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In this survey, we explain shooting arguments for proving existence of solutions to boundary

value problems posed for nonlinear ordinary differential equations. All the examples (except

one) involve shooting on infinite intervals.
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1. INTRODUCTION

In this expository article, we explain the shooting arguments for proving the existence of solutions

for boundary value problems. In general, shooting arguments may be applied in two ways. In one

of the approaches, the continuous dependence of the parameters is made use of and in the other

approach, the existence of upper and lower solutions is utilized. Some interesting comments may

be seen in Kaperet al. [8].

We concentrate on the former approach here and explain a shooting argument with an example

(see Mawhin [12]). Consider the boundary value problem

y′′ + f(x, y, y′) = 0, x ∈ [a, b], y(a) = A, y(b) = B. (1.1)

In shooting arguments, we replace the boundary conditions with suitable initial conditions and

thus a suitable initial value problem is posed. Here the initial value problem

y′′ + f(x, y, y′) = 0, y(a) = A, y′(a) = c (1.2)

1Dedicated to School of Mathematics, University of Hyderabad, Hyderabad.
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is considered. Then look for the existence, uniqueness of the solutions of (1.2) and continuous

dependence of the solutions of (1.2) on the parameterc. Now suppose that a unique solution of

(1.2) exists and is denoted byy(x, c); furthery(x, c) depends onc continuously. Our problem now

is to show the existence of a real numberĉ such thaty(b, ĉ) = B. If we can show that there exist

two constantsc1 andc2 such thaty(b, c1) > B andy(b, c2) < B, then by the intermediate value

theorem and the continuous dependence on the parameterc, the given boundary value problem (1.1)

would have a solution.

Mawhin [12] pointed out that shooting argument was introduced by Severini (see [20, 21]).

Severini considered the boundary value problem (1.1) and assumedf to be continuous. Severini

proved that there exists a solution to (1.1) ifb−a andB−A
b−a are sufficiently small. We refer the reader

to an interesting survey on boundary value problems for nonlinear ordinary differential equations

by Mawhin [12].

A shooting argument may involve the following aspects: (i) choice of shooting parameter(s)

(ii) ‘shooting site’ (iii) local existence and uniqueness of solutions (iv) asymptotic behaviour of so-

lutions at±∞ (v) characterization of solutions and (vi) openness of some sets. In a recent article,

Kwong [9] puts forward the importance of shooting arguments in the following way: “ in the special

case of second-order equations, the shooting method can be an effective tool, sometimes yielding

better results than those obtainable via fixed point techniques”. We may point out that the analysis

with small/large values of shooting parameter(s) is relatively easy when compared to moderate val-

ues of shooting parameter(s). Moderate values of shooting parameters may be handled by numerical

solutions. Thus we may observe that a judicial mix of analysis and numerics of a differential equa-

tion gives a better insight to the understanding of solutions of differential equations. We quote the

comments of McLeod [13] on the shooting arguments: “A shooting argument thus breaks naturally

into two parts. One of which should be accessible to an analyst and other to the computer. It be-

comes therefore a very powerful tool for the proof of existence of solutions of two-point boundary

value problems”.

For the readers, who are interested in an introduction to numerical aspects of shooting arguments

for boundary value problems, we refer to Brian Bradie [3].

The plan of this article is as follows. Section 2 deals with a solution of the heat equation with

absorption. Section 3 deals with the self-similar solutions of the modified burgers equation. In

section 4, we give a review of some other related work on shooting arguments.

2. EXISTENCE OF A SOLUTION OF THE HEAT EQUATION WITH ABSORPTION

In this section, we explain the concepts of shooting arguments with an example due to Brezis,

Peletier and Terman [4]. They considered the ordinary differential equation

u′′ +
(

N − 1
x

+
x

2

)
u′ +

α

2
u− up = 0, 0 < x < ∞, (2.1)

subject to the conditions

u > 0, 0 ≤ x < ∞, (2.2)



A SURVEY ON SHOOTING ARGUMENTS FOR BOUNDARY VALUE PROBLEMS 497

u′(0) = 0, u(∞) = 0, (2.3)

whereα > 0, p > 1 andα > N . Equation (2.1) is a generalization of an ordinary differential

equation obtained from the heat equation with absorption, namely

ut −4u + up = 0, (x, t) ∈ RN × (0,∞), N ≥ 1.

Breziset al. [4] proved the existence and uniqueness of a solution of (2.1)–(2.3) satisfying the

condition

lim
x→∞xαu(x) = 0, (2.4)

by applying shooting arguments; the analysis was done in phase plane(u, u′).
Now we explain their argument. Recasting (2.1) as a system of first order equations, we get

u′ = v, (2.5)

v′ = −
(

N − 1
x

+
x

2

)
v − f(u); (2.6)

heref(u) = α
2 u− up. Suppose that(u(x, ν), v(x, ν)) be the solution of (2.5)–(2.6) satisfying

(u(0, ν), v(0, ν)) = (ν, 0). (2.7)

Note thatν > 0 is the shooting parameter here and0 < ν <
(

α
2

)1/(p−1) ≡ A. Local existence

and uniqueness of solutions for (2.5)–(2.7) are assured (see [10, 11, 15]). Peletier and Serrin [15]

showed thatlim
x→0

u′(x, ν)
x

= u′′(0, ν) = − 1
N

f(ν). u′′(0, ν) < 0 implies that for sufficiently small

x, u′ is negative and hence initiallyu is decreasing. Suppose thatu′ = 0 for somex̃ > 0 and

u(x̃) > 0. Thenu(x̃) < A andu′′(x̃) = −f(u(x̃)) < 0. Henceu can’t have a positive local

minimum. Thusu decreases(u′ < 0) as long asu > 0. The task now is to prove the existence of a

positive real numberν such thatu(x, ν), the solution of the initial value problem (2.1)–(2.3)1 with

u(0, ν) = ν, has the required behaviour (2.3)2 at infinity.

Define

Lλ = {(u, v) : 0 ≤ u ≤ A, v ≤ 0, v ≥ −λu}, whereA =
(

α
2

)1/(p−1)
andλ > 0.

Brezis et al. [4] proved that, if(u(x, ν), v(x, ν)) entersLλ for sufficiently largex0, then

(u(x, ν), v(x, ν)) ∈ Lλ for all x ≥ x0. In otherwords, the solution gets trapped inLλ. Precisely,

they proved the following lemma.

Lemma2.1. — Letλ > 0 and(u(x, ν), v(x, ν)) be the solution of (2.5)–(2.6) and(u(x0, ν),
v(x0, ν)) ∈ Lλ for somex0 ≥ ξλ ≡ 2λ + α

λ . Then(u(x, ν), v(x, ν)) ∈ Lλ for all x ≥ x0.

PROOF: The solution(u(x, ν), v(x, ν)) of (2.5)–(2.7) can neither pass through the point(A, 0)
nor (0, 0) as they are the critical points. Along the line segmentv = 0, 0 < u < A, by (2.6),

v′ = −f(u) < 0. i.e.,v decreases and hence the solution can’t leaveLλ via v = 0, 0 < u < A.

