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In this paper, the existence of nonoscillatory solutions of the second-order nonlinear neutral
differential equations is studied. Some new sufficient conditions are given and four examples
are constructed to show that the results here are almost sharp.
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1. INTRODUCTION

In this paper, we consider the second-order nonlinear neutral differential equation with positive and
negative terms

(@(t) = p(t)x(t — 7))" + fu(t, 2(01(t))) — falt, 2(02(t))) = O, (1.1)
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and its corresponding perturbed equation

(@(t) = p(t)z(t —7))" + f1(t, z(01(1))) — falt, 2(02(1))) = g(t) (1.2)

as well as the neutral equation with oscillatory coefficients:
(@(t) = pt)a(t — )" + > Ai®)a(pi(t) =0, i=1,2,---,n. (1.3)
i=1

We have the following assumptions for eq. (1.1) and eq. (1.2)
() p,o; € C([to, ), R), 7 > 0 is a constant, angﬁm oi(t) =00,i=1,2;

(i) fi(t,u) € C([to, ) x R, R) is nondecreasing om, anduw f;(¢t,u) > 0, foru # 0,7 =1, 2.
Furthermore f; satisfies the following Lipschitz condition:

|fi(t,u) — fi(t,v)] < qi(t)|u—wv|, fort € [ty,o0), u,v € [a,b], (1.4)

where
4 € C([to, 50), BY), and / (s — D)ai(s)ds < oo; (1.5)
t

(i) g € C([to, ), R), and

/too(s —t)|g(s)|ds < o0, fort € [ty,0). (1.6)

And for eq.(1.3), we assume:
(iv) p, pi € C([to, ), R), 7 > 0 is a constant, antdiim pi(t) =00,i=1,2,--+ n;
(V) 4; € C(Jto, ), R) is oscillatory around the zero, and

/ (s —t)|Ai(s)|ds < 00, fort e [tg,00), i =1,2,---,n. (1.7)
t

The oscillatory behavior of solutions for second-order neutral and non-neutral differential equa-
tions have been studied in many papers [1-11]. However, the second-order neutral equations (1.1)
and (1.2) received much less attention due mainly to the technical difficulties arising in its analysis.

The purpose of this paper is to present some new criteria for the existence of non-oscillatory
solutions of eq. (1.1) and to derive sufficient conditions for the existence of non-oscillatory solution
of eqg. (1.2) and eq. (1.3).
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Letm = min{t — 7, 01 (t), oa(t) }(or min{t — 7, p;(t), i = 1,2,---,n}). By a solution of eq.
(1.1), ((1.2) or (1.3)), we mean a functigre C([m, co), R) with (y(t)—p(t)y(t—7)) € C?[ty, o0)
and satisfies eq. (1.1), ((1.2) or (1.3)) fop t.

Let¢ € C(|m,to], R) be a given initial function. One can easily see by the method of steps that
eq. (1.1), ((1.2) or (1.3)) has a unique solutipa C([m, o), R) such that

y(t) = ¢(t),  for m <t <ty

As is customary, a nontrivial solution of eq. (1.1), ((1.2) or (1.3)) is said to oscillate if it has
arbitrarily large zeros. Otherwise it is non-oscillatory.

Throughout we assume that BC is the set of all continuous and bounded functi@gscan
with the sup norm.

2. MAIN RESULTS

Theorem2.1 — Assume that (i) and (ii) hold, if one of the following conditions holds:
(@) 0<p(t) <p<1, (0) 1 <p1 < p(t) < p2 < o0,

(c) —1<—-p<p(t)<0, (d) —oo<—p; <p(t) <—py<—L1.

Then eg. (1.1) has a unique bounded non-oscillatory solution.

PrRoOF: The proof of this theorem will be divided into four cases according to the above four
different conditions op(t).

Casel. 0<p(t)<p<1.

Set
QZ{I’EBC:Ml§$(t)§M2,tZt0},

whereM; and M, are positive constants with/; < (1 — p) My, My < b.
It is obvious thaf2 is a bounded, closed and convex subset of BC. Chaoée> 0 such that

M < a< (1 —p)Mg,

l—p a—M; (1—-p)Ms—«
3 7 My ’ Moy

C = min{ }. (2.1)

In view of (1.5), there exists @ > ¢, sufficiently large such that

/OO(S —t)gi(s)ds < C, fort>T. (2.2)
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Define a mapping' : @ — BC as

Ta)(t) =4 @ +pt)z(t — 1)+ [(s — t)[fa(s, 2(02(5))) — fi(s,z(01(s)))]ds, t>T,
Fm): to<t<T.

