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In this survey, we explain shooting arguments for proving existence of solutions to boundary
value problems posed for nonlinear ordinary differential equations. All the examples (except

one) involve shooting on infinite intervals.
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1. INTRODUCTION

In this expository article, we explain the shooting arguments for proving the existence of solutions
for boundary value problems. In general, shooting arguments may be applied in two ways. In one
of the approaches, the continuous dependence of the parameters is made use of and in the other
approach, the existence of upper and lower solutions is utilized. Some interesting comments may
be seen in Kapegt al. [8].

We concentrate on the former approach here and explain a shooting argument with an example
(see Mawhin [12]). Consider the boundary value problem

y'+ f(z,y,9') =0,z € [a,b],y(a) = A, y(b) = B. (1.1)

In shooting arguments, we replace the boundary conditions with suitable initial conditions and
thus a suitable initial value problem is posed. Here the initial value problem

y'+ f(2,y,9) =0, yla) = A, y(a)=c (1.2)
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is considered. Then look for the existence, uniqueness of the solutions of (1.2) and continuous
dependence of the solutions of (1.2) on the parametéMow suppose that a unique solution of
(1.2) exists and is denoted byz, ¢); furthery(z, ¢) depends o continuously. Our problem now

is to show the existence of a real numbesuch thaty(b,¢) = B. If we can show that there exist

two constants; andce such thaty(b,c1) > B andy(b,c2) < B, then by the intermediate value
theorem and the continuous dependence on the param#tergiven boundary value problem (1.1)
would have a solution.

Mawhin [12] pointed out that shooting argument was introduced by Severini (see [20, 21]).
Severini considered the boundary value problem (1.1) and assfirnteetle continuous. Severini
proved that there exists a solution to (1.1)+#a and% are sufficiently small. We refer the reader
to an interesting survey on boundary value problems for nonlinear ordinary differential equations
by Mawhin [12].

A shooting argument may involve the following aspects: (i) choice of shooting parameter(s)
(i) 'shooting site’ (iii) local existence and uniqueness of solutions (iv) asymptotic behaviour of so-
lutions at+oo (v) characterization of solutions and (vi) openness of some sets. In a recent article,
Kwong [9] puts forward the importance of shooting arguments in the following way: “ in the special
case of second-order equations, the shooting method can be an effective tool, sometimes yielding
better results than those obtainable via fixed point techniques”. We may point out that the analysis
with small/large values of shooting parameter(s) is relatively easy when compared to moderate val-
ues of shooting parameter(s). Moderate values of shooting parameters may be handled by numerical
solutions. Thus we may observe that a judicial mix of analysis and numerics of a differential equa-
tion gives a better insight to the understanding of solutions of differential equations. We quote the
comments of McLeod [13] on the shooting arguments: “A shooting argument thus breaks naturally
into two parts. One of which should be accessible to an analyst and other to the computer. It be-
comes therefore a very powerful tool for the proof of existence of solutions of two-point boundary
value problems”.

For the readers, who are interested in an introduction to numerical aspects of shooting arguments
for boundary value problems, we refer to Brian Bradie [3].

The plan of this article is as follows. Section 2 deals with a solution of the heat equation with
absorption. Section 3 deals with the self-similar solutions of the modified burgers equation. In
section 4, we give a review of some other related work on shooting arguments.

2. EXISTENCE OF ASOLUTION OF THE HEAT EQUATION WITH ABSORPTION

In this section, we explain the concepts of shooting arguments with an example due to Brezis,
Peletier and Terman [4]. They considered the ordinary differential equation

N -1
u”+< +;>u’+;u—up=0, 0 <z <oo, (2.1)
x

subject to the conditions

u>0, 0<x<oo, (2.2)
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u'(0) =0, wu(oo) =0, (2.3)

wherea > 0,p > 1 anda > N. Equation (2.1) is a generalization of an ordinary differential
equation obtained from the heat equation with absorption, namely

ug — Au+uP =0, (x,t) € RN x (0,00), N >1.

Breziset al. [4] proved the existence and uniqueness of a solution of (2.1)—(2.3) satisfying the
condition

lim z%u(z) =0, (2.4)

by applying shooting arguments; the analysis was done in phase(plaii¢.
Now we explain their argument. Recasting (2.1) as a system of first order equations, we get

o= v, (2.5)

; N-1 =z )
vo= —< . —|—2>v—f(u), (2.6)

heref(u) = §u — uP. Suppose thatu(z,v),v(z,v)) be the solution of (2.5)—(2.6) satisfying
(u(0,v),v(0,v)) = (v,0). (2.7)

Note thatr > 0 is the shooting parameter here ahet v < (%)1/(1”*1) = A. Local existence
and unigueness of solutions for (2.5)—(2.7) are assured (see [10, 11, 15]). Peletier and Serrin [15]
u'(x,v)
z,u’ is negative anga hence initially is decreasing. Suppose thdt = 0 for somez > 0 and
u(Z) > 0. Thenu(z) < A andu”(Z) = —f(u(Z)) < 0. Henceu can't have a positive local
minimum. Thusu decreasesu’ < 0) as long as: > 0. The task now is to prove the existence of a
positive real number such thatu(x, v), the solution of the initial value problem (2.1)—(2,3)ith
u(0,v) = v, has the required behaviour (2,3}t infinity.

1 . -
showed thaﬂin}] =4"(0,v) = _Nf(y)' u”(0,v) < 0 implies that for sufficiently small

Define

Ly={(u,v): 0<u<Av<0,v>—Au}, whereA = (%)1/(1)_1) and\ > 0.

Breziset al. [4] proved that, if(u(z,v),v(z,v)) entersL, for sufficiently largexq, then
(u(x,v),v(z,v)) € Ly forall z > zy. In otherwords, the solution gets trappedZig. Precisely,
they proved the following lemma.

Lemma2.1. — LetA > 0 and(u(z, v),v(z,v)) be the solution of (2.5)—(2.6) artd(xo, v),
v(zo,v)) € Ly for somezg > &\ = 2A + §. Then(u(z,v),v(z,v)) € Ly forall 2 > xg.

PROOF The solution(u(z, v), v(z, v)) of (2.5)—(2.7) can neither pass through the p¢it0)
nor (0, 0) as they are the critical points. Along the line segment 0,0 < u < A, by (2.6),
v = —f(u) < 0. i.e.,v decreases and hence the solution can't Idaveiav = 0,0 < u < A.
Again along the linew = A,v < 0, we observe that’ = v < 0 and hence: decreases and the
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solution is pointed inward.,. Onv = —Au, we have

v’ <N—1 x) f(u)

v - T3

U x 2 v
_ N—l_}_g +g_up_1
B x 2 2\ A

< N_1+x +a< A, si > £
- 5 2\ , since x A-

Thusv' + A’ > 0. This in turn gives(v + Au)’ > 0. i.e.,v + Au is increasing. Thus we have
2 > —\. Hence(u,v) € Ly forall z > zg. Thus the solutioffu(z, v), v(x,v)) of (2.5)(2.7) can't
exit the regionl through the segments= A,v <0orv=—-Auorv=0,0 <u < A.

