Db)

where
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Then by Taylor series expansion formula (2.4) of ¢(z) , we have

D! <= V(k 2k i 1)!
(n+1) Z (k,n)a | arcsina (n+1) Uns(a)

(2&)” (1 _ a2)k+1 1= g2 (Qa)n—H

_ (n+1)! i V(k,n)a?* n arcsina (n+ 1)!
= (2a)n — (1 _ a2)k+1 1 — g2 (2&)”"‘1

& a? \Nk1/2k +2\ [k +1
szzo(1—a2> <k+1>(n—k>'

Denote by ® the derivative operator with respect to variable u at v = 1. We can
reformulate the last expression as follows:

¢ (a) =

k=0

n k
ngm (g) = D! oy 1
a"¢" (a) = kZOV(km) k!{l_a%} (2.62)
aarcsing (n + 1) <~ (2k + 2\ [k + 1\ DF 1
— - 2.6b
- 1—qa2 2t kzo<k:+1><nk> k:!{lfazu} (2.6b)

In order to find the m-formula of the following form

3
Il
S|
[~]e
=
3
S

(an) (2a)>™  where A, (n) = Z Ap P (2.7)
n=0 \mn p=0

we first consider, according to Lemma 1.1, the following multisection series of ¢(z):

m—1 00 .
_ 1 s _ (Qx)an . T
P () == - Z d(wy, ) (2mn> where wy, = exp (E) (2.8)
s=0 n=0 mn
which leads us to the following derivative relation
1 m—1
n,(n) _ s \n(n)/, s 2.9
"y (a) = — SZ:; (wina)" o™ (w,a) (2.9)
On the other hand, it is not hard to get an alternative expression
- Am n mn - = n? mn
S Al gy = 303 e (20)? (2.10a)
n=0 ( mn ) p=0 n=0 ( mn )
Ui T d\P nop S(p, n))\p n,(n)
_ZAI?(%%) Ym () . _ZZWQ U (@) (2.10b)
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where we have used the following derivative operator relation [4, P220]

(x%)p = ZS(p, n)x"—- (2.11)

with S(p,n) being the second kind Stirling number.

In view of (2.6) and (2.9), we derive from (2.10) the following quadruplicate sum ex-
pression:

0o —1

3

m P n

A (n mn 1
S 2l gy = 333 Apnk) = 3 Fsi (2.120)
n=0 ( mn ) p=0 n=0 k=0 s=0
m P n m—1
+3 3N Bu(p,nk) > Fun(s,k)Grml(s) (2.12b)
p=0n=0 k=0 s=0
where
(= D)IS(p,n)V(k,n)Ap
Am(p,n, k) = T2n D b , (2.13a)
2+ 2\ (k4+ 1\ (n+ 1)1 S(p,n)A,
Bun(p,n; k) = < k+1 > <n - k:> Kl 2n+p Ll (2.13b)
1 ws aarcsin(w;,a)
k) - . Fm m
Fon(s,k) == D { — w,%:faQU}’ Gon(s) - e (2.13¢)
Now we are going to simplify the finite sum ZZL:_OI F.(s, k). Replacing z — au in the

case j = 0 of (1.2) and noting that w,, = w?2,, we have

m—1

> ’”
1 —wiau  1—a?mum

The kth derivative of the last equation with respect to u at u = 1 results in

S Futo =2 i)}
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Substituting this relation into (2.12), we establish the following theorem.

Theorem 2.1 — For the Ay, By, F and Gy, given by (2.13), there holds the following
summation formula:

> An(®) (gqy2mn DS Anlpon, k)g’“{¥} (2.14a)

_ q2mgym
n=0 ( mn ) p=0n=0 k=0 1 amu
m p n m—1
+ 3D Bu(pnk) > Fun(s,k)Grnl(s). (2.14b)
p=0n=0 k=0 5=0

Making the replacement a — wapa in the last theorem and noting that wy, = w3,,, we
have an alternative sum expression.

