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Let T be a closed linear operator defined on a dense subdpgEe of a separable complex
Hilbert spacefl and suppose th&t has a bounded inverse.

e We characterize the convergence of projection methods for solving the operator equation
Tx =y.

e We discuss the stability of convergence of projection methods under bounded perturba-
tions.

e Also we discuss convergence of modified projection methods.

We give examples to illustrate our results.

Key Words : Closed operator, graph norm, projection method, modified projection method,
Sturm-Liouville operator, reducible subspace

1. INTRODUCTION
Projection methods play a vital role in solving the operator equation
Tz =y, 1)

when direct methods are not applicable. The main idea of this method is the following:

1The author is thankful to the Council of Scientific and Industrial Research for financial support in the form of SRF
(No: 9/84(408)07-EMR-I).
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For solving (1), we consider a sequer{d@, } of projections onta: dimensional subspaces and
a sequencéz,, } of solutions of the system of equations

T\nx =Py (2)

whereT,, := P,TP, restricted to the range dP,, and hope that this sequence converges to the
solution of (1).

Consider a separable complex Hilbert sp&eith an orthonormal basige;, eo, . ..} andH,,:=
span({ei,es,...,e,}). LetT be a closed linear operator defined on a dense subdpgteof H
with bounded inverse (defined dh). Let P, : H — H be a sequence of bounded projections with
rangeR(P,) = H, and satisfying the following properties:

()
(i)
(iii)

P,z — x foreveryx € H.
P,z € D(T) for everyz € D(T).

TP,z — Tx for everyxz € D(T).

We prove the following results about the convergence of the projection method:

The projection method fdf’ is convergent if and only if there exists an integgrsuch that
for all n > ny, the operator$’,T P, restricted toH,,, P, TP, |n, : H, — H, are invertible
and sup ||(P,TPy|m,) || < co (Theorem 3.1).

n>ng

The projection methods are stable under bounded perturbations (Theorem 3.6).

If T'is a densely defined closed operator with a bounded inverse @&ha#n be expressed

as an orthogonal direct sum of finite dimensional subspaces such that each of these subspaces
reducesl’, then we can find a sequence of projectidf } satisfying the condition&), (i7)

and (ii7) and the projection method converges with respect to this sequence of projections
(Theorem 4.4).

As a consequence of this result we prove that

If T is a self-adjoint unbounded operator with a compact inverse, then the projection method
converges always. (Theorem 4.6).

In many situations it is convenient to replace the system (2), by the following system of
equations
Fo,x = Py (3)

where F,, is a sequence of bounded operatorsin In such cases, it is possible to construct
sequencegF,,} and{P,} in such a way that for large values of the system (3) has a unique
solutionz,, and the sequencgr,,} converges to the unique solutianof (1). Such a method is
called a modified projection method. In particular, this happens if and only if there exists an integer
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no such that for aln > ng, F,, : H, — H, is invertible andsup ||F, || < oo (Theorem 5.2,

n>ng
Theorem 5.4).

It is always possible to find a sequengE,} of projections satisfying the conditior{$), (i:)
and(si7) in case the operatdr is bounded. In this case the results are well studied by many authors
in several contexts. Results for the bounded operators on complex Hilbert spaces can be found in
[4, 5] and Banach space operators in [7]. Pavel [9] studied these methods for one sided invertible
operators on real Hilbert space. Recently Balasubramatiah proved some results which are
useful in solving the tridiagonal operator equations (see [2] for more details).

All these results can be applied to solve the operator equations involving bounded operators
only. Such results are not available for unbounded operators.

In this paper, we have made an attempt to extend the results in [5] to the case of unbounded
operators.

In proving our results we use elementary results from Operator Theory such as the Uniform
Boundedness Principle and elementary properties of closed operators.

The next section introduces some notations, definitions and preliminaries which are useful to
prove the main results. Section (3) contains main results related to convergence of projection meth-
ods. In Section (4) we discuss convergence of projection methods for a special class of closed
operators and also self-adjoint unbounded operators with compact inverse. We also give two ex-
amples to illustrate these results. In the fifth section we study modified projection methods and the
advantage of these methods is illustrated with an example.