Again along the lineu = A, v < 0, we observe thatu′ = v < 0 and henceu decreases and the
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solution is pointed inwardLλ. Onv = −λu, we have

v′

u′
= −

(
N − 1

x
+

x

2

)
− f(u)

v

= −
(

N − 1
x

+
x

2

)
+

α

2λ
− up−1

λ

< −
(

N − 1
x

+
x

2

)
+

α

2λ
< −λ, since x > ξλ.

Thusv′ + λu′ > 0. This in turn gives(v + λu)′ > 0. i.e., v + λu is increasing. Thus we have
v
u > −λ. Hence(u, v) ∈ Lλ for all x ≥ x0. Thus the solution(u(x, ν), v(x, ν)) of (2.5)–(2.7) can’t

exit the regionLλ through the segmentsu = A, v ≤ 0 or v = −λu or v = 0, 0 ≤ u ≤ A.

Remark: Breziset al. [4] proved that the positive solutions of (2.5)–(2.7) with0 < ν < A

vanish asx → ∞. Further they showed that ifu(x, ν) is positive on[0,∞), then lim
x→∞

v(x)
u(x)

exists

and is either−∞ or 0 (see Breziset al. [4] for detailed proofs). Thus, positive solutions are charac-

terized by the value of the limitlim
x→∞

v(x)
u(x)

. They proved that

(i) lim
x→∞

u′

u
= 0 corresponds to the solutions with asymptotic behaviouru = O(x−α) asx →∞

[referred to as slow orbits].

(ii ) lim
x→∞

u′

u
= −∞ corresponds to the solutions with asymptotic behaviouru = O

(
e−x2/4xα−N

)

asx →∞ [referred to as fast orbits].

Let S =
{

ν ∈ (0, A) : u(x, ν) > 0 ∀x > 0 and lim
x→∞

v(x, ν)
u(x, ν)

= 0
}

.

Proposition 2.2.— S is nonempty and open.

PROOF: It is known thatv′ < 0 on the line segmentv = 0, 0 < u < A (see (2.6)) and

(u(x,A), v(x, A)) = (A, 0) for all x ≥ 0. So for a givenλ, making use of the continuous depen-

dence on the initial data, we can chooseν sufficiently close toA such that(u(x, ν), v(x, ν)) ∈ Lλ

for 0 ≤ x ≤ ξλ. And now by Lemma 2.1,(u(x, ν), v(x, ν)) ∈ Lλ for all x ≥ 0. Thus
v(x, ν)
u(x, ν)

≥ −λ for all x ≥ 0, which in turn gives lim
x→∞

v(x, ν)
u(x, ν)

6= −∞. Hence lim
x→∞

v(x, ν)
u(x, ν)

= 0

(see the Remark above Proposition 2.2.) and henceS is nonempty. To prove the openness ofS,

let ν∗ ∈ S. By the definition ofS, lim
x→∞

v(x, ν∗)
u(x, ν∗)

= 0. This implies that for anyλ > 0 there

exists a positivexλ such that
v(x, ν∗)
u(x, ν∗)

> −λ for all x > xλ. Let x∗ = 2 max{ξ2λ, xλ} and

Bρ = {(u, v) : ‖(u, v)− (u(x∗, ν∗), v(x∗, ν∗)) ‖ < ρ}; ρ is chosen so thatBρ ⊆ L2λ. The contin-

uous dependence on the initial data leads to existence of anε > 0 such that(u(x∗, ν), v(x∗, ν))
∈ Bρ when |ν − ν∗| < ε. Sinceu(x, ν) is a decreasing function,u(x, ν) ≥ u(x∗, ν) > 0 for

0 ≤ x ≤ x∗ and by Lemma 2.1,(u(x, ν), v(x, ν)) ∈ L2λ for x ≥ x∗ (see the definition of
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x∗). Thus lim
x→∞

v(x, ν)
u(x, ν)

≥ −2λ > −∞. Therefore lim
x→∞

v(x, ν)
u(x, ν)

= 0 (see the Remark) and hence

(ν∗ − ε, ν∗ + ε) ⊂ S.

In the above lemma, it was shown that whenν is sufficiently close toA, the solutions of

(2.5)–(2.7) are with algebraic decay asη → ∞. Brezis et al. [4] showed that the solutions of

(2.5)-(2.7) with sufficiently smallν have a finite zero and this result is presented in the following

lemma.

Lemma 2.3— Suppose thatα > N andν1 = (α−N
2 )

1
p−1 . Then for0 < ν < ν1, u(x, ν)

satisfying (2.5)-(2.7) vanishes at a finitex0.

PROOF: Suppose for contradiction thatu(x, ν) > 0 for all x ≥ 0. Multiplying (2.1) withxN−1

and integrating between 0 andx, we arrive at

xN−1u′(x, ν) +
1
2
xNu(x, ν) =

N − α

2

∫ x

0
sN−1u(s, ν)ds +

∫ x

0
sN−1up(s, ν)ds. (2.8)

Note that integration by parts was used for the integral containingxNu′(x, ν) to arrive at (2.8).

As u is decreasing on[0,∞), (2.8) can be written as

xN−1u′(x, ν) +
1
2
xNu(x, ν) < −

(
νp−1
1 − νp−1

)∫ x

0
sN−1u(s, ν)ds. (2.9)

Using the fact thatνp−1
1 − νp−1 > 0, we haveu′(x, ν) + 1

2xu(x, ν) < 0. This in turn implies

that

u(x, ν) < ν exp
(
−x2

4

)
for all x > 0. (2.10)

Let
(
νp−1
1 − νp−1

) ∫∞
0 sN−1u(s, ν)ds = 2δ [integral exists because of (2.10)]. Making use of

(2.10), we get from (2.9) that

lim sup
x→∞

xN−1u′(x, ν) ≤ −2δ.

Then, there exists aR0 > 0 such thatxN−1u′ < −δ for x > R0. Dividing with xN−1 and

integrating fromx to R, x > R0, we have

u(x, ν) > u(R, ν) +
δ

2−N

(
R2−N − x2−N

)
, if N 6= 2, (2.11)

u(x, ν) > u(R, ν) + δ log
(

R

x

)
, if N = 2. (2.12)

ForN < 2, RHS of (2.11) becomes unbounded asR →∞ which is impossible. WhenN > 2,

asR →∞ in (2.11), we arrive atu(x, ν) ≥ δ
N−2x2−N for x > R0 which contradicts (2.10). Again

for N = 2, taking the limitR → ∞, u becomes unbounded, a contradiction. Thusu(x, ν) has to

vanish for some finitex > 0.
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Let

S̃ = {0 < ν < A : u(x, ν) has a finite zero}.

The above lemma gives the nonemptyness ofS̃ and it can be seen easily thatS̃ is open. Since

S, S̃ are disjoint, nonempty and open,S ∪ S̃ 6= (0, A) and hence there exists aν0 such that

ν0 ∈ (0, A) \ {S ∪ S̃}. By the Remark,u(x, ν0) is a solution of (2.1)–(2.4) with exponential decay

asx →∞.

