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Let T be a closed linear operator defined on a dense subspaceD(T ) of a separable complex

Hilbert spaceH and suppose thatT has a bounded inverse.

• We characterize the convergence of projection methods for solving the operator equation

Tx = y.

• We discuss the stability of convergence of projection methods under bounded perturba-

tions.

• Also we discuss convergence of modified projection methods.

We give examples to illustrate our results.
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1. INTRODUCTION

Projection methods play a vital role in solving the operator equation

Tx = y, (1)

when direct methods are not applicable. The main idea of this method is the following:

1The author is thankful to the Council of Scientific and Industrial Research for financial support in the form of SRF

(No: 9/84(408)07-EMR-I).
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For solving (1), we consider a sequence{Pn} of projections onton dimensional subspaces and

a sequence{xn} of solutions of the system of equations

T̂nx = Pny (2)

whereT̂n := PnTPn restricted to the range ofPn, and hope that this sequence converges to the

solution of (1).

Consider a separable complex Hilbert spaceH with an orthonormal basis{e1, e2, . . .} andHn:=

span({e1, e2, . . . , en}). Let T be a closed linear operator defined on a dense subspaceD(T ) of H

with bounded inverse (defined onH). Let Pn : H → H be a sequence of bounded projections with

rangeR(Pn) = Hn and satisfying the following properties:

(i) Pnx → x for everyx ∈ H.

(ii ) Pnx ∈ D(T ) for everyx ∈ D(T ).

(iii ) TPnx → Tx for everyx ∈ D(T ).

We prove the following results about the convergence of the projection method:

• The projection method forT is convergent if and only if there exists an integern0 such that

for all n ≥ n0, the operatorsPnTPn restricted toHn, PnTPn|Hn : Hn → Hn are invertible

and sup
n≥n0

||(PnTPn|Hn)−1|| < ∞ (Theorem 3.1).

• The projection methods are stable under bounded perturbations (Theorem 3.6).

• If T is a densely defined closed operator with a bounded inverse and ifH can be expressed

as an orthogonal direct sum of finite dimensional subspaces such that each of these subspaces

reducesT , then we can find a sequence of projections{Pn} satisfying the conditions(i), (ii)
and(iii) and the projection method converges with respect to this sequence of projections

(Theorem 4.4).

As a consequence of this result we prove that

• If T is a self-adjoint unbounded operator with a compact inverse, then the projection method

converges always. (Theorem 4.6).

• In many situations it is convenient to replace the system (2), by the following system of

equations

Fnx = Pny (3)

whereFn is a sequence of bounded operators onHn. In such cases, it is possible to construct

sequences{Fn} and{Pn} in such a way that for large values ofn, the system (3) has a unique

solutionxn and the sequence{xn} converges to the unique solutionx of (1). Such a method is

called a modified projection method. In particular, this happens if and only if there exists an integer
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n0 such that for alln ≥ n0, Fn : Hn → Hn is invertible andsup
n≥n0

||F−1
n || < ∞ (Theorem 5.2,

Theorem 5.4).

It is always possible to find a sequence{Pn} of projections satisfying the conditions(i), (ii)
and(iii) in case the operatorT is bounded. In this case the results are well studied by many authors

in several contexts. Results for the bounded operators on complex Hilbert spaces can be found in

[4, 5] and Banach space operators in [7]. Pavel [9] studied these methods for one sided invertible

operators on real Hilbert space. Recently Balasubramanianet al. proved some results which are

useful in solving the tridiagonal operator equations (see [2] for more details).

All these results can be applied to solve the operator equations involving bounded operators

only. Such results are not available for unbounded operators.

In this paper, we have made an attempt to extend the results in [5] to the case of unbounded

operators.

In proving our results we use elementary results from Operator Theory such as the Uniform

Boundedness Principle and elementary properties of closed operators.

The next section introduces some notations, definitions and preliminaries which are useful to

prove the main results. Section (3) contains main results related to convergence of projection meth-

ods. In Section (4) we discuss convergence of projection methods for a special class of closed

operators and also self-adjoint unbounded operators with compact inverse. We also give two ex-

amples to illustrate these results. In the fifth section we study modified projection methods and the

advantage of these methods is illustrated with an example.

