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A generalized semi ellipse theorem giving instability region is proved for the stability problem

of hydromagnetic swirling flows. This instability region is further improved for a special class

of axial velocity profiles. Estimates for the maximum growth rate of unstable modes are plotted.
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1. INTRODUCTION

The stability analysis of hydromagnetic swirling flows is important in geophysics and astrophysics.

In cylindrical coordinates(r, θ, z) the basic steady flow is characterized by the radius dependent

velocity components(0, V (r), W (r)), densityρ0(r), pressurep0(r) and magnetic field components

(0,Hθ(r),Hz(r)). As pointed out in Howard and Gupta [8] it is not possible to obtain general

stability criteria for flows in which all four components of the velocity and magnetic fields, namely

V, W,Hθ andHz are simultaneously present. Also it is difficult to study the stability of such flows

to general disturbances and consequently one considers either axisymmetric disturbances only or

azimuthal disturbances. The linear stability analysis of swirling flows withW (r) = 0 has been

studied by many authors (see Chandrasekhar [4], Howard and Gupta [8], Srinivasanet al. [15],
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Ogilvie and Pringle [12], Rudiger and Zhang [13], Hollerbach and Rudiger [7] and Khalzovet al.

[9]). The stability of swirling flows with velocity(0, V (r), W (r)), and magnetic field(0,Hθ(r), 0)
and constant density with respect to axisymmetric disturbances has been studied by Howard and

Gupta [8]. Later Sasakura [14] considered the problem studied by Howard and Gupta [8] with

the density being a non-constant function ofr. In his paper Sasakura [14] extended the results of

Howard and Gupta [8] and obtained three results: the first result states that a necessary condition

for instability is that the minimum Richardson numberJm is less than one-quarter, the second one

is an estimate for the growth rate of an arbitrary unstable mode and the third result gives a semi

circular instability region. Sasakura [14] noted that the semicircular instability region is obtained by

neglecting the stratification term. To include the stratification term, Sasakura [14] used the method

of Kochar and Jain [10] developed in the context of the stability analysis of parallel shear flows, to

find a suitable estimate for the stratification term and with this Sasakura [14] proved a semiellipse

theorem namely, the complex wave velocity of any unstable axisymmetric mode must lie within the

semi ellipse which has the range of axial flow velocityW (r) for major axis and
√

1 +
√

1− 4Jm

/
2

times the range for the minor axis.

In the present paper we give a refinement of Sasakura’s semi ellipse theorem. We obtain an in-

stability region which depends onJm and the wave numberk and further it lies within the Sasakura’s

semi ellipse. This enables one to narrow the possible range of phase velocity of unstable modes, as

well as to obtain estimates for the maximum rate of growthk ci versusJm andk. We then consider

some particular axial velocity profiles, among which is a hyperbolic-tangent profile and obtain for

them a further refinement of our instability region. We also illustrate our results in figures.

The techniques used in our paper are similar to the ones used in the paper of Makov and Stepa-

nyants [11] on the stability of parallel shear flows of a non-conducting fluid in the absence of any

magnetic field. In 1980, Barston [1] developed another method for binding the complex eigen fre-

quencies of normal modes in the stability problem of swirling flows. In this method the complex

eigen frequencyω is first shown to satisfy a quadratic equation inω with some matrices as the co-

efficients. Then using some results from functional analysis, it is shown that the eigen frequencyω

lies inside a circle and the result itself is known as Barston’s circle theorem. This Barston’s method

of obtaining circular instability regions has been applied to many swirling flow problems in Barston

[1], Lucas [2], Bhattacharyyaet al. [3], Ganguly and Gupta [5] and Gangulyet al. [6]. The main

advantage of the method used in the present paper over Barston’s method is that the present method

gives instability regions depending on the minimum Richardson number and moreover, it helps to

obtain estimates for growth rates of unstable modes.

2. STABILITY EQUATIONS AND BOUNDARY CONDITIONS

Consider a density stratified swirling flow of an inviscid incompressible hydromagnetic fluid con-

fined between two concentric cylindrical, non conducting rigid walls, the inner of which may be
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absent, in the presence of a circular magnetic field and study its linear instability with respect to axi-

symmetric disturbances. The flow variables are the mass densityρ, the velocity of the fluid
−→
V , the

pressurep , the electric field intensity
−→
E , the magnetic field intensity

−→
H , the electric current density

−→
J and the magnetic field permeabilityµ. The governing equations of motion are well known (cf.