Further the solution of (2.1) subject to (2.2)–(2.4) is unique. They also gave the expressions for

asymptotic behaviors ofu asx →∞whenu is positive using an elementary principle - L’Hôspital’s

rule (see Breziset al. [4]).

3. SELF-SIMILAR SOLUTIONS OF THEMODIFIED BURGERSEQUATION

Here we explain a shooting argument with an example due to Srinivasa Raoet al. [23]. Srinivasa

Raoet al. [23] studied the boundary value problem

f ′′ + 2ηf ′ +
2
α

f − 2
3
2 fαf ′ = 0, (3.1)

f ′(0) = 0, f → 0 as η → ±∞ and f > 0 on (−∞,∞). (3.2)

Eq. (3.1) is obtained from the modified Burgers equation

ut + uαux =
δ

2
uxx, α > 0, δ > 0, (3.3)

using a similarity transformation. To prove the existence of a solution of (3.1)-(3.2), Srinivasa Rao

et al. [23] considered (3.1) with initial conditions

f(0) = ν and f ′(0) = 0, (3.4)

whereν > 0 is a constant. Hereν is the shooting parameter. Local existence and uniqueness of

solutions for (3.1), (3.4) are assured by the Picard’s theorem. Letf(η, ν) be the solution of (3.1)

satisfying (3.4) on its maximal interval of existence. We usef(η) instead off(η, ν) for the sake of

simplicity. We explain the results forα > 1 andη ≥ 0 only. However, Srinivasa Raoet al. [23]

analyzed (3.1) with (3.4) on(−∞, 0] also. The following are their results for the interval[0,∞).

Theorem— Assume thatα > 1. Let f be a solution of(3.1)satisfying(3.4). Then there exists

ν∗ > 0 such that

(i) if ν > ν∗, f has a zero at a finite point on(0,∞),

(ii ) if ν = ν∗, f is positive on[0,∞) and decays exponentially to zero asη →∞,

(iii ) if ν < ν∗, f is positive on[0,∞) and decays algebraically to zero asη →∞.
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Now we explain their proof of the above theorem. Srinivasa Raoet al. [23] proved that iff is a

positive solution of (3.1) satisfying (3.4) on[0,∞), thenf, f ′ → 0 asη → ∞ andf is decreasing

on [0,∞). Following the work of Breziset al. [4], they arrived at the following

(a) If f > 0 on [0,∞), then lim
η→∞

f ′

f
exists and is either0 or−∞.

(b) [Exponentially decaying solutions] Iff > 0 on [0,∞) and lim
η→∞

f ′

f
= −∞, then f =

O(e−η2
η−(α−1)/α) asη →∞.

(c) [Algebraically decaying solutions] Iff > 0 on[0,∞) and lim
η→∞

f ′

f
= 0, thenf = O

(
η−1/α

)

asη →∞.

Results (a)–(c) stated above characterize the positive solutions of (3.1) satisfying (3.4).

Srinivasa Raoet al. [23] gave another characterization for the positive solutions of (3.1) subject

to (3.4) in terms of the functionfeη2

(i) f decays algebraically to zero asη →∞ iff feη2
increases forη sufficiently large.

(ii ) f decays exponentially to zero asη →∞ iff feη2
decreases forη sufficiently large.

Define

S1 = {ν > 0 | f(η, ν) is positive on[0,∞) and decreases algebraically to zero asη →∞},
S2 = {ν > 0 | f(η, ν) is positive on[0,∞) and decreases exponentially to zero asη → ∞}

and

S3 = {ν > 0 | f(η, ν) has a finite zero on(0,∞)}.
Clearly,S1, S2 andS3 are disjoint.

Lemma3.1 —S1 is nonempty.

PROOF: Srinivasa Raoet al. [23] showed that forν <
[

(α−1)3

4α2

]1/2α
, the solutionf(η) of (3.1)

satisfying (3.4) is positive on[0,∞) and decays algebraically to zero asη → ∞. For proving this,

define

h(s) ≡ cf1−α(s) + f ′(s), c =
α− 1√

2α
> 0, (3.5)

h1(η) = 2
3
2 fα(η)h(η). (3.6)

Observe thath(0) = cν1−α > 0 andh1(0) = 2
3
2 νc > 0. Thush andh1 are initially positive.

We explain the proof of this lemma in two steps.

Step1 — We claim that ifη1 andη2 are the first zeros ofh1 andf respectively, thenη2 > η1.

Suppose for contradiction thatη2 ≤ η1. Thenh1(η) ≥ 0 on [0, η2], f(η) ≥ 0 on [0, η2], f ′(η2) ≤ 0.

An integration of (3.1) with respect toη from 0 to η gives
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f ′(η) + 2ηf =
∫ η

0
h1(s)ds. (3.7)

Insertingη = η2 in (3.7), we getf ′(η2) > 0, a contradiction. Henceη2 > η1 and thusf can’t

vanish before the zero ofh1.

Step2 — We prove here that forν <
[

(α−1)3

4α2

] 1
2α

, h1 > 0 on (0,∞). Suppose for contradiction

thatη1 is the first zero ofh1. Then by step 1,f > 0 on [0, η1]. By the definition ofh, h > 0 on

[0, η1) andh(η1) = 0, h′(η1) ≤ 0 andf ′(η1) = −cf1−α(η1). It can be shown that

h′(η1) > f(η1)
[
(α− 1)3

2α2
ν−2α − 2

]
> 0,

sinceν <
[

(α−1)3

4α2

] 1
2α

, a contradiction. Thush can’t have a zero on[0,∞) and henceh1 is positive

on [0,∞), which in turn givesf > 0 on (0,∞). Further, the equation (3.7) gives that

(feη2
)′ > 0 for η ∈ (0,∞).

Using the characterization of algebraically decaying solutions asη →∞ (see the comments above

Lemma 3.1), we conclude thatf decays algebraically to zero asη →∞.

Lemma3.2 —S3 is nonempty.

PROOF: Srinivasa Raoet al. [23] showed that for sufficiently largeν, f(η, ν) has a finite zero.

Suppose that

f(η0(ν)) =
(

η0(ν)√
2

)1/α

.

Observe that

f ′′ = −f ′[2η − 2
3
2 fα]− 2

α
f < 0

on [0, η0(ν)) asf >
(

η√
2

) 1
α

andf ′ < 0. This implies that

f(η) ≥ ν + η

[
f(η0(ν))− ν

ηo(ν)

]
, η ∈ [0, η0(ν)]. (3.8)

Now onwards,η0 will be used instead ofη0(ν) for the sake of simplicity. They proved this

lemma in four steps.

Step1 — f ′(η0) satisfies the following bounds.

− α

α + 1
2(2α−1)/2αη

(α+1)/α
0 − 23/2

α + 1
να+1 +

2(α− 1)
α

νη0 ≥ f ′(η0)

≥ 2−1/2α

α(α + 1)
(−α2 − 1

)
η

(α+1)/α
0 − 23/2

α + 1
να+1 +

(α− 1)
α

νη0. (3.9)

An integration of (3.1) from0 to η0 gives
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f ′(η0) = − α

α + 1
2(2α−1)/2αη

(α+1)/α
0 − 23/2

α + 1
να+1 +

2α− 2
α

∫ η0

0
fds. (3.10)

The bounds given above are the consequence off(η) ≤ ν, (3.8) and (3.10).