It is easy to see thdfx is continuous. For every € Q andt > T, we have(l'z)(t) >
a—CMy > M, and (T'z)(t) < a+ pMy + CMy; < My. ThusI'Q C Q.
For anyx,y € Q andt > T, we have
(T2)(t) — Ty)O)] < pla(t —7) —y(t —7)]

2 00
+Z;/t (5 — B fi(s, 2(0i(s)) — Fils,y(0s(s))|ds

2 o0

p+Y / (s — Ha(s)ds) ]z — ]
i=1 7t

(p+20)|z — |-

IN

IN

Hence||T'z — I'y|| < (p + 2C)||z — y||, where|| - || denotes the sup norm. In view 6f <
1-— 1-— L . . . .
3 P - ——, we havel < p + 2C' < 1, which implies thatl" is a contraction mapping. By
Banach’s Contraction Mapping Principle, there exists a uniggeS2 such thaf"z = . It is easy

to see that:(¢) is a bounded positive solution of (1.1).

Case2. 1< p; <p(t) <py < 0.
Set
Q:{JTEBC:MgSw(t)§M4,t2t0},

whereMs; and M, are positive constants witlp, — 1) M3 < (p1 — 1) My, My < b.

It is obvious that? is a bounded, closed and convex subset of BC. Chao6e> 0 such that

(p2 — 1) M3 < o < (p1 — 1) My,

- opi—1 poa—(p2—-1My (pr—1)My—«
C =min{———, —- , . 2.3
{3 P A M, } (2.3)
In view of (1.5), there exists @& > ¢, sufficiently large such that
/ (s —t)qi(s)ds < C, fort>T. (2.4)
t

Define a mapping' : Q@ — BC as

(C2)(t) = { iy EED A [ (s =t = ) [fi(s, 2(04(5))) — fals, w(0a(s))]ds, t>T,

(Tz)(T), to<t<T.
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It is easy to see thdfx is continuous. For every € Q andt > T, we have(I'z)(t) >

M. M. M. M.
L2 T o> My and (Ta)(t) € — + —t 4+ =0 < My, thusTQ C Q.
p2 b2 p1 P P b1

For anyx,y € Q andt > T, we have

(C2)0) = T < ot +7) =y(1+7)
1 2 oo
b 2 == DI (i) - floon(s)lds
i=17ttT
1 2 [
< plavy /t+T<stT>qi<s>ds]||xy||
< 2
1+2C 1+2C

Hence||l'z —Ty|| < <1,
1 P
I" is a contraction mapping. By Banach’s Contraction Mapping Principle, there exists a unique
x € Q such thal'z = x. Thenz(t) is a bounded positive solution of (1.1).

|lx—vyl|, where]| - || denotes the sup norm. Singe<

Case3. — 1< —p<p(t) <0.

Set
Q:{I‘EBC:Nl Sx(t)gNQ,tzto},

whereN; and N, are positive constants witN; < (1 — p)Na, Ny < b.
Obviously,(2 is a bounded, closed and convex subset of BC. Chap&e> 0 such that

Ni +pNy < o < No,

Oé—Nl—pNQ NQ—OZ
No TN

C’:min{lgp, }.

In view of (1.5), there exists & > ty large enough such that

/ OO(S —t)qi(s)ds < C, fort>T.
t

Define a mapping' : 2 — BC as

a+pt)z(t =)+ [7(s = ) fals, 2(02(5))) = fils, z(on(s)))]ds, ¢ =T,

(To)(t) = { (C)(T), to<t<T.

The next steps are the same as in case 1.
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Cased. —oo < —p; < p(t) < —pp < —1.

Set
Q:{.%’GBC:N;;SJ:‘(LL)§N4,t2t0},

. o o
whereN3; and N, are positive constants witlps p2)N4 > (p1 o )N3, Ny < b.

It is easy to see thd® is a bounded, closed and convex subset of BC. Chagée > 0 such
that
Py, +p1Ns < a< P2 N, + p2Vy,
p2 P

p2—1 1 po 1 po
e N peNy), — (B2, - No)b.
3N, (p1a 4 — palN3), N4(p1 3 —a+paNg)}

In view of (1.5), there exists & > ty large enough such that

C = min{

/OO(S —1)qi(s)ds < C, fort>T.
t

Define a mappind' : 2 — BC as follows:

oy = | T+ ST+ it S (s =t = 1) fa(s, 2(01()) — fals, w(0a(s))]ds t>T
(Tz)(T) to<t<T

The next steps are the same as in case 2. The proof of Theorem 2.1 is completed. [

Theorem2.2— Assume that (i)-(iii) and one of the four conditions (a)-(d) hold, then eq. (1.2)
has a bounded nonoscillatory solution.

PROOF: Let gy (t) = max{g(t),0}, andg_(¢t) = max{—g(t),0}, theng(t) = g+ (t) — g_(t),
and eq. (1.2) is equivalent to

(@(t) = p()x(t — 7))" + [fi(t, x(01(1)) + 9-()] = [fo(t, (02())) + 9+ ()] = 0. (1.2))
It is easy to show that (1.Psatisfies all the conditions of Theorem 2.1, so we omit the ptdof.

