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In this paper, a characterization of the norm of a linear operatorT : lr → lr(r > 1, r = p, q)
is discussed, whereT is represented by a generalized integral with certain kernelkr(x, y). As

its applications, a new bilinear operator inequality with the norm and the equivalent forms are

obtained, and some new extended Hilbert’s type inequalities with the best constant factors and

the equivalent forms are established.
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Let H be a real separable Hilbert space, andT : H → H be a bounded self-adjoint semi-positive

definite operator. Then a new operator inequality was established by [1] as follows:

(a, T b)2 ≤ ||T ||2
2

(||a||2||b||2 + (a, b)2) (a, b ∈ H), (1)

where(a, b) is the inner product ofa andb, and||a|| =
√

(a, a) is the norm ofa.

SetH = l2 and defineT : l2 → l2 as: fora = {am}∞m=1 ∈ l2,

(Ta)(n) :=
∞∑

m=1

1
m + n− 1

am, n ∈ N. (2)
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Then T is a bounded self-adjoint semi-positive definite operator (see [2]), and one has the

sharper form of Hilbert’s inequality by (1) as (see [1])

∞∑

n=1

∞∑

m=1

ambn

m + n− 1
≤ π√

2





∞∑

n=1

a2
n

∞∑

n=1

b2
n +

( ∞∑

n=1

anbn

)2




1
2

. (3)

Using Cauchy’s inequality in the term(
∑∞

n=1 anbn)2 of (3), the Hilbert’s inequality is obtained

as follows:
∞∑

n=1

∞∑

m=1

ambn

m + n− 1
≤ π

{ ∞∑

n=1

a2
n

∞∑

n=1

b2
n

} 1
2

. (4)

In 1925, Hardy-Riesz [3] gave an extension of (4) as: Ifp > 1,
1
p

+
1
q

= 1, an, bn ≥ 0, a =

{am}∞m=1 ∈ lp, b = {bn}∞n=1 ∈ lq and||a||p, ||b||q > 0, then

∞∑

n=1

∞∑

m=1

ambn

m + n− 1
<

π

sin
(

π
p

) ||a||p||b||q, (5)

where the constant factor
π

sin(π/p)
is the best possible, and||a||p = {∑∞

n=1 ap
n}1/p

.

Inequalities (4) and (5) are important in analysis and its applications (see [4,5]). Recently, (5)

had been extended by [6] by introducing a parameterλ as: If2−min{p, q} < λ ≤ 2, ||c 1
p a||p, ||c

1
q b||q >

0(c = {n1−λ}∞n=1), then

∞∑

n=1

∞∑

m=1

ambn

(m + n− 1)λ
< B

(
p + λ− 2

p
,
q + λ− 2

q

)
||c 1

p a||p||c
1
q b||q, (6)

where the constant factorB

(
p + λ− 2

p
,
q + λ− 2

q

)
is the best possible; the Beta functionB(u, v)

is defined by (see [7])

B(u, v) :=
∫ ∞

0

tu−1

(1 + t)u+v
dt = B(v, u) (u, v > 0). (7)

In 2003, Yanget al. [8] summarized how to use the way of weight coefficient in research for

Hilbert’s type inequalities. Recently, Gaoet al. [9] summarized some results of study ulteriorly.

In view of (2), one may rewrite (5) as

(Ta, b) <
π

sin
(

π
p

) ||a||p||b||q, (8)

where(Ta, b) is the formal inner product ofTa andb defined by

(Ta, b) :=
∞∑

n=1

( ∞∑

m=1

am

m + n− 1

)
bn =

∞∑

n=1

∞∑

m=1

ambn

m + n− 1
.
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In this paper, a characterization of the norm of a linear operatorT : lr → lr(r > 1; r =
p, q) is discussed, whereT is represented by a generalized integral with certain kernelkr(x, y).
As applications, a new bilinear operator inequality with the norm and the equivalent forms are

established. Some new extended Hilbert’s type inequalities with the best constant factors such as

(6) and the equivalent forms are given.

