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A generalized semi ellipse theorem giving instability region is proved for the stability problem
of hydromagnetic swirling flows. This instability region is further improved for a special class
of axial velocity profiles. Estimates for the maximum growth rate of unstable modes are plotted.
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1. INTRODUCTION

The stability analysis of hydromagnetic swirling flows is important in geophysics and astrophysics.
In cylindrical coordinategr, 6, z) the basic steady flow is characterized by the radius dependent
velocity component§), V (r), W (r)), densitypo(r), pressurgyg(r) and magnetic field components

(0, Hy(r), H,(r)). As pointed out in Howard and Gupta [8] it is not possible to obtain general
stability criteria for flows in which all four components of the velocity and magnetic fields, namely

V, W, Hy and H, are simultaneously present. Also it is difficult to study the stability of such flows

to general disturbances and consequently one considers either axisymmetric disturbances only or
azimuthal disturbances. The linear stability analysis of swirling flows Witfr) = 0 has been
studied by many authors (see Chandrasekhar [4], Howard and Gupta [8], Srindtaslarj15],
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Ogilvie and Pringle [12], Rudiger and Zhang [13], Hollerbach and Rudiger [7] and Khalzalv

[9]). The stability of swirling flows with velocity0, V'(r), W (r)), and magnetic field0, Hy(r),0)

and constant density with respect to axisymmetric disturbances has been studied by Howard and
Gupta [8]. Later Sasakura [14] considered the problem studied by Howard and Gupta [8] with
the density being a non-constant functionrofin his paper Sasakura [14] extended the results of
Howard and Gupta [8] and obtained three results: the first result states that a necessary condition
for instability is that the minimum Richardson numhgy is less than one-quarter, the second one

is an estimate for the growth rate of an arbitrary unstable mode and the third result gives a semi
circular instability region. Sasakura [14] noted that the semicircular instability region is obtained by
neglecting the stratification term. To include the stratification term, Sasakura [14] used the method
of Kochar and Jain [10] developed in the context of the stability analysis of parallel shear flows, to
find a suitable estimate for the stratification term and with this Sasakura [14] proved a semiellipse
theorem namely, the complex wave velocity of any unstable axisymmetric mode must lie within the

semi ellipse which has the range of axial flow velodityr) for major axis and,/1 + /1 — 4Jm/2

times the range for the minor axis.

In the present paper we give a refinement of Sasakura’s semi ellipse theorem. We obtain an in-
stability region which depends ofy, and the wave numbérand further it lies within the Sasakura’s
semi ellipse. This enables one to narrow the possible range of phase velocity of unstable modes, as
well as to obtain estimates for the maximum rate of grothversus/,,, andk. We then consider
some particular axial velocity profiles, among which is a hyperbolic-tangent profile and obtain for
them a further refinement of our instability region. We also illustrate our results in figures.

The techniques used in our paper are similar to the ones used in the paper of Makov and Stepa-
nyants [11] on the stability of parallel shear flows of a non-conducting fluid in the absence of any
magnetic field. In 1980, Barston [1] developed another method for binding the complex eigen fre-
guencies of normal modes in the stability problem of swirling flows. In this method the complex
eigen frequencw is first shown to satisfy a quadratic equation.invith some matrices as the co-
efficients. Then using some results from functional analysis, it is shown that the eigen frequency
lies inside a circle and the result itself is known as Barston’s circle theorem. This Barston’s method
of obtaining circular instability regions has been applied to many swirling flow problems in Barston
[1], Lucas [2], Bhattacharyyat al. [3], Ganguly and Gupta [5] and Ganguy al. [6]. The main
advantage of the method used in the present paper over Barston’s method is that the present method
gives instability regions depending on the minimum Richardson number and moreover, it helps to
obtain estimates for growth rates of unstable modes.

