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A triangular snake is a triangular cactus whose block-cutpoint-graph is a path. David Moulton
proved that triangular snakes with p triangles are graceful if p is congruent to O or 1 modulo
4. Xu proved that they are harmonious if and only if p is congruent to 0, 1 or 3 modulo 4. A
double triangular snake is a graph formed by two triangular snakes having a common path, i.e.,
a double triangular snake with p blocks is obtained from a path vy, v, .. . , v, by joining v; and
Vi4+1 tO two new vertices vp414; and vop4144 fori = 0,1,...,p — 1. In this paper, we show
that all double triangular snakes are harmonious.
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1. INTRODUCTION

In 1980 Graham and Sloane [3] gave a variation on graceful labeling of graphs. A simple, finite
graph G with n vertices and (> n) edges is said to be harmonious if there is an injection f :
V(G) — Z,, Z, is the integer group modulo ¢, such that the induced function g : E(G) — Z,
defined by g(zy)=[f(x) + f(y)] (mod q), z,y € V(G) is a bijection. Such a labeling of the
vertices and edges is called a harmonious labeling of the graph. In a harmonious labeling the vertex

labels are distinct and the induced edge labels are 0,1,2,...,q — 1.

1 This research is supported by CNSF 60573022.
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Graham and Sloane proved that odd cycles, wheels W,,, n > 3 and the generalized Petersen
graph are harmonious, and most graphs including even cycles are not harmonious. Liu and Zhang
[1] proved that the graph C’;L (obtained by joining a path to a vertex of C,,) is harmonious if and
only if it has even number of edges, and the helm H,, is harmonious when n is odd. Shee [5] gave
a harmonious labeling of the graph obtained by identifying the centre of the star .S,, with a vertex
of an odd cycle Cj,. One author [7] of this paper has proved that the disjoint union C U C;41
of cycles Coi, and Cojpq (kK > 2,5 > 1,(k,j) # (2,1)) is harmonious. For the literature on

harmonious graphs we refer to [2] and the relevant references given in it.

A triangular cactus is a connected graph all of whose blocks are triangles. A triangular snake is
a triangular cactus whose block-cutpoint-graph is a path, i.e., a triangular snake with p triangles is
obtained from a path vy, vy, ..., v, by joining v; and v;; 1 to a new vertex w; fori = 0,1,...,p—1.
Moulton [4] proved that if a triangular snake has p triangles, where p is congruent to 0 or 1 modulo 4,
then it is graceful. Xu [6] proved that triangular snakes are harmonious if and only if p is congruent
to 0, 1 or 3 modulo 4.

A double triangular snake is a graph formed by two triangular snakes having a common path,
i.e., a double triangular snake with p blocks is obtained from a path vg, v1, . .., v, by joining v; and
Vi41 to two new vertices vpy 14, and vg, 414 fori = 0,1,...,p — 1. In this paper, we show that all

double triangular snakes are harmonious.

2. DOUBLE TRIANGULAR SNAKES

Theorem 2.1 — All the double triangular snakes are harmonious.

PROOF : Let G, be a double triangular snake with p blocks on n vertices and ¢ edges. Then,
n=3p+ 1land g = 5p. Let

V1: {UO,Ul,...,Up},
V2 = {’Up_H, ’Up+2, . ,’ng},
Vé = {02p+15 V2p+25 -+ -5 U3p}7

Ei = {viviz1 : 0<i<p—1},

Ey = {vivpy145 : 0<i<p—1},
Es = {vif1vpp14s 1 0<i<p—1},
Ey= {vivgpi14s : 0<i<p—1},

Es = {vig1vopr14i : 0<i<p—1},
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V(Gy) = ViUVLU Vs,
E(Gp) = FiUEyUFE3UFE4UE5,
Sk

{f(vi) = vi e i}, 1<k<3,

Dy, = {g(vivj) VA IS Ek}, 1<k <5

Case: 1p=1 (mod 2) — We label the vertices of V' (G),) as follows:

i 0<i<(p-1)/2,
flui) =
2p—14i, (p+1)/2<i<3p
Then we have,
St = {f(v)|0<i<p}=511USi2,

Su o= {fw)[0<i<(p-1)/2y={i|0<i<(p—1)/2}
={0,1,...,(p— 1)/2},

Siz = {fl)|(p+1)/2<i<p}={2p—1+4i|(p+1)/2<i<p}
={(5p—1)/2,(5p+1)/2,...,3p — 1},
Sy = {fv)|p+1<i<2p}={2p—1+i|p+1<i<2p}

={3p,3p+1,...,4p — 1},

Sy = {flw)|2p+1<i<3pl={2p—1+i|2p+1<i<3p}
= {4p,4p+1,...,5p — 1}.