Step2 — Srinivasa Raoet al. [23] next proved thatη0(ν) is bounded. Rewriting (3.1),

f ′′ +
2
α

f = f ′
[
23/2fα − 2η

]
.

Sincef ′ < 0 andf(η) ≥ (η/
√

2)1/α on [0, η0],

f ′′ +
2
α

f ≤ 0

on [0, η0]. Integrating with respect toη from 0 to η , we get

f ′(η) ≤ − 2
α

∫ η

0
fds. (3.11)

Using (3.8) in (3.11), we arrive at

f ′(η) ≤ − 2
α

[
νη +

η2

2

(
f(η0)− ν

η0

)]
.

Integrating again w.r.t.η from 0 to η0, we arrive at

ν

(
1− 2

3α
η2
0

)
− f(η0)

(
1
3α

η2
0 + 1

)
≥ 0.

This in turn gives that

η0 ≤
(

3α

2

)1/2

.

Step3 — f ′(η0) ∼ − 23/2

α+1να+1 asν →∞.

Using the fact thatη0 is bounded fromstep 2 in the bounds forf ′ (see (3.9)), we have the

required result.

Step4 — We now show that forν sufficiently large,f has a finite zero.

Suppose thatf > 0 on [0,∞) and hencef ′ < 0 on (0,∞). Eq. (3.1) gives

f ′′ + 2ηf ′ +
2
α

f ≤ 0.

An Integration of the above equation fromη0 to η and usingf(η) ≤ f(η0) on [η0,∞), we get

after some simplification

f ′(η)− f ′(η0)− 2η0f(η0) ≤ 2(α− 1)
α

f(η0)(η − η0). (3.12)

Again an integration of (3.12) on(η0, η) gives
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f(η) ≤ f(η0) +
(

f ′(η0) + 2η0f(η0)
)

(η − η0) +
(α− 1)

α
f(η0)(η − η0)2. (3.13)

Fix η. Let ν → ∞ in (3.13), thenf(η) < 0, becauseη0 is bounded andf ′(η0) ∼ −23/2

α+1 να+1

asν → ∞. Hence a contradiction. Thusf can’t be positive on(0,∞) for ν sufficiently large. As

in the previous section, openness ofS1 andS3 can be shown. SinceS1 andS3 are disjoint and

S1 ∪ S3 6= (0,∞), there existsν0 such thatf(η, ν0) is positive and decays exponentially to zero as

η →∞. In fact, suchν0 is unique (see Srinivasa Raoet al. [23] for more details).

4. SOME MORE EXAMPLES

We give here an account of some of the related work, wherein the shooting arguments were used

for proving the existence of solutions (satisfying certain conditions at−∞ and / or at+∞) for

boundary value problems involving nonlinear ordinary differential equations.

Example1 — Cazenave and Escobedo [5] studied the boundary value problem

u′′ + p|u|p−1u′ +
t

2
u′ +

1
2(p− 1)

u = 0, (4.1)

lim
t→∞u(t) = 0, lim

t→−∞(−t)−1/(p−1)u(t) = p−1/(p−1) and u ≥ 0; (4.2)

here1 < p < 2 andt ∈ R. Grundyet al. [7] arrived at the boundary value problem (4.1)–(4.2)

while constructing the large time asymptotic solutions for the initial value problem

∂

∂t
[u + up] +

∂u

∂x
− ∂2u

∂x2
= 0, x ∈ R, t > 0, (4.3)

u(x, 0) = u0(x) ≥ 0, u0 + up
0 ∈ L1(R); p > 0. (4.4)

For the parametric range1 < p < 2, Cazenave and Escobedo [5] proved the existence of

positive, monotonically decreasing solutionsuλ on (−∞,∞) satisfying lim
t→−∞(−t)−1/(p−1)uλ(t)

= p−1/(p−1) and lim
t→∞ t1/(p−1)uλ(t) = c(λ); herec(λ) is a continuous, increasing function defined

on [0,∞) to [0,∞) with c(0) = 0 and c(λ) → ∞ as λ → ∞. Further they proved that any

nontrivial, non-negative solution of (4.1) onR should be a member of the above family{uλ}.
Cazenave and Escobedo [5] analyzed the problem on the intervals(−∞, 0] and [0,∞) by posing

two initial value problems. They fixedu(0) = u0 and showed that there existsu′(0) = u′0 such that

the corresponding solutionu of (4.1) decays exponentially to zero ast → +∞. They also proved

the existence ofu′(0) = u′1 for which the solution is global and is ofO
(
(−t)1/(p−1)

)
ast → −∞.

Further they showed the existence ofx such that foru0 = x, u′0 becomes equal tou′1; the solution of

(4.1) withu(0) = x, u′(0) = u′1 = u′0 has the required exponential decay at+∞ and behaves like



A SURVEY ON SHOOTING ARGUMENTS FOR BOUNDARY VALUE PROBLEMS 505

(−t)1/(p−1) at−∞. Whenu0 > x, u′(0) = u′1, the corresponding solution of (4.1) isO(t−1/(p−1))
at +∞ andO((−t)1/(p−1)) at −∞. Cazenave and Escobedo [5] referred to this problem as two

parameter shooting problem. An interesting feature of this work is that bothu(0) andu′(0) are the

shooting parameters.

Having given a synopsis of their work, we shall explain now the steps involved in some detail.

Cazenave and Escobedo [5] considered (4.1) with initial conditions

u(0) = u0, u′(0) = u′0 (4.5)

for t ≥ 0. Hereu0 andu′0 are the shooting parameters. Local existence and uniqueness of solutions

are a consequence of Picard’s theorem. It is easy to see that the solutions are global. Cazenave and

Escobedo [5] showed that three types of solutions are possible: (i) solutions with finite zero

(ii) positive solutions with algebraic decay att = +∞ (iii) positive solutions with exponential decay

at t = +∞.

They considered the sets

N+ = {(u0, u
′
0) ∈ (0,∞)× R;u has a finite zero},

P+ = {(u0, u
′
0) ∈ (0,∞)× R;u > 0 and lim inf

t→∞ t1/(p−1)u(t) > 0} and

E+ = {(u0, u
′
0) ∈ (0,∞)× R;u > 0 and lim inf

t→∞ t1/(p−1)u(t) = 0}.