2. STABILITY EQUATIONS AND BOUNDARY CONDITIONS

Consider a density stratified swirling flow of an inviscid incompressible hydromagnetic fluid con-
fined between two concentric cylindrical, non conducting rigid walls, the inner of which may be
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absent, in the presence of a circular magnetic field and study its linear instability with respect to axi-
symmetric disturbances. The flow variables are the mass densitg velocity of the fluidV, the
pressure , the electric field intensityff, the magnetic field intensitﬁ, the electric current density
7 and the magnetic field permeability The governing equations of motion are well known (cf.
Chandrasekhar [4], see also Sasakura [14]). In cylindrical polar coordirates) the basic steady
flow is characterized by the radius dependent velocity comporients(r), W (r)) densitypo(r),
pressurep () and magnetic field componens, Hy(r),0) produced by a suitable distribution of
axial current. These steady quantities must satisfy the equation

§ u

\%4
po——- ZDpoJrﬁD(THez) 1)

whereD = ar denotes differentiation with respectitoThe disturbed flow is characterized by the

variables(a , V(r) + o , W(r) + @), po(r) + p , po(r) + p , (0, Hy(r) + hg ,0) and considering

only infinitesimal disturbances the equations for the disturbance variables can be linearized. Further
more considering only normal mode disturbances, that is, by taking the disturbance variable to be
in the formg(r, z,t) = q(r) e**(>=<*) wherek > 0 is the wave number and= ¢, + i c; is wave
velocity, for all disturbance variables we get a set of ordinary differential equations.

Here we have taken the radial compon/épand the axial componeﬁi;Z of the perturbed mag-
netic field ash,, = 0 andh, = 0. This can be proved easily as follows.

If the perturbed magnetic field {&,., Hy+ hg, h.) and ifh, = h,.(r) ¥ then the equation
satisfied byh,. is found to be

ik(W = ¢)hy = 0.

For an unstable mode= ¢, +i ¢; with ¢; > 0 and so¥ — ¢ # 0 andk > 0 is the wave number.
Consequently it follows that, = 0.

Also if h, = h.(r) e®*(#=<) then corresponding equation fby is found to be
ik(W — ¢)h, — (DW)h, =0,
and it follows thath, = 0.
If hg = hg(r) e?*(@=<t) then the equation satisfied by is
ik(W — c)hg = — <DH9 - ff) u.

i.€.,

ik(W — c)hg = —rD <9) u. )
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Eliminating all variables except(r) wherei(r, z,t) = u(r) e'*(*=¢t)  we get a single second
order ordinary differential equation in(r), that is,

oD (220
D ('OODT(TU)> — k2 pou — D(({:/ : c)> + (W\II_UCV =0 3)

whereW¥ known as the Rayliegh-Synge-Michael discriminant, is given by

_ poD((r?20)?)

v
r3

2
+ (Dpo) TQ(Q) —ruD <I7-:729> . 4)

V. . , . -
wheref2y = — is the angular velocity of the rotating flow. It is clear thHats the sum of stratifica-
T
tion due to swirl, density variation and magnetic field. The boundary conditions are

u(ry) =0 =wu(re), (5)

or

u—0 as 1,72 — 0,

wherer; andrs are the radial positions of the rigid cylindrical walls.
The magnetic field term of the basic flow appears in (4P 572 =252D - ) conse-
H : .
guently we can takély # 0 andD (:) = 0 in the hydromagnetic case.

Using the relation betweély andu and (3), we can get the equation satisfiechpyas

_ 2
plPp W —c)hg _ _kpohe + Y hy _— (6)