Many proofs given in this paper are close to the proofs given in the case of bounded operators

with more or less evident modifications due to the unboundedness. We may note that the domain

D(T ) of a closed operatorT can be viewed as a Hilbert spaceHT by introducing the graph norm

|| · ||T on it. ThenT : HT → H is a bounded operator. Further, ifT is invertible, thenHT is

also separable (See Section5.3 for details). Thus it may appear that the results in this paper can

simply follow by applying the well known results for the bounded operators to the bounded operator

T : HT → H. But there is a catch in this. HereHT andH are different Hilbert spaces. The well

known results for the bounded operators (Such as those given in [5]) are applicable to the operators

going from a Hilbert spaceH to itself. One may of course think of extending those well known

results to the case of bounded operators going from one Hilbert spaceH to another Hilbert space

K and then using these extensions to the bounded operatorT : HT → H. This may be worth

exploring. However, it may be noted that any such extension will have to necessarily consider two

sequences of projections, one inH and another inK. Thus the results obtained by such a method

would be close to the ones about modified projection methods given in Section5. It is relevant to

mention here that for the operator in Example 5.5, the projection method does not converge, but the

modified projection method converges.
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2. NOTATIONS AND PRELIMINARIES

Let H be a separable complex Hilbert space with an orthonormal basis{e1, e2, . . .}.

We use the following notations throughout this paper.

L(H) := The set of all linear operatorsT defined on some subspaces ofH with images inH.

The domain ofT will be denoted byD(T ) and its range byR(T ).

N(T ) := Null space ofT .

B(H) := The space of all bounded linear operators onH.

C(H) := {T ∈ L(H) : T is closed}.

Hn:= span({e1, e2, . . . , en}).

Pn: H → H is a projection withR(Pn) = Hn.

Tn := PnTPn, D(Tn) = P−1
n (D(T )).

T̂n := Tn|Hn : Hn → Hn, D(T̂n) = D(T ) ∩Hn andT̂n ∈ B(D(T̂n),Hn).

By the Closed Graph Theorem [10, Page 306], it follows that ifT ∈ C(H) with D(T ) = H,

thenT is bounded. Hence a bounded operator is an everywhere defined closed operator. Further

notations will be introduced wherever necessary.

Definition2.1 — LetT ∈ L(H). ThenT is said to be densely defined ifD(T ) = H.

Definition2.2 — [11, Page 331]. LetT ∈ L(H) be densely defined. IfD(T ) = D(T ∗) and

T = T ∗, thenT is said to be self-adjoint.

Definition2.3 — [3, 10]. LetT ∈ L(H). If T is one-to-one, then the inverse ofT is the linear

operatorT−1: R(T ) → H defined in such a way thatT−1Tx = x for all x ∈ D(T ) andTT−1y = y

for all y ∈ R(T ). We say thatT has a bounded inverse ifT is also onto andT−1 ∈ B(H).

If X andY are Banach spaces, then we denote the space of bounded linear operators between

X andY byB(X,Y ). We shall frequently use the following well known theorem.

Theorem2.4— [5, Theorem 14.3, Page 83] [Uniform boundedness principle].

Let X be a Banach space andY be a normed linear space. SupposeF is a subset ofB(X,Y )
with the property that for eachx ∈ X, sup

A∈F
||Ax|| < ∞. Thensup

A∈F
||A|| < ∞.

Note2.5 — By Theorem 2.4, the conditionPnx → x for eachx ∈ H implies that the set

{||Pn||: n ∈ N} is bounded.
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Definition2.6 — LetT ∈ C(H). A sequence{Pn} of bounded projections is said to be admis-

sible forT if it satisfies the following properties;

(a) Pnx → x, for everyx in H,

(b) Pnx ∈ D(T ), for everyx ∈ D(T ) and

(c) TPnx → Tx, for all x in D(T ).

The projection method forT is said to converge with respect to the admissible sequence{Pn},
if there exists an integern0 such that for eachy ∈ H andn ≥ n0, there exists a unique solution

xn ∈ Hn to the equation̂Tnx = Pny and the sequence{xn} converges to the solution ofTx = y.

In the following Proposition we show that the condition(b) of Definition 2.6 is equivalent to the

conditionR(Pn) ⊆ D(T ) for all n.

Proposition2.7 — LetT ∈ C(H) be densely defined. Assume that{Pn}satisfy(b) of Definition

2.6. ThenPnx ∈ D(T ) for eachx ∈ H. That isR(Pn) ⊆ D(T ).

PROOF : By Theorem 2.4, there existsM > 0 such that||Pn|| ≤ M for all n. Let x ∈ Hn and

ε > 0. Then there exists ay ∈ D(T ) such that||x− y|| ≤ ε

M
. By Hypothesis,Pny ∈ D(T )∩Hn.

Also

||x− Pny|| = ||Pnx− Pny||
≤ ||Pn|| ||x− y||
≤ M

ε

M
= ε.

Hence,Hn ∩D(T ) = Hn for eachn. SinceHn ∩ D(T ) is closed for alln, we haveHn ∩
D(T ) = Hn for all n. ThusHn ⊆ D(T ).