These sets are mutually disjoint andN+ ∪ P+ ∪ E+ = (0,∞)×R. Assuming thatu is a

nonnegative solution of (4.1) on[0, 1] satisfying (4.5) withu0 > 0 andu′0 ≤ 0, Cazenave and

Escobedo [5] proved thatu0 and u′0 satisfy the relationu′0 ≥ − u0C0

1− e−C0
, C0 = p|u0|p−1 +

1/2. This in turn implies that whenu′0 ≤ −M, with M >
u0C0

1− e−C0
, solutions of (4.1) satisfying

(4.5) cannot be nonnegative on[0, 1]. ThusN+ is non-empty. Openness ofN+ follows from

the continuous dependence ofu on the initial data(u0, u
′
0). They also proved thatu, u′ → 0 as

t → ∞ for any solutionu of (4.1) with u0, u
′
0 ∈ R. They characterized the positive solutions of

(4.1) in terms of
u′

u
as in Breziset al. [4]: (i) If u is a positive solution of (4.1), then

u′

u
→ l as

t → ∞; l = 0 or − ∞. (ii) l = 0 corresponds to the positive solutions with algebraic decay

(u = O(t−1/(p−1)) ast →∞) andl = −∞ corresponds to the positive solutions with exponential

decay
(
u = O(t(2−p)/(p−1)e−t2/4) as t →∞

)
. They also arrived at a trapping region similar to

that of Breziset al. [4]. The result reads as follows.

Let ν > 0 andDν = {(u, v) ∈ R2 : u > 0, v < 0, v + νu > 0}. If u is a solution of (4.1) with

(u(τ), u′(τ)) ∈ Dν for τ > 2ν +
1

(p− 1)ν
, then(u(t), u′(t)) ∈ Dν for all t ≥ τ .

For proving the existence of algebraically decaying positive solutions ast → ∞, they used the

fact that the solution that falls eventually in the setD1 has algebraic decay ast →∞. Now we shall

explain the idea of the proof of the existence of algebraically decaying positive solutions ast →∞.
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Let 0 < δ < 1 andM > 0 be the constants satisfying the conditions
1− δ

δ
> 2 +

1
p− 1

and

δp(p−1)Mp−1 = 1. Suppose thatu is a solution of (4.1) withu(t0) ≥ M andu′(t0) ≥ −δu(t0) for

somet0 ≥ 0. It is easy to see that there existsτ ≥ t0 such thatu(τ) ≥ M and0 ≥ u′(τ) ≥ −δu(τ).
Thus,(u(τ), u′(τ)) ∈ D1 and Cazenave and Escobedo [5] proved that(u(t), u′(t)) can’t exitD1

for t ≥ τ and henceu has the required algebraic decay at+∞. ThusP+ is nonempty. They also

proved that for everyu0 > 0 andu′0 > 0 sufficiently large, the solution of (4.1) satisfying (4.5) is

positive for allt ≥ 0 and has algebraic decay ast → ∞. By making use of trapping region for

solutions of (4.1) in the phase plane and continuous dependence on initial data, it is proved that

P+ is open. The solutions with the initial data(u0, 0) for u0 sufficiently small are with finite zero.

This result was proved using scaling arguments. Finally, Cazenave and Escobedo [5] proved the

following

(i) there exists a uniquex0 > 0 such that(x0, 0) ∈ E+.

(ii ) for everyu0 > x0, there exists a uniqueu′0 such that(u0, u
′
0) ∈ E+.

For proving (i)-(ii), openness ofP+, N+ and a comparison theorem were made use of. Define

a(u0) = u′0 for u0 ≥ x0. Thena(x0) = 0 and(u0, a(u0)) ∈ E+. This functiona is proved to be

continuous and decreasing on[x0,∞).

To study the equation (4.1) on(−∞, 0], they transformed it to

v′′ − p|v|p−1v′ +
t

2
v′ +

1
2(p− 1)

v = 0 (4.6)

by usingv(t) = u(−t). The initial conditions becomev(0) = u(0), v′(0) = −u′(0). They studied

(4.6) with initial conditions

v(0) = v0, v′(0) = v′0. (4.7)

Herev0 andv′0 are the shooting parameters. Local existence and uniqueness are obtained by

the standard theorems.v(v0, v
′
0, t) represents the solution of the IVP (4.6)–(4.7). When there is no

ambiguity, we simply writev(t). Further suppose thatv is defined on[0, T ∗(v0, v
′
0)). Consider

N− = {(v0, v
′
0) ∈ (0,∞)× R; ∃t0 ∈ [0, T ∗), v > 0 on [0, t0] and v′(t0) ≤ 0},

B− = {(v0, v
′
0) ∈ (0,∞)× R; v′ > 0 on [0, T ∗) and T ∗ < ∞} and

E− = {(v0, v
′
0) ∈ (0,∞)× R; v is defined on [0,∞) and v′ > 0 on [0,∞)}.

Clearly, the above sets are mutually disjoint andN− ∪ B− ∪ E− = (0,∞)×R. A choice of

v′0 = 0 gives the nonemptyness ofN− and openness can be proved using continuous dependence

of solutions on initial conditions. To prove thatB− is nonempty, they showed that ifv is a solution

of (4.6) satisfying

v(t0)p−1 > Kt0, v′(t0) > K(v(t0)2−p + 1) for some t0 ∈ [0, T ∗)and some K > 0, (4.8)
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thenT ∗ < ∞ andv increases on[t0, T ∗). The properties given in (4.8) characterize the solutions

that blow up in finite time. Choosingt0 = 0, we arrive at the nonemptyness ofB−. If (v0, v
′
0) ∈ B−,

then the solutionv of (4.6)–(4.7) satisfiesv(t2)p−1 > Kt2, v′(t2) > K(v(t2)2−p + 1) for some

t2 ∈ [0, T ∗). By continuous dependence of solutions on(v0, v
′
0), there exists a neighbourhood of

(v0, v
′
0) such that any solution of (4.6)–(4.7) with initial data in this neighbourhood satisfies the

above conditions (4.8) att = t2. This in turn leads to the blow up of solutions. HenceB− is

open. For givenv0 > 0, considerA = {w′0 : (v0, w
′
0) ∈ B−}, B = {w′0 : (v0, w

′
0) ∈ N−}

andC = {w′0 : (v0, w
′
0) ∈ E−}. SinceA, B are disjoint, nonempty open subsets ofR and

can’t coverR, C is nonempty. By comparison results,C becomes a singleton set and let that be

{(v0, v
′
0)}. If v is a solution of (4.6)–(4.7) with(v0, v

′
0) ∈ C, then Cazenave and Escobedo [5]

proved thatt−1/(p−1)v(t) is decreasing on(0,∞) and decreases top−1/(p−1) ast →∞. Define for

all v0 > 0, α(v0) = v′0 so that(v0, α(v0)) ∈ E−. Thenα is continuous due to openness ofB− and

N−.

We give here an outline of the construction of the family of solutions{uλ} of (4.1), which

are positive, monotonic,O((−t)1/(p−1)) as t → −∞ and decays to zero either exponentially or

algebraically ast →∞. Cazenave and Escobedo [5] showed that there existsx > x0 such that

α(x) + a(x) =





positive, if x0 ≤ x < x,

zero, if x = x,

negative, if x > x.

(4.9)

They defined for allλ ≥ 0, uλ(t) is a solution of (4.1) withuλ(0) = x + λ anduλ′(0) =
−α(uλ(0)) and showed that the solutionuλ(t) of (4.1) is monotone decreasing anduλ(t) =
O((−t)1/(p−1)) ast → −∞. It is shown that forx ≥ x, the solutionuλ of (4.1), (4.5) is posi-

tive onR and decreases to zero exponentially forx = x and algebraically forx > x ast →∞.