Chandrasekhar [4], see also Sasakura [14]). In cylindrical polar coordinates(r, θ, z) the basic steady

flow is characterized by the radius dependent velocity components(0, V (r),W (r)) densityρ0(r),
pressurep0(r) and magnetic field components(0, Hθ(r), 0) produced by a suitable distribution of

axial current. These steady quantities must satisfy the equation

ρ0
V 2

r
= Dp0 +

µ

2r2
D(rH2

θ ) (1)

whereD =
d

dr
denotes differentiation with respect tor. The disturbed flow is characterized by the

variables(û , V (r) + v̂ ,W (r) + ŵ), ρ0(r) + ρ̂ , p0(r) + p̂ , (0 ,Hθ(r) + ĥθ , 0) and considering

only infinitesimal disturbances the equations for the disturbance variables can be linearized. Further

more considering only normal mode disturbances, that is, by taking the disturbance variable to be

in the formq̂(r, z, t) = q(r) e ik(z−ct ) wherek > 0 is the wave number andc = cr + i ci is wave

velocity, for all disturbance variables we get a set of ordinary differential equations.

Here we have taken the radial componentĥr and the axial componentĥz of the perturbed mag-

netic field aŝhr = 0 andĥz = 0. This can be proved easily as follows.

If the perturbed magnetic field is(ĥr,Hθ+ĥθ, ĥz) and if ĥr = hr(r) eik(x−ct), then the equation

satisfied byhr is found to be

ik(W − c)hr = 0.

For an unstable modec = cr +i ci with ci > 0 and soW −c 6= 0 andk > 0 is the wave number.

Consequently it follows thathr = 0.

Also if ĥz = hz(r) eik(x−ct) then corresponding equation forhz is found to be

ik(W − c)hz − (DW )hr = 0,

and it follows thathz = 0.

If ĥθ = hθ(r) eik(x−ct) then the equation satisfied byhθ is

ik(W − c)hθ = −
(

DHθ − Hθ

r

)
u.

i.e.,

ik(W − c)hθ = −rD

(
Hθ

r

)
u. (2)
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Eliminating all variables exceptu(r) whereû(r, z, t) = u(r) eik (z−c t ) , we get a single second

order ordinary differential equation inu(r), that is,

D

(
ρ0D(ru)

r

)
− k2ρ0u−

rD
(

ρ0DW
r

)
u

(W − c)
+

Ψu

(W − c)2
= 0 (3)

whereΨ known as the Rayliegh-Synge-Michael discriminant, is given by

Ψ =
ρ0D((r2Ω0)2)

r3
+ (Dρ0) r Ω2

0 − rµ D

(
H2

θ

r2

)
. (4)

whereΩ0 =
V

r
is the angular velocity of the rotating flow. It is clear thatΨ is the sum of stratifica-

tion due to swirl, density variation and magnetic field. The boundary conditions are

u(r1) = 0 = u(r2), (5)

or

u → 0 as τ1, τ2 → 0,

wherer1 andr2 are the radial positions of the rigid cylindrical walls.

The magnetic field term of the basic flow appears in (4) asD

(
H2

θ

r2

)
= 2Hθ

r D

(
Hθ

r

)
, conse-

quently we can takeHθ 6= 0 andD

(
Hθ

r

)
6= 0 in the hydromagnetic case.

Using the relation betweenhθ andu and (3), we can get the equation satisfied byhθ as

D




ρ0

r
D




(W − c) hθ

D

(
hθ

r

)





 − k2ρ0 hθ

r D

(
hθ

r

) +
Ψhθ

r (W − c) D

(
hθ

r

) = 0. (6)

This is a second order linear homogeneous ordinary differential equation inhθ. The relation

betweenhθ andu given by the boundary condition (5) give

hθ(r1) = 0 = hθ(r2). (7)

as the two boundary conditions for the equation (6) inhθ. It should be noted that these two con-

ditions are sufficient to determine the solution of (6). Now we shall consider the case of the two

boundary walls being electrically non-conducting. Then no currents can cross the boundary walls

and the appropriate boundary conditions (cf. Chandhrasekar 1961, page (401)) on the disturbance

magnetic field are given by

1
r

(
∂ĥθ

∂θ
− ∂

∂z

(
r ĥθ

))
= 0.
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For axisymmetric disturbances these become

−ik hθ(r)eik(x−c t) = 0 at r = r1 and r2

and these conditions are consistent with the conditions (7) onhθ.