Many proofs given in this paper are close to the proofs given in the case of bounded operators
with more or less evident modifications due to the unboundedness. We may note that the domain
D(T) of a closed operatdf’ can be viewed as a Hilbert spagg- by introducing the graph norm
|| - |7 onit. ThenT : Hr — H is a bounded operator. Further,Zfis invertible, thenHr is
also separable (See Secti®nl for details). Thus it may appear that the results in this paper can
simply follow by applying the well known results for the bounded operators to the bounded operator
T : Hr — H. Butthere is a catch in this. Heté; and H are different Hilbert spaces. The well
known results for the bounded operators (Such as those given in [5]) are applicable to the operators
going from a Hilbert spacéf to itself. One may of course think of extending those well known
results to the case of bounded operators going from one Hilbert dpdoeanother Hilbert space
K and then using these extensions to the bounded opéfatol{ — H. This may be worth
exploring. However, it may be noted that any such extension will have to necessarily consider two
sequences of projections, onefihand another if{. Thus the results obtained by such a method
would be close to the ones about modified projection methods given in Séctlois relevant to
mention here that for the operator in Example 5.5, the projection method does not converge, but the
modified projection method converges.
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2. NOTATIONS AND PRELIMINARIES

Let H be a separable complex Hilbert space with an orthonormal basis,, . . .}.
We use the following notations throughout this paper.
L(H) := The set of all linear operatof8 defined on some subspacestbfwith images inH .
The domain off” will be denoted byD(T") and its range byz (7).
N(T) := Null space off".
B(H) := The space of all bounded linear operatorston
C(H):={T € L(H) : Tis closed.
H,:=span({e1,e2,...,en}).
P,: H — H is a projection withR(P,,) = H,,.
T, := P,TP,, D(T},) = P, Y(D(T)).
T = Tuln, : Hn — Hyn, D(T,) = D(T) N H,, andT}, € B(D(T},), Hy,).

By the Closed Graph Theorem [10, Page 306], it follows that & C(H) with D(T') = H,
thenT is bounded. Hence a bounded operator is an everywhere defined closed operator. Further
notations will be introduced wherever necessary.

Definition2.1 — LetT € £(H). ThenT is said to be densely definedlif(T") = H.

Definition2.2 — [11, Page 331]. Lél’ € L£(H) be densely defined. ID(T") = D(T*) and
T = T*, thenT is said to be self-adjoint.

Definition2.3 — [3, 10]. LetT € L(H). If T is one-to-one, then the inverseBfis the linear
operatofl'~!: R(T) — H defined in such away thdt Tz = zforallz € D(T)andTT 'y =y
for all y € R(T). We say thafl” has a bounded inverseifis also onto and’~! € B(H).

If X andY are Banach spaces, then we denote the space of bounded linear operators between
X andY by B(X,Y'). We shall frequently use the following well known theorem.

Theorem2.4— [5, Theorem 14.3, Page 83] [Uniform boundedness principle].

Let X be a Banach space arid be a normed linear space. Suppdses a subset of3(X,Y)
with the property that for each € X, sup ||Az|| < co. Thensup ||4]| < co.
AeF AeF

Note 2.5 — By Theorem 2.4, the conditioR,x — x for eachax € H implies that the set
{||P,||:n € N} is bounded.
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Definition2.6 — LetT € C(H). A sequencd P, } of bounded projections is said to be admis-
sible forT if it satisfies the following properties;

(@) P,x — z, foreveryx in H,
(b) P,x € D(T), for everyx € D(T) and

(c) TP,z — Tx, forallzin D(T).

The projection method fdf is said to converge with respect to the admissible sequgRgk
if there exists an integet, such that for eacly € H andn > ng, there exists a unique solution
xn € H, tothe equatiorfnx = P,y and the sequende:,,} converges to the solution @fz = y.

In the following Proposition we show that the conditi@dn of Definition 2.6 is equivalent to the
conditionR(P,) C D(T) for all n.