Remark Breziset al. [4] proved that the positive solutions of (2.5)—(2.7) with< v < A
v(z)

vanish ast — oo. Further they showed thatif(x, v) is positive on[0, co), then lim w(@) exists
T—00 U\T

and is either-oco or 0 (see Brezi®t al. [4] for detailed proofs). Thus, positive solutions are charac-

terized by the value of the limitim @ They proved that

700 u()
'LL/
(i) lim — = 0 corresponds to the solutions with asymptotic behaviowr O(z~%) asz — oo
T—00 U
[referred to as slow orbits].

!/

(i) lim % = —oo corresponds to the solutions with asymptotic behaviogr O (e‘”2/4xo“N)
asx — oo [referred to as fast orbits].
LetS:{l/E(O,A):u(x,V)>O V>0 and lim vz, v) = }
z—o0 u(x, V)

Proposition 2.2— S is nonempty and open.

PROOF It is known thatv’ < 0 on the line segment = 0, 0 < u < A (see (2.6)) and
(u(x, A),v(z,A)) = (A,0) forall z > 0. So for a givem\, making use of the continuous depen-
dence on the initial data, we can choessufficiently close toA such thatu(z, v), v(z,v)) € Ly
for0 < =z < &. And now by Lemma 2.1(u(z,v),v(xz,v)) € Ly forall z > 0. Thus

v(z,v) > —\ for all x > 0, which in turn gives lim v(z,v) #+ —oo. Hence lim v(z,v) =0
u(z,v) z—o0 u(x, V) z—o0 u(x, V)
(see the Remark above Proposition 2.2.) and héhtenonempty. To prove the openness%Hf

let v € S. By the definition ofS, lim (%)
z—oo u(x, v¥)

v(z, v¥)

u(x, v*
B, = {(u,v) : [|(u,v) — (u(z*,v*),v(z*,v*)) || < p}; pis chosen so thaB, C Ly. The contin-

uous dependence on the initial data leads to existenceofaf such thatu(z*, v), v(z*, v))
€ B, when|v — v*| < €. Sinceu(z,v) is a decreasing functiony(z,v) > u(z*,v) > 0 for
0 < 2z < z*and by Lemma 2.1(u(x,v),v(z,v)) € Loy for z > z* (see the definition of

= 0. This implies that for anyA\ > 0 there

exists a positiver, such that

> —Xforallx > z),. Letz* = 2 max{&,,z,} and
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v(z,v)

x*). Thus lim v(z,v) > —2)\ > —c0. Therefore lim = 0 (see the Remark) and hence

200 u(m, l/) T—00 u(l‘, I/)
(v* —e v +¢€) CS.

In the above lemma, it was shown that wheis sufficiently close ta4, the solutions of
(2.5)—(2.7) are with algebraic decay as— oc. Breziset al. [4] showed that the solutions of
(2.5)-(2.7) with sufficiently smallr have a finite zero and this result is presented in the following
lemma.

1

Lemma 2.3— Suppose thatr > N andy; = (25Y)?=T. Then for0 < v < vy, u(z,v)
satisfying (2.5)-(2.7) vanishes at a finitg.

PROOF. Suppose for contradiction thatz, ) > 0 for all z > 0. Multiplying (2.1) withzV—!
and integrating between 0 andwe arrive at

1 N —
2NN (2, v) + §$NU($’ v)= 5 a

/sN_lu(s,u)ds+/ NP (s, v)ds. (2.8)
0 0

Note that integration by parts was used for the integral containing (z, v) to arrive at (2.8).
As u is decreasing of0, o), (2.8) can be written as

1 x
2NN (2, v) + §xNu(x, v) < — (Vifil — I/p_l) / sN (s, v)ds. (2.9)
0

Using the fact that? ' — v»~1 > 0, we haveu'(z,v) + Lzu(z,v) < 0. This in turn implies
that

2
u(z,v) < vexp (—Z) for all z > 0. (2.10)

Let (z/f_l — upfl) Jo° s™tu(s, v)ds = 26 [integral exists because of (2.10)]. Making use of
(2.10), we get from (2.9) that
limsup 2V "1/ (z, v) < —26.

r—00

Then, there exists & > 0 such thatzV ~'/ < —¢ for z > Ry. Dividing with 2V~! and
integrating fromx to R, x > Ry, we have

J _ _ :
u(z,v) > w(R,v)+ TN (Rr? N _ g2 N), if N #2, (2.11)

u(z,v) > wu(R,v)+dlog (f) , ifN=2 (2.12)

For N < 2, RHS of (2.11) becomes unboundedras- oo which is impossible. WheiV > 2,
asR — oo in (2.11), we arrive ati(z, v) > 252> for z > R, which contradicts (2.10). Again
for N = 2, taking the limitR — oo, u becomes unbounded, a contradiction. Thus, ) has to

vanish for some finite: > 0.
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Let
S ={0<v<A: u(x,v) has a finite zero}.

The above lemma gives the nonemptyness§ afd it can be seen easily th&iis open. Since
S, S are disjoint, nonempty and opeS,U S # (0, A) and hence there exists:g such that
v € (0,4)\ {SUS}. By the Remarky(z, 1) is a solution of (2.1)—(2.4) with exponential decay

asr — oo.

Further the solution of (2.1) subject to (2.2)—(2.4) is unique. They also gave the expressions for
asymptotic behaviors af asz — oo whenu is positive using an elementary principle - I8bpital’s
rule (see Brezist al. [4]).

3. SELF-SIMILAR SOLUTIONS OF THEMODIFIED BURGERSEQUATION

Here we explain a shooting argument with an example due to SrinivasatRd23]. Srinivasa
Raoet al. [23] studied the boundary value problem

frnf 2 f - 2R =0, @)

f(0)=0,f =0 as n — Fooand f > 0 on (—o0, ). (3.2)

Eq. (3.1) is obtained from the modified Burgers equation

)
up + uuy = ium, a>0, 6§ >0, (3.3)

using a similarity transformation. To prove the existence of a solution of (3.1)-(3.2), Srinivasa Rao
et al. [23] considered (3.1) with initial conditions

f(0)=v and f'(0)=0, (3.4)

wherer > 0 is a constant. Here is the shooting parameter. Local existence and uniqueness of
solutions for (3.1), (3.4) are assured by the Picard’s theorem fzetv) be the solution of (3.1)
satisfying (3.4) on its maximal interval of existence. We ige) instead off (1, v) for the sake of
simplicity. We explain the results far > 1 andn > 0 only. However, Srinivasa Ragt al. [23]
analyzed (3.1) with (3.4) ofr-oc0, 0] also. The following are their results for the inter{@loo).