Note that when{Pn} is an admissible sequence of projections for a densely definedT ∈ C(H),
in view of Proposition 2.7,Tnx = PnTPnx is defined for allx ∈ H. Thus in this caseD(Tn) = H

andD(T̂n) = Hn. ¤

In all our theorems we assume thatT has a bounded inverse. Hence in this case the equation

has a unique solution and is given byx = T−1y.

Remark2.8 : If the operatorT is bounded, it is easy to find a sequence of projections admissible

for T . For example, we may choosePn to be the orthogonal projections ontoHn. Then(a) is

satisfied. SinceD(T ) = H, (b) is satisfied. SinceT is continuous,(c) holds. This is not the case

whenT is unbounded. In fact, it is not clear whether such a sequence can always be found.
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3. PROJECTIONMETHODS

We now prove a basic result which characterizes the convergence of projection methods. This is

analogous to [5, Theorem 17.1, Page 97] which is valid for bounded operators.

Recall thatR(Pn) = Hn, T̂n = Tn|Hn with D(T̂n) = D(T ) ∩Hn. So if x ∈ Hn ∩D(T ), then

T̂nx = PnTx ∈ Hn. Also, if {Pn} is sequence of admissible projections forT , thenD(Tn) = H

andD(T̂n) = Hn.

Theorem3.1 — Let T ∈ C(H) be densely defined with a bounded inverse and{Pn} be a

sequence of projections admissible forT . Then the projection method forT converges with respect

to {Pn} if and only if there exists an integern0 such that for eachn ≥ n0,

(a) T̂n has bounded inverse and,

(b) sup
n≥n0

||T̂−1
n || < ∞.

PROOF : Assume that there existsn0 such that (a) and (b) hold. Then for eachn ≥ n0, and for

eachy ∈ H, the equation

T̂nx = Pny

has a unique solution given byxn = T̂−1
n Pny. Let x ∈ D(T ) be such thatx = T−1y. Let

M := sup
n≥n0

||T̂−1
n || andK := sup

n≥n0

||Pn||. Then

||xn − Pnx|| = ||T̂−1
n Pny − T̂−1

n T̂nPnx||
≤ ||T̂−1

n || ||Pny − T̂nPnx||
≤ M ||Pn|| ||y − TPnx||
≤ MK||Tx− TPnx||
→ 0 as n →∞.

Hence||xn − x|| ≤ ||xn − Pnx|| + ||Pnx − x|| → 0 as n → ∞. Thus the projection method

for T is convergent.

To prove the converse part, let us assume that the projection method forT is convergent. Then

there exists an integern0 such that for alln ≥ n0, T̂n has a bounded inverse andxn = T̂−1
n Pny ∈

Hn is the unique solution of the equation

T̂nx = Pny.

Also by Hypothesis,

xn = T̂−1
n Pny → T−1y, for every y ∈ H.
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Hence by Theorem 2.4,m := sup
n≥n0

||T̂−1
n Pn|| < ∞. Next, letz ∈ Hn. ThenPnz = z.

Hence

||T̂−1
n z|| = ||T̂−1

n Pnz|| = ||T−1
n PnPnz|| ≤ m||Pnz|| = m||z||.

Hence sup
n≥n0

||T̂−1
n || ≤ m. ¥

Remark3.2 : If eachPn is orthogonal and if the sequence{Pn} is also admissible forT ∗, then

we can drop the assumption of invertibility ofT from the if part of Theorem 3.1 (In particular this

happens ifT is self-adjoint). This can be proved as follows. First note thatTnPnx → Tx for

eachx ∈ D(T ). Since eachPn is orthogonal,P ∗
n = Pn and||Pn|| = 1. Hence by(a) and(c) of

Definition 2.6,

||TnPnx− Tx|| ≤ ||PnTPnx− PnTx||+ ||PnTx− Tx||
≤ ||Pn||||TPnx− Tx||+ ||PnTx− Tx|| → 0.

SinceM := sup
n≥n0

||T̂−1
n ||, it follows that ||TnPnx|| ≥ 1

M ||Pnx|| for eachx ∈ D(T ). Now

lettingn tend to infinity, we have||Tx|| ≥ 1
M
||x|| for eachx ∈ D(T ). This shows thatT is one-to-

one andR(T ) is closed. Using the orthogonality ofPn we see thatT ∗n = PnT ∗Pn onD(T ∗). Note

thatM := sup
n≥n0

||T̂ ∗−1
n ||. The same procedure can be applied to conclude that||T ∗y|| ≥ 1

M
||y||

for eachy ∈ D(T ∗). HenceT ∗ is one-to-one. Thus,R(T ) is dense inH. Since it is already closed,

R(T ) = H. ThusT is one-to-one and onto. Hence by the Closed Graph Theorem,T−1 ∈ B(H)
and also from the inequality||Tx|| ≥ 1

M ||x|| for eachx ∈ D(T ), it follows that||T−1|| ≤ M .