Example2 — Peletier and Serafini [14] studied the boundary value problem

u′′ +
x

2
u′ +

α

2
u + p|u|p−1u′ = 0, 0 < x < ∞, (4.10)

u′(0) = 0, xαu(x) → 0 as x →∞, (4.11)

u(x) > 0, 0 ≤ x < ∞; (4.12)

herep > 1, α > 0. A special case of the ordinary differential equation (4.10) withα = 1/(p−1)
is obtained from the heat equation with convection by a similarity transformation. Peletier and

Serafini [14] used a shooting argument to prove the existence of a solution for (4.10)–(4.12). They

posed an initial value problem for (4.10) with initial conditions

u(0) = γ, u′(0) = 0, (4.13)

whereγ > 0 is the shooting parameter. There exists a unique solution for the initial value problem

(4.10), (4.13) locally and is denoted byu(x, γ). They proved that the solutionu(x, γ) can be
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continued for allx > 0. Further, ifu is positive for allx > 0, (u(x, γ), u′(x, γ)) → (0, 0) as

x → ∞. They pointed out that it is possible to prove that
u′(x, γ)
u(x, γ)

→ 0 or −∞ asx → ∞ when

u > 0 on (0,∞) following Breziset al. [4]. They defined the sets:

S1 = {γ > 0 : u(x, γ) has a finite zero on (0,∞)},
S2 = {γ > 0 : u(x, γ) is positive for all x > 0 and decays algebraically to 0 as x →∞},
S3 = {γ > 0 : u(x, γ) is positive for all x > 0 and decays exponentially to 0 as x →∞}.
They used ‘scaling arguments’ to prove thatS1 (whenα > 1) andS2 (whenα > 0) are nonempty.

The transformationγ = ε, and γ−1u(x, γ) = wε(x) transforms (4.10), (4.13) to

w′′ε +
x

2
w′ε +

α

2
wε + εp−1p|wε|p−1w′ε = 0, (4.14)

wε(0) = 1 and w′ε(0) = 0. (4.15)

It was shown that asε → 0, wε → w0 in C2([0, X]) for anyX > 0, wherew0 is the solution of the

initial value problem

w′′ +
x

2
w′ +

α

2
w = 0, (4.16)

w(0) = 1 and w′(0) = 0. (4.17)

Furtherw0, the solution of (4.16)–(4.17), has a finite zero forα > 1. Thuswε vanishes at a

finite x0 for sufficiently smallε. Hence small solutions of (4.10), (4.13) are with finite zero andS1

is nonempty forα > 1. They also proved that for the parametric rangeα ≤ 1, there is no solution

for (4.10), (4.13) with finite zero. Peletier and Serafini [14] transformed (4.10), (4.13) to

εy′′ε + (yp
ε )
′ +

t

2
y′ε +

α

2
yε = 0, (4.18)

yε(0) = 1 and y′ε(0) = 0 (4.19)

using the transformationt = γ−(p−1)x, γ−1u(x, γ) = yε(t) and ε = γ−2(p−1). Asγ →∞ (ε → 0),
the solutionyε of (4.18)–(4.19) converges to the solutiony0 of the initial value problem

(yp)′ +
t

2
y′ +

α

2
y = 0, (4.20)

y(0) = 1 and y′(0) = 0, (4.21)

which has a unique (positive) solution decaying algebraically to zero ast → ∞ and therefore for

largeγ, the solutions of (4.10), (4.13) are with algebraic decay asx → ∞. Thus they proved that

S2 is nonempty forα > 0. It is easy to see thatS1 andS2 are open and disjoint. AsS1 ∪ S2
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6= (0,∞), S3 is nonempty and hence a positive solution of (4.10) satisfying (4.11) exists forα > 1.

Peletier and Serafini [14] gave explicit asymptotic behaviours (asx → ∞) for positive solutions

following the work of Breziset al. [4]. They also proved the uniqueness of the fast decaying

solution forα > 1. For 0 < α ≤ 1, all the solutions of (4.10) satisfying (4.13) are positive on

(0,∞) with algebraic decay at∞.

Example3 — Srinivasa Raoet al. [23] studied the self-similar solutions of the generalized

Burgers equation

ut + uαux +
ju

2t
=

δ

2
uxx; (4.22)

hereα > 0, j ≥ 0 andδ > 0 (small) are constants. Inspired by the work of Sachdev and Nair [19]

and Peletier and Serafini [14], Srinivasa Raoet al. [23] posed the following two problems:

(I) [IVP]

f ′′ + 2ηf ′ +
2(1− αj)

α
f − 2

3
2 fαf ′ = 0, (4.23)

f(0) = ν, f ′(0) = 0, ν > 0 is a constant. (4.24)

(II) [Connection Problem]

f ′′ + 2ηf ′ +
2(1− αj)

α
f − 2

3
2 fαf ′ = 0, (4.25)

f ∼ Ae−η2
η−[α(j+1)−1]/α as η →∞, (4.26)

f → 0 as η → −∞, (4.27)

|f | < ∞, A > 0 is an arbitrary constant. (4.28)

Equation (4.23) is obtained from (4.22) by a similarity transformation. We discuss here their

results for the initial value problem posed in (4.23)–(4.24). Their interest was to prove the existence

of positive solutions vanishing at±∞ and thus the initial value problem (4.23)-(4.24) was posed.

Srinivasa Raoet al. [23] carried out the analysis on the intervals[0,∞) and(−∞, 0] respectively.

They showed that positive and bounded solutions exist for the parametric range1
j+1 < α ≤ 1

j

only. If αj = 1, f ≡ ν. We first discuss their results for the parametric range1
j+1 < α < 1

j on

[0,∞). The local existence and uniqueness of solutions of (4.23)–(4.24) are a consequence of the

Picard’s existence theorem. The solution of (4.23)–(4.24) on it’s maximal interval of existence is

denoted byf(η, ν). If f is a positive solution of (4.23)–(4.24) on(0,∞), thenf, f ′ → 0 asη →∞.

Following the techniques of Breziset al. [4], they proved that iff(η, ν) > 0 on (0,∞), then

lim
η→∞

f ′

f
= 0 or−∞. If f(η, ν) > 0 for all η ≥ 0, then the solutions of (4.23) withlim

η→∞
f ′

f
= 0 are
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algebraically decaying at+∞ and the solutions of (4.23) withlim
η→∞

f ′

f
= −∞ are with exponential

decay at+∞. They also gave another type of asymptotic characterization for the positive solutions

of (4.23) asη → ∞ for the parametric range1
j+1 < α < 1

j . A positive solutionf of (4.23) decays

exponentially to zero asη → ∞ iff eη2
f decreases forη sufficiently large. Similarly, a positive

solutionf of (4.23) decays algebraically to zero asη → ∞ iff eη2
f increases forη sufficiently

large.

They considered the following sets.