Proposition2.7 — LetT € C(H ) be densely defined. Assume tHdt, } satisfy(b) of Definition
2.6. ThenP,x € D(T) foreache € H. ThatisR(P,) C D(T).

PROOF: By Theorem 2.4, there exisfe > 0 such that|P,|| < M for all n. Letx € H,, and
€ > 0. Then there existsg@ e D(T) such that|z — y|| < ﬁ By Hypothesis P,y € D(T) N Hy,.
Also

|z = Payll = [[Paz — Poyl|
< 1Bl ]z =yl
< Mﬁ:e.

Hence,H,, N D(T) = H, for eachn. SinceH, N D(T) is closed for alln, we haveH,, N
D(T) = H,, forall n. ThusH,, C D(T).

Note that wher P, } is an admissible sequence of projections for a densely defined (H),
in view of Proposition 2.7,z = P, TP,z is defined for alle € H. Thus in this cas®(7T,,) = H
andD(7T,) = H,. O

In all our theorems we assume tlathas a bounded inverse. Hence in this case the equation
has a unique solution and is given by= T 1y.

Remark2.8 : If the operatof is bounded, it is easy to find a sequence of projections admissible
for T. For example, we may choode, to be the orthogonal projections ontd,. Then(a) is
satisfied. Since)(T') = H, (b) is satisfied. Sincd" is continuous(c) holds. This is not the case
whenT is unbounded. In fact, it is not clear whether such a sequence can always be found.
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3. PROJECTIONMETHODS

We now prove a basic result which characterizes the convergence of projection methods. This is
analogous to [5, Theorem 17.1, Page 97] which is valid for bounded operators.

Recall thatR(P,) = H,, T}, = T,,|g, with D(T},) = D(T) N H,. So ifz € H,, N D(T), then
fnaz = P,Tx € H,. Also, if { P, } is sequence of admissible projections TorthenD(T,,) = H
andD(T,) = H,,.

Theorem3.1 — Let T € C(H) be densely defined with a bounded inverse &} be a
sequence of projections admissible forThen the projection method fa@r converges with respect
to { P, } if and only if there exists an integex such that for each > ny,

@) T., has bounded inverse and

(b) sup ||T,; || < oc.
n>ng
PrROOF: Assume that there existg such that (a) and (b) hold. Then for each> ny, and for
eachy € H, the equation
T\nx = Py
has a unique solution given by, = 7., 'P,y. Letz € D(T) be such thatr = T—'y. Let
M := sup ||T;;'|| andK := sup ||P,||. Then

n>ng nzng
lon = Pozl| = [T, Pay = T, ' T Pt
< T I Pay — T Poz|
< M|[P,|[ [ly — TPyl
< MK||Tz — TP,x||
— Qasn — oo.

Hence||z,, — z|| < ||zn, — Poz|| + || Pz — x|| — 0 as n — oo. Thus the projection method
for T'is convergent.
To prove the converse part, let us assume that the projection methddgaonvergent. Then

there exists an integex, such that for allh > ny, Tn has a bounded inverse ang = fn‘any €
H,, is the unique solution of the equation

~

Thx = Py.
Also by Hypothesis,

Ty = f{any — T~ Yy, forevery y € H.
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Hence by Theorem 2.4y := sup ||T; ' P,|| < co. Next, letz € H,,. ThenP,z = z.

n>ng
Hence
T3 20| = (1T, Pazl| = 1T, " PPzl < m||Pazl| = m]|2]].
Hencesup |7, || < m. [
n>ng

Remark3.2 : If eachP, is orthogonal and if the sequen€®, } is also admissible far*, then
we can drop the assumption of invertibility @ffrom the if part of Theorem 3.1 (In particular this
happens ifT" is self-adjoint). This can be proved as follows. First note thaP,x — T« for
eachr € D(T). Since eaclP, is orthogonal P} = P, and||P,|| = 1. Hence by(a) and(c) of
Definition 2.6,

| TnPox —Tx||  <||P,TPyx— P Tx||+ ||P,Tx — Tx||
<||P|||T Pz — Tx|| + || Py Tz — Tx|| — O.