" D<h9> rD<h”> r(W—c)D<h9)
T T T
This is a second order linear homogeneous ordinary differential equatiy iffhe relation
betweemy andu given by the boundary condition (5) give

hg(r1) = 0 = hg(r2). (7)

as the two boundary conditions for the equation (6j4n It should be noted that these two con-
ditions are sufficient to determine the solution of (6). Now we shall consider the case of the two
boundary walls being electrically non-conducting. Then no currents can cross the boundary walls
and the appropriate boundary conditions (cf. Chandhrasekar 1961, page (401)) on the disturbance

magnetic field are given by
1(0hy 0 [ ;
T <ae T 92 (”@) =0
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For axisymmetric disturbances these become
—ik ho(r)e®*@=¢) =0 at r= r; and
and these conditions are consistent with the conditions (7Apon
On the other hand if we consider the case of the walls being perfectly conducting, then the
appropriate conditions on the walls are (cf. Chandhrasekar 1961, page (401))
iLTZO and (Vx E)Z:O.

h, = 0 has already been proved aéﬁ? X E) = 0 becomes

z

1
;(T‘Dhg-f—hg) =0

at the walls. Since it is already proved titgt= 0 at the walls it follows that
Dhy=0 at r= rq, 13. (8)

In studying instability of swirling flows we consider a disturbance with 0 at¢ = 0 and
see whether it grows or not in time. The stability equation satisfiellig (6), which is a second
order ordinary differential equation. If we use the conditions (7) and (8)¢snhenhy = 0 and
Dhy = 0atr = r; implies thathy = 0 by Picard’s theorem. Consequently the conditidohy = 0
atr = r1,ry are not consistent with the stability problem. Hence for the sake of consistency we
should take the boundary wallsiat= 71, r5 to be electrically non-conducting.

In the equation 3, taking = (W — c)%G we obtain the equation,

D ((W - c)@D(rG)) —K2(W = ¢)poG — LD (22 D(DW)) G 9)

r

e (AW -2y G =o.

T 0

With appropriate boundary conditions,
G(T’l) =0= G(’I“Q). (10)
Lettingu = (W — ¢)F in (3) we get an equation in terms Bfas,

D(@V—cfmtiFO-—@V—CVWH@W-mF:o (12)

and the corresponding boundary conditions for unstable modes are given by

F(r) = 0= F(ry). (12)
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3. GENERALIZED SEMIELLIPSE THEOREM

Now we shall prove that the instability region is given by a generalized semi ellipse region which
depends on the wave numbeand the minimum Richardson numhg&y, and which lies inside the
Sasakura’ s semi elliptical instability region.

Multiplying equation (9) byrG (where G is the complex conjugate @), integrating it over
(r1,72) and using the boundary conditions (10), we get

/(W —¢)rpo (;D(r G)D(rG) + k:QGG)

(a2 (o) g (s = )66 ) rar =0

The imaginary part of the above equation gives,

¢ 1 > o) G (Lo WY e
c,/rpo <r2 |D(rG)|” + k* |G| ) + |(W—c)\2p0 <4(DW) p” |G|” rdr = 0.

For unstable modes > 0 and so this gives,

1 1 \J
/Tp() <‘D*G‘2 + k2 ‘G’2> dr = /W_C)‘on (4(DW>2 — po) ’G‘zrdr (13)
whereD, = D + L andD = £,

Let us defineJ = to be the local Richardson number. From equation (13) Sasakura

1\
po(DW)? N N . . . .
[14] concludes that a sufficient condition for stability to axisymmetric perturbations of a density

stratified swirling flow with axial current is

1
J > 1 everywhere. (14)
From equations (11) and (12) Sasakura [14] has shown that

(ci—i—c?—(a—i—b)c,«+ab)/er+/\Il]F]2rdr§0 (15)
wherea = Wiyin, b = Winax andQ = po(| D F|* + k2 |[F|*)r.