Theorem— Assume thaty > 1. Let f be a solution 0f(3.1) satisfying(3.4). Then there exists
v* > 0 such that

() if v > v*, f has a zero at a finite point oft), co),
(i) if v =v*, fis positive on0, co) and decays exponentially to zeroms- oo,

(iii) if v < v*, fis positive on0, co) and decays algebraically to zero gs— co.
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Now we explain their proof of the above theorem. Srinivasa &ad. [23] proved that iff is a
positive solution of (3.1) satisfying (3.4) d6, oo), thenf, f// — 0 asn — oc and f is decreasing
on [0, co). Following the work of Brezi®t al. [4], they arrived at the following

!/
(@) If f >00n]0,0), then lim ff exists and is eithed or —oo.
n—00
f/
(b) [Exponentially decaying solutions] If > 0 on [0,00) and lim 7 = —o0, then f =
n—00
O(ep~(@=D/a)y aspy — oo.
!/
(c) [Algebraically decaying solutions] Jf > 0 on|[0, o) and lim ff =0, thenf = O (/%)

—00

asn — oo.
Results (a)—(c) stated above characterize the positive solutions of (3.1) satisfying (3.4).

Srinivasa Raet al. [23] gave another characterization for the positive solutions of (3.1) subject
to (3.4) in terms of the functiorfie””

(i) f decays algebraically to zero as— oo iff fe”2 increases for sufficiently large.
(i) f decays exponentially to zero as— oo iff fe”2 decreases fay sufficiently large.

Define
S1={v>0] f(n,v) is positive on0, o) and decreases algebraically to zergas oo},

Sa = {v > 0| f(n,v) is positive on[0, o) and decreases exponentially to zerajas> oo}
and
S3 ={v > 0] f(n,v) has afinite zero of0, o) }.

Clearly, S1, S» and S5 are disjoint.

Lemma3.1 —S; is nonempty.

1/2c
PROOF. Srinivasa Raet al. [23] showed that for < [(a4;12)3 , the solutionf (n) of (3.1)

satisfying (3.4) is positive of0), co) and decays algebraically to zerorqas- oo. For proving this,
define

a—1

h(s) Joa

e s) + F(s), o=

>0, (3.5)

hi(n) = 27 f%(n)h(n). (3.6)

Observe that(0) = cv'=* > 0 andh(0) = 22pc > 0. Thush andh; are initially positive.
We explain the proof of this lemma in two steps.

Stepl — We claim that ify; andn, are the first zeros di; and f respectively, thems > 7;.
Suppose for contradiction thag < 7;. Thenhi(n) > 00on|[0, 7], f(n) > 00on[0,n2], f'(n2) < 0.
An integration of (3.1) with respect tpfrom 0 to n gives
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f'(n)+2nf = /077 hi(s)ds. (3.7)

Insertingn = 72 in (3.7), we getf’(n2) > 0, a contradiction. Hencg, > n; and thusf can’t
vanish before the zero @f;.

1
Step2 — We prove here that for < {%} ** hi>0o0n (0, 00). Suppose for contradiction

thatn, is the first zero ofi;. Then by step 1f > 0 on [0, 7:]. By the definition ofh, h > 0 on
[0,71) andh(n1) = 0, ' (m) < 0andf’(n) = —cf1=%(n). It can be shown that

(a—1)>
202

Wom) > fm) [z 2] >0

1
sincer < [(0‘4;12)3] “* a contradiction. Thus can’t have a zero off), co) and hencé, is positive

on [0, oco), which in turn givesf > 0 on (0, co). Further, the equation (3.7) gives that

(fe’72)’ > 0 forn € (0,00).

Using the characterization of algebraically decaying solutions-asco (see the comments above
Lemma 3.1), we conclude thgtdecays algebraically to zero as— ~c.

Lemma3.2 — S5 is nonempty.

PROOFE Srinivasa Raet al. [23] showed that for sufficiently large f(n, ) has a finite zero.

Suppose that )
1/«
Fom) = (M)

Observe that 5
/"= flem =224 = 2f <0

Q=

on[0,no(v)) asf > (%) andf’ < 0. This implies that

flno(v)) —v
No(V)
Now onwards, will be used instead ofjy(v) for the sake of simplicity. They proved this

lemma in four steps.

fn) >v+n [ } ;0 €[0,m)]. (3.8)

Stepl — f/(n) satisfies the following bounds.

o 23/2 2(a— 1)
. o(2a—1)/2a, (a+1)/a _ a+1 < ¢
P Mo po L vio > f'(no)
271/2& ( 2 1) (a+1)/« 23/2 a+1 + (a - 1) (3 9)
ala+1) “ o a+r1’ a '

An integration of (3.1) fron® to g gives
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a 3/2 20 —2 [0

/ _ % 52a-1)/20, (atl)/a 2 a+1

= 2 - A ds. 3.10
(o) 1 o 11/ + ; fds ( )

The bounds given above are the consequengémf < v, (3.8) and (3.10).

Step2 — Srinivasa Raet al. [23] next proved that(v) is bounded. Rewriting (3.1),
2
f//+ 7‘][' — f/ |:23/2f06 _ 2,)7:| .
«
Sincef’ < 0andf(n) > (n/v2)"/* on|0, o,
2
f// + *f S 0
«
on [0, no]. Integrating with respect tg from 0 to , we get
/ 2 K
<=2 [ pas (3.11)
@ Jo

Using (3.8) in (3.11), we arrive at
2 — v
P <=2 s 2 (L0222Y]

a 2 1m0

Integrating again w.r.ty from 0 to 7y, we arrive at
2 1
1——n2) — —ne+1)>0.
V( 3a770) f(mo) (Sa”O + ) >

This in turn gives that
3 1/2
no < <2> .

Step3 — f/(no) ~ —zg—ﬁuaﬂ asv — oo.

Using the fact that)y is bounded fromstep 2in the bounds forf’ (see (3.9)), we have the
required result.

Step4 — We now show that for sufficiently large,f has a finite zero.

Suppose thaf > 0 on [0, c0) and henceg’ < 0 on (0, 00). Eq. (3.1) gives
2
" +2onf + /=0

An Integration of the above equation fragg to n and usingf(n) < f(no) on [ny, o), we get
after some simplification

2(a—1)

f'(m) = f(no) = 2n0f(no) < F(mo)(n —mo)- (3.12)

Again an integration of (3.12) ofno, ) gives
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F(m0)(n —mo)?. (3.13)

£ < Fm) -+ ( £/0m) + 2007 0)) (0 o) + @D

Fix . Letr — oo in (3.13), thenf(n) < 0, because), is bounded angd’(ny) ~ *o?—j/fua“

asv — oo. Hence a contradiction. Thyscan't be positive or{0, oo) for v sufficiently large. As

in the previous section, openness$f and S3 can be shown. Sinc8; andS3 are disjoint and
S1US3 # (0,00), there existsy such thatf(n, 1) is positive and decays exponentially to zero as
n — oo. Infact, suchy is unique (see Srinivasa Rabal. [23] for more details).

