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In this paper, a characterization of the norm of a linear opetétot” — I"(r > 1,7 = p,q)

is discussed, wher€ is represented by a generalized integral with certain ketn@l, y). As

its applications, a new bilinear operator inequality with the norm and the equivalent forms are
obtained, and some new extended Hilbert’s type inequalities with the best constant factors and
the equivalent forms are established.
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Let H be a real separable Hilbert space, dhd H — H be a bounded self-adjoint semi-positive
definite operator. Then a new operator inequality was established by [1] as follows:

172

Th)? <
(a’7 ) — 2

(llalP[1olf* + (a,0)) (a,b € H), 1)
where(a, b) is the inner product of andb, and||a|| = \/(a, a) is the norm ofa.

SetH = % and definel : 12 — % as: fora = {a,,}°_; € 1%,

(Ta)(n) := Z m—|—11—1am’n e N. (2)

m=1
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ThenT is a bounded self-adjoint semi-positive definite operator (see [2]), and one has the
sharper form of Hilbert’s inequality by (1) as (see [1])

zz:z_:m—i—n—l 2{;ai;bi+<;a"b") } . 3)

Using Cauchy’s inequality in the ter@} > | anbn)2 of (3), the Hilbert’s inequality is obtained
as follows:

ZZm+n_1_ {Z sz}~ @)

n=1m=1

. . 1 1
In 1925, Hardy-Riesz [3] gave an extensionof (4)asp b 1,- + — = 1,a,,b, > 0,a =
p q
{am}m=1 € 17,0 ={bn};Z, € 1" and|[all,, [[b]|; > 0, then

>y i . ) lallp| 61l 5)

n=1m=1

where the constant facteri is the best possible, anf||, = {> " -, an}l/p

n(m/p)

Inequalities (4) and (5) are important in analysis and its applications (see [4,5]). Recently, (5)
1 1
had been extended by [6] by introducing a parametes: If2—min{p, ¢} < A < 2, ||crallp, ||cab||; >
0(c = {n17*}22 ), then

n=1m=1

[e.9]

by, P+A—2 q+)\—2> 1 1
__dm__ < B , z a0, 6
ety <5 (PRS2 22 e, ©

A—2 A—2). . .
where the constant factd ( 2 + , g+t > is the best possible; the Beta functiBifu, v)

q
is defined by (see [7])

00 u—1
B(u,v) := /0 (1—ti-t)“+”dt = B(v,u) (u,v > 0). (7)

In 2003, Yanget al. [8] summarized how to use the way of weight coefficient in research for
Hilbert’'s type inequalities. Recently, Gab al. [9] summarized some results of study ulteriorly.

In view of (2), one may rewrite (5) as

™

—— llallpllbllq:
S1n (;)

where(T'a, b) is the formal inner product df e andb defined by

(Ta,b) < (8)
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In this paper, a characterization of the norm of a linear operBtor!” — [I"(r > 1;r =
p,q) is discussed, wher€ is represented by a generalized integral with certain ketp@l, y).
As applications, a new bilinear operator inequality with the norm and the equivalent forms are
established. Some new extended Hilbert’s type inequalities with the best constant factors such as
(6) and the equivalent forms are given.

1 1 . :
Letp > 1,— + — = 1," be real normal spaces, akgz, y) be continuous irf0, co) x (0, c0)
p

q
(r =p,q), satisfyingk,(z,y) = ky(y,z) > 0,2,y € (0, 00). Define the linear operatdr as:

(Ta)(n Z kq(m,n)am, a = {am}meq € ', n € N; 9)

m=1

or equivalently foh = {b,,}>° ; € 19,

(Th)(m Zk n,m)b,, m € N. (10)

n=1

Fors(> 0) small enough and > 0, settingk, (¢, z) as

~ o] T irs
bea)= [ h@o(5) " d r=pa. (11
0
one has the following theorem:

1

Theoreml1— (i) If for eachx > 0, k. (x, ) (%) " is decreasing it € (0, 0), and

%T(O,x)::/oook(x t)<t> dt =ky (r=p,qz>0), (12)

wherek,, is a positive constant independentafthenT” € B(I" — ") and||T||, < k, (r = p,q);

1+4+e¢

(i) if for eachz > 0 ande > 0, k,(x, t) (%) " is decreasing irt € (0,00), ky (e, z) = kp(e)
(r =p,q;e > 0,2 > 0) is independent of:, wherek,(¢) = k, + o(1)(¢ — 07), and

1+e

1
Z m1+e/ (m, t) (T) " dt=0(1) (=057 =p,q) (13)
m=1

then| ||, = k, (r=p,q).