Since M := sup an‘lH, it follows that||T,, P,z|| > +||P.z|| for eachz € D(T). Now

n>ng
. o 1 . .
letting n tend to infinity, we havél Tz || > MHZCH for eachrz € D(T). This shows thal” is one-to-
one andR(7) is closed. Using the orthogonality &f, we see thai’: = P, T*P,, on D(T™*). Note

~ . 1
that M := sup ||7"'||. The same procedure can be applied to conclude| thay|| > MHyH
n>ng

for eachy € D(T™). Hencel™ is one-to-one. Thusk(T') is dense ine. Since it is already closed,
R(T) = H. ThusT is one-to-one and onto. Hence by the Closed Graph Thedferhe B(H)
and also from the inequalityZ'z|| > - ||z|| for eachz € D(T), it follows that|[T—1|| < M.

Next, we prove an analogue of [5, Theorem 17.4, Page 102] for densely defined closed operators.

Theorem3.3— LetT € C(H) be densely defined. Suppose that there exist$ such that

(Tz,z)| > c||z||?, forall x € D(T).

Let {P,} be a sequence of orthogonal projections admissiblelfas well as7*. Then the
projection method fofi” is convergent

PROOF: Forx € H,, P,x = x. Hence for allz € H,, |(T,z,z)| = (P, TP,x,x)| =
(TP,z, Pyx)| = |(Tx,z)| > c|jz||>. Now by [5, Lemma 17.3, Page 102! exists and
an—lH < —. Hence by Theorem 3.1 and Remark 3.2, the projection methdd i®@convergenl

C

Next, we consider the stability of projection methods under bounded perturbations. To prove
this, we need the following two results.

Lemma3.4 — [5, Theorem 8.1, Page 69]. L&t € B(H) be such that|7|| < 1. Then
> 1

(I-T)'eBH),I-T)""=) Trand||(I-T) < T

n=0
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The proof of the following Theorem can be found in [6, Theorem 2.21, Page 205] and also in
[12, Theorem 5.11, Page 97].
1

Theorem3.5— LetT € C(H) with T~! € B(H). LetS € B(H) be such that|S|| < ik

ThenT + S has a bounded inverse and

IS

T+8) -1 < =111

With the help of the above results we prove the following theorem. An analogue of this result
for bounded operators was proved in [5, Theorem 18.1, Page 106].

Theorem3.6 — Let T € C(H) be densely defined with a bounded inverse &} be a
sequence of projections admissible farSuppose the projection method fBiis convergentThen
there existsy > 0 such that for allS € B(H) with ||S|| < ~, the projection method fof + T is
convergent with respect to the admissible sequétitg.

PROOF: Since the projection method far is convergent, there exists an integgrsuch that
for n > ng, the operatord’! are uniformly bounded. Let/ = sup (|7 || + || P.||) < oo and

n>ng

v 1= min { }. Since||S]| < v < T + S is invertible by Theorem 3.5. Also,

1 1
2M2" ||T1| . =’
TS, < M||S]| < 3 Hencel, +1; 1S, is invertible and|[I,, + T;; 1 S,] ~!|| < 2
for n > ng by Lemma 3.4.

forn > ny,

Therefore

PnTPn‘Hn -+ PnSPn’Hn
- T\n + §n
7,0+ 715,)
— -1 ~ ~ i~ ~
isinvertible and (T + 5),, || < ||(Zn + T, 1S,) " H||T,, || < 2M. Now the conclusion follows
by Theorem 3.1. [ |

4. EXISTENCE OFADMISSIBLE SEQUENCE OFPROJECTIONS

In this section we prove that for some class of closed operators it is possible to find an admissible
sequence of projections and with respect to this sequence the projection method converges always.
Theorem 4.4 and Theorem 4.6 appear to be new results even in the case of a bounded operator.