4. SOME MORE EXAMPLES

We give here an account of some of the related work, wherein the shooting arguments were used
for proving the existence of solutions (satisfying certain conditions @&t and / or at+oc) for
boundary value problems involving nonlinear ordinary differential equations.

Examplel — Cazenave and Escobedo [5] studied the boundary value problem

1

30y — 1)u =0, (4.2)

t
u” + plulP~1d + Qu’ +

lim u(t) =0, lim (=)@ V) = p~/®=D and v > 0; (4.2)

t—o00 t——o00

herel < p < 2 andt¢ € R. Grundyet al. [7] arrived at the boundary value problem (4.1)—(4.2)
while constructing the large time asymptotic solutions for the initial value problem

0 ou  0%u

_ P - =

at[u+u]+8x 922 0, z€R, t>0, (4.3)
u(x,0) = ug(r) >0, up+uph € L*(R); p>0. (4.4)

For the parametric range < p < 2, Cazenave and Escobedo [5] proved the existence of
positive, monotonically decreasing solutiamson (—oo, 0o) satisfyingtiime(—t)‘l/(P‘l)uA(t)
= p~1/(-1) and lim /Py (1) = ¢()\); herec()) is a continuous, increasing function defined
on [0, 00) to [0,00) with ¢(0) = 0 andc¢(\) — oo as\ — oo. Further they proved that any
nontrivial, non-negative solution of (4.1) dd should be a member of the above fam{ly’}.
Cazenave and Escobedo [5] analyzed the problem on the intérvats 0] and [0, co) by posing
two initial value problems. They fixed(0) = o and showed that there exist§0) = v, such that
the corresponding solutiom of (4.1) decays exponentially to zerofas» +oo. They also proved
the existence off/ (0) = «} for which the solution is global and is @f ((—¢)"/(*~V) ast — —oo.
Further they showed the existencercfuch that fory = z, u(, becomes equal @, ; the solution of
(4.1) withu(0) = z, v/ (0) = u} = ug has the required exponential decay+ab and behaves like
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(—t)/ =1 at —co. Whenug > z,4'(0) = u}, the corresponding solution of (4.1)axt~1/(»~1)

at +00 and O((—t)"/(»=1)) at —co. Cazenave and Escobedo [5] referred to this problem as two
parameter shooting problem. An interesting feature of this work is thatdgéthand«’(0) are the
shooting parameters.

Having given a synopsis of their work, we shall explain now the steps involved in some detail.

Cazenave and Escobedo [5] considered (4.1) with initial conditions
u(0) = ug, ' (0) = uy (4.5)

for t > 0. Hereu, anduy, are the shooting parameters. Local existence and uniqueness of solutions
are a consequence of Picard’s theorem. It is easy to see that the solutions are global. Cazenave and
Escobedo [5] showed that three types of solutions are possible: (i) solutions with finite zero

(ii) positive solutions with algebraic decaytat +oo (iii) positive solutions with exponential decay

att = 4-o0.

They considered the sets

Nt = {(uo,up) € (0,00) x R;u has a finite zero},
Pt = {(ug,up) € (0,00) x Ryu > 0 and litminf Y=y (t) > 0} and
ET = {(ug,up) € (0,00) x R;u > 0 and litrgcigf Y=y () = 0}.

These sets are mutually disjoint adnd™ U P™ U ET = (0,00)xR. Assuming thatu is a
nonnegative solution of (4.1) off, 1] satisfying (4.5) withug > 0 andu < 0, Cazenave and

upCo _
T oy Co = pluof™ +

Escobedo [5] proved that, and v, satisfy the relationy, > —

1/2. This in turn implies that when{, < —M, with M > 1%7_000, solutions of (4.1) satisfying
(4.5) cannot be nonnegative ¢o 1]. Thus N™ is non-empty. Openness & * follows from
the continuous dependence wbn the initial data(u, u;). They also proved that, v’ — 0 as

t — oo for any solut|onu of (4.1) withug, uj, € R. They characterized the positive solutlons of

(4.1) in terms of— as in Breziset al. [4]: (i) If « is a positive solution of (4.1), theﬂ — [l as
t— o0l =0 011f — oo. (ii) I = 0 corresponds to the positive solutions with alg%bralc decay
(u = O(t~Y®=1) ast — oo) andl = —oo corresponds to the positive solutions with exponential
decay(u = Ot P/ (P~De~t*/4) 55 ¢ — oo) . They also arrived at a trapping region similar to
that of Breziset al. [4]. The result reads as follows.

Letr > 0andD, = {(u,v) € R? :u > 0, v < 0, v+vu > 0}. If uis a solution of (4.1) with
1
(u(r),u/()) € D, forr > 2v + e then(u(t),u'(t)) € D, forall t > 7.
p—1v

For proving the existence of algebraically decaying positive solutions-aso, they used the
fact that the solution that falls eventually in the $gthas algebraic decay as— co. Now we shall
explain the idea of the proof of the existence of algebraically decaying positive solutibrs as.
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Let0 < § < 1andM > 0 be the constants satisfying the conditio}q%—é > 24 pil and
Sp(p—1)MP~! = 1. Suppose that is a solution of (4.1) withu(ty) > M andu’(ty) > —du(to) for

somet, > 0. Itis easy to see that there exists> ¢, such that(7) > M and0 > /(1) > —du(r).

Thus, (u(7),4/(7)) € D, and Cazenave and Escobedo [5] proved {hét), «'(¢)) can’t exit D,

for t > 7 and hence: has the required algebraic decaytato. Thus P+ is nonempty. They also
proved that for every,, > 0 andw;, > 0 sufficiently large, the solution of (4.1) satisfying (4.5) is
positive for allt > 0 and has algebraic decay as— oo. By making use of trapping region for
solutions of (4.1) in the phase plane and continuous dependence on initial data, it is proved that
P is open. The solutions with the initial datay, 0) for «, sufficiently small are with finite zero.

This result was proved using scaling arguments. Finally, Cazenave and Escobedo [5] proved the
following

(i) there exists a uniquey > 0 such tha{z,,0) € E.
(i) for everyuy > o, there exists a unique, such that(ug, u) € E*.

For proving (i)-(ii), openness aP*, N+ and a comparison theorem were made use of. Define
a(up) = uf, for ug > xo. Thena(xg) = 0 and(ug, a(ug)) € E*. This functiona is proved to be
continuous and decreasing prn, co).