PROOF: (i) For a(> 0) € [P, by Holder's inequality with weight (see [10]), one has from
Condition (i) that

1

(gkqm,n)am)” ) {gkqm,n) {(Z)”am] [%)]}p
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and then, one obtains

| Tall, = {i[ikq(m,n)amr}

IA
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<
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3*@
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n=1m=1
e ) 0o 1 1/p
= W{Z[ kq<m,n><m>q] a&}
n
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It follows thatT'a € I and||T||, < k, (cf. [11]). By the same way, one hd% < (9 and
Tlq < kyp.

(i) It is obviouls that Conditionii) covers Conditionij. Fore > 0, settinga € [P as:a =
(Yoo m~(+9)]) 7w {m=U+e)/pee | one haglal|, = 1 and from Conditionif,

o0 3 (o [ Py 1+
Il > |7l = [zm—am] {Z [Z kq<m,n>m—<1+e>/p] }
m=1

n=1 [m=1

[ oo ] _% 00 [ oo p
= |2 m {Zn‘(“g) > kp<n,m><;jb><1+f>/p] }
Lm=1 n=1

v

[ oo 1 _% 0 ) n P %
S (149 LRGE /1 kp(n,x)(x)““)/”da:}
Lm=1 n=1

- 41
_ Z m—(1+9) ! {Z — (1)
Lm=1 n=1

Since by Bernoulli’s inequality (see [10]), one has
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[1 - kzpl(s)/ol kp(n,x) (Z)lf dmr >1- k‘;z&)/ol kp(n,x) (g) > dx,

then, it follows from (13) that

- oo L- % © 4 o 1 n 1;5 %
ITll, > kp(e) m; e | {; s {1 e /0 kp(n,x)(x) d;n”
IS e (- v
= ky(e) z_:lmH {Z;W_J(E)ou)}
o] 1 -1 %
= [kp+o(1)]{1kag>0<1) me] } ’
p m=1

and||T'||, > k, (fore — 0T). Hence, combine withT'||,, < k, in (i), one hag|T||, = k,. By the
same way, one hafl'||, = k,. The theorem is proved.

1 1 ~ . -
Theorem2 — Letp > 1, - + — = 1. Suppose that, (0, z)(r = p,¢; x > 0) in (12) satisfies
p g
Condition(i) of Theorem 1If a,,,b, > 0,m,n € N anda = {an}20_; € P,b={b,}2>, € 19,
then one has the following two equivalent inequalities

I(a,b) = =Y > kg(m,n)ambn < kpllallyl|bll; (14)
n=1m=1
00 00 p %
J(a) : = {Z ( kq(m,n)am> } < kpllallp, (15)
n=1 \m=1

1

where the constant factdr, (= [ kq(x,t) (%) “dt > 0) is independent of.

PrROOF: By Hdlder’s inequality with weight and Conditiom)( one has

I(a,b) = i ilkq(m,n) [(:)Jq am} [(;)é bn]

(5 Sk (2 ) {35 e ()7}

< >3 Sy
< (E [ w3 o] (B wnn ol e)

m=1 n=1

- kp{iagn}p{ibg}q, (16
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and (14) is valid.

If ||al|, = 0, thenJ(a) = 0 and (15) takes the form of equality; |iiz||, > 0, thenJ(a) > 0
and one can conform thdt{a) < oo, since (15) is not valid if/ (a) = occ. In view of ||al|, > 0, set
b = (3°2°_, kg(m,n)a,)P~t > 0, and use (14) to obtain

0 < pllg = [J(a)]” = I(a,b) < kp|lalp[[bllq < o003

17)
J(@) = |pll§" < kpllall,.
Hence one has (15).
On the other-hand, if (15) is valid, bydttler’s inequality, one has
I(a,b) = (Z k‘q(m,n)am) (bn) < J(a)][bllg- (18)
n=1 \m=1

Then by (15), one has (14). It follows that (15) is equivalent to (14). The theorem is proved.

Notel — Since||T||, < k,, by the same way, one still can show that

0 o) q %
{Z( kp(”vm)bn> } < kypl[bllq, (19)
=1

m=1 \n

and (19) is equivalent to (14). It follows (14), (15) and (19) are equivalent.