Next, we prove an analogue of [5, Theorem 17.4, Page 102] for densely defined closed operators.

Theorem3.3— Let T ∈ C(H) be densely defined. Suppose that there existsc > 0 such that

|〈Tx, x〉| ≥ c||x||2, for all x ∈ D(T ).

Let {Pn} be a sequence of orthogonal projections admissible forT as well asT ∗. Then the

projection method forT is convergent.

PROOF : For x ∈ Hn, Pnx = x. Hence for allx ∈ Hn, |〈Tnx, x〉| = |〈PnTPnx, x〉| =
|〈TPnx, Pnx〉| = |〈Tx, x〉| ≥ c||x||2. Now by [5, Lemma 17.3, Page 102],̂T−1

n exists and

||T̂−1
n || ≤ 1

c
. Hence by Theorem 3.1 and Remark 3.2, the projection method forT is convergent.¥

Next, we consider the stability of projection methods under bounded perturbations. To prove

this, we need the following two results.

Lemma3.4 — [5, Theorem 8.1, Page 69]. LetT ∈ B(H) be such that||T || < 1. Then

(I − T )−1 ∈ B(H), (I − T )−1 =
∞∑

n=0

Tn and||(I − T )−1|| ≤ 1
1− ||T || .
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The proof of the following Theorem can be found in [6, Theorem 2.21, Page 205] and also in

[12, Theorem 5.11, Page 97].

Theorem3.5— LetT ∈ C(H) with T−1 ∈ B(H). LetS ∈ B(H) be such that||S|| < 1
||T−1|| .

ThenT + S has a bounded inverse and

||(T + S)−1 − T−1|| ≤ ||T−1||2||S||
1− ||T−1S|| .

With the help of the above results we prove the following theorem. An analogue of this result

for bounded operators was proved in [5, Theorem 18.1, Page 106].

Theorem3.6 — Let T ∈ C(H) be densely defined with a bounded inverse and{Pn} be a

sequence of projections admissible forT . Suppose the projection method forT is convergent. Then

there existsγ > 0 such that for allS ∈ B(H) with ||S|| < γ, the projection method forS + T is

convergent with respect to the admissible sequence{Pn}.
PROOF : Since the projection method forT is convergent, there exists an integern0 such that

for n ≥ n0, the operatorŝT−1
n are uniformly bounded. LetM = sup

n≥n0

(||T̂−1
n || + ||Pn||) < ∞ and

γ := min { 1
2M2

,
1

||T−1||}. Since||S|| < γ <
1

||T−1|| , T + S is invertible by Theorem 3.5. Also,

for n ≥ n0, ||T̂−1
n Ŝn|| ≤ M ||S|| < 1

2
. HenceÎn + T̂−1

n Ŝn is invertible and||[În + T̂−1
n Ŝn]−1|| ≤ 2

for n ≥ n0 by Lemma 3.4.

Therefore

̂(T + S)n = Pn(T + S)Pn|Hn = PnTPn|Hn + PnSPn|Hn

= T̂n + Ŝn

= T̂n(În + T̂−1
n Ŝn)

is invertible and|| ̂(T + S)n

−1|| ≤ ||(În + T̂−1
n Ŝn)−1||||T̂−1

n || ≤ 2M . Now the conclusion follows

by Theorem 3.1. ¥

4. EXISTENCE OFADMISSIBLE SEQUENCE OFPROJECTIONS

In this section we prove that for some class of closed operators it is possible to find an admissible

sequence of projections and with respect to this sequence the projection method converges always.

Theorem 4.4 and Theorem 4.6 appear to be new results even in the case of a bounded operator.

Definition 4.1 — [1, Page 82]. LetM ⊆ H be a closed subspace ofH. ThenM is said

to be invariant underT if T (D(T ) ∩ M) ⊆ M . If M andM⊥ are both invariant underT and

PM (D(T )) ⊆ D(T ), then we say thatM reducesT . Recall that herePM denotes the orthogonal

projection ontoM .
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Recall thatM reducesT if and only if PMx ∈ D(T ) andPMTx = TPMx, for all x ∈ D(T ).
That isPMT ⊆ TPM [1, Theorem 2, Page 82].

Lemma4.2 — LetT ∈ C(H) be such thatT−1 ∈ B(H). ThenM reducesT if and only if M

reducesT−1.

PROOF : First assume thatM reducesT . Let y ∈ H. Thenx = T−1y ∈ D(T ). Hence

PM (y) = PMT (T−1y) = PMTx = TPMx = TPMT−1y, for all y ∈ H.