Definition 4.1 — [1, Page 82]. Lef\/ C H be a closed subspace é&f. Then M is said
to be invariant undef” if T(D(T) N M) C M. If M and M~ are both invariant undef and
Py (D(T)) € D(T), then we say thab/ reducesl’. Recall that here?,; denotes the orthogonal
projection ontaM/ .
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Recall that) reduced” if and only if Pyyz € D(T) andPyTx = T Py, for all x € D(T).
ThatisPyT C TPy [1, Theorem 2, Page 82].

Lemma4.2 — LetT € C(H) be such that'~! € B(H). ThenM reduces’ if and only if M
reduces L.

PROOF: First assume that/ reducesl’. Lety € H. Thenz = T~y € D(T). Hence
Py(y) = PyT(T™Yy) = PyyTx = TPyx = TPy T 'y, forally € H.
HenceT ' Pyy = Py Ty, forally € H. ThusM reduces" .

The converse can be proved in a similar way. |

Theorem4.3— [1, Theorem 3, Page 83]. Let the closed subspaeggk = 1,2,3,...) be
pairwise orthogonal and let

k

LetT € C(H) be reduced by each of the subspa€ks Let Q). be the orthogonal projection onto
Gy andSy = T'|g, for eachk. Then

x € D(T) © Qpz € D(Sk) = D(T) NGy and Y _ [|SkQua||* < oc.
k=1

In this case

Tx = i Skax

k=1

Theorem4.4— LetT € C(H) be densely defined and have a bounded inverse Gl.e€)
and S, be as in Theorem 4.3. In addition, assume that edghs finite dimensional. S, :=

n
GiaeltGyet.. . etaG, LetP, = Z Q,. Then the sequendeP, } is admissible fofl” and with
j=1
respect to this admissible sequence of projections the projection methdd$aonvergent
PROOF : It is easy to show thaf,x — z for all x € H. Note that by Proposition 2.7,
R(P,) = H,, € D(T). Then each,, reduces’ and hencd .

LetT,, .= P,TP,. SinceH,, reducesl’, we haveP,, T C TP, and hence?, T C T,, C TP,
Here D(P,T) = D(T) andD(T,) = D(TP,) = H. HenceT,, = TP,. Now for anyz €
D(T), TPyx =, 1 TQrr = > j_; TrQrx. Hence by Theorem 4.3, it follows th@tP,z —
Tz for all z € D(T'). This shows that the sequence of projecti¢fs } is admissible fofl".

SinceH,, reducedl’, using Lemma 4.2, it can be proved tHat' P, = P,7!.

Now let 7}, := Tolu, : H, — H,. We claim that’fn*1 = T~ 'P,|y,. To verify this, let
z € H,. Inthis case

TP T,: =T ‘P, TP, = P, T ‘TP,z

193
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Similarly, fory € H,,

T,T 'P,y = P,TP,T 'P,y = P,TT 'PZy
= Pny

Hencefn—1 =T~ 'P,|n,. Therefore,

1T = 1T Pl E < T 7HIPall = 1T 7] < o0

Hence by Theorem 3.1, the projection methodfas convergent with respect to the admissible
sequencéd P, }. [ ]

As a consequence of Theorem 4.4, we prove that the projection method converges always if the
operator!’ is self-adjoint and has a compact inverse. To prove this result we rely on the following
theorem.

Theorem4.5— [5, Page 214, Theorem 6.1]. Léf be an infinite dimensional Hilbert space
andT € L(H) be a self-adjoint operator with compact inverse. Then

(@) There exists an orthonormal badis;, es, ..., e,, ...} of H consisting of eigenvectors &f.
If pe1, p2, ..., un, . . . are the corresponding eigenvalues, then eagim the sequence is real
and |u;| — oo. The number of repetitions @f; in the sequenc@y, pa, . . ., fin, . . . is finite
and is equal to the dimension 8f(y; 1 — T').