Theorem 2.2 — With the Ay, By, Fy, and Gy, being given by (2.13), there holds the
following summation formula:

Z(—l)"A;nm(:) (2a)*™" = ZZZAm(p,n, k)@k{l%} (2.15a)
n=0 ( mn ) p=0n=0 k=0 + oM
m P n m—1
+Y 3" Bulp.n k) > Fom(25 + 1,k)Gam (25 + 1). (2.15b)
p=0n=0 k=0 s=0

3. FURTHER 7-FORMULAE CORRESPONDING TO a = 1/(2v/2)

This section investigates the formulae for 7 exclusively with a being specified to 1/(2v/2).
Our strategy consists of the following steps:

e Simplifying first the inner sums with respect to s displayed in (2.14b) and (2.15b) by
employing the conjugate property of the summands under the involution s - m—1—s.
One of these sums generally results in a multiple of 7 and the others are independent
of .

e Constructing the linear equation system by letting the triple sum corresponding to
the inner 7-sum just mentioned equal to one and the other triple sums to zero.

e Resolving the equation system and finding the solution for {\;} which yields the
corresponding formula for 7.

We first consider the case m = 4. Combining the following conjugation relations

Fy(1,k) = Fs(7,k),  Gs(1)=Gs(7);

Fy(3,k) = Fs(5,k), Gs(3)=Gs(5),
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with the equation
%(2122) = %(21) §R(2’2) — %(Zl) %(22),
we can simplify the finite sum
3
> Fy(2s+1,k)Gs(2s + 1) (3.1a)
s=0
= 2R{F5(1,k)Gs(1)} + 2R{F5(3, k)Gs(3)}
= 2R{Fs(1, k) IR{Gs(1)} — 2S{F5(1, k) }S{Gs(1)} (3.1b)
+ 2R{FR(3, k) IR{Gs(3)} — 23{F5(3, k) }S{Gs(3)}- (3.1¢)

Keeping in mind of w,,, = exp(wi/m), we have no difficulty to express the following real
part

2%{}7’8(5, /{7)} = Fg(s, k‘) + F8(8 — 8, k’)

1 1
= Mo M o)
1 —w2%a?u + 1-— wg_zsa%

B @k{ 2—2@2ucos%r } 13 (3.2)
- 1 — 2a%ucos 5 + a*u? )’ ST '

For the imaginary part, we have similarly

QS{Fg(s, k‘)} = —’i{Fg(S, k) — Fg(8 — S, k)}
B @k{ 2a2u sin % } _13 (3.3)
- 1 —2a2ucos 5 + a*u? )’ T '

In order to evaluate Gg(1), we need further two special values:

m 1ln2 wsa 2 g
arcsin(wga) = -+ —— and ————= = -+ . (3.4)
8 4 A/1— w%aQ 5 5

The first one in (3.4) can be justified as follows. Using some elementary trigonometric
identities, it is not hard to derive

143



144 DE-YIN ZHENG

sin?{arcsin(wga) + arcsin(wia)} = vV2a? — 2a* + 2a%\/1 — V242 + at.

For a = 1/(2v/2), they reduce to the following evaluations:

arcsin(wga) + arcsin(wga) = %,

7In2

arcsin(wsga) — arcsin(wga) = arcsin(2*%i) =

whose sum gives the first value in (3.4). The second value displayed in (3.4) follows from

the special case a = 1/(2v/2) of the identity below:

wga 2 V2a? — 2a* 2a2
a2

( wga n
V1— w§a2

Multiplying both values displayed in (3.4) leads us to

wgaarcsin(wga) w In2 /7w In2
Gs(1) = = - i)
s(1) T—w2 20 20 \10 " 10

Recalling (3.1), we have

3

> Fy(2s+1,k)Gs(2s + 1)
s=0

_1@’6{ 4 —3v2a’u } 1n2©k{1_2—|—\/§a2u }

T 407 U1 - \2a2u+at2) 20 V2aPu + atu?
2 ++v2d%u V2a*u
k /T veaeth B _ Cx k -
T %{Gg(g)} o { 1+v2 a?u+a*u? } \S{GS(:&)} o { 1+v2 a?u+tatu? }

- ggk{321—68_u?fu2} - 21;2©k{32—8;;:-u2}

+ 64R{Gs(3)} @k{ﬁ} + 8{%{G8(3>}*9{G8(3)}} Qk{ﬁ}

1-+v2a2+a! 1—v2a2+a*

(3.6)

(3.8a)

(3.8b)

(3.8¢)

(3.8d)