S1 = {ν > 0 : f(η, ν) > 0 on [0, η1) and f(η1) = 0 for some η1},

S2 = {ν > 0 : f(η, ν) > 0 on [0,∞) and fη(1−αj)/α → c 6= 0 as η →∞} and

S3 = {ν > 0 : f(η, ν) > 0 on [0,∞) and fdecays exponentially to zero as η →∞}.

Clearly,S1, S2 andS3 are disjoint andS1 ∪ S2 ∪ S3 = (0,∞). As expected,“small solutions”

are solutions with algebraic decay asη →∞. They proved that ifν <

(
α− 1
4α2

[αj + α− 1]2
)1/2α

andα > 1, thenf(η, ν) is positive on[0,∞) and decays algebraically to zero asη → ∞. That is,

S2 is nonempty. Using the “trapping region argument” as in Breziset al. [4], Srinivasa Raoet al.

[23] proved thatS2 is open. Further they proved that “large solutions” are the solutions with finite

zero. That is, whenν is sufficiently large,f(η, ν) can’t remain positive on the interval[0,∞). This

is the place where nonlinear term plays an important role. For proving this, they definedη0(ν) as

the first point of intersection off and(
η√
2
)

1
α , i.e., f(η0(ν), ν) =

(
η0(ν)/

√
2
)1/α

. They proved

that (i) f(η, ν) ≥ ν + η

(
f(η0(ν), ν)− ν

η0(ν)

)
for all 0 ≤ η ≤ η0(ν), (ii) η0(ν) is bounded and

(iii) f ′ (η0(ν), ν) ∼ − 2
3
2

α + 1
να+1 asν → ∞. Using (i)-(iii), it was proved that forν sufficiently

large,f(η, ν) can’t remain positive on(0,∞). HenceS1 is nonempty. It is straightforward to show

that S1 is open. SinceS1, S2 are nonempty, open and disjoint,S1 ∪ S2 6= (0,∞). HenceS3

is nonempty. As a result, there existsν0 > 0 such thatf(η, ν0) is a positive solution of (4.23)–

(4.24) with exponential decay at+∞. It was also proved that iff(η, ν1), f(η, ν2) are solutions

with exponential decay at∞, thenf(η, ν1) ≡ f(η, ν2). Thus the parametric range(0,∞) for ‘ν’

is partitioned into three setsS1 = (ν0,∞), S2 = (0, ν0) andS3 = {ν0}. Further they proved that

f(η, ν) is positive on(−∞, 0) for all ν > 0 and decays algebraically to zero asη → −∞. Thus

they arrived at the following theorem.

Theorem— Assume that
1

j + 1
< α <

1
j

and α > 1. Then there exixts aν0 such that the

following holds

(i) If ν > ν0, every solutionf(η, ν) of (4.23)–(4.24)is positive on(−∞, 0) and decays alge-

braically to zero asη → −∞; f has a zero at a finite point in(0,∞).

(ii) If ν = ν0, solutionf of (4.23)–(4.24)is positive on(−∞,∞) and decays algebraically to



A SURVEY ON SHOOTING ARGUMENTS FOR BOUNDARY VALUE PROBLEMS 511

zero asη → −∞; f decays exponentially to zero asη →∞.

(iii) If ν < ν0, every solutionf of (4.23)–(4.24)is positive on(−∞,∞) and decays alge-

braically to zero asη → ±∞.

For the connection problem (II), Srinivasa Raoet al. [23] proved that when
1

j + 1
< α <

1
j
, all

solutions of (4.25) satisfying (4.26)–(4.28) are positive and decay algebraically to zeroη → −∞.

An explicit solution of (4.25) having exponential decay at±∞ for α = 1/(j + 1) was given by

Sachdev and Nair [19] and Cazenave and Escobedo [5]. Note that in section 3, we explained the

analysis for special case of (4.23) withj = 0 in a detailed manner.

Example4 — Srinivasa Raoet al. [24] studied the ordinary differential equation

g′′ + 2ηg′ +
4

α− 1
g − 23/2g|g|(α−3)/2g′ − 4λg|g|α−1 = 0 (4.29)

obtained from the similarity reduction of

ut + u(α−1)/2ux + λuα =
δ

2
uxx, x ∈ R, t > 0; (4.30)

hereα > 1, λ ∈ R andδ > 0 (small) are constants. They studied the connection problem for (4.29)

with the boundary conditions

g(η) ∼ Ae−η2
η(3−α)/(α−1) as η →∞, (4.31)

g → 0 as η → −∞ or g → [λ(α− 1)]−1/(α−1) as η → −∞,

g > 0, |g| < ∞ on (−∞,∞).

This was initially studied by Sachdevet al. [18] while studying the intermediate asymptotic

nature of the solutions of ordinary differential equation (4.29) for the initial value problems of

(4.30). Sachdevet al. [18] observed numerically that for1 < α < 3 andλ > 0, self-similar

solutions are the intermediate asymptotics for solutions of (4.30) with initial conditions that have

rapid decay at±∞.

We explain here the results of Srinivasa Raoet al. [24] for the parametric rangeα > 3, λ ∈ R
only. They proved the local existence and uniqueness of solution asη → ∞ using a contraction

principle by analyzing an integral equation obtained from (4.29) and (4.31). HereA is the shooting

parameter. If the solutiong of (4.29) is positive on(−∞,∞) andg → 0 asη → −∞, theng′ → 0
asη → −∞. They showed that if the positive solutiong of (4.29) satisfying (4.31) is tending to

zero asη → −∞, then

g = O(e−η2 |η|(3−α)/(α−1)) or

g = O(|η|−2/(α−1)) as η → −∞.

These expressions for asymptotic behaviors and also characterization of solutions decaying to 0

(asη → −∞) were given in terms ofg′/g as in Breziset al. [4].
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For all A > 0, all the solutions of (4.29) satisfying (4.31) are positive onR and have algebraic

decay asη → −∞ in the parametric rangeα > 3, λ = 0.

For the parametric rangeα > 3, λ > 0, three types of solutions of (4.29), (4.31) are possible.

(i) g > 0 exists on(−∞,∞) andg → 0 algebraically asη → −∞.

(ii ) g > 0 exists on(−∞,∞) andg → γ0 asη → −∞; hereγ0 = (λ(α− 1))−1/(α−1).

(iii ) g > 0 exists on[a0,∞) such thatg(a0) = γ0 for somea0 ∈ R.

Srinivasa Raoet al. [24] characterized these solutions of (4.29) satisfying (4.31) using the

function

E(η) =
g′2

2
+

2
(α− 1)

g2 − 4λ

(α + 1)
|g|α+1

in the following manner.

(i) If g, g′ → 0, thenE → 0 asη → −∞.

(ii ) If g → γ0, g′ → 0 asη → −∞, thenE → 2
α + 1

γ2
0 asη → −∞.

(iii ) If g(η1) = γ0 for someη1, thenE(η1) ≥ 2
α + 1

γ2
0 .

For A > 0 sufficiently small, the solutions of (4.29) satisfying (4.31) are positive onR and

decay algebraically to zero asη → −∞ whenα > 3, λ > 0. Existence of a solution of (4.29),

(4.31) assuming the value(λ(α−1))−1/(α−1) at someη0 was proved using upper and lower solution

methods for the same parametric range.