Let p > 1,
1
p

+
1
q

= 1, lr be real normal spaces, andkr(x, y) be continuous in(0,∞)× (0,∞)

(r = p, q), satisfyingkq(x, y) = kp(y, x) > 0, x, y ∈ (0,∞). Define the linear operatorT as:

(Ta)(n) :=
∞∑

m=1

kq(m,n)am, a = {am}∞m=1 ∈ lp, n ∈ N ; (9)

or equivalently forb = {bn}∞n=1 ∈ lq,

(Tb)(m) :=
∞∑

n=1

kp(n,m)bn, m ∈ N. (10)

Forε(≥ 0) small enough andx > 0, settingk̃r(ε, x) as

k̃r(ε, x) :=
∫ ∞

0
kr(x, t)

(x

t

) 1+ε
r

dt (r = p, q), (11)

one has the following theorem:

Theorem1— (i) If for eachx > 0, kr(x, t)
(x

t

) 1
r

is decreasing int ∈ (0,∞), and

k̃r(0, x) :=
∫ ∞

0
kr(x, t)

(x

t

) 1
r
dt = kp (r = p, q; x > 0), (12)

wherekp is a positive constant independent ofx, thenT ∈ B(lr → lr) and||T ||r ≤ kp (r = p, q);

(ii ) if for eachx > 0 andε ≥ 0, kr(x, t)
(x

t

) 1+ε
r

is decreasing int ∈ (0,∞), k̃r(ε, x) = kp(ε)
(r = p, q; ε ≥ 0, x > 0) is independent ofx, wherekp(ε) = kp + o(1)(ε → 0+), and

∞∑

m=1

1
m1+ε

∫ 1

0
kr(m, t)

(m

t

) 1+ε
r

dt = O(1) (ε → 0+; r = p, q) (13)

then||T ||r = kp (r = p, q).

PROOF : (i) For a(≥ 0) ∈ lp, by Hölder′s inequality with weight (see [10]), one has from

Condition (i) that

( ∞∑

m=1

kq(m,n)am

)p

=

{ ∞∑

m=1

kq(m,n)
[(m

n

) 1
pq

am

] [( n

m

) 1
pq

]}p
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≤
[ ∞∑

m=1

kq(m,n)
(m

n

) 1
q
ap

m

][ ∞∑

m=1

kp(n,m)
( n

m

) 1
p

]p−1

≤
[ ∞∑

m=1

kq(m,n)
(m

n

) 1
q
ap

m

][∫ ∞

0
kp(n, x)

(n

x

) 1
p

dx

]p−1

=

[ ∞∑

m=1

kq(m,n)
(m

n

) 1
q
ap

m

]
(kp)

p−1 ,

and then, one obtains

||Ta||p =

{ ∞∑

n=1

[ ∞∑

m=1

kq(m, n)am

]p} 1
p

≤ k1/q
p

[ ∞∑

n=1

∞∑

m=1

kq(m,n)
(m

n

) 1
q
ap

m

]1/p

= k1/q
p

{ ∞∑

m=1

[ ∞∑

n=1

kq(m,n)(
m

n
)

1
q

]
ap

m

}1/p

≤ k1/q
p

{ ∞∑

m=1

[∫ ∞

0
kq(m, y)(

m

y
)

1
q dy

]
ap

m

}1/p

= kp||a||p.

It follows that Ta ∈ lp and ||T ||p ≤ kp (cf. [11]). By the same way, one hasTb ∈ lq and

||T ||q ≤ kp.

(ii ) It is obvious that Condition (ii ) covers Condition (i). For ε > 0, settingã ∈ lp as: ã =[∑∞
m=1 m−(1+ε)

]− 1
p {m−(1+ε)/p}∞m=1, one has||ã||p = 1 and from Condition (i),

||T ||p ≥ ||T ã||p =

[ ∞∑

m=1

m−(1+ε)

]− 1
p

{ ∞∑

n=1

[ ∞∑

m=1

kq(m,n)m−(1+ε)/p

]p} 1
p

=

[ ∞∑

m=1

m−(1+ε)

]− 1
p

{ ∞∑

n=1

n−(1+ε)

[ ∞∑

m=1

kp(n,m)(
n

m
)(1+ε)/p

]p} 1
p

≥
[ ∞∑

m=1

m−(1+ε)

]− 1
p

{ ∞∑

n=1

n−(1+ε)

[∫ ∞

1
kp(n, x)(

n

x
)(1+ε)/pdx

]p
} 1

p

=

[ ∞∑

m=1

m−(1+ε)

]− 1
p

{ ∞∑

n=1

n−(1+ε)

[
kp(ε)−

∫ 1

0
kp(n, x)

(n

x

) 1+ε
p

dx

]p
} 1

p

.