On the other hand if we consider the case of the walls being perfectly conducting, then the

appropriate conditions on the walls are (cf. Chandhrasekar 1961, page (401))

ĥr = 0 and
(
∇× ~h

)
z

= 0.

ĥr = 0 has already been proved and
(
∇× ~h

)
z

= 0 becomes

1
r

(r Dhθ + hθ) = 0

at the walls. Since it is already proved thathθ = 0 at the walls it follows that

Dhθ = 0 at r = r1, r2 . (8)

In studying instability of swirling flows we consider a disturbance withĥθ 6= 0 at t = 0 and

see whether it grows or not in time. The stability equation satisfied byhθ is (6), which is a second

order ordinary differential equation. If we use the conditions (7) and (8) onhθ, thenhθ = 0 and

Dhθ = 0 atr = r1 implies thathθ ≡ 0 by Picard’s theorem. Consequently the conditionDhθ = 0
at r = r1, r2 are not consistent with the stability problem. Hence for the sake of consistency we

should take the boundary walls atr = r1, r2 to be electrically non-conducting.

In the equation 3, takingu = (W − c)
1
2 G we obtain the equation,

D
(
(W − c)

ρ0

r
D(rG)

)
−k2(W − c)ρ0G− r

2D
(ρ0

r D(DW )
)
G (9)

− 1
(W−c)ρ0

(
1
4(DW )2 − Ψ

ρ0

)
G = 0.

With appropriate boundary conditions,

G(r1) = 0 = G(r2). (10)

Lettingu = (W − c)F in (3) we get an equation in terms ofF as,

D

(
(W − c)2ρ0

1
r
D(rF )

)
− (W − c)2ρ0k

2F + ΨF = 0 (11)

and the corresponding boundary conditions for unstable modes are given by

F (r1) = 0 = F (r2). (12)
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3. GENERALIZED SEMIELLIPSE THEOREM

Now we shall prove that the instability region is given by a generalized semi ellipse region which

depends on the wave numberk and the minimum Richardson numberJm and which lies inside the

Sasakura’ s semi elliptical instability region.

Multiplying equation (9) byrḠ (whereḠ is the complex conjugate ofG), integrating it over

(r1, r2) and using the boundary conditions (10), we get
∫

(W − c) rρ0

(
1
r2

D(r G)D(rḠ) + k2GḠ

)

+
(

r

2
D

(ρ0

r
DW

)
+

1
(W − c)

ρ0

(
1
4
(DW )2 − Ψ

ρ0

)
GḠ

)
rdr = 0.

The imaginary part of the above equation gives,

−ci

∫
rρ0

(
1
r2
|D(rG)|2 + k2 |G|2

)
+

ci

|(W − c)|2 ρ0

(
1
4
(DW )2 − Ψ

ρ0

)
|G|2 rdr = 0.

For unstable modesci > 0 and so this gives,

∫
rρ0

(
|D∗G|2 + k2 |G|2

)
dr =

∫
1

|(W − c)|2 ρ0

(
1
4
(DW )2 − Ψ

ρ0

)
|G|2 rdr (13)

whereD∗ = D + 1
r andD = d

dr ,

Let us defineJ =
Ψ

ρ0(DW )2
to be the local Richardson number. From equation (13) Sasakura

[14] concludes that a sufficient condition for stability to axisymmetric perturbations of a density

stratified swirling flow with axial current is

J ≥ 1
4

everywhere. (14)

From equations (11) and (12) Sasakura [14] has shown that

(
c2
r + c2

i − (a + b)cr + ab
) ∫

Qdr +
∫

Ψ |F |2 rdr ≤ 0 (15)

wherea = Wmin, b = Wmax andQ = ρ0(|D∗F |2 + k2 |F |2)r.

By taking the Rayliegh - Synge -Michael DiscriminantΨ > 0, Sasakura [14] dropped the

last term, which is non-negative, to get his semicircle theorem. From Sasakura’s semicircle theo-

rem it follows that the flow with velocityW (r) = constant is stable. Therefore for unstable flows

(DW )2max 6= 0 and this will be used in what follows. Further more, he obtained an estimate for the

last term of (15) to get his semi ellipse theorem. Now, in the present paper, we obtain a different
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estimate for the last term of (15) to obtain our generalized semi ellipse theorem. Taking into account

the relation between the functionsG andF , we have

rG = (W − c)
1
2 (rF );

so, D(rG) = (W − c)
1
2 D(rF ) +

1
2
(W − c)−

1
2 (DW )rF ;

so, |D(rG)| ≥ |(W − c)| 12 |D(rF )| − |DW | |rF |
2 |(W − c)| 12

;

so, |D(rG)|2 ≥ |(W − c)| |D(rF )|2 +
|DW |2 |rF |2
4 |(W − c)| − |DW | |D(rF )| |rF | .