Theorem3 — Letp > 1,1 + ! = 1. Suppose tha%r(s,x)(r =p,q¢;x > 0,e > 0)in (11)
satisfies Condition (ii) of Theorerqn 1. H#,,bp, > 0,m,n € Nanda = {an}_, € P,b =
{bn}52, € 19, and ||a||p, ||b]|l; > 0,T is defined by (9) (or (10)), and the formal inner product
(Ta,b)( or (a,Th)) is defined by

(Ta,b) := Z Z kq(m,n)amby,

n=1m=1

then one has the following two equivalent inequalities:

(Ta,b) < |[T1lpllallp|lbllg; (20)
Tallp, < |Tllpllallp, (21)

where the constant factgf’'||, = [;~ kq(x,t)(%)%dtb 0) is the best possible.

PrROOF: If the first inequality of (16) takes the form of equality, then there exists real numbers
1 1
A and B, such that they are not all zero and (see [18]}")7a}, = B(Z)rbj,m,n € N. It

n
m
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follows that Amal, = Bnb},m,n € N, and then there exists a constdinsuch thatdmal, =
C,m € N,Bnb}, = C,n € N. Without lose of generality, assume that# 0. Then one has
ab, = %,m € N,which contradicts the fact that € [P. Hence (16) takes the form of strict

inequality, and in view of|T'||, = k, in Theorem 1, one has (20).

Since||al|, > 0, then by (20), the first inequality of (17) take the strict forms; so does the
second. And one has (21). Base on the equivalency of (14) and (15), it follows that (20) and (21)
are equivalent. In view of the fact that the constant fagtbf|, in (21) is the best possible (see
[11]), one can conclude that the constant fa¢tdl|, in (20) is the best possible. Otherwise, by
the first inequality of (17), one can get a contradiction that the constant factor in (21) is not the best
possible. The theorem is proved.

Note2 — By the same way, in view dfT’||, = ||T'||,, one has

1T6]lq < [IT1lpl1b

a, (22)

where the constant factgf’||,is the best possible; inequalities (20), (21) and (22) are equivalent.

@r—%y%—% (

(1) Settingd < &, < 1(r =p,q), Pp+ P4 = N\, kp(x,y) = ml’ r=mpq, s=

), forany0 < e < r®, and fixedz > 0, puttingu = £, one finds from (7) that

l1+e

~ o0 1 _1 _1 [z q
) = [T gt it (5) T e

o0 ]. (I)pféf]_ o0 1 q)pil
= ; 7(1+u)/\u a “du — ; 7(14_“))\1; du

= B(q)p,q)q) = kpaf]gp(svx) - kp(5 - 0+)§

IN
(e
3
e
+

™
h
S‘H
>

3

®
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|
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VS
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Since for0 < &, < 1,0 < A <2, and fixedz > 0,
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1+e 1

k(0 (3) 7 = oo

g2t e®oT e (0, 00)
is decreasing, then by Theorem 1, one W&$, = k, = B(®,, ®,), and by Theorem 3, it follows

1 1
Corollary 1 —Ifp > 1,— + — =1, am, b, > 0,m,n € N anda = {a,,}5°_; € IP,b =
p q
{bp}02, € 19, and||al|p,||b|l; > O, then for0 < &, < 1(r = p,q),®, + &, = A, one has the
following two equivalent inequalities:

i m 4 an P »p
D2 i ambe < B(@y @)l lallp| bl (23)
n=1m=1
00 00 q;q_l p %
_ m q
{Z”p% 1 Zwam] } < B(®p, ®g)llally, (24)
n=1 m=1

where the constant factd#(®,,, ®,) is the best possible.

Settinge, = {n%_@ * (r =p,q), and replacingi,,, b, by m%_éqam, n%_q’pbn in (23) and

n=1

(24), one has|c,allp, ||cpbl|q > 0 and the following two equivalent inequalities:

1
D3 gt < B@y2g)lleqallpllesblly (25)
n=1m=1
1
00 00 Py 5
St Y | b < Bl @9)
(m+n)" P *q)11%%Ip-

n=1 m=1

. 1 . -
In particular, &) for2—r < A <2,®, = 14+(A—2) (1 - T) ,andc, = {n¥}g°:1(r =p,q),

one has the following equivalent inequalities (see [12]):