(3.8¢)
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§ 3.1. Case m =4 — In this case, identities (2.15a)-(2.15b) can be written as
- Au(n) L& 1
> e 20 =30 Aupn b O s | (3.92)
n=0 (4n) p=0n=0 k=0 a
. 4 p n
+ 522234(p,n,k)©kh(1,u) (3.9b)
p=0n=0 k=0
212 (o
- 22234(p,n,k)@kh(2,u) (3.9¢)
p=0n=0 k=0
4 p n
+64R{Gs(3)} > ) > Bu(p,n, k) DFh(3,u) (3.9d)
p=0n=0 k=0
4 p n
+ 8{5}%{08(3)}—%{08(3)}} S°STS T Bupon, k) DFh(4,u) (3.9¢)
p=0n=0 k=0
where
16 — 3u 8+ u
h(1 = h(2 = 1
L) = g "W = g e (3:102)
hGo) = pu) = (3.10b)
T 3 Su+ w2 T R Su+u? '

Just like the description at the beginning of this section, we consider the equation system
determined by

n

4 p
1
— Ef L
0 = > 2.2 Alpnk)D {1—|—a8u4} (3.11a)
p=0n=0 k=0
4 P n
p=0n=0 k=0

where ¢1; is the Kronecker symbol with d1; = 1, if j = 1 and d;; = 0 otherwise. Resolving
this equation system with the help of Mathematica we can get the numerical values for
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the coefficients {A\g, A1, A2, A3, A4} of the polynomial A4(n), which leads us to the following
explicit formula for .

Ezample 3.1 ([1, Example 3.2]) — We have

I A

= Z T 4(n) where 7 = 325272 (3.12)
r ) (=4)"

and

Ay(n) = —89286 + 3875948n — 34970134n2 + 110202472n° — 115193600n".

§ 3.2. Case m = 8 — In this case, the corresponding (2.14a)-(2.14b) reads as

e 8 D n
Ag(n) 16n k 1
3 W (20)'" =355 Ag(pon, k) © {1 - amus} (3.13a)
n=0 \8n p=0 n=0 k=0
p n 7
+ 33 " Bs(p.nk) > Fs(s, k)Gs(s) (3.13b)
p=0 n=0 k=0 s=0
According the parity of s, split the last sum into two parts
7 3 3
D F(s k)Gs(s) = > Fa(2s+1,k)Gs(2s + 1) + Y Fa(s, k)Ga(s). (3.14)
s=0 s=0 s=0

The first sum has been treated previously in (3.8). The second sum can be computed
in straightforward way:

3 3
> Fils:Gi(5) = 3 Gu() o

et < SO S
+ @(1)@’6{%} + @(3)@’6{%}
- (e e} ot s )+ {0 - c o {2 )
O e AR IR SR e
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Similar to §3.1, we consider the equation system given by
8 p n 1
_ k

p=0n=0 k=0

8 p n
S = Y Y Bs(p,nk)D*h(ju),j=1,2,...,8 (3.15b)
p=0n=0 k=0

where for j = 1,2,3,4, h(j,u) and h(4 + j,u) are given respectively by (3.10) and the
following fractions:

1 U

hou) =z MW =152 (3-16a)
1 u
_ _ v 1
h(7vu) 1+ atu?’ h(&“) 1 +a4u2 (3 6b)

Using Mathematica, we can solve the equation system (3.15) and obtain the numerical
values of A, for p =0,1,2,...,8. This recovers the following formula due to Almkvist et al.

Ezample 3.2 — ([1, Example 3.3]) — We have

> Ag n
==Y (16”5125” where r = 305372112132 (3.17)

" n=0 \ 8n

and
Ag(n) = —869897157255 — 3524219363487888n + 112466777263118189n>
— 1242789726208374386n° + 6693196178751930680n*

— 19768094496651298112n° + 32808347163463348736n°

— 28892659596072587264n" + 10530503748472012800n°.

§ 3.3 Case m = 2° — As we have seen that the m-formula corresponding to the case
m = 8 in §3.2. We now turn to the more general m-formula displayed in (2.14a) and (2.14b)
for m = 2¢ with ¢ =4,5,---.

