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Coefficient inequalites and distortion theorems are obtained for certain subclass of meromor-

phically p-valent starlike functions with alternating coefficients. Further preserving integral

operators are obtained.
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1. INTRODUCTION

Let
∑

(p) denote the class of functions of the form:

f(z) =
a−p

zp
+

∞∑

k=1

ak zk(a−p 6= 0; p ∈ N = {1, 3, 5, ...}), (1.1)

which are regular in the punctured discU∗ = {z ∈ C : 0 < |z| < 1} = U\{0}.
Define

D0f(z) = f(z), (1.2)

D1f(z) =
a−p

zp
+

∞∑

k=1

(p + k + 1)akz
k

=
(zp+1f(z))

′

zp
, (1.3)
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D2f(z) = D(D1f(z)), (1.4)

and forn = 1, 2, ...

Dnf(z) = D(Dn−1f(z) =
a−p

zp
+

∞∑

k=1

(p + k + 1)nak zk

=
(zp+1Dn−1f(z))

′

zp
. (1.5)

In [2] Aouf and Hossen obtained a new criteria for meromorphicp-valent starlike functions of

orderα (0 ≤ α < p) via the basic inclusion relationshipBn+1(α) ⊂ Bn(α)(0 ≤ α < p, n ∈
N0 = N ∪ {0}), whereBn(α) consisting of functions in

∑
(p) satisfying

Re
{

Dn+1f(z)
Dnf(z)

− (p + 1)
}

< −α(z ∈ U∗; 0 ≤ α < p; n ∈ N0). (1.6)

We note thatB0(α) =
∑∗

p(α) (the class of meromorphicp-valent starlike functions of order

α).

Let σp be the subclass of
∑

(p) which consists of functions of the form:

f(z) =
a−p

zp
−

∞∑

k=1

ak zk(a−p > 0; ak ≥ 0; p ∈ N). (1.7)

In [4] Darwish studied the classσp(n, α), whereσp(n, α) = Bn(α) ∩ σp.

Let Bn(p, α, A, B) denote the class of functionsf(z) in
∑

(p) that satisfy the condition:

Dn+1f(z)
Dnf(z)

− (p + 1) ≺ −p + [pB + (A−B)(p− α)]z
1 + Bz

, z ∈ U∗ (1.8)

where≺ denotes subordination,0 ≤ α < p,−1 ≤ A < B ≤ 1, 0 < B ≤ 1, p ∈ N andn ∈ N0.

By definition of subordination, the condition(1.8) is equivalent to

Dn+1f(z)
Dnf(z)

− (p + 1) = −p + [pB + (A−B)(p− α)]w(z)
1 + Bw(z)

, (1.9)

wherew(z) ∈ H = {w regular,w(0) = 0 and|w(z)| < 1, z ∈ U}. It is easy to see that the

condition(1.9) is equivalent to

∣∣∣∣∣∣

Dn+1f(z)
Dnf(z) − 1

B[Dn+1f(z)
Dnf(z) − (p + 1)] + [pB + (A−B)(p− α)]

∣∣∣∣∣∣
< 1(z ∈ U∗). (1.10)
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We note that:

(i) B0(p, α,−1, 1) =
∑∗

p(α) (0 ≤ α < p);

(ii) B0(p, α,−β, β) =
∑∗

p(α, β) (0 ≤ α < p; 0 < β ≤ 1) is the class of meromorphically

p-valent starlike functions of orderα and typeβ;

(iii) B0(1, α,−β, β) =
∑∗(α, β) (0 ≤ α < 1; 0 < β ≤ 1), is the class of meromorphically

starlike functions of orderα and typeβ (Mograet al. [5]).

Let
∑

a(p) be the subclass of
∑

(p) consists of functions of the form:

f(z) =
a−p

zp
+

∞∑

k=1

(−1)k−1ak zk(a−p 6= 0; ak ≥ 0; p ∈ N), (1.11)

that are regular andp-valent inU∗.