1 PAA=2 gHEA=2Y = -

S5 bt < B (PSR IS e @)

n=1m=1
P 1

o o0 ?
3 D01 _Gm (p+)\—2 q+)\—2) o

n <B ; Cpallp; 28
{m mzl<m+n>x} SIS Gl (29

=100 (r = p,q), one has the

3—
bfor2—r < A <2,®. =1+ ,ande, = {n"+ o

following two equivalent inequalities:

= 1 pF+A—2 q+/\—2>
T ambn < B ; cqal ) lcpbllg: 29
22 Gy (= ) llcaallpliepbll (29)
p 1
. = i +A=2 g+A—-2
ppPHA=3 dm <B (p , Cq0|p; (30)
{; 2 Gty . ) llegally
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A - ,
(cgfor0 < A < 1,®, = —, ande, = {ner }> (r = p,q), one has the following two
T
equivalent inequalities:

AA
ZZ (m +mn)A ambn < B<p7q>|’0paHp|Cquq§ (31)

nlml

in“ iil o] U< B(A A)Hc all; (32)
n=1 m=1 (TTL—{—TL))‘ " p’q . g

1 .
(dforo<A<1,9,. =\ (1 - > ,andc, = {nltA —A o ,(r =p, q), one has the following
T
two equivalent inequalities:

SN ot < B (S ledlblotly 69

n=1m=1
D 1
oo %) 1 : )\ )\
A(p—1)—1 '
{nz::ln (»-1) [mzzzl W_n))\am] } < B <p, q) chaHp7 (34)

Remarkl : ForA = 1, both (27) and (31) reduce to the following Hardy-Hilbert's inequality

(see [4]):
[e<lNe e} 1 P o) q
DD sy ambn < Sm( ) {Zap} {;bg} : (35)

and both of (29) and (33) reduce to the dual form of (35) as (see [13])

1 1
#ambn < nP~2a? i n?2pl q , (36)
Z Z m+n - 1)

n=1m=1 S111 (p n=1 n=1

where both of (35) and (36) are best extensions of the following Hilbert’s inequality:

>y

n=1m=1

— Ambn, <W{Z Zzﬁ} . (37)

&1 .1

. X ry s
2) Settingd < @, < 1(r = p,q), P, + ®, = \, kp(z,y) = ————— = p,q,
( ) g < (7’ p Q) p q (.I' Z/) ( ax{at,y}) (T p,q,s

Ll), forany0 < ¢ < r®, and fixedz > 0, one finds that

~ & 1 e, -1 o 1 [X q
K - S — d
(&) /o (g Y <y> v
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x 14« 00 1+4+e¢
= [t () e [T St (2) T
0oz Yy z Y Y
xT (e}
N CL'_(DP/ yq)p_ldy+$(bq/ y—(bq—ldy
0 x

A ~
- = kyp, kp(e, 2) = kp(e — 07);

IN

1 1
— +.
TP Z m®st1+e/s <0 (E —0%r=p, q)

Since for0 < &, < 1,0 < A < 2, and fixedz > 0,

14¢

AN 1 T
kr(x,t)(t) = e t € (0,00)

is decreasing, then by Theorem 1, one ha$, = & and by Theorem 3, it follows

_<I><I>’

1 1
Corollary2 —Ifp > 1,— + — =1, ajm, b, > 0,m,n € N anda = {a,,}5°_; € IP,b =
P q
{bp}o2, € 19, and||al|p, |||l > O, then for0 < &, < 1(r = p,q), P, + &, = A, one has the
following two equivalent inequalities:

m®a~ qn ®ryp A
ambn < ——la|lp||b]lg; (38)
nz:lmz:l (max{m,n})* $,0, P
1
00 00 éqf% Py p A
bt e an < ——lallp, (39)
= | S ] | < a

A .
where the constant fact% is the best possible.
q

i A
In particular, (a) fol0 < A < 1,9, = = (r =p,q), one has
,
[ BN A=l A-1
mene pq
o Ambn — P 40
2.2 Gapmoaprnte < llalblibll (40)
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() 00 A—1 P %

(b)for0 < A< 1,9, = A (1—1> (r =p,q),one has
T

247

o ALl M,l
p Y4
ZmZ T it < S llelll Bl (42)
00 00 A+l p %
Ap—1)-1 _mr Pq 43
S | ] | < el 43
Remark2 : For\ = 1, (40) and (42) reduce to classical inequality and the dual form as (see [4,
14)):
ii¥ambn < pallallp|[bllg; (44)
== max{m,n} pii=lg
0o 2_1 24
mp na
;n;m{m’n}a < pallall,|[bllq (45)