HenceT−1PMy = PMT−1y, for all y ∈ H. ThusM reducesT−1.

The converse can be proved in a similar way. ¥

Theorem4.3 — [1, Theorem 3, Page 83]. Let the closed subspacesGk (k = 1, 2, 3, . . .) be

pairwise orthogonal and let

H =
∑

k

⊕Gk.

Let T ∈ C(H) be reduced by each of the subspacesGk. Let Qk be the orthogonal projection onto

Gk andSk = T |Gk
for eachk. Then

x ∈ D(T ) ⇔ Qkx ∈ D(Sk) = D(T ) ∩Gk and
∞∑

k=1

||SkQkx||2 < ∞.

In this case

Tx =
∞∑

k=1

SkQkx.

Theorem4.4 — Let T ∈ C(H) be densely defined and have a bounded inverse. LetGk, Qk

and Sk be as in Theorem 4.3. In addition, assume that eachGk is finite dimensional. SetHn :=

G1 ⊕⊥ G2 ⊕⊥ . . .⊕⊥ Gn. LetPn =
n∑

j=1

Qj . Then the sequence{Pn} is admissible forT and with

respect to this admissible sequence of projections the projection method forT is convergent.

PROOF : It is easy to show thatPnx → x for all x ∈ H. Note that by Proposition 2.7,

R(Pn) = Hn ⊆ D(T ). Then eachHn reducesT and henceT−1.

Let Tn := PnTPn. SinceHn reducesT , we havePnT ⊆ TPn and hencePnT ⊆ Tn ⊆ TPn.

HereD(PnT ) = D(T ) andD(Tn) = D(TPn) = H. HenceTn = TPn. Now for anyx ∈
D(T ), TPnx =

∑n
k=1 TQkx =

∑n
k=1 TkQkx. Hence by Theorem 4.3, it follows thatTPnx →

Tx for all x ∈ D(T ). This shows that the sequence of projections{Pn} is admissible forT .

SinceHn reducesT , using Lemma 4.2, it can be proved thatT−1Pn = PnT−1.

Now let T̂n := Tn|Hn : Hn → Hn. We claim thatT̂−1
n = T−1Pn|Hn . To verify this, let

z ∈ Hn. In this case

T−1PnT̂nz = T−1PnTPnz = PnT−1TPnz
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= Pnz

= z.

Similarly, for y ∈ Hn,

T̂nT−1Pny = PnTPnT−1Pny = PnTT−1P 2
ny

= Pny

= y.

HenceT̂−1
n = T−1Pn|Hn . Therefore,

||T̂−1
n || = ||T−1Pn|Hn || ≤ ||T−1||||Pn|| = ||T−1|| < ∞.

Hence by Theorem 3.1, the projection method forT is convergent with respect to the admissible

sequence{Pn}. ¥

As a consequence of Theorem 4.4, we prove that the projection method converges always if the

operatorT is self-adjoint and has a compact inverse. To prove this result we rely on the following

theorem.

Theorem4.5 — [5, Page 214, Theorem 6.1]. LetH be an infinite dimensional Hilbert space

andT ∈ L(H) be a self-adjoint operator with compact inverse. Then

(a) There exists an orthonormal basis{e1, e2, . . . , en, . . .} of H consisting of eigenvectors ofT .

If µ1, µ2, . . . , µn, . . . are the corresponding eigenvalues, then eachµj in the sequence is real

and |µj | → ∞. The number of repetitions ofµj in the sequenceµ1, µ2, . . . , µn, . . . is finite

and is equal to the dimension ofN(µjI − T ).

(b) D(T ) =



x ∈ H:

∞∑

j=1

|µj |2|〈x, ej〉|2 < ∞


.

(c) Tx =
∞∑

j=1

µj〈x, ej〉ej , x ∈ D(T ).

Theorem4.6— Let T be an unbounded self-adjoint operator with compact inverse defined on

an infinite dimensional Hilbert spaceH. Then there exists a sequence of projections admissible for

T . Also with respect to this sequence the projection method forT is convergent.

PROOF : Let ej , µj be as given by Theorem 4.5. Then

∣∣∣∣
1
µj

∣∣∣∣ ≤ ||T−1|| for eachj. Let Gk =

span(ek), k = 1, 2, . . ., andHn = span{e1, e2, . . . , en}. DefineQk : H → H andPn : Hn →
Hn by Qku = 〈u, ek〉ek for all u ∈ H andPnx =

∑n
j=1〈x, ej〉ej for all x ∈ Hn. Now it is easy to
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see thatGk,Hk, Qk andPk satisfy hypotheses of Theorem 4.4 and hence the projection method for

T is convergent. ¥

Example4.7 — LetH = l2, D(T ) = {x = (x1, x2, . . .) ∈ H: (x1, 2x2, 3x3, . . .) ∈ H} and

T : D(T ) → H be given by

T (x1, x2, x3, . . .) = (x1, 2x2, 3x3, . . .), for all x ∈ D(T ).