Let us write

∑∗
a
(p, n, α, A, B) = Bn(p, α,A, B) ∩

∑
a
(p). (1.12)

We note that:

(i)
∑∗

a(1, n, α,−1, 1) = σ∗a,n(α)(0 ≤ α < 1; n ∈ N0; a−1 = 1) (Aouf and Darwish [1] );

(ii)
∑∗

a(1, n, α,A, B) = σ∗a,n(α, A, B)(0 ≤ α < 1; a−1 = 1) (Aouf et al. [3]);

(iii)
∑∗

a(p, n, α,−β, β) =
∑∗

a(p, n, α, β)(0 ≤ α < p; 0 < β ≤ 1;n ∈ N0; p ∈ N)

= {f(z) ∈
∑

a
(p) :

∣∣∣∣∣∣

Dn+1f(z)
Dnf(z) − 1

Dn+1f(z)
Dnf(z) + 2α− (2p + 1)

∣∣∣∣∣∣
< β (z ∈ U∗)}. (1.13)

In this paper we obtain coefficient inequalities and distortion theorems for the classBa(p, n, α, A,B).
Finally the class preserving integral operators of the form

F (z) = (c− p + 1)z−c−1

∫ z

0
tcf(t) dt (c > p− 1; p ∈ N), (1.14)

is considered. Techniques used are similar to those of Silvermen [6] and Uralegaddi and Ganigi [7].

2. COEFFICIENT INEQUALITIES

Theorem1 — Let f(z) = a−p

zp +
∞∑

k=1

ak zk be regular and p-valent inU∗. If

∞∑

k=1

(p + k + 1)n[(k + p)(1 + B) + (A−B)(p− α)] |ak| ≤ (B −A)(p− α) |a−p| (2.1)
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thenf(z) ∈ Bn(p, α, A, B).

PROOF : Suppose(2.1) holds for all admissible values ofp, n, α, A andB. It suffices to show

that

∣∣∣∣∣∣

Dn+1f(z)
Dnf(z) − 1

B[Dn+1f(z)
Dnf(z) − (p + 1)] + [pB + (A−B)(p− α)]

∣∣∣∣∣∣
< 1 for |z| < 1.

We have

∣∣∣∣∣∣

Dn+1f(z)
Dnf(z) − 1

B[D
n+1f(z)
Dnf(z) − (p + 1)] + [pB + (A−B)(p− α)]

∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣

∞∑
k=1

(k + p + 1)n(k + p)akz
k+p

(A−B)(p− α)a−p +
∞∑

k=1

(k + p + 1)n[B(k + p) + (A−B)(p− α)]akzk+p

∣∣∣∣∣∣∣∣

≤

∞∑
k=1

(k + p + 1)n(k + p) |ak|

(B −A)(p− α) |a−p| −
∞∑

k=1

(k + p + 1)n[B(k + p) + (A−B)(p− α)] |ak|
.

The last expression is bounded above by 1 provided

∞∑

k=1

(k + p + 1)n(k + p) |ak| ≤ (B −A)(p− α) |a−p|

−
∞∑

k=1

(k + p + 1)n[B(k + p) + (A−B)(p− α)] |ak| ,

which is equivalent to

∞∑

k=1

(k + p + 1)n[(k + p)(1 + B) + (A−B)(p− α)] |ak| ≤ (B −A)(p− α) |a−p| ,

which is true by the hypothesis. Hencef(z) ∈ Bn(p, α,A, B).

Theorem2 — Let f(z) =
a−p

zp
+

∞∑

k=1

(−1)k−1ak zk(a−p 6= 0; ak ≥ 0, p ∈ N) be regular and

p-valent inU∗. Thenf(z) ∈ ∑
a(p, n, α, A,B) if and only if
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∞∑

k=1

(k + p + 1)n[(k + p)(1 + B) + (A−B)(p− α)]ak ≤ (B −A)(p− α) |a−p| . (2.2)

PROOF: In view of Theorem 1, it is sufficient to show the ”only if” part. Let us suppose that

f(z) =
a−p

zp
+

∞∑

k=1

(−1)k−1ak zk(a−p 6= 0; ak ≥ 0; p ∈ N)

is in
∑

a(p, n, α, A,B). Then

∣∣∣∣∣∣

Dn+1f(z)
Dnf(z) − 1

B[D
n+1f(z)
Dnf(z) − (p + 1)] + [pB + (A−B)(p− α)]

∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣

∞∑
k=1

(−1)k−1(k + p + 1)n(k + p)akz
k+p

(B −A)(p− α)a−p −
∞∑

k=1

(−1)k−1(k + p + 1)n[B(k + p) + (A−B)(p− α)]akzk+p

∣∣∣∣∣∣∣∣
≤ 1

for all z ∈ U∗. Using the fact thatRe(z) ≤ |z| for all z, it follows that

Re





∞∑
k=1

(−1)k−1(k + p + 1)n(k + p)akz
k+p

(B −A)(p− α)a−p −
∞∑

k=1

(−1)k−1(k + p + 1)n[B(k + p) + (A−B)(p− α)]akzk+p




≤ 1(z ∈ U∗).