By taking the Rayliegh - Synge -Michael Discrimina#it > 0, Sasakura [14] dropped the
last term, which is non-negative, to get his semicircle theorem. From Sasakura’s semicircle theo-
rem it follows that the flow with velocityV' (r) = constant is stable. Therefore for unstable flows
(DW)2,... # 0 and this will be used in what follows. Further more, he obtained an estimate for the
last term of (15) to get his semi ellipse theorem. Now, in the present paper, we obtain a different
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estimate for the last term of (15) to obtain our generalized semi ellipse theorem. Taking into account
the relation between the functiogsand ', we have

rG= (W — C)%(T‘F);

w,D@G):UV—cﬁDofj+%aV—@—aDWOMa
1 DW||rF
s, DG 2 |(W - o)f |DerE)| — PV
2|(W — o)}
DW|? |rF)?
S0, DrG)* > |(W =c DTF2+|7—DW D(rF)||rF|.
DG = (W =D F) + " = IDWI DGR P
Hence, we have
.G = (W — ol p.F P+ EEIPWE e mow (16)
= AW —0)

using this inequality, one can readily obtain from (13) the integral relation

(1—4Jm)32ziB2+nE2+k2D2—l/rpMLLFHFWUNWde (17)
where

B2 — / rPo |F|2 |DVV]2

E? = — )| |D.F|? D?
1V =0 dr /rp0|(W o)l |“ dr and

- / rpo|(W — )| |FI2 dr.

In the analogous inequality obtained by Sasakura [14], the terda$ andk2D? are combined
in one and as a consequence dependence on the wave number vanishes in the final result. In our
paper we do not combine the terms and at this stage the wave nérappears in the inequality.

We now use the Cauchy - Schwarz inequality to obtain the estimate.

rpo |DW|? | F)?
[ poiDor1 11 IDW dr < ( [ [ v = \D*Ffdr) ~28E.

ol

This estimate can be used in (17) to get
E? 4+ k?D?* - 2BE +4J,,B2 < 0. (18)

Solving this inequality with respect tB, we obtain
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B—+\/B2—k2D?—4J,B?> < E < B++/B?>—k2D?—4J, B2

Since we take interest only in the upper estimateffpwe get

D2
E?+k’D? < 2B? (1 — 20 + \/1 — k2§ — 4Jm> . (19)

Now, we see that

D [rpolW =ollFP _ afrpolF 4
2 - 2 2 = DW)2 - 2 )
b S O [ rpg |FIP (DWW )i

B2+ K2D? > ¢ [rpg <|D*F|2 + k2 \F|2) andB2 < L [rpo|F|* DW].

Using the above in (19) we get

92
/rpg ]F|2 |DW \2 > G o /7“/)0 (’D*F|2 + K ‘F’2> )
S
<1 —2Jm + \/1 —4J,, — (DW)rznax)

Since the last term on the left hand side of (15) can be estimated as

(20)

/\IfyFPrdr > Jm/po\DW\2\F\2r,

We can use (20) and (15) to get

+b\? b—a\? 2J 2
<cr—a2 ) + c?-( 2a> + e —
4k:ci

1—2Jm+\/1—4jm—(DW)2

max

/rpo(D*F|2+k2|F2) < 0.

Since the integral is definitely positive, we have the following generalized semi ellipse theorem.

Theorem— The complex wave velocity of any unstable mode must lie inside the region given
by
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2 2
<q—“+ﬂ e+ 27m < C “>.(ﬂ)

2.2
1—2Jm+\/1—4Jm—(§V’;)§

max

in the upper half of théc,, ¢;) plane

In the (¢,, ¢;) plane this inequality restricts the range of the wave velocity and the form of the
limiting curve explicitly depends both on the minimum Richardson nurmaherand on the wave
number k of the perturbations. At= 0, (21) gives the semi ellipse of Sasakura [14] and/as
— 0 the curve reduces to the semicircle of Sasakura [14]. At the same time, as seen from (21), in
the general cask # 0, 0 < J,, < 0.25 the range of; according to (21) always lies within the
Sasakura’s semi-ellipse. One more important relation follows explicitly from (21): stipulation of a
non-negative radicand involves the condition

1
k%2 < (DW)? max(; = Jm) (22)

which, in fact, sets additional restrictions upgn

4. FURTHER REFINEMENT OF THERESULTS FORSPECIFICVELOCITY PROFILES

The general results obtained above apply to arbitrary density and velocity profiles for a stratified
flow. In a number of particular cases, however, parameters of growing perturbations can be refined
to a greater extent. To illustrate this it should be recalled that the apparent inequality

0> /(W—a)(W—b)rpo (\D*F]2+k2|F\2> dr:/W2Q—(a+b)/WQ+ab/Q
plays the central role in proving Sasakura’s semicircle.