1

(@)Setting) < &, < 1(r = p.a). B4, = A by o9) = S (=g

for any0 < ¢ < r®, and fixedz > 0, puttingu = (y/x)*, one finds from Th. 342 in [4] that

~ S| 1 1
o) = [ RIR (2) T ay

$’\—y Yy

00 R 00 B
A S Ty TR 1/ I S,
)\2 0 u — 1 )\2 0

2 ~
[ASHW%M} = kips (=, 2) = Jp(e = 07);

1+e

o0 1 1 m
0 < Zm1+8/0 ky(m,t) (7) dt
m=1
0 14¢
1 1 t =
D I e CONT
—m € Jo m*—t t

<1 UIntm/t) o= [t \** o 1 4 1 /m\ 5=
= Zl m1+8/0 m>\ Z <m> m rt s <7> dt
m= k

=0

o
Cr—1)
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1 - L/m kAP —£—1
SED DI =) DY AN Gt TS
m=1 k=0"0

Since forA > 0 and fixedz > 0
for0 < &, <1,

,t € (0,00) is decreasing (see [15], Lemma 2.2), then

(96/ t)
—tA

1+e

r 1 t € €
ky (2, 1) (f) - ;;(f/tix@v-w%—l—r,t € (0, 00)

2
il )} . By Theorem 3, it

is decreasing, then by Theorem 1, one hay|, = k, = [)\s(cb/)\
1n(7m q

follows.

1 1
Corollary 3 — If p > 1, —+— =1, am,bp, > 0,m,n € N anda = {ap}20_, € IP,b =
p
{bn}22, € 19, and||al|p,|[]|q > 0 then for0 < @, < 1(r = p,q), ®, + &, = A, one has the
following two equivalent inequalities:

r 2

N — ln(m/n)mq)q_%nq)"_% s
>0 by < || llalllbll;  (46)
n=1m=1 _)\ Sin <Tq>
1 Py = - 2
> & In(m/nym®e e P T
{E”p% 1[ ( Q X “m] } < m] llallp, (47)
n—=1 m_1 oo n | Asin(2)
T 2
where the constant fact({lm] is the best possible.
T%q
. A
In particular, (&) fol0 < A < 1,®, = — (r =p,q), one has
T
0o oo 1 ( / ) A=l A1 r 12
n(m/n)m « n » T
mbn < . b 5 48
2> T ez | bl (48)
= oo - Py 5 - 12
Zn)\—l Z M@ < 4 lal|p; (49)
= = e " Asin(Z) | P

(b)for0 < A< 1,9, = A (1—1> (r =p,q),one has
T

A4l A4l g

2
oy eI T < [ASQ(W)] lall bl (50)
p

3\3

n=1m=1
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1
00 At g Py > 2
In(®)m » v
n —an, . 51
Z m* — nA a ] } < [)\Sin(z)] HG’HP ( )

m=1

{i n)\(pfl)fl

n=1

Remark3 : For\ = 1, (48) and (50) reduce to the classical inequality and the dual form as (see
[4, 15]):

= o~ In(m/n) Y |

;mz::l Tm—p Gmbn < mep)] [lallp|10]]4; (52)
i i ln(m/n)m%ﬂn%*la b - |:7T]2 all bl 55
n=1m=1 m-—n e Sin(ﬂ/p) p q-

In the following, one gives a particular case of Theorem 2 ffer ¢ = 2).

1 A

(4) Settingd < A < 2,ka(z,y) = m(gcy)Tl, for any0 < ¢ < A and fixedx > 0, one
Ly

finds that

Rea) = [ gt (y) "y

A—e _
= z/? Y du # ka(e)(constant)
b Grw |

1 Py
2

1
since for0 < A < 2 and fixedz > 0, ka(z,t) (f>2 = ( x t%”(t € (0,00)) is de-

t 1+ xt)?
. ~ AA AA
creasing, anéy(0,z) = B (2, 2) = ko, by Theorem 1, one hd§l'||2 < B (2, 2) and by the

Theorem 2, one has

Corollary 4 — If ay,,b, > 0,m,n € N anda = {a,}_1,b = {b,}32, € [?, then for
0 < A < 2, one has the following two equivalent inequalities:

> (A-1)/2 A\
S5 e < B(3.5) el (54)

2’2

2| & (mn)AD/2 2 3 )
{Z [mzl (1+mn))\am] < B (2’ 2) |lall2- (55)
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