(2.3)

Now choose values of z on the real axis so thatDn+1f(z)
Dnf(z) is real. Upon clearing the denominator

in (2.3) and lettingz → 1− through real values, we obtain

∞∑

k=1

(k + p + 1)n(k + p)ak ≤ (B −A)(p− α) |a−p|

−
∞∑

k=1

(k + p + 1)n[B(k + p) + (A−B)(p− α)]ak

or

∞∑

k=1

(k + p + 1)n[(k + p)(1 + B) + (A−B)(p− α)]ak ≤ (B −A)(p− α) |a−p| .

Hence the result follows.
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Corollary 1 — If f(z) = a−p

zp +
∞∑

k=1

(−1)k−1akz
k(a−p 6= 0; ak ≥ 0; p ∈ N) is in the class

∑
a(p, n, α, A, B), then

ak ≤ (B −A)(p− α) |a−p|
(k + p + 1)n [(k + p)(1 + B) + (A−B)(p− α)]

(k ∈ N). (2.4)

Equality holds for the functions of the form

fk(z) =
a−p

zp
+ (−1)k−1 (B −A)(p− α)a−p

(k + p + 1)n[(k + p)(1 + B) + (A−B)(p− α)]
zk(k ∈ N ; p ∈ N).

(2.5)

3. DISTORTION THEOREMS

Theorem3 — If f(z) =
a−p

zp
+

∞∑

k=1

(−1)k−1akz
k(a−p 6= 0; ak ≥ 0; p ∈ N) is in the class

∑
a(p, n, α, A, B), then for 0 < |z| = r < 1,

|a−p|
rp

− (B −A)(p− α) |a−p|
(p + 2)n[(1 + p)(1 + B) + (A−B)(p− α)]

r ≤ |f(z)|

≤ |a−p|
rp

+
(B −A)(p− α) |a−p|

(p + 2)n[(1 + p)(1 + B) + (A−B)(p− α)]
r, (3.1)

with equality for the function

f1(z) =
a−p

zp
+

(B −A)(p− α)a−p

(p + 2)n[(1 + p)(1 + B) + (A−B)(p− α)]
z at z = r, ir. (3.2)

PROOF : Suppose thatf(z) is in the class
∑

a(p, n, α,A, B). In view of Theorem 2, we have

(p + 2)n[(1 + p)(1 + B) + (A−B)(p− α)]
∞∑

k=1

ak

≤
∞∑

k=1

(k + p + 1)n[(k + p)(1 + B) + (A−B)(p− α)]ak

≤ (B −A)(p− α) |a−p|

which evidently yields

∞∑

k=1

ak ≤ (B −A)(p− α) |a−p|
(p + 2)n [(1 + p)(1 + B) + (A−B)(p− α)]

. (3.3)
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Consequently, we obtain

|f(z)| ≤ |a−p|
rp

+
∞∑

k=1

akr
k ≤ |a−p|

rp
+ r

∞∑

k=1

ak

≤ |a−p|
rp

+
(B −A)(p− α) |a−p|

(p + 2)n [(1 + p)(1 + B) + (A−B)(p− α)]
r,

by (3.3). This gives the right hand inequality of(3.1). Also

|f(z)| ≥ |a−p|
rp

−
∞∑

k=1

akr
k ≥ |a−p|

rp
− r

∞∑

k=1

ak

≥ |a−p|
rp

− (B −A)(p− α) |a−p|
(p + 2)n [(1 + p)(1 + B) + (A−B)(p− α)]

r,

which gives the left hand side of(3.1). It can be easily seen that the functionf(z) defined by(3.2)
is an extremal function for the theorem.

Theorem4 — If f(z) =
a−p

zp
+

∞∑

k=1

(−1)k−1akz
k(a−p 6= 0; ak ≥ 0; p ∈ N) is in the class

∑
a

(p, n, α, A, B), then for0 < |z| = r < 1,

p |a−p|
rp+1

− (B −A)(p− α) |a−p|
(p + 2)n [(1 + p)(1 + B) + (A−B)(p− α)]

≤ ∣∣f ′(z)
∣∣

≤ p |a−p|
rp+1

+
(B −A)(p− α) |a−p|

(p + 2)n [(1 + p)(1 + B) + (A−B)(p− α)]
. (3.4)

The result is sharp, the extremal function being of the form(3.2).