Since by Bernoulli’s inequality (see [10]), one has
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[
1− 1

kp(ε)

∫ 1

0
kp(n, x)

(n

x

) 1+ε
p

dx

]p

≥ 1− p

kp(ε)

∫ 1

0
kp(n, x)

(n

x

) 1+ε
p

dx,

then, it follows from (13) that

||T ||p ≥ kp(ε)

[ ∞∑

m=1

1
m1+ε

]− 1
p

{ ∞∑

n=1

1
n1+ε

[
1− p

kp(ε)

∫ 1

0
kp(n, x)

(n

x

) 1+ε
p

dx

]} 1
p

= kp(ε)

[ ∞∑

m=1

1
m1+ε

]− 1
p

{ ∞∑

n=1

1
n1+ε

− p

kp(ε)
O(1)

} 1
p

= [kp + o(1)]



1− p

kp(ε)
O(1)

[ ∞∑

m=1

1
m1+ε

]−1




1
p

,

and||T ||p ≥ kp (for ε → 0+). Hence, combine with||T ||p ≤ kp in (i), one has||T ||p = kp. By the

same way, one has||T ||q = kp. The theorem is proved.

Theorem2 — Let p > 1,
1
p

+
1
q

= 1. Suppose that̃kr(0, x)(r = p, q; x > 0) in (12) satisfies

Condition(i) of Theorem 1. If am, bn ≥ 0,m, n ∈ N anda = {am}∞m=1 ∈ lp, b = {bn}∞n=1 ∈ lq,

then one has the following two equivalent inequalities:

I(a, b) : =
∞∑

n=1

∞∑

m=1

kq(m,n)ambn ≤ kp||a||p||b||q; (14)

J(a) : =

{ ∞∑

n=1

( ∞∑

m=1

kq(m,n)am

)p} 1
p

≤ kp||a||p, (15)

where the constant factorkp(=
∫∞
0 kq(x, t)

(x

t

) 1
q
dt > 0) is independent ofx.

PROOF : By Hölder’s inequality with weight and Condition (i), one has

I(a, b) =
∞∑

n=1

∞∑

m=1

kq(m,n)
[(m

n

) 1
pq

am

] [( n

m

) 1
pq

bn

]

≤
{ ∞∑

m=1

∞∑

n=1

kq(m, n)
(m

n

) 1
q
ap

m

} 1
p

{ ∞∑

n=1

∞∑

m=1

kp(n,m)
( n

m

) 1
p

bq
n

} 1
q

≤
{ ∞∑

m=1

[∫ ∞

0
kq(m, y)

(
m

y

) 1
q

dy

]
ap

m

} 1
p

{ ∞∑

n=1

[∫ ∞

0
kp(n, x)

(n

x

) 1
p

dx

]
bq
n

} 1
q

= kp

{ ∞∑

m=1

ap
m

} 1
p

{ ∞∑

n=1

bq
n

} 1
q

, (16)
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and (14) is valid.

If ||a||p = 0, thenJ(a) = 0 and (15) takes the form of equality; if||a||p > 0, thenJ(a) > 0
and one can conform thatJ(a) < ∞, since (15) is not valid ifJ(a) = ∞. In view of ||a||p > 0, set

bn = (
∑∞

m=1 kq(m,n)am)p−1 > 0, and use (14) to obtain

0 < ||b||qq = [J(a)]p = I(a, b) ≤ kp||a||p||b||q < ∞;

(17)

J(a) = ||b||q−1
q ≤ kp||a||p.

Hence one has (15).