To study the equation (4.1) dr-oo, 0], they transformed it to

t
’UN —p|’U|p_1’U/ + 71}/ +

> 2(p—1)U:O (4.6)

by usingu(t) = u(—t). The initial conditions become(0) = «(0), v'(0) = —«/(0). They studied
(4.6) with initial conditions

v(0) =vg, v'(0) =}. 4.7)

Herev, andv;, are the shooting parameters. Local existence and uniqueness are obtained by
the standard theorems(uvy, v, t) represents the solution of the IVP (4.6)—(4.7). When there is no
ambiguity, we simply write(¢). Further suppose thatis defined or{0, 7" (v, v(,)). Consider

N= = {(vo,vp) € (0,00) x R; Jtg € [0,7%),v > 0on [0, %] and v'(ty) < 0},
B~ = {(vo,v}) € (0,00) x R; ' > 0o0n [0,7%) and T* < 0} and
E- = {(vo,v}) € (0,00) x R;v is defined on [0, 00) and v' > 0 on [0, 0)}.

Clearly, the above sets are mutually disjoint aid U B~ U E~ = (0,00)xR. A choice of
vy = 0 gives the nonemptyness 8f~ and openness can be proved using continuous dependence
of solutions on initial conditions. To prove th&t" is nonempty, they showed thatifis a solution
of (4.6) satisfying

v(tg)P~ > Kto, v'(to) > K (v(tg)* P + 1) for some tg € [0, T%)and some K >0,  (4.8)
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thenT* < oo andv increases offy, 7*). The properties given in (4.8) characterize the solutions
that blow up in finite time. Choosing = 0, we arrive at the nonemptyness®f . If (vg, v()) € B,
then the solution of (4.6)—(4.7) satisfies(t2)?~1 > Kto, v/(t3) > K(v(t2)?> P + 1) for some
to € [0, 7). By continuous dependence of solutions(og, v(,), there exists a neighbourhood of
(vo, vj) such that any solution of (4.6)—(4.7) with initial data in this neighbourhood satisfies the
above conditions (4.8) at = t,. This in turn leads to the blow up of solutions. HenBe is
open. For givenyy > 0, considerd = {w( : (vo,w) € B~ },B = {w}, : (vo,w}) € N~}
andC = {w} : (vo,w)) € E~}. SinceA, B are disjoint, nonempty open subsetskfand
can't coverR, C' is nonempty. By comparison results,becomes a singleton set and let that be
{(vo,v()}. If v is a solution of (4.6)—(4.7) withivy,v;) € C, then Cazenave and Escobedo [5]
proved that—'/(*~1y(t) is decreasing ofD, co) and decreases jo '/ (*~1) ast — co. Define for
all vy > 0, a(vg) = vf, so that(vg, a(vy)) € E~. Thena is continuous due to opennessi®f and
N™.

We give here an outline of the construction of the family of soluti¢ns} of (4.1), which
are positive, monotonia)((—t)'/(?=1)) ast — —oc and decays to zero either exponentially or
algebraically ag — oco. Cazenave and Escobedo [5] showed that there exists, such that

positive, if zg <z <z,
a(z) + a(z) =< zero, if x =z, (4.9)
negative, if z > .
They defined for all\ > 0, u?(t) is a solution of (4.1) withu*(0) = z + X andu? (0) =
—a(u?(0)) and showed that the solutiom®(t) of (4.1) is monotone decreasing amd(t) =

O((~t)"/P=Y) ast — —oo. It is shown that forz > z, the solutionu* of (4.1), (4.5) is posi-
tive onRR and decreases to zero exponentiallydce x and algebraically fox: > = ast — oc.

Example2 — Peletier and Serafini [14] studied the boundary value problem

u” + gu’ + %u +pluffl =0, 0<z< oo, (4.10)
u'(0) =0, z%u(z)— 0asz — oo, (4.11)
u(z) >0, 0<z<oo; (4.12)

herep > 1, a > 0. A special case of the ordinary differential equation (4.10) wits 1/(p—1)
is obtained from the heat equation with convection by a similarity transformation. Peletier and
Serafini [14] used a shooting argument to prove the existence of a solution for (4.10)—(4.12). They
posed an initial value problem for (4.10) with initial conditions

u(0) =7, 4/(0) =0, (4.13)

wherey > 0 is the shooting parameter. There exists a unique solution for the initial value problem
(4.10), (4.13) locally and is denoted hyfx,~). They proved that the solution(z,~) can be
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continued for allz > 0. Further, ifu is positive for allz > 0, (u(z,v), v (x,v)) — (0,0) as

'(z,7)

x — oo. They pointed out that it is possible to prove the — 0 or —oo asx — oo when
u

u > 0on (0, 00) following Breziset al. [4]. They defined the ’sets:

S1={y>0: u(x,~) has a finite zero on (0,00)},

Sy ={y>0: u(x,~) is positive for all z > 0 and decays algebraically to 0 as x — oo},

Sz ={y>0: wu(x,r)is positive for all z > 0 and decays exponentially to 0 as z — oc}.
They used ‘scaling arguments’ to prove ttsat(whena > 1) andS; (whena > 0) are nonempty.
The transformationy = ¢, and v~ !u(z,v) = w.(z) transforms (4.10), (4.13) to

wl! + gwé + %we + ep_1p|w€]p_1wé = 0, (4.14)

we(0) = Land w.(0) = 0. (4.15)

It was shown that as — 0, w. — wy in C2([0, X]) for any X > 0, wherewy is the solution of the
initial value problem

W'+ T+ %w = o0, (4.16)
2 Ty
w(0) =1and w'(0) = 0. (4.17)

Furtherwg, the solution of (4.16)—(4.17), has a finite zero for> 1. Thusw, vanishes at a
finite x( for sufficiently smalle. Hence small solutions of (4.10), (4.13) are with finite zero &nd
is nonempty for > 1. They also proved that for the parametric range 1, there is no solution
for (4.10), (4.13) with finite zero. Peletier and Serafini [14] transformed (4.10), (4.13) to

t a
eyl + (y2) + 592 t3¥% =0, (4.18)
ye(0)=landy.(0) = 0 (4.19)

using the transformation= v~ ®~Yz v~ lu(z,v) = y.(t) and e = 2P~ Asy — oo (e — 0),
the solutiony,. of (4.18)—(4.19) converges to the solutignof the initial value problem

t
W) + 53/ + %y = 0, (4.20)
y(0) =1andy'(0) = O, (4.21)

which has a unique (positive) solution decaying algebraically to zeto-asoo and therefore for
large~, the solutions of (4.10), (4.13) are with algebraic decay as oo. Thus they proved that
So is nonempty forx > 0. It is easy to see that; andS; are open and disjoint. AS; U Sy
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# (0, 00), S3 is nonempty and hence a positive solution of (4.10) satisfying (4.11) existsfot.
Peletier and Serafini [14] gave explicit asymptotic behaviours:(as oo) for positive solutions
following the work of Breziset al. [4]. They also proved the uniqueness of the fast decaying
solution fora > 1. For0 < a < 1, all the solutions of (4.10) satisfying (4.13) are positive on
(0, 00) with algebraic decay afo.