Hence, we have

|D∗G|2 ≥ |(W − c)| |D∗F |2 +
|F |2 |DW |2
4 |(W − c)| − |D∗F | |F | |DW | . (16)

using this inequality, one can readily obtain from (13) the integral relation

(1− 4Jm)B2 ≥ B2 + E2 + k2D2 −
∫

rρ0 |D∗F | |F | |DW | dr, (17)

where

B2 =
∫

rρ0 |F |2 |DW |2
4 |(W − c)| dr , E2 =

∫
rρ0 |(W − c)| |D∗F |2 dr and D2

=
∫

rρ0 |(W − c)| |F |2 dr.

In the analogous inequality obtained by Sasakura [14], the terms inE2 andk2D2 are combined

in one and as a consequence dependence on the wave number vanishes in the final result. In our

paper we do not combine the terms and at this stage the wave numberk appears in the inequality.

We now use the Cauchy - Schwarz inequality to obtain the estimate.

∫
ρ0 |D∗F | |F | |DW | dr ≤

(∫
rρ0 |DW |2 |F |2
|(W − c)| dr

∫
rρ0 |(W − c)| |D∗F |2 dr

) 1
2

= 2BE.

This estimate can be used in (17) to get

E2 + k2D2 − 2BE + 4JmB2 ≤ 0. (18)

Solving this inequality with respect toE, we obtain
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B −
√

B2 − k2D2 − 4JmB2 ≤ E ≤ B +
√

B2 − k2D2 − 4JmB2.

Since we take interest only in the upper estimate forE, we get

E2 + k2D2 ≤ 2B2

(
1− 2Jm +

√
1− k2

D2

B2
− 4Jm

)
. (19)

Now, we see that

D2

B2
=

∫
rρ0 |(W − c)| |F |2
∫ rρ0|F |2|DW |2

4|(W−c)|
≥ ci

∫
rρ0 |F |2

(DW )2max
4ci

∫
rρ0 |F |2

=
4c2

i

(DW )2max

,

E2 + k2D2 ≥ ci

∫
rρ0

(
|D∗F |2 + k2 |F |2

)
andB2 ≤ 1

4ci

∫
rρ0 |F |2 |DW |2 .

Using the above in (19) we get

∫
rρ0 |F |2 |DW |2 ≥ 2c2

i(
1− 2Jm +

√
1− 4Jm − 4k2c2i

(DW )2max

)
∫

rρ0

(
|D∗F |2 + k2 |F |2

)
,

(20)

Since the last term on the left hand side of (15) can be estimated as

∫
Ψ |F |2 rdr ≥ Jm

∫
ρ0 |DW |2 |F |2 r,

We can use (20) and (15) to get




(
cr − a + b

2

)2

+ c2
i −

(
b− a

2

)2

+
2Jmc2

i

1− 2Jm +
√

1− 4Jm − 4k2c2i
(DW )2max




∫
rρ0

(
|D∗F |2 + k2 |F |2

)
≤ 0.

Since the integral is definitely positive, we have the following generalized semi ellipse theorem.

Theorem— The complex wave velocity of any unstable mode must lie inside the region given

by
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


(
cr − a + b

2

)2

+ c2
i


1 +

2Jm

1− 2Jm +
√

1− 4Jm − 4k2c2i
(DW )2max





 ≤

(
b− a

2

)2

. (21)

in the upper half of the(cr, ci) plane.

In the (cr, ci) plane this inequality restricts the range of the wave velocity and the form of the

limiting curve explicitly depends both on the minimum Richardson numberJm and on the wave

number k of the perturbations. Atk = 0, (21) gives the semi ellipse of Sasakura [14] and asJm

→ 0 the curve reduces to the semicircle of Sasakura [14]. At the same time, as seen from (21), in

the general casek 6= 0, 0 < Jm < 0.25 the range ofci according to (21) always lies within the

Sasakura’s semi-ellipse. One more important relation follows explicitly from (21): stipulation of a

non-negative radicand involves the condition

k2c2
i ≤ (DW )2 max(

1
4
− Jm) (22)

which, in fact, sets additional restrictions uponci.