(b) D(T) =z e H: > |u*[{x,e;)]* < oo
Jj=1

(©) Tz =Y pj{z,ej)ej, =€ D(T).
j=1

Theorem4.6— Let T be an unbounded self-adjoint operator with compact inverse defined on
an infinite dimensional Hilbert spadd. Then there exists a sequence of projections admissible for
T'. Also with respect to this sequence the projection metho@fiesrconvergent

. 1
PROOF: Lete;, ;u; be as given by Theorem 4.5. Th ‘ < ||T7Y| for eachj. Let Gy, =

j
span(eg), k = 1,2,...,andH,, = span{ej,es,...,e,}. DefineQ, : H — H andP, : H, —

Hy, by Qru = (u,ex)ey for allu € H andPyx = 370 (z, ¢j)e; for all z € H,,. Now itis easy to
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see thatyy, Hy, Q. and P, satisfy hypotheses of Theorem 4.4 and hence the projection method for
T is convergent. |

Example4.7 — LetH = 12, D(T) = {z = (z1,72,...) € H: (21,229,323,...) € H} and
T:D(T) — H be given by

T(z1,22,23,...) = (x1,2x9,3x3,...), forallz € D(T).

Note thatl" is a self-adjoint operator with

- 1 1
T 1(3/1,?/27937'-.): <y172y273y37"'>7 for all (ylayZay?n"')eH'
Let H,, := span({ey,eq,...,e,}), Wheree,(m) = d,,,, the Kronecker delta function. Define

P,:H — H by

P.(z) = (z1,29,23,...,2,,0,0,...) € D(T).

ThenP,x — x,forallx € H.
TP,(z) = (x1,2x9,...,n2,,0,0,...).

(o ¢]
Here||T P,z — Tz||* = Z ljz;|> — 0asn — oo, forx € D(T).
j=n+1
Foranyr € H, P,z = (x1,%2,23,...,%,,0,0,...) € D(T) and henc&’(P,) C D(T). Also
note thaﬂA“n = P,TP,|y, is one-to-one with the corresponding matrix

100 ... 0
020 ...0
003 ...0
0 00 n

HenceT}, is invertible and|fn—1|\ =1 for all n € N. In this case

1 1

- 1
In :Tn IPny: <y172y253y37"'5nyn7070a"')

. 1 1 1
and it converges té' 1y = (yl, 3 Y23 Yseees —Ynses >

Example4.8 — Letp, p', ¢, w be continuous real valued functions defined@rb] with a < b
andw(t) > 0, for all t € [a, b]. Consider the real Hilbert space

H o= {u: /: () P () da < oo}
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with the inner product
b
(u,v) := / u(x)v(x)w(z)de.
Let L be the Sturm-Liouville operator given by
Lu := l[—( u') + qul
= w P qu

where

D(L) = {u e C?a,b] : Byut) + 750’ (1) = 0,¢ € {a,b},5 € {1,2}}, 1851 + Il > 0,5 € {1,2).

We note that_ is a densely defined operator. Alsas symmetric (See [8]). Let us assume that
is not an eigenvalué. In this case, it is known ([8, Theorem 7.5.1, Page 500]) ihdtis compact
and self-adjoint. LetB := {ej,es,...} be an orthonormal basis fdf such thatLe,, = unen,

where 1, o, . .. is a sequence of real numbers which are eigenvaluds dh this case, every
u € H can be expressed as
[e.e]
u= Z(u, €n)eén.
n=1

If w e D(L), then
D l(usen) iy < o0
n=1

and
o0
Lu = Z i (U, €1) €.
n=1

n

Let H,, = span{ej,es,...,e,}. Now defineP,u = Z(u,ek)ek. HereR(P,) = H, C

k=1
D(T). ThenP, is a sequence of bounded orthogonal projections such that

e P,u — u, foreveryu € H.

e Foreveryu € H, Pyu € D(L), since{ey,es,...} C D(L).

n 0o
o LPyu= Zﬂk(uy ek)ek - Z Mn(uv en)en = u.
k=1 n=1

That is, the above sequen{®,} of projections is admissible fdF.
n
Note thatP,e; = Z(ej,ek)ek =e;,j=12,...n.
k=1