On the other-hand, if (15) is valid, by Ḧolder’s inequality, one has

I(a, b) =
∞∑

n=1

( ∞∑

m=1

kq(m,n)am

)
(bn) ≤ J(a)||b||q. (18)

Then by (15), one has (14). It follows that (15) is equivalent to (14). The theorem is proved.

Note1 — Since||T ||q ≤ kp, by the same way, one still can show that

{ ∞∑

m=1

( ∞∑

n=1

kp(n,m)bn

)q} 1
q

≤ kp||b||q, (19)

and (19) is equivalent to (14). It follows (14), (15) and (19) are equivalent.

Theorem3 — Let p > 1,
1
p

+
1
q

= 1. Suppose that̃kr(ε, x)(r = p, q;x > 0, ε ≥ 0) in (11)

satisfies Condition (ii) of Theorem 1. Ifam, bn ≥ 0, m, n ∈ N and a = {am}∞m=1 ∈ lp, b =
{bn}∞n=1 ∈ lq, and ||a||p, ||b||q > 0, T is defined by (9) (or (10)), and the formal inner product

(Ta, b)( or (a, T b)) is defined by

(Ta, b) :=
∞∑

n=1

∞∑

m=1

kq(m, n)ambn,

then one has the following two equivalent inequalities:

(Ta, b) < ||T ||p||a||p||b||q; (20)

||Ta||p < ||T ||p||a||p, (21)

where the constant factor||T ||p =
∫∞
0 kq(x, t)(x

t )
1
q dt(> 0) is the best possible.

PROOF : If the first inequality of (16) takes the form of equality, then there exists real numbers

A andB, such that they are not all zero and (see [10])A(m
n )

1
q ap

m = B( n
m)

1
p bq

n,m, n ∈ N. It
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follows thatAmap
m = Bnbq

n,m, n ∈ N, and then there exists a constantC,such thatAmap
m =

C, m ∈ N,Bnbq
n = C, n ∈ N. Without lose of generality, assume thatA 6= 0. Then one has

ap
m = C

Am ,m ∈ N,which contradicts the fact thata ∈ lp. Hence (16) takes the form of strict

inequality, and in view of||T ||p = kp in Theorem 1, one has (20).

Since||a||p > 0, then by (20), the first inequality of (17) take the strict forms; so does the

second. And one has (21). Base on the equivalency of (14) and (15), it follows that (20) and (21)

are equivalent. In view of the fact that the constant factor||T ||p in (21) is the best possible (see

[11]), one can conclude that the constant factor||T ||p in (20) is the best possible. Otherwise, by

the first inequality of (17), one can get a contradiction that the constant factor in (21) is not the best

possible. The theorem is proved.

Note2 — By the same way, in view of||T ||q = ||T ||p, one has

||Tb||q < ||T ||p||b||q, (22)

where the constant factor||T ||pis the best possible; inequalities (20), (21) and (22) are equivalent.

(1) Setting0 < Φr ≤ 1(r = p, q), Φp +Φq = λ, kr(x, y) = 1
(x+y)λ xΦr− 1

r yΦs− 1
s (r = p, q, s =

r
r−1), for any0 ≤ ε < rΦr and fixedx > 0, puttingu = y

x , one finds from (7) that

k̃q(ε, x) =
∫ ∞

0

1
(x + y)λ

x
Φq− 1

q y
Φp− 1

p

(
x

y

) 1+ε
q

dy

=
∫ ∞

0

1
(1 + u)λ

u
Φp− ε

q
−1

du →
∫ ∞

0

1
(1 + u)λ

uΦp−1du

= B(Φp, Φq) = kp, k̃p(ε, x) → kp(ε → 0+);

0 <

∞∑

m=1

1
m1+ε

∫ 1

0
kr(m, t)

(m

t

) 1+ε
r

dt

=
∞∑

m=1

1
m1+ε

∫ 1

0

1
(m + t)λ

mΦr− 1
r tΦs− 1

s

(m

t

) 1+ε
r

dt

≤
∞∑

m=1

1
m1+ε

∫ 1

0

1
mλ

mΦr− 1
r tΦs− 1

s

(m

t

) 1+ε
r

dt

=
1

Φs − ε
r

∞∑

m=1

1
mΦs+1+ε/s

< ∞ (ε → 0+; r = p, q).