Example3 — Srinivasa Raet al. [23] studied the self-similar solutions of the generalized
Burgers equation

g + utug + Ju_ éum; (4.22)
2t 2

herea > 0,57 > 0 andé > 0 (small) are constants. Inspired by the work of Sachdev and Nair [19]
and Peletier and Serafini [14], Srinivasa Ra@l. [23] posed the following two problems:
() IVP]

2(1 —ay :
prong+ 20 g apep_g (4.23)
f(0)=v, f(0)=0, v>0isaconstant. (4.24)
(1) [Connection Problem]
1 — i
f”+2nf’+2(aa])f—2§fo‘f’ —0, (4.25)
f~ AeﬁﬁQn*[o‘(jH)*l]/o‘ as n — 0o, (4.26)
f—0asn— —o0, (4.27)
|f| < oo, A > 0isan arbitrary constant. (4.28)

Equation (4.23) is obtained from (4.22) by a similarity transformation. We discuss here their
results for the initial value problem posed in (4.23)—(4.24). Their interest was to prove the existence
of positive solutions vanishing atoo and thus the initial value problem (4.23)-(4.24) was posed.
Srinivasa Raet al. [23] carried out the analysis on the intervllsco) and(—oo, 0] respectively.

They showed that positive and bounded solutions exist for the parametric ﬁ@ge a < %

only. If aj = 1, f = v. We first discuss their results for the parametric ragnﬁﬁ <a< % on

[0,00). The local existence and uniqueness of solutions of (4.23)—(4.24) are a consequence of the
Picard’s existence theorem. The solution of (4.23)—(4.24) on it's maximal interval of existence is
denoted byf (n, v). If fis a positive solution of (4.23)—(4.24) ¢f, ), thenf, ' — 0 asn — oc.
Followjng the techniques of Brezit al [4], they proved that iff (n,v) > 0 on (0, </>o), then

1—00

lim J} =0or—co. If f(n,v) > 0foralln > 0, then the solutions of (4.23) withim 7 =0are
—00
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/
algebraically decaying atoc and the solutions of (4.23) withim I = —oo are with exponential

decay at-oo. They also gave another type of asymptotic gr;lofacterization for the positive solutions
of (4.23) asy — oo for the parametric rangjei—1 <a< % A positive solutionf of (4.23) decays
exponentially to zero ag — oo iff e’72f decreases fon sufficiently large. Similarly, a positive
solution f of (4.23) decays algebraically to zero as— oo iff e772f increases for sufficiently

large.

They considered the following sets.
Si={v>0:f(n,v) >00n[0,m)and f(n) = 0 for some n },

So={v>0:f(n,v)>0o0n0,00) and fnpl=2)/® — ¢ £ 0asn — oo} and
S3={v>0: f(n,v) >0o0n[0,00) and fdecays exponentially to zero as n — oco}.
Clearly, S1, S2 andSs are disjoint andS; U Se U S3 = (0, 00). As expected,“small solutions”

1/2«
are solutions with algebraic decayms~ co. They proved that it/ < <a4 5 laj +a— 1]2)
0}

anda > 1, then f(n, v) is positive on0, co) and decays algebraically to zeroras~ co. That is,

Sy is nonempty. Using the “trapping region argument” as in Bretial. [4], Srinivasa Ract al.

[23] proved thatS; is open. Further they proved that “large solutions” are the solutions with finite
zero. That is, whem is sufficiently large f(n, v) can’t remain positive on the intervil, co). This

is the place where nonlinear term plays an important role. For proving this, they defingdas

the first point of intersection of and(%)i, ie., f(n(v),v) = (no(y)/\/i)l/a. They proved

flno(v),v) —v

mm@me02V+”( 0(v)

) forall 0 < n < no(v), (i) no(v) is bounded and
3

>t asy — co. Using (i)-(iii), it was proved that for sufficiently

22
(i) £ (no(v). v) ~ ——=
large, f(n, v) can’t remain positive o0, co). HenceS; is nonempty. It is straightforward to show
that S; is open. SinceS;, Se are nonempty, open and disjoirff; U Sy # (0,00). HenceSs
is nonempty. As a result, there exists > 0 such thatf(n, ) is a positive solution of (4.23)—
(4.24) with exponential decay atoco. It was also proved that if (n, v1), f(n,v2) are solutions
with exponential decay afto, then f(n,v1) = f(n,v2). Thus the parametric randé, co) for ‘v’
is partitioned into three set$; = (v, 00), S2 = (0,19) andSs = {1y }. Further they proved that
f(n,v) is positive on(—oc, 0) for all v > 0 and decays algebraically to zeroas— —oo. Thus
they arrived at the following theorem.

1 1 .
Theorem— Assume that—— 1 < a < - anda > 1. Then there exixts &, such that the
J J
following holds

() If v > 1y, every solutionf(n, v) of (4.23)—(4.24)s positive on(—co, 0) and decays alge-
braically to zero ag) — —oo; f has a zero at a finite point if0, o).

(i) If v = vy, solution f of (4.23)—(4.24)s positive on(—oo, co) and decays algebraically to
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zero asy — —oo; f decays exponentially to zero as— oco.
(iii) If v < vy, every solutionf of (4.23)—(4.24)is positive on(—oo, o0) and decays alge-
braically to zero ag) — +o0.
. - 1 1
For the connection problem (lI), Srinivasa Retal. [23] proved that WheF,_’_ﬁ <a<-—all

solutions of (4.25) satisfying (4.26)—(4.28) are positive and decay algebr%ically tg zeréoo.

An explicit solution of (4.25) having exponential decay+tato for « = 1/(j + 1) was given by
Sachdev and Nair [19] and Cazenave and Escobedo [5]. Note that in section 3, we explained the
analysis for special case of (4.23) wijtl= 0 in a detailed manner.

Example4 — Srinivasa Raet al. [24] studied the ordinary differential equation

4 ) .
9"+ 29 + ——g = 2glg| V% — Arglg|* Tt =0 (4.29)

obtained from the similarity reduction of
wp + u@ D/ 2 4\ = gum, reR, t>0; (4.30)

herea > 1, A € Randé > 0 (small) are constants. They studied the connection problem for (4.29)
with the boundary conditions

g(n) ~ Ae™ T 3=/ @D a5 o0, (4.31)
g—0asn— —o0 org— AMa—1)]""@ D agy - —oo,

g >0, |g| < coon (—o0,0).