Hence,

S= S1US;US;3

= S11US12U S U Sy

= {0,1,...,(p—1)/2YU{(Bp—1)/2,(5p+1)/2,....3p— 1} U {3p,3p+ 1,...,

U{4p,4p+1,...,5p — 1}

= {0,1,....,(p—1)/2,(5p—1)/2,(bp+1)/2,...,5p — 1}.

4dp — 1}

It is obvious that labels of each vertex are different, and Max{f(v;) : 0 <i <3p} =5p—1<

g — 1. So we can say that f is an injective mapping from the vertex set of G into {0, 1, ...

Secondly, It is straightforward to verify that g maps F onto {0,1,...,q — 1}.

,q— 1}
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D1 ={g(vivi41) | 0 <i < p} = D11 UDyp U Dy,

Dii ={g(vivit1) [0<i < (p—3)/2} ={2i+1|0<i<(p—-3)/2} ={L.3,...,p— 2},
Do ={g(vivit1) [i=(p—1)/2} ={2p+2i[i=(p—1)/2} = {3p -1},

Dis ={g(vwis1) [(p+1)/2<i<p—1}

={2i—-p—-1|(p+1)/2<i<p-1}={0,2,...,p—3}.

Dy = {g(vivps14i) | 0 <i <p— 1} = Doy U Do,

Dy = {9(ivpr144) |0 <i < (p—1)/2}
={3p+2i|0<i<(p—1)/2} ={3p,3p+2,...,4p — 1},

Doy ={g(vivp+14i) [ (p+1)/2<i<p-—1}
={2i-1|(p+1/2<i<p—-1}={pp+2,...,2p—3}.

Dy ={g(vit10p+14+:) | 0 < i < p— 1} = D31 U D3y,

D31 = {g(vit1vpr144) [0 <i < (p—3)/2}
={8p+1+2i|0<i<(p—3)/2} ={3p+1,3p+3,...,4p — 2},

D3y ={g9(vit1vpt143) [ (p—1)/2 <i<p—1}

={2i|(p-1)/2<i<p-1}={p-1p+1,....,2p—2}.

Dy = {g(vivops14i) | 0 <i <p—1} = Dy U Dyo,

Dy = {g(vivopy144) |0 <i < (p—1)/2}
={4p+2i|0<i<(p—1)/2} = {dp,dp+2,...,5p — 1},

Dyo = {g(vivapy14:) | (p+1)/2 <i<p—1}
={p—-1+4+2i|(p+1)/2<i<p—-1}={2p,2p+2,...,3p—3}.

Ds = {g(vit1v9p114i) |0 <i <p—1} = D53 U Do,

D51 = {g(vit1v2p+1+4) | 0 <@ < (p— 3)/2}
={dp+1+2i|0<i<(p—3)/2} ={4p+1,4p+3,...,5p — 2},

Dsy = {g(vit1v2p+144) | (p—1)/2 <i<p—1}

={p+2i[(p-1/2<i<p-1}={2p-1,2p+1,...,3p—2}.
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Hence,

D= DiUDyUD3UD4sU Dsg
= D13U D11 UD32U Dog U D5z U Dyo U Do U Doy U D3y UDgy U Dsy
= {0,2,...,p=3}uU{L,3,....p—-2}U{p—1,p+1,....2p—2}U{p,p+2,...,2p— 3}
U{2p—1,2p+1,....,3p—2} U{2p,2p+2,....3p =3} U{3p— 1} U{3p,3p+ 2,...,4p — 1}
U{3p+1,3p+3,....4p—2YU{dp,dp+2,....5p— 1} U{4p+ 1,4p+3,...,5p — 2}
= {0,1,2,....5p—2.5p—1}.