Note thatT is a self-adjoint operator with

T−1(y1, y2, y3, . . .) =
(

y1,
1
2

y2,
1
3

y3, . . .

)
, for all (y1, y2, y3, . . .) ∈ H.

Let Hn := span({e1, e2, . . . , en}), whereen(m) = δmn, the Kronecker delta function. Define

Pn: H → H by

Pn(x) = (x1, x2, x3, . . . , xn, 0, 0, . . .) ∈ D(T ).

ThenPnx → x, for all x ∈ H.

TPn(x) = (x1, 2x2, . . . , nxn, 0, 0, . . .).

Here||TPnx− Tx||2 =
∞∑

j=n+1

|jxj |2 → 0 as n →∞, for x ∈ D(T ).

For anyx ∈ H, Pnx = (x1, x2, x3, . . . , xn, 0, 0, . . .) ∈ D(T ) and henceR(Pn) ⊆ D(T ). Also

note thatT̂n = PnTPn|Hn is one-to-one with the corresponding matrix



1 0 0 . . . 0
0 2 0 . . . 0
0 0 3 . . . 0
...

...
...

0 0 0 . . . n




.

HenceT̂n is invertible and||T̂−1
n || = 1 for all n ∈ N. In this case

xn = T̂−1
n Pny =

(
y1,

1
2

y2,
1
3

y3, . . . ,
1
n

yn, 0, 0, . . .

)

and it converges toT−1y =
(

y1,
1
2

y2,
1
3

y3, . . . ,
1
n

yn, . . .

)
.

Example4.8 — Letp, p
′
, q, w be continuous real valued functions defined on[a, b] with a < b

andw(t) > 0, for all t ∈ [a, b]. Consider the real Hilbert space

H :=
{

u:
∫ b

a
|u(x)|2w(x)dx < ∞

}



196 S. H. KULKARNI AND G. RAMESH

with the inner product

(u, v) :=
∫ b

a
u(x)v(x)w(x)dx.

Let L be the Sturm-Liouville operator given by

Lu :=
1
w

[−(pu
′
)
′
+ qu]

where

D(L) =
{

u ∈ C2[a, b] : βju(t) + γju
′
(t) = 0, t ∈ {a, b}, j ∈ {1, 2}

}
, |βj |+ |γj | > 0, j ∈ {1, 2}.

We note thatL is a densely defined operator. AlsoL is symmetric (See [8]). Let us assume that0
is not an eigenvalueL. In this case, it is known ([8, Theorem 7.5.1, Page 500]) thatL−1 is compact

and self-adjoint. LetB := {e1, e2, . . .} be an orthonormal basis forH such thatLen = µnen,

whereµ1, µ2, . . . is a sequence of real numbers which are eigenvalues ofL. In this case, every

u ∈ H can be expressed as

u =
∞∑

n=1

(u, en)en.

If u ∈ D(L), then
∞∑

n=1

|(u, en)|2µ2
n < ∞

and

Lu =
∞∑

n=1

µn(u, en)en.

Let Hn = span{e1, e2, . . . , en}. Now definePnu =
n∑

k=1

(u, ek)ek. HereR(Pn) = Hn ⊆

D(T ). ThenPn is a sequence of bounded orthogonal projections such that

• Pnu → u, for everyu ∈ H.

• For everyu ∈ H, Pnu ∈ D(L), since{e1, e2, . . .} ⊆ D(L).

• LPnu =
n∑

k=1

µk(u, ek)ek →
∞∑

n=1

µn(u, en)en = u.

That is, the above sequence{Pn} of projections is admissible forT .

Note thatPnej =
n∑

k=1

(ej , ek)ek = ej , j = 1, 2, . . . n.

Let Ln := PnLPn andL̂n := Ln|Hn . Then
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Lnu = Pn(LPn)(u)

= Pn

(
n∑

k=1

µk(u, ek)ek

)

=
n∑

k=1

µk(u, ek)Pnek

=
n∑

k=1

µk(u, ek)ek.

The matrix ofL̂n with respect to the orthonormal basisB is given by




µ1 0 0 . . . 0
0 µ2 0 . . . 0
0 0 µ3 . . . 0
...

...
...

...
...

0 0 0 . . . µn




.

Hence||(L̂n)−1|| = max{ 1
|µ1| ,

1
|µ2| , . . . ,

1
|µn|} ≤ ||L−1|| < ∞.