This was initially studied by Sachdet al. [18] while studying the intermediate asymptotic
nature of the solutions of ordinary differential equation (4.29) for the initial value problems of
(4.30). Sachdeet al. [18] observed numerically that far < o < 3 andA > 0, self-similar
solutions are the intermediate asymptotics for solutions of (4.30) with initial conditions that have
rapid decay at-co.

We explain here the results of Srinivasa Ra@l [24] for the parametric range > 3, A € R
only. They proved the local existence and uniqueness of solutign-asco using a contraction
principle by analyzing an integral equation obtained from (4.29) and (4.31). Meréhe shooting
parameter. If the solution of (4.29) is positive orf—oco, oo) andg — 0 asn — —oo, theng’ — 0
asn — —oo. They showed that if the positive solutignof (4.29) satisfying (4.31) is tending to
zero as) — —oo, then

g = O™ |y D) or
g = O™ ) as § — —oo.

These expressions for asymptotic behaviors and also characterization of solutions decaying to 0
(asn — —oco) were given in terms of’ /g as in Breziset al. [4].
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For all A > 0, all the solutions of (4.29) satisfying (4.31) are positiveRand have algebraic
decay ag; — —oo in the parametric range > 3, A = 0.

For the parametric range > 3, A > 0, three types of solutions of (4.29), (4.31) are possible.
(i) g > 0 exists on(—o0, c0) andg — 0 algebraically ag — —oc.

(i) g > 0 exists on(—oco, 00) andg — gy asn — —oo; hereyy = (A(a — 1))~V (@=1),

(iii) g > 0 exists onjag, o) such thay(ag) = 7o for someqy € R.

Srinivasa Racet al. [24] characterized these solutions of (4.29) satisfying (4.31) using the

function
g 2, 4\

B0 =+ o o

a+1

in the following manner.

) If g, ¢ — 0,thenE — 0 asn — —oc.

. 2
(i) If g — 79, ¢ — 0asy — —oo, thenE — n 173 asn — —oo.
o'

%

ii ) If = f henE(n;) >
(iii) It g(m) = o for somen,, thenE(m) > ———

For A > 0 sufficiently small, the solutions of (4.29) satisfying (4.31) are positiveRoand
decay algebraically to zero as— —oo whena > 3, A > 0. Existence of a solution of (4.29),
(4.31) assuming the valie (a—1))~'/(@=1) at somey, was proved using upper and lower solution
methods for the same parametric range.

Define

S1 ={A > 0|ga(n) > 0is the solution of (4.29) and (4.31) apd(n:1) = o for somen; },
Sa = {A > 0|ga(n) > 0is the solution of (4.29) and (4.31) apd(n) — o asn — —oo} and
S3 = {A > 0|ga(n) > 0is the solution of (4.29) and (4.31) apd(n) — 0 asn — —oo}.
S; andSs are shown to be non-empty open sets a&ndJ S5 # (0, 00). This proves the existence
of a monotonic solution of (4.29), (4.31) tendingiipasn — —oc.

Fora > 3, A < 0, when A is sufficiently small, solution of (4.29) satisfying (4.31) is positive
on (—oo,00) and decays to zero as— —oo. Their numerical study suggested that forsuffi-
ciently large, solutions are with finite zero. This may lead to the existence of positive solutions with
exponential decay at bothoo and—oc.

We refer to Srinivasa Raet al. [22] for a study of an initial value problem for (4.29) numerically
and analytically. A reference may be made to the work of Geetiial. [6], wherein they studied the
initial value problem

(Ju'|P~2u) + Bu’ + au — y|u|? tu|u/ [P~2/ = 0, r >0, (4.32)
u(0) = A and v/ (0) = 0, (4.33)



A SURVEY ON SHOOTING ARGUMENTS FOR BOUNDARY VALUE PROBLEMS 513

whereA > 0,p > 2,¢>1,a >0, 3 > 0andy € R. Eq. (4.32) is a generalization of the ordinary
differential equation derived from the nonlinear parabolic equation.

k
U — (U |P2U,), = —;U + Ut U, P,
- o<z <o 0<t<oo, (4.34)

wherek > 0, p > 2 andqg > 1. They discussed three aspects-existence and uniqueness of so-
lutions, asymptotic behaviour of positive solutions and classification of solutions. The problem
(4.32)—(4.33) is an initial value problem but the analysis fits very well here.

Examples — Peletieret al. [16] studied the boundary value problem

u — [T+ P =0 onR, \>0, (4.35)
u(z) > 0onR, uisnon — trivial, (4.36)
u(x) - 0 as z — +o0, (4.37)

wherep, ¢ are positive constants. This problem arises when dealing with nonnegative radially sym-
metric equilibrium solutions [called ground states:.if— 0 asxz — oc] of the partial differential
equation

up = Au — |Vul? 4+ MuP~'u, A > 0. (4.38)

To show the existence and nonexistence of solutions by shooting arguments for the boundary
, . 2 .
value problem (4.35)-(4.37) in the parametric rafge p < oo andg < % , they studied the
p

initial value problem

u —|u'|7+uP =0 onR, (4.39)
u(0) =~ and u'(0) =0, v>0, (4.40)

with the condition
zu'(x) < 0 whenever u is positive and x # 0. (4.412)

In (4.39), A is taken to bel as it can be scaled out when# p2+pl' Since the equation is
invariant under the transformatian— —z, it suffices to consider the boundary value problem on
[0,00) only. The solutions of (4.35)—(4.37) satisfying (4.40)—(4.41) are referred to as ‘restricted
ground states’. Note thatis the shooting parameter. Further the equation (4.35) is an autonomous,
hence it is possible to express the ground states in terms of restricted ground states.

Peletieret al. [16] analyzed the initial value problem (4.39)—(4.41) in the phase plane by con-
sidering the relevant system of first order differential equations

/
U = —w,

/
vo= ufl -
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in the region@ = {u > 0, v > 0}. Local existence and uniqueness for the above system were
proved. They also proved the invariance of the regign= {0 < u < uy, u® < v < Au®} for
every\ > 1; this \ is different from that appearing in (4.35), = p/q. They defined. to be the
supremum of values af along the orbif{u, v) in Q. Peletieret al. [16] showed that

(u(x),v(x)) — (0,v9) as x — & for some vy > 0.