Since for0 < Φs ≤ 1, 0 < λ ≤ 2, and fixedx > 0,
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kr(x, t)
(x

t

) 1+ε
r =

1
(x + t)λ

xΦr+ ε
r tΦs−1− ε

r , t ∈ (0,∞)

is decreasing, then by Theorem 1, one has||T ||p = kp = B(Φp, Φq), and by Theorem 3, it follows

Corollary 1 — If p > 1,
1
p

+
1
q

= 1, am, bn ≥ 0,m, n ∈ N anda = {am}∞m=1 ∈ lp, b =

{bn}∞n=1 ∈ lq, and ||a||p, ||b||q > 0, then for0 < Φr ≤ 1(r = p, q), Φp + Φq = λ, one has the

following two equivalent inequalities:

∞∑

n=1

∞∑

m=1

m
Φq− 1

q n
Φp− 1

p

(m + n)λ
ambn < B(Φp, Φq)||a||p||b||q; (23)

{ ∞∑

n=1

npΦp−1

[ ∞∑

m=1

m
Φq− 1

q

(m + n)λ
am

]p} 1
p

< B(Φp, Φq)||a||p, (24)

where the constant factorB(Φp, Φq) is the best possible.

Settingcr = {n 1
r
−Φr}∞n=1(r = p, q), and replacingam, bn by m

1
q
−Φqam, n

1
p
−Φpbn in (23) and

(24), one has||cqa||p, ||cpb||q > 0 and the following two equivalent inequalities:

∞∑

n=1

∞∑

m=1

1
(m + n)λ

ambn < B(Φp, Φq)||cqa||p||cpb||q; (25)

{ ∞∑

n=1

npΦp−1

[ ∞∑

m=1

1
(m + n)λ

am

]p} 1
p

< B(Φp, Φq)||cqa||p. (26)

In particular, (a) for 2−r < λ ≤ 2,Φr = 1+(λ−2)
(

1− 1
r

)
, andc̃r = {n 1−λ

r }∞n=1(r = p, q),

one has the following equivalent inequalities (see [12]):

∞∑

n=1

∞∑

m=1

1
(m + n)λ

ambn < B

(
p + λ− 2

p
,
q + λ− 2

q

)
||c̃pa||p||c̃qb||q; (27)

{ ∞∑

n=1

n(p−1)(λ−1)

[ ∞∑

m=1

am

(m + n)λ

]p} 1
p

< B

(
p + λ− 2

p
,
q + λ− 2

q

)
||c̃pa||p; (28)

(b) for 2 − r < λ ≤ 2, Φr = 1 +
λ− 2

r
, and cr = {n 3−λ

r
−1}∞n=1(r = p, q), one has the

following two equivalent inequalities:

∞∑

n=1

∞∑

m=1

1
(m + n)λ

ambn < B

(
p + λ− 2

p
,
q + λ− 2

q

)
||cqa||p||cpb||q; (29)

{ ∞∑

n=1

np+λ−3

[ ∞∑

m=1

am

(m + n)λ

]p} 1
p

< B

(
p + λ− 2

p
,
q + λ− 2

q

)
||cqa||p; (30)
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(c) for 0 < λ ≤ 1, Φr =
λ

r
, and cr = {n 1−λ

r }∞n=1(r = p, q), one has the following two

equivalent inequalities:

∞∑

n=1

∞∑

m=1

1
(m + n)λ

ambn < B

(
λ

p
,
λ

q

)
||cpa||p||cqb||q; (31)

{ ∞∑

n=1

nλ−1

[ ∞∑

m=1

1
(m + n)λ

am

]p} 1
p

< B

(
λ

p
,
λ

q

)
||cpa||p; (32)

(d) for 0 < λ ≤ 1, Φr = λ

(
1− 1

r

)
, andcr = {n 1+λ

r
−λ}∞n=1(r = p, q), one has the following

two equivalent inequalities:

∞∑

n=1

∞∑

m=1

1
(m + n)λ

ambn < B

(
λ

p
,
λ

q

)
||cqa||p||cpb||q; (33)

{ ∞∑

n=1

nλ(p−1)−1

[ ∞∑

m=1

1
(m + n)λ

am

]p} 1
p

< B

(
λ

p
,
λ

q

)
||cqa||p; (34)

Remark1 : Forλ = 1, both (27) and (31) reduce to the following Hardy-Hilbert’s inequality

(see [4]):
∞∑

n=1

∞∑

m=1

1
m + n

ambn <
π

sin
(

π
p

)
{ ∞∑

n=1

ap
n

} 1
p

{ ∞∑

n=1

bq
n

} 1
q

, (35)

and both of (29) and (33) reduce to the dual form of (35) as (see [13])

∞∑

n=1

∞∑

m=1

1
m + n

ambn <
π

sin
(

π
p

)
{ ∞∑

n=1

np−2ap
n

} 1
p

{ ∞∑

n=1

nq−2bq
n

} 1
q

, (36)

where both of (35) and (36) are best extensions of the following Hilbert’s inequality:

∞∑

n=1

∞∑

m=1

1
m + n

ambn < π

{ ∞∑

n=1

a2
n

∞∑

n=1

b2
n

} 1
2

. (37)

(2) Setting0 < Φr ≤ 1(r = p, q), Φp + Φq = λ, kr(x, y) =
xΦr− 1

r yΦs− 1
s

(max{x, y})λ
(r = p, q, s =

r

r − 1
), for any0 ≤ ε < rΦr and fixedx > 0, one finds that

k̃q(ε, x) =
∫ ∞

0

1
(max{x, y})λ

x
Φq− 1

q y
Φp− 1

p

(
x

y

) 1+ε
q

dy
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=
∫ x

0

1
xλ

x
Φq− 1

q y
Φp− 1

p

(
x

y

) 1+ε
q

dy +
∫ ∞

x

1
yλ

x
Φq− 1

q y
Φp− 1

p

(
x

y

) 1+ε
q

dy

→ x−Φp

∫ x

0
yΦp−1dy + xΦq

∫ ∞

x
y−Φq−1dy

=
λ

ΦpΦq
= kp, k̃p(ε, x) → kp(ε → 0+);

0 <
∞∑

m=1

1
m1+ε

∫ 1

0
kr(m, t)

(m

t

) 1+ε
r

dt

=
∞∑

m=1

1
m1+ε

∫ 1

0

1
(max{m, t})λ

mΦr− 1
r tΦs− 1

s

(m

t

) 1+ε
r

dt

≤
∞∑

m=1

1
m1+ε

∫ 1

0

1
mλ

mΦr− 1
r tΦs− 1

s

(m

t

) 1+ε
r

dt

=
1

Φs − ε
r

∞∑

m=1

1
mΦs+1+ε/s

< ∞ (ε → 0+; r = p, q).

Since for0 < Φs ≤ 1, 0 < λ ≤ 2, and fixedx > 0,

kr(x, t)
(x

t

) 1+ε
r =

1
(max{x, t})λ

xΦr+ ε
r tΦs−1− ε

r , t ∈ (0,∞)

is decreasing, then by Theorem 1, one has||T ||p = kp = λ
ΦpΦq

, and by Theorem 3, it follows

Corollary 2 — If p > 1,
1
p

+
1
q

= 1, am, bn ≥ 0,m, n ∈ N anda = {am}∞m=1 ∈ lp, b =

{bn}∞n=1 ∈ lq, and ||a||p, ||b||q > 0, then for0 < Φr ≤ 1(r = p, q), Φp + Φq = λ, one has the

following two equivalent inequalities:

∞∑

n=1

∞∑

m=1

m
Φq− 1

q n
Φp− 1

p

(max{m,n})λ
ambn <

λ

ΦpΦq
||a||p||b||q; (38)

{ ∞∑

n=1

npΦp−1

[ ∞∑

m=1

m
Φq− 1

q

(max{m,n})λ
am

]p} 1
p

<
λ

ΦpΦq
||a||p, (39)

where the constant factor
λ

ΦpΦq
is the best possible.