Theorem2.3— Assume that (iv), (v) and one of the four conditions (a)-(d) in Theorem 2.1 hold,
then eq. (1.3) has a bounded nonoscillatory solution.

ProoF: Without loss of generality we suppose that the condition (a) holds.

Set
QZ{%EBC:MlSx(t)SMQ,tZto},

whereM; and M, are positive constants with/; < (1 — p) My, My < b.
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It is obvious thaf is a bounded, closed and convex subset of BC. Chao&e> 0 such that

M <a< (1 —p)MQ,

a—M (1—-p)M;—«
’I’LMQ ’ ’I”LMQ

C = min{ }. (2.5)

In view of (1.7), there exists @& > ¢, large enough such that
/ (s —t)|Ai(s)|ds < C, fort>T. (2.6)

T

Define operator§'; andI'; on() as

) atpt)xt—rT), t>T,
(T1z)(t) = { (T12)(T), ty <t <T:
) LT =0 Ais)y(ois))ds, t =T,
(Tan)(t) = { AP =

In view of (2.5) and (2.6), for any, y € Q andt > T, we have

(le)(t) + (F2y>( ) > OZ*TlMQC > Oé*’I’LMQOé Ml _ Mh

(le)(t) + (ng)(t) < a4+ pMs +nMyC = M.

ThusTiz + Tyy € Q foranyz,y € Q. From0 < p(t) < p < 1, we know thatl’; is a

contraction mapping. We show now tHaf is continuous. In fact, choosgy, };°, C € such that
for every fixedt, ||yx — y|| — 0 ask — oo. In view of (2.5), we get

230t (Ca)l < sup (o)t (Pa)ll < nClas — 0, as k= o
t>to

which implies thaf’’; is continuous. We can also show that

d(izﬁy)t\ = ’/t ZAi(S) y(oi(s))ds| < \/ SZA s))ds| < nCMa, fort>T
i=1

and

’ d(F2y>t ’
dt

=0, fortg<t<T.

Hencel'»22 is equi-continuous.

233

On the other hand, it is easy to see that the family'gf is uniformly bounded. Therefore,

I’y is completely continuous. By Krasnoselskii's fixed point theorem, there exist$?, such that
'z + I'yx = . Clearly,z(t) is a bounded positive solution of eq. (1.3). O
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3. ILLUSTRATIVE EXAMPLES
In this section, four examples are offered to illustrate our results.

Example3.1 — Consider

1 L, 8(t—2)3 20t—3)2 s B
(a() = gl = )" + =g (0= 2) - T 7)%:52(15 —3)=0, (t>4) (3.1)
wherep = 1 <1 < 1,7 =1,01(t) =t —2,00(t) =t — 3, fi(t,u) = ;((;t—_?é;us and

W

2(t — 3)5u

fa(t,u) = 15021 7)% , for u,v € [1,2]. Furthermore,
96
) = (00| < o= D=l
12(t — 3)2

|f2(t,u) — fa(t,v)| <

(t— 132t —7)% e =l

Then we have

" 98(¢ — 2)(¢ —4) = 12(t - 3)3(t - 4)

It is easy to see that the conditions of Theorem 2.1 are all satisfied. Therefore, eq. (3.1) has a
. . 1. .
bounded nonoscillatory solution. In faett) = 2 — n is such a solution.

Example3.2 — Consider

(z(t) — (2+ %)x(t —1))" + 72((7;__23))3:(15 —2)— (t_61 ”;_t\/ t—4)=0, (t>6) (3.2)
wherep(t) =241 > 1, fi(t,u) = t63((tt__23))u fa(t,u) = (t—61 )tg\_/j_j\/ﬂ We can show that

the conditions of Theorem 2.1 are all satisfied. Therefore, eq. (3.2) has a bounded nonoscillatory
. 1. :
solution. In factz(t) = 1 — n is such a solution.
Example3.3 — Consider

2(t —2)5
(t—1p3({—3)5"

(2(t) + %m(t _1) + BH—1)=0, (t>4) (3.3)

where—1 < p(t) = —1 < 0, fi(t,u) =

2t-2° 20t —1)° 4
. , , = —Tu’. Wi
G- —gp P = gt We

can show that the conditions of Theorem 2.1 are all satisfied. Therefore, eq. (3.3) has a bounded

. . 1. .
nonoscillatory solution. In fact;(t) = 1 — ;s such a solution.
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Example3.4 — Consider

(2(t) + 22(t — 2))" + tii(tzt_ll)gg(t —1)— G 4“;5’;(—%2) 5= % (t > 4) (3.4)
wherep(t) =2 > 1, fi(t,u) = t3(t2t_—11)u fa(t,u) = = 2;21?% —3 We can check that the

conditions of Theorem 2.2 are all satisfied. Hence eq. (3.4) has a bounded nonoscillatory solution.
1. .
Infact,xz(t) =2 + L is such a solution.
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