Fory ∈ H,

(L̂n)−1Pny = (L̂n)−1
n∑

k=1

(y, ek)ek

=
n∑

k=1

(y, ek)(L̂n)−1ek

=
n∑

k=1

1
µk

(y, ek)ek.

Hence lim
n→∞(L̂n)−1Pny = L−1y.

5. MODIFIED PROJECTIONMETHODS

In this section we modify projection methods discussed above to solve the operator equationTx =
y. In these modified methods we replace the systemT̂n = Pny, by another system

Fnx = Pny, (4)

whereFn ∈ B(Hn) and expect that the solution of this new system is a good approximation to the

solution of the equationTx = y. Such a method is called a modified projection method. Some
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properties of modified projection methods can be found in [5, Section 2.18, Page 105], whenT

is bounded. In this section we study the convergence of modified projection methods for a closed

operatorT that need not be bounded.

Definition5.1 — LetT ∈ C(H) be a densely defined operator with a bounded inverse. Let{Pn}
be a sequence of bounded projections with the property that for everyx ∈ H, Pnx ∈ D(T ) for all n

andPnx → x. Let R(Pn) = Hn andFn ∈ B(Hn) be such thatFnPnx → Tx for everyx ∈ D(T ).
Then the modified projection method is said to converge with respect to the sequence{Pn, Fn}, if

there existsn0 such that for everyy ∈ H andn ≥ n0, the system (4) has a unique solutionxn and

the sequence of solutions{xn} converges tox = T−1y.

Theorem5.2— SupposeT ∈ C(H) is densely defined and has a bounded inverse and{Pn, Fn}
are as in Definition 5.1. Then the modified projection method forT converges with respect to the

sequence{Pn, Fn} if and only if there existsn0 ∈ N such thatFn is invertible for eachn ≥ n0 and

sup
n≥n0

||F−1
n || < ∞.

PROOF : First assume that there existsn0 ∈ N such that forn ≥ n0, Fn is invertible and

sup
n≥n0

||F−1
n || < ∞. Now, fory ∈ H

||F−1
n Pny − T−1y|| = ||F−1

n Pny − PnT−1y + PnT−1y − T−1y||
≤ ||F−1

n Pny − F−1
n FnPnT−1y||+ ||PnT−1y − T−1y||

≤ ||F−1
n ||||Pny − FnPnT−1y||+ ||PnT−1y − T−1y||

→ 0 as n →∞.

Hence the modified projection method forT is convergent.

The reverse implication follows from Theorem 2.4. ¥

5.3.Construction of Projections: Let T ∈ C(H) be densely defined. Recall that the graph norm

|| · ||T is defined onD(T ) by

||x||T :=
√
||x||2 + ||Tx||2, x ∈ D(T )

which is induced by the inner product

〈x, y〉T := 〈x, y〉+ 〈Tx, Ty〉 for all x, y ∈ D(T ).

ThenHT := (D(T ), || · ||T ) is a Hilbert space andT : HT → H is a bounded linear map (see

[5, Page 207] for details). Suppose thatT has a bounded inverse. ThenT−1 : H → HT is also

bounded because for ally ∈ H,

||T−1y||2T = ||T−1y||2 + ||TT−1y||2

= ||T−1y||2 + ||y||2

≤ (1 + ||T−1||2)||y||2.
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ThusT−1 ∈ B(H, HT ) and||T−1||T ≤ (1+ ||T−1||2) 1
2 , that is,T is a homeomorphism. Hence

HT is also separable. LetE := {en : n ∈ N} be an orthonormal basis ofHT . Thenspan(E) is

dense inHT . Let x ∈ D(T ) andε > 0. Then there exists ay ∈ span(E) such that

||x− y||T < ε.

Hence

||x− y||2 ≤ ||x− y||2 + ||Tx− Ty||2

= ||x− y||2T
< ε2.

Thusspan(E) is dense in(D(T ), || · ||) and hence in(H, || · ||).
Let Hn := span({e1, e2, . . . , en}) ⊆ D(T ) andPn:H → H be the orthogonal projection with

R(Pn) = Hn. Note that for everyx ∈ H, Pnx ∈ D(T ) for all n. Let Qnx :=
n∑

j=1

〈x, ej〉T ej , for

all x ∈ D(T ). ThenQnx → x in || · ||T , for all x ∈ D(T ). This means that

||Qnx− x||2 + ||TQnx− Tx||2 → 0 as n →∞.

Now suppose thatFn := PnTQn. ThenFnx → Tx for eachx ∈ D(T ), since,

||Fnx− Tx|| = ||Fnx− PnTx + PnTx− Tx||
≤ ||PnTQnx− PnTx||+ ||PnTx− Tx||
≤ ||Pn|| ||TQnx− Tx||+ ||PnTx− Tx||
→ 0 as n →∞.

