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Coefficient inequalites and distortion theorems are obtained for certain subclass of meromor-
phically p-valent starlike functions with alternating coefficients. Further preserving integral
operators are obtained.
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1. INTRODUCTION

Let > (p) denote the class of functions of the form:

f2)= =2+ afa_p,#0;pe N={1,35,..1}), (1.1)
k=1

which are regular in the punctured di§¢ = {z € C': 0 < |z| < 1} = U\{0}.

Define

D°f(z) = f(2), (1.2)
D'f(z) = =X + ;(p + k4 Lapz®
REJE)S w3
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D*f(z) = D(D'f(2)), (1.4)
and forn =1,2, ...
D"f(z) = D(D" ' f(z) = L+ Y (p+ k+ a2
k=1

_ (ZPHDZplf(Z))I . (1.5)

In [2] Aouf and Hossen obtained a new criteria for meromorphi@lent starlike functions of
ordera (0 < a < p) via the basic inclusion relationship,,+1(«) C B,(a)(0 < a < p,n €
No = N U{0}), whereB,,(«) consisting of functions iy (p) satisfying

D)
Re{ Di(2)

We note thatBo(a) = 3 (a) (the class of meromorphig-valent starlike functions of order

Q).

Let o, be the subclass of(p) which consists of functions of the form:

—(p+1)}<—a(z€U*;0§a<p;n€N0). (1.6)

@—Zakzk(a_p>0;ak >0;p € N). @.7)
k=1

f(z) =

2P

In [4] Darwish studied the class,(n, a), whereo,(n, o) = By, (a) N oy,
Let B, (p, o, A, B) denote the class of functiorf§z) in > (p) that satisfy the condition:
Dn+1f(z)
D f(z)

where=< denotes subordinatiof, < a < p,—-1 <A< B <1,0<B<1,pe Nandn € Ny.
By definition of subordination, the conditidn.8) is equivalent to

+ B+ (A= B)p-a)z

— 1 —
(p+1) < T B ,

2eU” (1.8)

D" f(2)
Dn f(z)

wherew(z) € H = {w regular,w(0) = Oandjw(z)| < 1,z € U}. Itis easy to see that the
condition(1.9) is equivalent to

p+[pB+ (A= B)(p - a)w(z)
1+ Bw(z) ’

—(p+1)=—- (1.9)

DG
D7/ ()

BIZHE — (p+ )]+ [pB+ (A— B)(p — )]

<1(zeU"). (1.10)
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We note that:
(1) Bo(p,a, =1,1) = > (a) (0 < a < p);

(73) Bo(p, o, —3,0) = Z;(a,ﬂ) (0 <a < p0< B <1) isthe class of meromorphically
p-valent starlike functions of order and types;

(i13) Bo(1l, o, —3,0) = >."(a, ) (0 < a < 1;0 < B8 < 1),is the class of meromorphically
starlike functions of ordet and types (Mograet al. [5]).

Let ) (p) be the subclass df’(p) consists of functions of the form:

[e.e]

—a_p+z Ly 2F (a—p # 0;ar, > 0;p € N), (2.12)
that are regular ang-valent inU*.
Let us write
> (pmas A, B) = Ba(p,o, A,B)N Y (p). (1.12)

We note that:
(i) >oa(1,m,0,—=1,1) = 07, (a)(0 < o < 1;m € No;a—y = 1) (Aouf and Darwish [1] );

(i) y_n(1,n,0, A, B) = 0 (o, A, B)(0 < e < 1501 = 1) (Aouf et al. [3]);

(i63) Y r (pymy o, =3, 8) = Y i (p,n,a, B)(0 < a < p;0 < B < 1;m € No;p € N)

i
={f(z)e) (): |5 - < B(ze UM} (1.13)
2, Do + 20— (2p+1)

In this paper we obtain coefficientinequalities and distortion theorems for thefl®éssn, o, A, B).
Finally the class preserving integral operators of the form

F(z)=(c—p+ 1)201/ t°f(t)ydt(c>p—1;p € N), (1.14)
0
is considered. Technigues used are similar to those of Silvermen [6] and Uralegaddi and Ganigi [7].

2. COEFFICIENTINEQUALITIES

oo
Theoreml—Let f(2) = 32 + > a; 2* be regular and p-valent il/*. If
k=1

Y p+k+1)"[(k+p)(1+B)+(A=B)p—a)llag| < (B-A)(p—a)lay|  (2.2)
k=1
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thenf(z) € B,(p,a, A, B).