Substituting the integrals

Jwa=c[a. [wa=@+d) [a+ [rvir (23)

we obtain (15), which yields Sasakura’s result after dropping the last term on the left-hand side. The
closer the right hand side of (15) is to the upper limit of zero, the more exact is the estimate of the
(¢, ¢;) parameter region for growing perturbations.

For this purpose, we decrease the absolute value of the integral in (15), by substitiyrthe
smaller non-negative function.

rpo (|D.F| = k|FI)* = Q — 2krpg | D.F||F|
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That is, we have
0> / (W — a)(W — b)rpo (D.F| — k|F|)’

- /(W —a)(W - b)Q — 2k:/(W — a)(W — b)rpo |D+F| |F|

_/W2Q—(a+b)/WQ+ab/Q+2k/<<b;a>2— (W—a;b>2> rpo | DL F||F|.

Use of (23) now gives

() = (55)) s fwrmran [ (550 - (w-252))

roo|DLF|[F| < 0. (24)

Thus we have obtained an inequality that generalizes (15) and contains an additional final term
larger than zero. Neglect of the final term only makes the inequality stronger, Sasakura’s semicircle
and semi ellipse theorems, as well as those presented in section 3, are derived from this inequality
without the final term.

We now estimate the third term in (24), substituting it either by an equivalent expression or by
the one with a smaller absolute value. For this purpose, (13) can be written in the form

Ur|Ff?
[roop.rippw = [ -ore+ [ GEE5 (25)
Since|(W —¢)| > ¢ and‘(W_c)’ > (b—a)’(25) may be rewritten in the form
1
/rpo\p*m |F||DW| > ci/Q—k (b_a>/\llr|F|2. (26)

When the condition

(b—a) (W-2)
/rpo( - %(b_?a) F||D.F| > /rh,oo]DWHFHD*F 27)

is fulfilled, where h is a certain constant with the dimensions of length, the inequality (24) can

be strengthened expressing the last component in terms of the infegpakith the help of (26).
Unfortunately, validity of (27) in the general case has not been proved. However, one can readily
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distinguish the flow profiles for which relation (27) is fulfilled. In particular, equating the integrands
on the left and right hand sides of (27), we obtain a differential equatiowfor

aw 2 (b—a)? a+b\?
o ih(b—a)< 2 _<W_ 2 >> @9

This equation is readily solved and as a result we obtain

a+b b—a r 1
W = :|:< 5 —|—< 5 )th<h_2>>’ (29)

We may state that (27) is fulfilled for the profiles (28) or smoother aéresprofiles for which
2 b—a\? a+b\?
bW < b—a<<2>_<w_ 2))

For these profiles (24) with the use of (27), takes the form

{<cr— “;b>2+ <ci+kh(b;a)>2—(1+kh) <b;“)2}

/Q+(1+kh)/\1/r\F2 < o0 (30)

Dropping the last term in (30), we obtain a generalization of Sasakura’s theorem for the “most-
unstable” case wheW = 0 as

(cr—“;b>2+ (ci—kkh(b;a))2§ (1+ (h)?) (b;“)Q.

This implies that at = 0 the range ofc, ¢;) is restricted to a semi circle with a radigig—a).