LetL, := P,LP, andEn := Lyn|mg,. Then
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L,u = P,(LP,)(u)
=P, (Z fk (u, ek)ek)
k=1

n
= pu(u, ex) Prey
k=1

n
= (s ex)ex.
k=1

The matrix ofL,, with respect to the orthonormal badisis given by

pr 0 0 ... 0
0 w 0 ... 0
0 0 pus ... O
0 0 0 ... un
~ 11 1 _
Hencel|(Z,) || = max{—, —,...,—} < [|[L7}]| < oc.
] |2 ||
Fory € H,
n
(En)ilpny = (En)il Z(yv ek)er
k=1

Hence lim (L,) "' Py = L™ y.

n—oo

5. MODIFIED PROJECTIONMETHODS

In this section we modify projection methods discussed above to solve the operator euation
y. In these modified methods we replace the sysfem: P,y, by another system

F,x = Py, 4)

whereF,, € B(H,) and expect that the solution of this new system is a good approximation to the
solution of the equatiofl’'x = y. Such a method is called a modified projection method. Some
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properties of modified projection methods can be found in [5, Section 2.18, Page 105],Iwhen
is bounded. In this section we study the convergence of modified projection methods for a closed
operator]’ that need not be bounded.

Definition5.1 — LetT" € C(H) be a densely defined operator with a bounded inverse{ Bet
be a sequence of bounded projections with the property that for ever§d, P,x € D(T') for alln
andP,x — x. LetR(P,) = H, andF,, € B(H,) be such that,, P,x — Tz for everyx € D(T).
Then the modified projection method is said to converge with respect to the sequ&nds, }, if
there existsy, such that for every € H andn > ny, the system (4) has a unique solutignand
the sequence of solutiods;,, } converges ta: = T~ 1y.

Theorem5.2— Supposé’ € C(H) is densely defined and has a bounded inverse{dhd £, }
are as in Definition 5.1. Then the modified projection method/faonverges with respect to the
sequencd P,,, F,, } if and only if there exists, € N such thatF, is invertible for eachn > ny and
sup ||| < oo,

n>ng
PrROOF : First assume that there existg € N such that forn > ng, F,, is invertible and
sup ||E; Y| < oo. Now, fory € H

n>no
B Py =T Yyl = 1E Py — P T 'y + BTy =Ty
<\ B Pay — By Tyl + || P Ty — Ty |
<|E 1 Pay — Fa P Tyl + || P Ty — Ty

— 0as n — oo.

Hence the modified projection method fBiis convergent.

The reverse implication follows from Theorem 2.4. |

5.3. Construction of ProjectionsLet T' € C(H) be densely defined. Recall that the graph norm
|| - || is defined onD(T') by

|zllr == V/lz]|* + ||Tz|]?, = € D(T)
which is induced by the inner product

(x,y)yp = (z,y) + (Tz,Ty) for all x,y € D(T).

ThenHy := (D(T),|| - ||r) is a Hilbert space an@: Hy — H is a bounded linear map (see
[5, Page 207] for details). Suppose thahas a bounded inverse. Th&m! : H — Hr is also
bounded because for alle H,
1T YyllF = 1T Myl + 17Ty
Tyl + [lyll?
@+ TPl

IN
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ThusT—! € B(H, Hy) and||T~Y||r < (1+||T~1(|?)2, thatis,T is a homeomorphism. Hence
Hr is also separable. Let := {¢,, : n € N} be an orthonormal basis ¢fr. Thenspan(E) is
dense inHr. Letz € D(T) ande > 0. Then there exists@ € span(E) such that

|z —yllr <e

Hence
le —yl? < |lz —yll* +||Tz - Tyl

= |lz —yll7

< 62.