PROOF: Suppos€2.1) holds for all admissible values of n, o, A and B. It suffices to show
that

Drilf(z) 4
) D) < lfor|z| < 1.
Bl=mrey — (p+ 1))+ [pB + (A= B)(p — )]
We have
D"‘Hf(z) . 1
D" f(z)
n+1
BIS5s — 0+ D]+ [pB+ (A= B)(p— )]
S (k+p+ 1"k + p)agzFtP

k
(A=B)(p—a)ap+ 3 (k+p+1)"[B(k+p)+ (A= B)(p - a)lapz"*?

1

118

(k+p+1)"(k+p)|akl

k=1

(&)

(B = A)p=a) gl = £ (k-+p+ 1Bl +9) + (A= B)lp - o) ol

<

The last expression is bounded above by 1 provided

D (k+p+1)"(k+p)lax| < (B—A)(p—a)|ay|
k=1

3 (k+p+1)"[Blk +p) + (A= B)(p— )] |,
k=1

which is equivalent to

Y (k+p+1)"[(k+p)(1+B)+ (A= B)p—a)lla] < (B—A)(p—a)layl,
k=1
which is true by the hypothesis. Hen¢é:) € B, (p, o, A, B).

Theorem2 — Let f(z) = —2£ + Z “Lay, 2F(a_, # 0;a, > 0,p € N) be regular and

p-valentinU*. Thenf(z) € >, (p,n a, A B) if and only if
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d(k+p+)"(k+p)(1+B)+(A=B)p-a)ar < (B—A)(p—a)la,l. (22)
k=1

PrROOE In view of Theorem 1, it is sufficient to show the "only if” part. Let us suppose that

o0

—a_p—i-z lag 2 (a_p # 0;a, > 0;p € N)

isin) . (p,n,a, A, B). Then

D"+1f(z) -1
D f(z)

BIZf e — (p+ 1))+ [pB + (A= B)(p - a)]

S (DR (k4 p 4 1)k + plag AP
k=1
(B~ A)(p—a)a_p— ki(—nk-l(k +p+ 1) [Blk+p) + (A — B)(p— a)]ag sk

< 1

for all z € U*. Using the fact thaRe(z) < |z| for all z, it follows that

i_ol (=R (k 4+ p + 1)"(k + p)agzFt?

Re kool <1(z € U).
(B—=A)(p—a)ay - k;( DRk +p+1)"[B(k +p) + (A - B)(p — a)]apz*+?
- (2.3)

Now choose values of z on the real axis so f{()) is real. Upon clearing the denominator

n (2.3) and lettingz — 1~ through real values, we obtain

(k+p+1)"k+plax < (B—=A)(p—a)layl

WE

1

i

—> (k+p+1)"[B(k+p)+ (A-B)(p— o)
k=1

or

D (k+p+1)"[(k+p)(1+B)+ (A= B)(p—a)lax < (B— A)(p—a)la_y|.
k=1

Hence the result follows.
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Corollary 1 —If f(2) = 22 4+ > (1) tapz"(ap # 0;ar > 0;p € N) is in the class
k=1
Y a(p,n,a, A, B),then

. (B—A)(p—a)lay
FE Grpr D [kt )11 B) + (A— B)(p—a)]

(ke N). (2.4)

Equality holds for the functions of the form

_O—p | k-1 (B—A)(p—a)ay Lk .
A I R TR
3. DISTORTION THEOREMS
Theorem3 — If f(z —=r 4 Z “lagF(a_p, # 0;a, > 0;p € N)is in the class

Y oapyn, o, A, B), thenf0r0< \z\ —r< 1,
lap| (B—A)(p—a)lay| . B
v G A+ B+ (A-Bp-a] =)
|a—p| (B—A)(p—a)lay]
= T+ B+ (A-Bp-a) " &4
with equality for the function
fi(z) = i (B = A)p=a)ay zatz =r,ir. (3.2

@ T+ (P +B)+ (A-B)p—a)

PROOF: Suppose thaf(z) isin the clas _,(p, n, o, A, B). In view of Theorem 2, we have

(p+2)"[(1+p)(1+B)+ (A= B)(p—a))_a
k=1

< S (ktp+1)"(k+p)(1+B) + (A~ B)(p - 0)a
k=1
< (B—A)(p-a)lay

which evidently yields

S (B—=A)p—a)layl

2 S o )1+ B) 4 (A B a)]

(3.3)
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Consequently, we obtain

la—p S K _ la—pl S
f(2)] < rp‘szak?“ §7+Tzak
=1 k=1

la—pl (B=A)(p—a)lay .
? (p+2)"[1+p) 1+ B)+(A-B)p—a)]’

IA

by (3.3). This gives the right hand inequality ¢3.1). Also

o0

oo
a_ a—
o) > Lol rp’" D= Loyl rpp‘ —ry
k=1

k=1

la—p| _ (B—-A)p—a)lay| .
v (p+2)"[(L+p)(1+B)+(A-B)p—a)]’

v

which gives the left hand side ¢8.1). It can be easily seen that the functif(x) defined by(3.2)
is an extremal function for the theorem.