It is obvious that the labels of all edges are different. So, ¢ maps E onto {0,1,...,g — 1}.
According to the definition of harmonious graph, we can conclude that the double triangular snakes
are harmonious forp =1 (mod 2).

Case2:p=0 (mod2)—
Let

2, pmod 8 =2,
e =4 —1, pmod8 =4,

1, pmod 8 =0,
0 = )
0, otherwise.

0, otherwise.

1, pmod8 = 2,4,
(8% =
0, otherwise.

We label the vertices of V' (G),) as follows:

i, 0<i<p/2,

dp — 1 + 1, p/2+1<i<pandi=p/2+1 (mod 2),

i, p/2+2<i<pandi=p/2 (mod 2),

3p—1+1, p+1<i<3p/2,

11p/2+3—2i— 6, 3p/2+1<i<2p—aandi=p/2+1 (mod 2),
flvi) = 5p+ 2 — 2i + €, 3p/2+2<i<2p—c«aandi=p/2 (mod 2),

2p + 2, 2p —a < i< 2pand pmod 8 = 2,

3p/2+1, 2p —a < i <2pand p mod 8 = 4,

p+ 1414, 29+ 1<i<5p/2—1,

p+((p+2)mod4)/2, i=>5p/2,

fvip) — 1, 5p/2+1<i < 3p.
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Figures 2.1-2.4 show the harmonious labelings of G}, for p = 0,2,4,6 (mod 8).

Yp /815

Bd

=l i

-6

FI1G. 2.3. The harmonious labeling of G, for p = (mod 8)

FIG. 2.4. The harmonious labeling of G, forp =6 (mod 8)

It is obvious that labels of all vertices are different, and Max{ f(v;) : 0 <i <3p} =5bp—2 <

g — 1. So we can say that f is an injective mapping from the vertex set of G into { 0,1,...,qg — 1}.
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21 22 23 24 25 26 27
0 1 2 3 17 18 19 20
28 /29 30 /31 32 /33 34 /13 14 /15 16 /17 18 /19
28 29 30 31 32 33 34
32 33 34 35 21 15 17 11
1 3 5 7 0 2 4 6
0 1 2 3 4 36 6 38 8
26 /27 28 /29 30 /31 12 /13 24 /16 10 /20 22 /14 8 /18
26 27 28 9 20 14 16 10
40 41 42 43 44 24 18 20 14 22
1 3 5 7 9 0 2 4 6 8
0 1 2 3 4 5 45 7 47 9 49
32 /33 34 /35 36 /37 38 /39 14 /15 28 /18 12 /24 26 /16 10 /22 30 /20
32 33 34 35 10 23 17 19 13 21
48 49 50 51 52 53 31 21 27 17 23 19
1 3 5 7 9 11 0 2 4 6 8 10
0 1 2 3 4 5 6 54 8 56 10 58 12
38 /39 40 /41 42 /43 44 [45 46 /47 18 /19 36 /24 14 /28 34 /2 12 /26 32 /20 16 /30
38 39 40 41 42 13 30 20 26 16 22 18
56 57 58 59 60 61 62 36 26 32 22 28 18 24
0 1 » 2 » 3 4 5 6 » 7 63 ) 9 65 11 67 13 69
44 [45 46 /47 48 /49 50 /51 52 /53 54 /55 20 /21 42 /28 18 /34 40 /26 16 /32 38 /24 14 /30 36 /22
44 45 46 47 48 49 14 35 25 31 21 27 17 23

F1G. 2.5. The harmonious labelings for p = 7, 8,10, 12, 14

And it is straightforward to verify that g maps £ onto {0, 1,...,q — 1}. The labels of all edges are

different, g maps E onto {0, 1, ..., ¢ — 1}. According to the definition of harmonious graph, we

can conclude that the double triangular snakes are harmonious forp =0 (mod 2).
Cases 1 and 2 show that all double triangular snakes are harmonious.

In Figure 2.5, we illustrate our harmonious labelings for p = 7,8, 10, 12, 14.
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