For the extreme inner sum of (2.14b), we can recursively split it into the two parts as
follows:

147
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m—1 m/2—1 m/2—1
Fin(5,k)Gm(s) = > Fin(25,k)Gr(25) + > Fn(25+ 1,k)Gm(2s +1).
s=0 s=0 s=0

By w2, = w, /2, the first part corresponds to the case of m/2. We need therefore
to consider only the second part. In order to derive the m-formula, we must impose the
following equation:

m P n m/2—1
Z Z ZBm(p,n, k) Z Fn(2s+1,k)Grn(2s+1) =0
p=0n=0 k=0 5—0

which can be replaced by the stronger condition:

ZZZB (p.n, k) Fn(2s +1,k) =0, =0,1,2,...,2 — 1.

p=0n=0 k=0

Because this equation system is difficult to solve, we replace it by the following m/2
equivalent equations:

m/2—1

m P n
> (D, 1, k) Z wr BV E (25 4+1,k) =0, =0,1,2,...,

p=0 n=0 k=0

-1

w3

Noting that wy, = w?2,, w2, = W2 and then specifying in (1.2) with m — m/2 and

r — a’uw,y, /2, we can write down the following identity:

m/2—1 c‘17;2]'(25“) maiud
= . j=0,1,2,...,2 1.
; 1—auwp™ ™ 2L+ amum/?) ’ ?

Just like the previous procedure, in order to find new m-formulae, we have to resolve the
equation system:

m P n
0 = ZZZAm(p,n,k)Qk{ﬁ} (3.18a)
p=0n=0 k=0

&y = Zm:ZiBm(p,n,k)Qkhm(j,u), j=1,2,...,m. (3.18b)
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This can be done by putting the initial values for m = 23 = 8
hs(j,u) :== h(j,u), j=1,2,...,8, (3.19)
and successively making the replacements
hm(]au) _>hm/2(]7u)7]: 172a7% (320&)
B (2 4 W 4. m 20b
m(7+3,u)—>ma1—1, R (3.20b)

With the help of the Mathematica package designed for this task, we can resolve re-
cursively the equation systems for m = 2¢ with £ = 4,5,--- and compute numerically the
coefficients of the polynomials A, (n):

)\p7 p:0,1,2,...,m for m:16732’

Consequently, we can establish 7-formulae of the form

Here we present the formula corresponding to m = 16.

Ezxample 3.3 — ([1, Example 3.4]). We have

[e.9]

1 Alg(n)
= — —_— 3.21
L e .21

149
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where r = 233105673111132172192232292312 and

Aig(n) = —2062111884756347479085709280875
+ 1505491740302839023753569717261882091900 n
— 112401149404087658213839386716211975291975 1
+ 3257881651942682891818557726225840674110002 n®
— 51677309510890630500607898599463036267961280 n!
+ 517337977987354819322786909541179043148522720 n°
— 3526396494329560718758086392841258152390245120 n°
+ 17114576623599516627501216110074805943799363584 n”
— 60739416613228219940886539658145904402068029440 n®
+ 159935882563435860391195903248596461569183580160 1
— 313951952615028230229958218839819183812205608960 12°
+ 457341091673257198565533286493831205566468325376 '
— 486846784774707448105420279985074159657397780480 12
+ 367314505118245777241612044490633887668208926720 13
— 185647326591648164598342857319777582801297080320 n'*
+ 56224688035707015687999128994324690418467340288 n '

— 7687255778816557786073977795149360408612044800 n'6.

4. NEW m-FORMULAE CORRESPONDING TO a = 1/\4/5

Up to now, most of the w-formulae of the form (2.7) concern exclusively the value a =
1/(2v/2) apart from few exceptions (see [1, Ex. 3.5] for example). This can be seen from
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the formulae established in Section 3 and those due to Almkvist et al. [1]. A natural
question is that are there other values of a such that there hold the corresponding formulae
of form (2.7). An affirmative answer will be provided in this section.

We shall establish several new m-formulae with a = 1/+/2. All the procedure developed
in the last section applies also in this case. We need only to compute the four h-fractions
displayed in (3.10), corresponding to a = 1/v/2 with m = 4.

Recalling (3.5) and (3.6), we have the two special values

i In(1 2 1+2
arcsin(wsa) = T4 M, wse 1 HY (4.1)

4 2 Vi-wia® V2

which leads directly to the following expression

i In(1 2 In(1 2
Go(1) = etarsinlese) v WQEVE) g m WOEVEY g
V1 —wia? 42 24/2 44/2 2v/2
From (3.1), (3.2) and (3.3), we can restate (3.8) as
3
> Fy(2s+1,k)Gs(2s + 1) (4.3a)
s=0
™ 2 — 2v2a%u In(1+ 2 2
- Qk{ 2 4 2}_ ( )Qk{ 2 4 2} (4.3b)
4/2 1 —v2a2u + a*u 22 1—\/§au+au
2++v2d%u V2a*u
+ R{cs(3)} DF — 3{as(3)} O 4.3
{es} {1+ﬂa2u+a4u2} Stese) {1+\/§a2u+a4u2} (4.3¢)
- \% DFR(1, 1) — V2 In(1 + V2) DFR(2, u) (4.3d)
+ AR{Gs(3)} D*h(3,u) + 2{R(Gs(3)) — S(Gs(3))} D*h(4,u) (4.3¢)
where the four h-fractions are given by
1—u 1
Mlw)i= g e MW= s— (4-4a)
1 U
= 4 = 44
(3, ) 2+ 2u + u?’ 4, w) 2+ 2u + u? (4.4b)