4. FURTHER REFINEMENT OF THERESULTS FORSPECIFICVELOCITY PROFILES

The general results obtained above apply to arbitrary density and velocity profiles for a stratified

flow. In a number of particular cases, however, parameters of growing perturbations can be refined

to a greater extent. To illustrate this it should be recalled that the apparent inequality

0 ≥
∫

(W − a)(W − b)rρ0

(
|D∗F |2 + k2 |F |2

)
dr =

∫
W 2Q− (a + b)

∫
WQ + ab

∫
Q

plays the central role in proving Sasakura’s semicircle.

Substituting the integrals

∫
WQ = cr

∫
Q ,

∫
W 2Q = (c2

r + c2
i )

∫
Q +

∫
r Ψ |F |2 (23)

we obtain (15), which yields Sasakura’s result after dropping the last term on the left-hand side. The

closer the right hand side of (15) is to the upper limit of zero, the more exact is the estimate of the

(cr, ci) parameter region for growing perturbations.

For this purpose, we decrease the absolute value of the integral in (15), by substitutingQ by the

smaller non-negative function.

rρ0 (|D∗F | − k |F |)2 = Q− 2krρ0 |D∗F | |F | .
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That is, we have

0 ≥
∫

(W − a)(W − b)rρ0 (|D∗F | − k |F |)2

=
∫

(W − a)(W − b)Q− 2k

∫
(W − a)(W − b)rρ0 |D∗F | |F |

=
∫

W 2Q− (a+ b)
∫

WQ+ ab

∫
Q+2k

∫ ((
b− a

2

)2

−
(

W − a + b

2

)2
)

rρ0 |D∗F | |F | .

Use of (23) now gives

((
cr − a + b

2

)2

+ c2
i −

(
b− a

2

)2
)∫

Q +
∫

Ψ r |F |2 + 2k

∫ ((
b− a

2

)2

−
(

W − a + b

2

)2
)

rρ0 |D∗F | |F | ≤ 0. (24)

Thus we have obtained an inequality that generalizes (15) and contains an additional final term

larger than zero. Neglect of the final term only makes the inequality stronger, Sasakura’s semicircle

and semi ellipse theorems, as well as those presented in section 3, are derived from this inequality

without the final term.

We now estimate the third term in (24), substituting it either by an equivalent expression or by

the one with a smaller absolute value. For this purpose, (13) can be written in the form

∫
rρ0 |D∗F | |F | |DW | ≥

∫
|(W − c)| Q +

∫
Ψr |F |2
|(W − c)| . (25)

Since|(W − c)| ≥ ci and
1

|(W − c)| ≥ 1
(b− a)

, (25) may be rewritten in the form

∫
rρ0 |D∗F | |F | |DW | ≥ ci

∫
Q +

1
(b− a)

∫
Ψr |F |2 . (26)

When the condition

∫
rρ0

(
(b− a)

2
−

(
W − a+b

2

)2

1
2(b− a)

)
|F | |D∗F | ≥

∫
rhρ0 |DW | |F | |D∗F | (27)

is fulfilled, where h is a certain constant with the dimensions of length, the inequality (24) can

be strengthened expressing the last component in terms of the integral
∫

Q with the help of (26).

Unfortunately, validity of (27) in the general case has not been proved. However, one can readily
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distinguish the flow profiles for which relation (27) is fulfilled. In particular, equating the integrands

on the left and right hand sides of (27), we obtain a differential equation forW:

dW

dr
= ± 2

h (b− a)

(
(b− a)2

2
−

(
W − a + b

2

)2
)

. (28)

This equation is readily solved and as a result we obtain

W = ±
(

a + b

2
+

(
b− a

2

)
th

(
r

h
− 1

2

))
. (29)

We may state that (27) is fulfilled for the profiles (28) or smoother onesi.e., profiles for which

|DW | <
2

b− a

((
b− a

2

)2

−
(

W − a + b

2

)2
)

,

For these profiles (24) with the use of (27), takes the form

{(
cr − a + b

2

)2

+
(

ci + kh
(b− a)

2

)2

− (1 + kh)
(

b− a

2

)2
}

∫
Q + (1 + kh)

∫
Ψr |F |2 ≤ 0. (30)

Dropping the last term in (30), we obtain a generalization of Sasakura’s theorem for the “most-

unstable” case whenΨ = 0 as
(

cr − a + b

2

)2

+
(

ci + kh
(b− a)

2

)2

≤
(
1 + (kh)2

)(
b− a

2

)2

.