1
At, k # 0 the semi circle transforms to a segment of the circle with a ra%ﬁbjs a) (1 + (kh)?)?,
but it always rests on the pointsandb located on the:, axis. Taking into account the final term
and using its estimate made §8, we obtain an expression for the boundary of the regipnc;),

which depends on the Richardson number, as well as on the perturbation wave number:

(CT_a+b>2+<Ci+kh(b—a)>2+ 21 + kh)Jmc? - (H(kh)Q) <b—a>2

2 2 2 \3 2

max

(31)

A more detailed analysis of this inequality is given§ Here, we can note that the range of
(cr, ¢;) defined by (31), is confined not only to Sasakura’s semi ellipse but also to the region defined
by (21).
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5. DISCUSSION

To analyze the obtained results, consider some smooth skew symmetric profiles forawhkich
—b = —Wj. Introducing dimensionless variablgs= 7 , a = kh, we write (21) in the form,

2Jm
A+ 1+ / ¢ < Wi (32)

—2
1—2J, + (1 — 4T — 4022 (%) >

Figure 1 gives an example of the curves defining the rangeatfdifferenta and J,,,= 0.2.
The breaks of the curves indicate that the radicand in (32) becomes negative at sufficiently large
«. Therefore the additional restriction stipulated by (22) occurs in the imaginary part of the wave
velocity. The heavy line is Sasakura’s semi ellipsevat= 0; the dashed line is for Sasakura’s
semicircle. As seen from Figure 1, the maximum of the imaginary part of the wave velocity depends
on the dimensionless wave number as well aggn Dependence of the maximum growth rate on
the wave number should be of great importance for practical calculations and applications. The
inequalities (21) and (22) enable us to estimate the dependence of the maximum growtharate on
The family of broken lines in Figure 2, represent the estimates:p¥ersusx at different.J,,,. The
growth rate in the region of small increases withy, reaches its maximum and remains constant.

We now consider a velocity profile of the type (29) assuming that density is an arbitrary smooth
function of the r-coordinate. We rewrite (31) in dimensionless variables as

2Jm (1 + a)c?
1= 2Jp + (1 — 4y — 402c2D(Wy)~2)

2+ (¢ +aWp)® + < Q+aAHWE (33)

ol

The range ofc,, ¢;) defined by (33) is shown in the Figure 3 for different values.@nd.J,,,=
0.2. As seen in Figure 3, breaks of the curves stipulated by (22) are also available here, but they
appear atx larger than in (32). It is easily seen that the curves corresponding to equal values of
« are located in Figure 3 lower than in Figure 1. Figure 4 shows estimates of the growth rate as a
function of the wave number for the example under consideration at diffédsenthe estimate for
this case described by (33) is given by a heavy line. Within the frames of the obtained formulae, all
the curves atv — oo tend to their asymptotic value?% <0.25 — J,, defined by (22).
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Cr
0.2 0.4 0.6 0.8 1 I/V[)

Fic 1. Dependence of complex wave-velocity range for growing perturbations on the dimensionless wave

numberq, plotted using (32) af,,, = 0.2 (the curves are symmetrical with respect{@xis). The dashed

line shows Sasakura’s semicircle, and the heavy curve is given for Sasakura’s semi ellipse. The curves for
« # 0 are from equation (32).

a(%)maz

0.4 Jn=0.1

Jp=0.2

Jp=0.24

«

0.2 0.4 0.6 0.8 1

FiG 2. Estimates of the maximum growth rate; versus the wave numbaerat differentJ,,
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Cr
0.2 0.4 0.6 0.8 1 VVO

FIG. 3. Range of: as a function ofx for the velocity profile of the type (29) plotted using (33) at
Jm = 0.2. The dashed line is given for Sasakura’s semicircle, the heavy line is for Sasakura’s semiellipse.
The lines under Sasakura’s semi ellipse give rangegifen by (33).

O‘(p?/_io)maﬂc
0.4
0.3
0.2
0.1}
a

0.2 0.4 0.6 0.8 1
FiG. 4. Estimates of the maximum growth rate versus the wave number for the velocity profile of the type
(29) at different/J,,,.
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