Theorem4 — If f(z) = — + Z(—1)k71akzk(a_p # 0;a, > 0;p € N) is in the class
k=1
Z(p,n,a,A, B), thenfor0 < |z| =r < 1,

a

plap| _ (B—A)(p—a)lay| "5
w0+ B) + (A B = )
plap| (B—A)(p—)lap|
= T 4+ B+ (A-B)p—a)] G4
The result is sharp, the extremal function being of the f(3r).
PrRoOE From Theorem 2, we have
(P+2)"[(1+p)(1+ B)+ (A= B)(p—a)] Y kay
k=1
< Sk +p+ )"k +p)(A+B) + (A— B)(p— o)la
k=1
< (B—=A)(p—a)lay|,
which evidently yields
= (B—A)(p—a)lap|
2 Kok S o )1+ B+ (A~ Blp— o] 55
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Consequently, we obtain
‘f’(z)} < p|a7p|+ika rk_1<p|a7p’+§:ka
= pptl k A b

playl | (B~ A)(p—a)|a_y

<
= i Tk [+ p) 1+ B)+ (A—B)(p—a))
by (3.5). Also
plasyl 1y plasyl 5
f'2)] = 7«‘p+1p| =D _kaprtl 2 Jzﬂf’ =2 kay
o k=1

plap| (B—A)(p—a)lay| (3.6)
Pl (p+2)n [(1+p)(1+B)+(A-B)(p—a)] '

This completes the proof of Theorem 4.

4. CLASS PRESERVINGINTEGRAL OPERATORS
In this section we consider the class preserving integral operators of thé far).
a_p .
Theorem5 — If f(z + Z “lagFa_p # 0jax > 0;p € N)is in class

Za(p? n, o, A, B), then

z

F(z) = (c—p+ 1)z_c_l/tcf(t)dt

0
a_p R 1 f{c—p+1 k
= E —_— 4.1
+ <c+k‘—|—1> k= (4.1)

c > p — 1, belongs to the class_,(p, n, y(p, a,c, A, B), A, B), where

(c—p+1)(1+p)(1+B)p—a)

Ve A B S DA+ (4 B) + (A B)p— )] - (e —p+ (A~ B)(p_a)

(4.2)
The result is sharp for the functigf(z) given by
a—p (B—A)(p—a)ap
z) = —£X _|_ 2. 43
1) = v [+ + B + (A B)(p— o) (43
PROOF: Supposef(z) = —£ + Z 1¥lagz* € Y (p,n, 0, A, B), in view of Theorem

a

2, we shall find the largest value offor WhICh
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X (k4+p+1D)"(k+p)(1+B)+(A=B)p—7)] (c—p+1
; (B—=A)(p—)lapl <c+k+p) ap <1

It is sufficient to find the range values gffor which

(c—p+D[(k+p)(1+B)+(A-DB)(p—19)
(c+k+1)(p—7)

k4 p) A+ B)+ (A= B)(p—a)

< for eachk.
(p—a)

Solving the above inequality for, we obtain

(c—=p+1)(k+p)(1+ B)(p—«)
ctk+1)[(k+p)(1+B)+(A=B)(p—a)] —(c—p+1)(A=B)(p—a)

vy<p-—
(

For eachp, a, A, B andc fixed let

(c=p+1)(k+p)(1+ B)(p—a)
(c+k+D[k+p)(1+B)+(A-B)p—a)]—(c—p+1)(A-B)(p—a)

F(k)=p—

ThenF(k + 1) — F(k) = £ > 0 for eachk, where

D=(c—p+1)(1+B>2p-—a)k+p)k+p+1)
and
G={(c+k+2[k+p+1)1+B) +(A-B)(p—0a)—(c—p+1)(A—B)(p—a)}.

Ale+k+ D[k +p)L+B)+ (A= B)(p—a) — (c—p+1)(A-B)(p—a)}.
HenceF (k) is an increasing function ¢ Since

(c—p+1)(1+p)(1+B)p—a)
(c+2)[1+p)1+B)+(A-B)(p—a)]—(c—p+1)(A-B)(p— )’

F()=p—

the result follows.

Remark (i) Puttinga_, = 1,p =1,n =0, A = —1 andB = 1in the above results, we have
the results obtained by Uralegaddi and Ganigi [7];

(it) Puttinga_, = 1,p = 1,A = —1 and B = 1 in the above results we have the results
obtained by Aouf and Darwish [1];

(iii) Puttinga_, = 1 andp = 1in the above results we have the results obtained by Abat

3].
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