Define

S1 = {A > 0|gA(η) > 0 is the solution of (4.29) and (4.31) andgA(η1) = γ0 for someη1},
S2 = {A > 0|gA(η) > 0 is the solution of (4.29) and (4.31) andgA(η) → γ0 asη → −∞} and

S3 = {A > 0|gA(η) > 0 is the solution of (4.29) and (4.31) andgA(η) → 0 asη → −∞}.
S1 andS3 are shown to be non-empty open sets andS1 ∪ S3 6= (0,∞). This proves the existence

of a monotonic solution of (4.29), (4.31) tending toγ0 asη → −∞.

For α > 3, λ < 0, whenA is sufficiently small, solution of (4.29) satisfying (4.31) is positive

on (−∞,∞) and decays to zero asη → −∞. Their numerical study suggested that forA suffi-

ciently large, solutions are with finite zero. This may lead to the existence of positive solutions with

exponential decay at both+∞ and−∞.

We refer to Srinivasa Raoet al. [22] for a study of an initial value problem for (4.29) numerically

and analytically. A reference may be made to the work of Gmiraet al. [6], wherein they studied the

initial value problem

(|u′|p−2u′)′ + βu′ + αu− γ|u|q−1u|u′|p−2u′ = 0, r > 0, (4.32)

u(0) = A and u′(0) = 0, (4.33)
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whereA > 0, p > 2, q > 1, α > 0, β > 0 andγ ∈ R. Eq. (4.32) is a generalization of the ordinary

differential equation derived from the nonlinear parabolic equation.

Ut − (|Ux|p−2Ux)x = −k

t
U + |U |q−1U |Ux|p−2Ux,

− ∞ < x < ∞, 0 < t < ∞, (4.34)

wherek > 0, p > 2 andq > 1. They discussed three aspects-existence and uniqueness of so-

lutions, asymptotic behaviour of positive solutions and classification of solutions. The problem

(4.32)–(4.33) is an initial value problem but the analysis fits very well here.

Example5 — Peletieret al. [16] studied the boundary value problem

u′′ − |u′|q + λup = 0 on R, λ > 0, (4.35)

u(x) ≥ 0 on R, u is non − trivial, (4.36)

u(x) → 0 as x → ±∞, (4.37)

wherep, q are positive constants. This problem arises when dealing with nonnegative radially sym-

metric equilibrium solutions [called ground states ifu → 0 asx → ∞] of the partial differential

equation

ut = ∆u− |∇u|q + λ|u|p−1u, λ > 0. (4.38)

To show the existence and nonexistence of solutions by shooting arguments for the boundary

value problem (4.35)-(4.37) in the parametric range0 < p < ∞ andq <
2p

p + 1
, they studied the

initial value problem

u′′ − |u′|q + up = 0 on R, (4.39)

u(0) = γ and u′(0) = 0, γ > 0, (4.40)

with the condition

xu′(x) < 0 whenever u is positive and x 6= 0. (4.41)

In (4.39),λ is taken to be1 as it can be scaled out whenq 6= 2p

p + 1
. Since the equation is

invariant under the transformationx → −x, it suffices to consider the boundary value problem on

[0,∞) only. The solutions of (4.35)–(4.37) satisfying (4.40)–(4.41) are referred to as ‘restricted

ground states’. Note thatγ is the shooting parameter. Further the equation (4.35) is an autonomous,

hence it is possible to express the ground states in terms of restricted ground states.

Peletieret al. [16] analyzed the initial value problem (4.39)–(4.41) in the phase plane by con-

sidering the relevant system of first order differential equations

u′ = −v,

v′ = up − vq
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in the regionQ = {u > 0, v ≥ 0}. Local existence and uniqueness for the above system were

proved. They also proved the invariance of the regionΩλ = {0 < u < uλ, uα < v < λuα} for

everyλ > 1; this λ is different from that appearing in (4.35),α = p/q. They definedξ to be the

supremum of values ofx along the orbit(u, v) in Q. Peletieret al. [16] showed that

(u(x), v(x)) → (0, v0) as x → ξ for some v0 ≥ 0.

Whenv0 = 0, they characterized the positive solutions of (4.39)–(4.40) using the values of the

limit lim
x→ξ

v(x)/uα(x) = 1 or∞, whereα = p/q. The latter case corresponds to

lim
x→ξ

v(x)
uβ(x)

= β−β, β = 1/(2− q) (4.42)

and corresponding orbit is unique (if such orbit exists). They also gave the explicit asymptotic

expressions forv in terms ofu whenu is small. They considered the sets

I0 = {γ ∈ (0,∞) : (uγ , vγ) ultimately enters one of the invariant domains Ωλ},
I1 = {γ ∈ (0,∞) : (uγ , vγ) ultimately enters the domain v > (u/β)β}

and showed that small values ofγ fall in I0 and large values ofγ in I1. FurtherI0 areI1 are open

and disjoint. SinceI0 ∪ I1 6= (0,∞), there exists aγ0 such that the corresponding orbit has the

property (4.42). Thisγ0 turns out to be unique. They proved that

(i) if u(0) < γ0, u has compact support when0 < p < q andu is positive on(0,∞) for p ≥ q

(ii ) if u(0) = γ0, u has a compact support whenq < 1 andu is positive on(0,∞) for q ≥ 1

(iii ) if u(0) > γ0, u changes the sign.

Finally, they showed that (i) no ground state exists forq >
2p

p + 1
, p > 0; (ii) when q =

2p

p + 1
,

ground state exists for the boundary value problem (4.35)-(4.37) if and only ifλ ≤ (2p)p

(p + 1)2p+1
, p >

0.

Example6 — Kaper, Knaap and Kwong [8] considered the differential equation

(|u′|p−2u′)′ + f(t, u) = 0, t0 < t < t1, p > 1, (4.43)

wherep is a constant andf is continuous, need not be Lipschitz. While working withp-Laplace

equation,

∇.(|∇u|p−2∇u) + f(|x|, u) = 0, x ∈ Ω ⊂ RN , N > p, (4.44)

we come across (4.43). Assuming that (i)f is continuous on[t0, t1]× [0,∞),

(ii ) lim
u→∞ f(t, u)/up−1 = ∞, uniformly in t on [t0, t1] and (iii) lim

u→0+
f(t, u)/up−1 = l ≤ 0, uni-

formly in t on [t0, t1], Kaperet al. [8] showed that the differential equation (4.43) subject to the
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conditions

u′(t0) = 0, u(t1) = 0, (4.45)

u(t) > 0, t0 ≤ t < t1 (4.46)

has a solution. Sincef is not assumed to be Lipschitz, uniqueness may not be there. So they

used a perturbation technique. They replaced the given problem with a sequence of boundary value

problems, which are amenable to analysis using shooting arguments. The existence of the given

problem is obtained in the limit.

We also refer the reader to Sachdev [17], Baileyet al. [1] and Bernfeld and Lakshmikantham

[2] for some more work on shooting arguments.
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