In particular, (a) for0 < λ ≤ 1, Φr =
λ

r
(r = p, q), one has

∞∑

n=1

∞∑

m=1

m
λ−1

q n
λ−1

p

(max{m,n})λ
ambn <

pq

λ
||a||p||b||q; (40)
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{ ∞∑

n=1

nλ−1

[ ∞∑

m=1

m
λ−1

q

(max{m,n})λ
am

]p} 1
p

<
pq

λ
||a||p; (41)

(b) for 0 < λ ≤ 1, Φr = λ

(
1− 1

r

)
(r = p, q), one has

∞∑

n=1

∞∑

m=1

m
λ+1

p
−1

n
λ+1

q
−1

(max{m,n})λ
ambn <

pq

λ
||a||p||b||q; (42)

{ ∞∑

n=1

nλ(p−1)−1

[ ∞∑

m=1

m
λ+1

p
−1

(max{m, n})λ
am

]p} 1
p

<
pq

λ
||a||p. (43)

Remark2 : Forλ = 1, (40) and (42) reduce to classical inequality and the dual form as (see [4,

14]):

∞∑

n=1

∞∑

m=1

1
max{m,n}ambn < pq||a||p||b||q; (44)

∞∑

n=1

∞∑

m=1

m
2
p
−1

n
2
q
−1

max{m,n}ambn < pq||a||p||b||q. (45)

(3) Setting0 < Φr ≤ 1(r = p, q), Φp+Φq = λ, kr(x, y) = ln(x/y)
xλ−yλ x

Φr−
1
r yΦs− 1

s

(
r = p, q, s =

r

r − 1

)
,

for any0 ≤ ε < rΦr and fixedx > 0, puttingu = (y/x)λ, one finds from Th. 342 in [4] that

k̃q(ε, x) =
∫ ∞

0

ln(x/y)
xλ − yλ

x
Φq− 1

q y
Φp− 1

p

(
x

y

) 1+ε
q

dy

=
1
λ2

∫ ∞

0

ln u

u− 1
u

1
λ
Φp− ε

λq
−1

du → 1
λ2

∫ ∞

0

lnu

u− 1
u
−1
λ

Φqdu

=
[

π

λ sin(πΦq/λ)

]2

= kp, k̃p(ε, x) → kp(ε → 0+);

0 <

∞∑

m=1

1
m1+ε

∫ 1

0
kr(m, t)

(m

t

) 1+ε
r

dt

=
∞∑

m=1

1
m1+ε

∫ 1

0

ln(m/t)
mλ − tλ

mΦr− 1
r tΦs− 1

s

(m

t

) 1+ε
r

dt

=
∞∑

m=1

1
m1+ε

∫ 1

0

ln(m/t)
mλ

∞∑

k=0

(
t

m

)kλ

mΦr− 1
r tΦs− 1

s

(m

t

) 1+ε
r

dt
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=
∞∑

m=1

1
m1+Φs+ε/s

∞∑

k=0

∫ 1/m

0
(− lnu)ukλ+Φs− ε

r
−1du

=
∞∑

m=1

1
m1+ε

∞∑

k=0

1
kλ + Φs − ε

r

[
ln m +

1
kλ + Φs − ε

r

]
1

mkλ

< ∞ (ε → 0+; r = p, q).

Since forλ > 0 and fixedx > 0,
ln(x/t)
xλ − tλ

, t ∈ (0,∞) is decreasing (see [15], Lemma 2.2), then

for 0 < Φs ≤ 1,

kr(x, t)
(x

t

) 1+ε
r =

ln(x/t)
xλ − tλ

xΦr+ ε
r tΦs−1− ε

r , t ∈ (0,∞)

is decreasing, then by Theorem 1, one has||T ||p = kp =
[

π

λ sin(πΦq/λ)

]2

. By Theorem 3, it

follows.