This implies that atk = 0 the range of(cr, ci) is restricted to a semi circle with a radius1
2(b−a).

At, k 6= 0 the semi circle transforms to a segment of the circle with a radius1
2(b−a)

(
1 + (kh)2

) 1
2
,

but it always rests on the pointsa andb located on thecr axis. Taking into account the final term

and using its estimate made in§3, we obtain an expression for the boundary of the region(cr, ci),
which depends on the Richardson number, as well as on the perturbation wave number:

(
cr − a + b

2

)2

+
(

ci + kh
(b− a)

2

)2

+
2(1 + kh)Jmc2

i

1− 2Jm +
(
1− 4Jm − 4k2c2i

(DW )2max

) 1
2

≤
(
1 + (kh)2

)(
b− a

2

)2

.

(31)

A more detailed analysis of this inequality is given in§5. Here, we can note that the range of

(cr, ci) defined by (31), is confined not only to Sasakura’s semi ellipse but also to the region defined

by (21).
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5. DISCUSSION

To analyze the obtained results, consider some smooth skew symmetric profiles for whicha =
−b ≡ −W0. Introducing dimensionless variablesξ = r

h , α = kh , we write (21) in the form,

c2
r +


1 +

2Jm

1− 2Jm +
(

1− 4Jm − 4α2c2
i

(
dW
dξ

)−2
) 1

2


 c2

i ≤ W 2
0 . (32)

Figure 1 gives an example of the curves defining the range ofc at differentα andJm= 0.2.

The breaks of the curves indicate that the radicand in (32) becomes negative at sufficiently large

α. Therefore the additional restriction stipulated by (22) occurs in the imaginary part of the wave

velocity. The heavy line is Sasakura’s semi ellipse atα = 0; the dashed line is for Sasakura’s

semicircle. As seen from Figure 1, the maximum of the imaginary part of the wave velocity depends

on the dimensionless wave number as well as onJm. Dependence of the maximum growth rate on

the wave number should be of great importance for practical calculations and applications. The

inequalities (21) and (22) enable us to estimate the dependence of the maximum growth rate onα.

The family of broken lines in Figure 2, represent the estimates ofαci versusα at differentJm. The

growth rate in the region of smallα increases withα, reaches its maximum and remains constant.

We now consider a velocity profile of the type (29) assuming that density is an arbitrary smooth

function of the r-coordinate. We rewrite (31) in dimensionless variables as

c2
r + (ci + α W0)2 +

2Jm(1 + α)c2
i

1− 2Jm +
(
1− 4Jm − 4α2c2

i D(W0)−2
) 1

2

≤ (1 + α2)W 2
0 (33)

The range of(cr, ci) defined by (33) is shown in the Figure 3 for different values ofα andJm=

0.2. As seen in Figure 3, breaks of the curves stipulated by (22) are also available here, but they

appear atα larger than in (32). It is easily seen that the curves corresponding to equal values of

α are located in Figure 3 lower than in Figure 1. Figure 4 shows estimates of the growth rate as a

function of the wave number for the example under consideration at differentJm. The estimate for

this case described by (33) is given by a heavy line. Within the frames of the obtained formulae, all

the curves atα →∞ tend to their asymptotic values
αci

W0
≤ 0.25− Jm defined by (22).
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FIG 1. Dependence of complex wave-velocity range for growing perturbations on the dimensionless wave

numberα, plotted using (32) atJm = 0.2 (the curves are symmetrical with respect toci axis). The dashed

line shows Sasakura’s semicircle, and the heavy curve is given for Sasakura’s semi ellipse. The curves for

α 6= 0 are from equation (32).

FIG 2. Estimates of the maximum growth rateαci versus the wave numberα at differentJm
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FIG. 3. Range ofc as a function ofα for the velocity profile of the type (29) plotted using (33) at

Jm = 0.2. The dashed line is given for Sasakura’s semicircle, the heavy line is for Sasakura’s semiellipse.

The lines under Sasakura’s semi ellipse give range ofc given by (33).

FIG. 4. Estimates of the maximum growth rate versus the wave number for the velocity profile of the type

(29) at differentJm.
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