Thusspan(E) is dense ifD(T), || - ||) and hence ifH, || - ||).
Let H,, := span({ej,ea,...,e,}) C D(T)andP,: H — H be the orthogonal projection with

R(P,) = H,. Note that for every: € H, P,z € D(T) for all n. LetQ,x := Z(m,ej>Tej, for
j=1
allz € D(T). ThenQ,z — zin||- ||, forallz € D(T). This means that

|Qnz — z||> + [|TQnz — Txz||* — 0 as n — co.
Now suppose thak,, := P,7Q,,. ThenF,,x — Tz for eachx € D(T), since,

|| Fpx — Txl| = ||Fhx — P,Tx + P,Tx — Tx||
<||P,TQnx — P,Tx|| + ||P,Tx — Tx||
< Pl 117 @u — Tl + || PTz — T

— 0as n — oo.

Letf,, = P,TQ,:H—H andﬁn = P, TQy|u,, whereP,,, Q,, are as above.

Theorem5.4— LetT € C(H) be densely defined and have a bounded inverseP) etH —
H be a sequence of bounded projections such that for evextyH, P,z € D(T) for all n and
P,x — z. LetH,, = R(P,)and F,, : D(T) — H, be such that},,x — Tz for everyz € D(T).
Let F,, = F,|u, € B(Hy,). Then the modified projection method fBris convergent if and only
there existsyy € N such thatF, is invertible for each > ng and sup ||E; || < oc.

n>ng

ProOOF: First assume that there exists € N such that forn > ng, ﬁn is invertible and
sup ||F Y| < oc. Now, fory € H

n>ng
1B Py =Tyl = (E Pay — B FnQu Tyl + 1Qu Ty = Ty
< |’F7:1H Hpny - FnQnTilyH + HQnTily - T71y|’
— 0 as ﬁnQanly = Fanly — TTfly = .
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Hence the modified projection method fBrconverges.
The reverse implication follows from Theorem 2.4. |
We conclude this section with an example.

Example5.5 — LetH = (*(Z). Letz = (..., & p,..., T 1,[T0}; T1,- -, Tn,...). Here
the box indicates that the entry, is located in the the zeroth position of the doubly infinite
sequence.

D(T) = {xEH:(...,x,n,a},nJrl,...,,xo,x1,2x2,...,nacn,...) € H}.

Define
Tj—1, ] < 2a

T:D(T)Hﬂby(Tﬁ)j:{ (G—Daj_1, j>2.

SinceD(T') containscyy(Z), the space of all doubly infinite sequences having at most finitely
many non-zero termg is densely defined. It can be easily verified tliais unbounded normal
operator with bounded inverse. And the invers&a$ given by

Yj+1, ] < 1’

(T ty); = 1
3yj+17 Jj>2.

Forally = (y)72_, € H. Let{e, : n € Z} be the standard orthonormal basis for

Let H, := span{e; : —n < j < n}. DefineP, : H — H andF, : H, — H, by P,z =

Z (x,ej)e;, forallz € H and

j=—n

NUn, j =—-n,
(Fau); = Uj—1, -n+1<j5<2,
(j — Duj_1, 3<j <n.
forallu = (u;), —n < j < nrespectively.

In this case the operatdt, : H,, — H, is given by

Uj+1, — N <j< 17
0, J=

is not one-to-one, sino(d”An)(en) = 0. Hence the projection method does not converge with respect
to the admissible sequenéé,,} defined above. On the other hand, we show that the modified
projection method converges with respect to the sequéRgef, }.
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For anyz := (z;)%2 € D(T),

j=—00

—n—1 [e'¢)
|FoPoz — Taxl|* = Z 25 1% + [nen — 2 [P + Z (G = Dazja|?
j=—00 j=n+1

— 0Oasn — co.

HenceF, P,z — Tz, for all z € D(T). Note thatF;; ! € B(H,) and is given by

—V—_p, ] =N
N

forallv = (v;), —n <j <n.Here||F; | <1, forall n.

Forally = (y;)>, € H,

Yj+1, _nSJSL

1
— Y+, 2<7<n-—1,
J

(Fn_lpny)j =
1 .
—Y-n, ] =N,
n
0, j < —nandj>n.
Hence
1 —n—1 [e's] 1
T = F7 Pyl = ~lgnes —yal+ S (o) 2+ 3 21y, es41)?
" j=—00 n+1 J

— Qasn — oo.
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