Let Fn = PnTQn : H → H andF̂n := PnTQn|Hn , wherePn, Qn are as above.

Theorem5.4— Let T ∈ C(H) be densely defined and have a bounded inverse. LetPn : H →
H be a sequence of bounded projections such that for everyx ∈ H, Pnx ∈ D(T ) for all n and

Pnx → x. Let Hn = R(Pn) andFn : D(T ) → Hn be such thatFnx → Tx for everyx ∈ D(T ).
Let F̂n = Fn|Hn ∈ B(Hn). Then the modified projection method forT is convergent if and only

there existsn0 ∈ N such thatF̂n is invertible for eachn ≥ n0 and sup
n≥n0

||F̂−1
n || < ∞.

PROOF : First assume that there existsn0 ∈ N such that forn ≥ n0, F̂n is invertible and

sup
n≥n0

||F̂−1
n || < ∞. Now, fory ∈ H

||F̂−1
n Pny − T−1y|| = ||F̂−1

n Pny − F̂−1
n F̂nQnT−1y||+ ||QnT−1y − T−1y||

≤ ||F̂−1
n || ||Pny − F̂nQnT−1y||+ ||QnT−1y − T−1y||

→ 0 as F̂nQnT−1y = FnT−1y → TT−1y = y.
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Hence the modified projection method forT converges.

The reverse implication follows from Theorem 2.4. ¥

We conclude this section with an example.

Example5.5 — Let H = `2(Z). Let x := (. . . , x−n, . . . , x−1, x0 , x1, . . . , xn, . . .). Here

the box x0 indicates that the entryx0 is located in the the zeroth position of the doubly infinite

sequence.

D(T ) = {x ∈ H : (. . . , x−n, x−n+1, . . . , x−1 , x0, x1, 2x2, . . . , nxn, . . .) ∈ H}.

Define

T : D(T ) → H by (Tx)j =

{
xj−1, j ≤ 2,

(j − 1)xj−1, j > 2.

SinceD(T ) containsc00(Z), the space of all doubly infinite sequences having at most finitely

many non-zero terms,T is densely defined. It can be easily verified thatT is unbounded normal

operator with bounded inverse. And the inverse ofT is given by

(T−1y)j =





yj+1, j ≤ 1,

1
j
yj+1, j ≥ 2.

For ally = (yj)∞j=−∞ ∈ H. Let {en : n ∈ Z} be the standard orthonormal basis forH.

Let Hn := span{ej : −n ≤ j ≤ n}. DefinePn : H → H andFn : Hn → Hn by Pnx =
n∑

j=−n

〈x, ej〉ej , for all x ∈ H and

(Fnu)j =





nun, j = −n,

uj−1, − n + 1 ≤ j ≤ 2,

(j − 1)uj−1, 3 ≤ j ≤ n.

for all u = (uj), − n ≤ j ≤ n respectively.

In this case the operator̂Tn : Hn → Hn is given by

T̂n(u)j =





uj+1, − n ≤ j ≤ 1,

juj , 2 ≤ j ≤ n− 1,

0, j = n.

is not one-to-one, since(T̂n)(en) = 0. Hence the projection method does not converge with respect

to the admissible sequence{Pn} defined above. On the other hand, we show that the modified

projection method converges with respect to the sequence{Pn, Fn}.
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For anyx := (xj)∞j=−∞ ∈ D(T ),

||FnPnx− Tx||2 =
−n−1∑

j=−∞
|xj−1|2 + |nxn − x−n−1|2 +

∞∑

j=n+1

|(j − 1)xj−1|2

→ 0 as n →∞.

HenceFnPnx → Tx, for all x ∈ D(T ). Note thatF−1
n ∈ B(Hn) and is given by

(F−1
n v)j =





vj+1, − n ≤ j ≤ 1,

1
j
vj+1, 2 ≤ j ≤ n− 1,

1
n

v−n, j = n.

for all v = (vj), − n ≤ j ≤ n. Here||F−1
n || ≤ 1, for all n.

For ally = (yj)∞−∞ ∈ H,

(F−1
n Pny)j =





yj+1, − n ≤ j ≤ 1,

1
j

yj+1, 2 ≤ j ≤ n− 1,

1
n

y−n, j = n,

0, j < −n and j > n.

Hence

||T−1y − F−1
n Pny||2 =

1
n
|yn+1 − y−n|2 +

−n−1∑

j=−∞
|〈y, ej+1〉|2 +

∞∑

n+1

1
j
|〈y, ej+1〉|2

→ 0 as n →∞.
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