§ 4.1. Case m =4 — The corresponding identity (2.15a)-(2.15b) reads
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[e%s) 4 P n
Z(—l)“A”;i”) 20)* =333 Au(p.n k) @k{%} (4.5)
n=0 (4n) p=0n=0 k=0 1+a%u
4 P n
”2 SUNTS Bipn k) ©F (1L, ) (4.5b)
p=0n=0 k=0
4 D n
—V2In(1+v2) Y ) "> " Bu(p,n, k) DFh(2,u) (4.5¢)
p=0n=0 k=0
4 D n
+AR{Gs(3)} Y > > Bu(p,n, k) D*h(3,u) (4.5d)
p=0n=0 k=0
+2{§R{G8 ~ 3{ase) }22234 0, k) DFR(4, w). (4.5¢)
p=0 n=0 k=0

Resolving, with the help of Mathematica, the following equation system

4

0 = ZZZA4P’”k©k{1+a8U4}

p=0 n=0 k=0

4 p n
S = 3. Balp,n, k) D h(j,u), j=1,2,3,4,

p=0 n=0 k=0

we find the coefficients {\g, A1, A2, A3, A4} of the polynomial A4(n) which yields the following
new 7-formula.

Example 4.1 —

T = Qi(_l)nw (4.6)

where r = 325272 and

Ag(n) = —46848 4 142424n — 1785472n? + 1305856n° — 1064960n*.

§ 4.2. Case m = 8 — The same method in §3.2 works also in this case. The only
difference lies in the fact that the corresponding equation system consists of (3.15) but with
the h(j,u) being replaced by fi(j,u) within the four equations labeled by j = 1,2,3,4. The
solution of this last equation system results in another new summation formula for 7.
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FEzample 4.2 — We have
NG i Ag(n)8t
™= T 16ny
" n=0 ( 87?)
where r = 365372112132 and
Ag(n) = —138303406080 + 7958040005232n — 62721 1886197761

+ 478499003193344n3 — 1210317747322880n* + 2785417034989568n°

— 2593447869415424n5 + 1760248155078656n" — 380491152752640n°.

§4.3. Case m = 2° — In order to search more general formulae of the form (2.7), we
need only first to replace h(j,u) for j = 1,2,3,4 in (3.18) by A(j,u) displayed in (4.4) and
then resolve the system. We produce one formula just for exemplifying the existence of the
formula of this type.

Ezxample 4.3 — We have
V2 o= Aig(n)8%"
= Z 32n\ -
n=0 (16n)

where r = 233105673112132172192232292312 and

(4.8)

Aig(n) = —4986664925218393648275652608000
+ 396418749341992541459239980268800 n
— 11345121899218526334536911457894400 n?
+ 190839825219372052087603553131167744 n®
— 19368620317072948168079055964 75965440 n*
+ 14114012126314807814684989534649712640 n°
— 71119114692483196383413974785369047040 n°
+ 274358460311265575059303890930209128448 n”
— 772121307583357764283719708318095114240 n®

+ 1695240008778965645905900283283552337920 n°
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— 2754648789124241749868458579172492574720 n'°
+ 3452760850360989521977862711759939305472 n '
— 3137846918906573399116801838260263321600 12
4 2087405737585122528471401679406382448640 '3
— 924679848210921346924085726 758662307840 n'4
4 253231729018752324220599321758936334336 '

— 31287693447132002703229676941968670720 n°.

CONCLUDING REMARKS

The multisection series method has been successfully used to cover numerous m-formulas
corresponding to m = 4,8,12,16,24. In particular, for m = 2¢, we have developed a
general iteration procedure which allows us theoretically to search more m-formulae. This
last procedure applies also to other m-values. For the limit of space, we are not going to
reproduce further long and tedious formulae.
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