Whenvy = 0, they characterized the positive solutions of (4.39)—(4.40) using the values of the
limit liné v(z)/u®(x) = 1 or oo, wherea = p/q. The latter case corresponds to
xr—

v(x)

iy uP ()

=077, B=1/2-4q) (4.42)

and corresponding orbit is unique (if such orbit exists). They also gave the explicit asymptotic
expressions fov in terms ofu whenw is small. They considered the sets

In = {v€(0,00) : (uy,v,) ultimately enters one of the invariant domains €},

I = {v€(0,00): (uy,v,) ultimately enters the domain v > (u/3)"}

and showed that small values-pfall in I, and large values of in I;. Furtherly areI; are open
and disjoint. Sincdy U I; # (0, 00), there exists &y such that the corresponding orbit has the
property (4.42). Thigy turns out to be unique. They proved that

(i) if u(0) < 70, u has compact support whén< p < ¢ andu is positive on(0, oo) for p > ¢
(i) if w(0) = 0, u has a compact support when< 1 andw is positive on(0, co) for g > 1
(iii) if u(0) > ~0,u changes the sign.

2p 2p

Finally, they showed that (i) no ground state existsfosr ——,p > 0; (i) wheng = ——,
p+1 %) p+1
2p)P

ground state exists for the boundary value problem (4.35)-(4.37) ifand onkg if————,p >
(p_|_ 1>2p+1
0.

Example6 — Kaper, Knaap and Kwong [8] considered the differential equation
(Ju'[P=2Y + f(t,u) =0, to<t<ty, p>1, (4.43)

wherep is a constant ang is continuous, need not be Lipschitz. While working witth.aplace
equation,
V.(|VulP72Vu) + f(|z|,u) =0, z€ QCRY, N >p, (4.44)

we come across (4.43). Assuming thatf(ils continuous otltg, t1] x [0, c0),

(i) lim f(¢,u)/uP~! = oo, uniformly int on[ty, t;] and (iii) lim_ f(t,u)/uP~t =1 <0, uni-
U—00 u—0
formly in ¢ on [to, t1], Kaperet al. [8] showed that the differential equation (4.43) subject to the
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conditions

u,(to) = O, u(tl) = O, (445)
u(t) >0, tp<t<ty (4.46)

has a solution. Sincg is not assumed to be Lipschitz, uniqueness may not be there. So they
used a perturbation technique. They replaced the given problem with a sequence of boundary value
problems, which are amenable to analysis using shooting arguments. The existence of the given
problem is obtained in the limit.

We also refer the reader to Sachdev [17], Bai¢wl [1] and Bernfeld and Lakshmikantham
[2] for some more work on shooting arguments.

ACKNOWLEDGEMENTS

ChSR was supported by the project MAT/03-04/075/NFSC/SRIN funded By 8R, IIT Madras,
Chennai, India and ES was supported by CSIR, New Delhi, India.

REFERENCES

=

. P. B. Bailey, L. F. Shampine and P. E. Waltmalgnlinear two point boundary value problej#sca-
demic Press, New York, 1968.

2. S.R. Bernfeld, V. Lakshmikantharn introduction to nonlinear boundary value problerAsademic
Press, New York, 1974.

3. Brian Bradie A friendly introduction to numerical analysiBearson Prentice Hall, New Jersey, 2006.

4. H. Brezis, L. A. Peletier and D. Terman, A very singular solution of the heat equation with absorption,
Arch. Rat. Mech. Anal95 (1986), 185-209.

5. T. Cazenave and M. Escobedo, A two-parameter shooting problem for a second order differential
equation,J. Diff. Eqns, 113(1994), 418-451.

6. A. Gmira, A. Hamydy and S. Ouailal, Self-similar solutions of generalized Burgers equiatemtron.
J. Diff. Egns, 2005(2005), 1-22.

7. R. E. Grundy, C. J. Van Duijn and C. N. Dawson, Asymptotic profiles with finite mass in one dimen-
tional contaminent transport through porous media: The fast reaction@adeMech. Appl. Math
47 (1994), 69-106.

8. H. G. Kaper, M. Knaap and M. K. Kwong, Existence theorems for second order boundary value
problemsDifferential and Integral Equationst (1991), 543-554.

9. Man Kam Kwong, The shooting method and multiple solutions of two/multi-point BVPs of second-
order ODE Elect. J. Qual. Theory of Diff. Eg6 (2006), 1-14.

10. G. Leoni, Existence of solutions for strongly degenerate differential syst€ais, Var, 5 (1997),
435-462.



516

11

12

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

CH. SRINIVASA RAO AND E. SATYANARAYANA

. G. Leoni, On the existence of fast-decay solutions for a quasilinear elliptic equation with a gradient
term,Atti Sem. Mat. Fis. Univ. Modenal6 (1998), 827-846.

. J. Mawhin,Boundary value problems for nonlinear ordinary differential equations: from successive
approximations to topology, Development of Mathemati®0-1950. Birkhuser, Basel, (1994),
443-478.

J. B. McLeod, The existence of a non-negative solution of an ordinary differential equation arising in
electromagnetic theoriyonlinear Analysis 1 (1977), 679—-689.

L. A. Peletier and H. C. Serafini, A very singular solution and other self-similar solutions of the heat
equation with convectioonlinear Analysis TMA24 (1995), 29-49.

L. A. Peletier and J. Serrin, Uniqueness of positive solutions of semilinear equati@ifis Arch. Rat.
Mech. Anal, 81 (1983), 181-197.

L. A. Peletier, J. Serrin and H. Zou, Ground states of a quasilinear equBiiterential and Integral
Equations7 (1994), 1063-1082.

P. L. SachdeWwonlinear ordinary differential equations and their applicatiophdarcel Dekker. New
York, 1991.

P. L. Sachdev, K. R. C. Nair and V. G. Tikekar, Generalized Burgers equations and Euler-Painleve
transcendents 0. Math. Phys 27 (1986), 1506—1522.

P. L. Sachdev and K. R. C. Nair, Generalized Burgers equations and Euler-Painleve transcendents Il,
J. Math. Phys 28(1987), 997-1004.

C. Severini, Sopra gli integrali delle equazioni differenziali ordinarie di ordine superiore al primo con
valori prestabiliti in punti datiAtti R. Acc. Toring, 40 (1904-1905), 853—869.

C. Severini, Sopra gli integrali delle equazioni differenziali del secondo ordine con valori prestabiliti
in due punti datiAtti R. Acc. Toring, 40 (1904-1905), 1035-1040.

Ch. Srinivasa Rao, P. L. Sachdev and Mythily Ramaswamy, Analysis of the self-similar solutions of a
Generalized Burgers equation with nonlinear dampiiath. Problems in Engg7 (2001), 253-282.

Ch. Srinivasa Rao, P. L. Sachdev and Mythily Ramaswamy, Analysis of the self-similar solutions of
the nonplanar Burgers equatidonlinear Analysis51 (2002), 1447-1472.

Ch. Srinivasa Rao, P. L. Sachdev and Mythily Ramaswamy, Self-similar solutions of a Generalized
Burgers equation with nonlinear dampimdpnlinear Analysis RWAL (2003), 723-741.