Corollary 3 — If p > 1,
1
p

+
1
q

= 1, am, bn ≥ 0,m, n ∈ N anda = {am}∞m=1 ∈ lp, b =

{bn}∞n=1 ∈ lq, and ||a||p, ||b||q > 0, then for0 < Φr ≤ 1(r = p, q), Φp + Φq = λ, one has the

following two equivalent inequalities:

∞∑

n=1

∞∑

m=1

ln(m/n)mΦq− 1
q n

Φp− 1
p

mλ − nλ
ambn <


 π

λ sin
(

πΦq

λ

)



2

||a||p||b||q; (46)

{ ∞∑

n=1

npΦp−1

[ ∞∑

m=1

ln(m/n)mΦq− 1
q

mλ − nλ
am

]p} 1
p

<

[
π

λ sin(πΦq

λ )

]2

||a||p, (47)

where the constant factor

[
π

λ sin(πΦq/λ)

]2

is the best possible.

In particular, (a) for0 < λ ≤ 1, Φr =
λ

r
(r = p, q), one has

∞∑

n=1

∞∑

m=1

ln(m/n)m
λ−1

q n
λ−1

p

mλ − nλ
ambn <

[
π

λ sin(π
p )

]2

||a||p||b||q; (48)

{ ∞∑

n=1

nλ−1

[ ∞∑

m=1

ln(m/n)m
λ−1

q

mλ − nλ
am

]p} 1
p

<

[
π

λ sin(π
p )

]2

||a||p; (49)

(b) for 0 < λ ≤ 1, Φr = λ

(
1− 1

r

)
(r = p, q), one has

∞∑

n=1

∞∑

m=1

ln
(

m
n

)
m

λ+1
p
−1

n
λ+1

q
−1

mλ − nλ
ambn <

[
π

λ sin(π
p )

]2

||a||p||b||q; (50)
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



∞∑

n=1

nλ(p−1)−1




∞∑

m=1

ln(m
n )m

λ+1
p
−1

mλ − nλ
am




p


1
p

<

[
π

λ sin(π
p )

]2

||a||p. (51)

Remark3 : Forλ = 1, (48) and (50) reduce to the classical inequality and the dual form as (see

[4, 15]):

∞∑

n=1

∞∑

m=1

ln(m/n)
m− n

ambn <

[
π

sin(π/p)

]2

||a||p||b||q; (52)

∞∑

n=1

∞∑

m=1

ln(m/n)m
2
p
−1

n
2
q
−1

m− n
ambn <

[
π

sin(π/p)

]2

||a||p||b||q. (53)

In the following, one gives a particular case of Theorem 2 (forp = q = 2).

(4) Setting0 < λ ≤ 2, k2(x, y) =
1

(1 + xy)λ
(xy)

λ−1
2 , for any0 < ε < λ and fixedx > 0, one

finds that

k̃2(ε, x) =
∫ ∞

0

1
(1 + xy)λ

(xy)
λ−1

2

(
x

y

) 1+ε
2

dy

= xε/2

∫ ∞

0

u
λ−ε

2
−1

(1 + u)λ
du 6= k2(ε)(constant).

since for0 < λ ≤ 2 and fixedx > 0, k2(x, t)
(x

t

) 1
2 =

1
(1 + xt)λ

x
λ
2 t

λ
2
−1(t ∈ (0,∞)) is de-

creasing, and̃k2(0, x) = B

(
λ

2
,
λ

2

)
= k2, by Theorem 1, one has||T ||2 ≤ B

(
λ

2
,
λ

2

)
and by the

Theorem 2, one has

Corollary 4 — If am, bn ≥ 0,m, n ∈ N anda = {am}∞m=1, b = {bn}∞n=1 ∈ l2, then for

0 < λ ≤ 2, one has the following two equivalent inequalities:

∞∑

n=1

∞∑

m=1

(mn)(λ−1)/2

(1 + mn)λ
ambn < B

(
λ

2
,
λ

2

)
||a||2||b||2; (54)





∞∑

n=1

[ ∞∑

m=1

(mn)(λ−1)/2

(1 + mn)λ
am

]2




1
2

< B

(
λ

2
,
λ

2

)
||a||2. (55)
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