PROOF: From Theorem 2, we have

(p + 2)n[(1 + p)(1 + B) + (A−B)(p− α)]
∞∑

k=1

kak

≤
∞∑

k=1

(k + p + 1)n[(k + p)(1 + B) + (A−B)(p− α)]ak

≤ (B −A)(p− α) |a−p| ,

which evidently yields

∞∑

k=1

kak ≤ (B −A)(p− α) |a−p|
(p + 2)n[(1 + p)(1 + B) + (A−B)(p− α)]

. (3.5)
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Consequently, we obtain

∣∣f ′(z)
∣∣ ≤ p |a−p|

rp+1
+

∞∑

k=1

kak rk−1 ≤ p |a−p|
rp+1

+
∞∑

k=1

kak

≤ p |a−p|
rp+1

+
(B −A)(p− α) |a−p|

(p + 2)n [(1 + p)(1 + B) + (A−B)(p− α)]
,

by (3.5). Also

∣∣f ′(z)
∣∣ ≥ p |a−p|

rp+1
−

∞∑

k=1

kak rk−1 ≥ p |a−p|
rp+1

−
∞∑

k=1

kak

≥ p |a−p|
rp+1

− (B −A)(p− α) |a−p|
(p + 2)n [(1 + p)(1 + B) + (A−B)(p− α)]

. (3.6)

This completes the proof of Theorem 4.

4. CLASS PRESERVINGINTEGRAL OPERATORS

In this section we consider the class preserving integral operators of the form(1.14).

Theorem5 — If f(z) =
a−p

zp
+

∞∑

k=1

(−1)k−1akz
k(a−p 6= 0; ak ≥ 0; p ∈ N) is in class

∑
a(p, n, α, A, B), then

F (z) = (c− p + 1)z−c−1

z∫

0

tcf(t)dt

=
a−p

zp
+

∞∑

k=1

(−1)k−1

(
c− p + 1
c + k + 1

)
akz

k, (4.1)

c > p− 1, belongs to the class
∑

a(p, n, γ(p, α, c, A,B), A, B), where

γ(p, α, c, A,B) = p− (c− p + 1)(1 + p)(1 + B)(p− α)
(c + p + 1)[(1 + p)(1 + B) + (A−B)(p− α)]− (c− p + 1)(A−B)(p− α)

.

(4.2)

The result is sharp for the functionf(z) given by

f(z) =
a−p

zp
+

(B −A)(p− α)a−p

(p + 2)n [(1 + p)(1 + B) + (A−B)(p− α)]
z. (4.3)

PROOF : Supposef(z) =
a−p

zp
+

∞∑

k=1

(−1)k−1akz
k ∈

∑
a

(p, n, α, A, B), in view of Theorem

2, we shall find the largest value ofγ for which
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∞∑

k=1

(k + p + 1)n[(k + p)(1 + B) + (A−B)(p− γ)]
(B −A)(p− γ) |a−p|

(
c− p + 1
c + k + p

)
ak ≤ 1.

It is sufficient to find the range values ofγ for which

(c− p + 1)[(k + p)(1 + B) + (A−B)(p− γ)]
(c + k + 1)(p− γ)

≤ [(k + p)(1 + B) + (A−B)(p− α)]
(p− α)

for eachk.

Solving the above inequality forγ, we obtain

γ ≤ p− (c− p + 1)(k + p)(1 + B)(p− α)
(c + k + 1)[(k + p)(1 + B) + (A−B)(p− α)]− (c− p + 1)(A−B)(p− α)

.

For eachp, α, A, B andc fixed let

F (k) = p− (c− p + 1)(k + p)(1 + B)(p− α)
(c + k + 1)[(k + p)(1 + B) + (A−B)(p− α)]− (c− p + 1)(A−B)(p− α)

.

ThenF (k + 1)− F (k) = D
G > 0 for eachk, where

D = (c− p + 1)(1 + B)2(p− α)(k + p)(k + p + 1)

and

G = {(c + k + 2)[(k + p + 1)(1 + B) + (A−B)(p− α)]− (c− p + 1)(A−B)(p− α)} .

. {(c + k + 1)[(k + p)(1 + B) + (A−B)(p− α)]− (c− p + 1)(A−B)(p− α)} .

HenceF (k) is an increasing function ofk. Since

F (1) = p− (c− p + 1)(1 + p)(1 + B)(p− α)
(c + 2)[(1 + p)(1 + B) + (A−B)(p− α)]− (c− p + 1)(A−B)(p− α)

,

the result follows.

Remark: (i) Puttinga−p = 1, p = 1, n = 0 , A = −1 andB = 1 in the above results, we have

the results obtained by Uralegaddi and Ganigi [7];

(ii ) Puttinga−p = 1, p = 1, A = −1 andB = 1 in the above results we have the results

obtained by Aouf and Darwish [1];

(iii ) Puttinga−p = 1 andp = 1 in the above results we have the results obtained by Aoufet al.

[3].
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