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ON THE SUM OF A PRIME
THE SQUARE OF A PRIME AND THE k-th POWER OF A PRIME!'
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In this paper we prove that, when k is odd, with at most O(N %7m+8) exceptions, all
positive odd integers n < N can be written as sums of a prime and a square of prime and a k-th
power of prime; when k is even, with at most O (N 3 _mﬁ) exceptions, all positive odd
integers n < N with n = 0 or 1 (mod3), can be written as sums of a prime and a square of
prime and a k-th power of prime.
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1. INTRODUCTION
As an extension of Waring-Goldbach problem, we consider here the following equation

n=pi+p}+ 5 (1.1)

If k is even the congruence condition
n=0orl (mod3) (1.2)

is necessary, in that case p* = 1(mod3) and p = 1 or 2(mod3).
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If k is even let E(NV) denote the number of positive odd integers withn < N, n =0 or 1 ( mod
3), and n can not be represented in the form in (1.1). If k is odd let E(NN) denote the number of
positive odd integers with n < N, and n can not be represented in the form in (1.1).

In this paper, we obtain the following main result:

Theorem 1 — Let k > 2, N > 2, and E(N) be defined as above. Then we have

E(N) < N%75><4k2*1><k+€_

We prove Theorem 1 by the circle method. The difficulty of this result lies in two aspects. First,
the enlarged major arcs, which we treat with by the large sieve inequality, Gallagher’s lemma, and
classical results on L-functions. In Waring-Goldbach problem, enlarged major arcs had previously
been treated by the Deuring-Heilbronn phenomenon until Liu and Zhan [9] found a new approach in
which the possible existence of Siegel zero does not have special influence, and hence the Deuring-
Heilbronn phenomenon can be avoided. In this paper we take this method further. In order to
estimate the integral on the major arcs (ex. Theorem 2), we apply a method similar to that of Liu
and Liu [8]. But in our case we need save a factor L~ in the estimation of K; (for the definition
see section 4 ), ©+ = 1, 2, this causes new difficulties. The second difficulty is the minor arcs. We

treat this with a new method of Wooley in [17], the details of which we explain in Section 2.

Notation. As usual, ¢(n), u(n) and A(n) stand for the functions of Euler, Mobius and von
Mangoldt respectively. We use y mod ¢ and X mod ¢ to denote a Dirichlet character and the
principal character modulo ¢, and L(s, x) denotes the Dirichlet L-function. For integers a,b, - - -
we denote by [a, b, - - -] their least common multiple. Let N be a large integer, and set L = log N.
r ~ R means R < r < 2R. The letter € denotes a positive constant which is sufficiently small.
Let ¢ denote a constant that may take different values on different occasions and p with or without

subscript, be a prime.

OUTLINE OF THE METHOD

In this section we begin our application of the circle method by reducing the proof of Theorem 1 to

that of Theorem 2 below. In order to the apply the circle method. We set

N
P=N#",  Q=—rp  M=NLT® (2.1)

By Dirichlet’s lemma on rational approximation, each o € [é, 1+ é] may be written in the
form
1
a=alqg+ A, N < —, (2.2)
q9Q
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for some integer a,q with 1 < a < ¢ < @ and (a,q) = 1. We denote by M(a, q) the set of «
satisfying (2.2), and define the major arcs M and minor arcs C(M) as follows.

M=) | Mg, C(M)z[

<p a=1
=7 (@)=t

1
1+ é} \ M. (2.3)

It follows from 2P < () that the major arcs M (a, ¢) are mutually disjoint. Let

Sie)= > (logple(pla), 1=1,2k (2.4)
M<pl<N

Theorem 2 — For n < N, and n is odd integer, which satisfies the congruence condition (1.2)
when k is an even integer, then we have

Nzt
log” N”

Bl

/M S1() S (@) Sk(a)e(—na)da = Cod(n)nd+ + O

=

(SN
gl Ll = ST
N

~—

r
Here ®(n) is defined in (3.1), satisfies L >> ®(n) > L1, and Cy = F(

Let us now deduce Theorem 1 from Theorem 2.

PROOF OF THEOREM 1 : Let N be sufficiently large integer, and % <n < N. Let

r(n)= > (logpi)(logpz)(log ps).
n=p1+p3+p}

We then have
1
r(n) = /0 S1()Sa(0) Sk (a)e(—na)da = /M + /C " (2.5)
Let us set
Ula) = Z e(na). (2.6)

where = is defined by

= = {n > 2 : n can not be represented in the form n. = p; + p3 + ph}.

When n € = we evidently have r(n) = 0. Thus, on setting

F == N
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We have from (2.5) that
0= rm=> [ +Z/ —A+B. (2.7)
N N N

On applying Cauchy’s inequality we obtain

A=Y (Co®(n)nz*s + O

nex=
n~N

By (2.7) and the Cauchy’s inequality, we have

C(M)

B = /C(M) S1(a)S2(a)Sk(a) Y e(—na)da :/ S1(a)Sa () S()U(—a)da

ne=
n~N

< max |Si( /|51 |da%/ 1S2(a)U(—a) |2der)2
aeC(M)

< max IS(a JN2L2H?,
ac

where

H = / 155()U(—0)|2da.

In order to estimate the upper bound in the minor arcs, we now apply Theorem 2 of Ghosh [3],

which states that, for o € C(M),

Sp(a) < NE+(P~1 4 N—F 4 %)4'%1 < Nitep T, (2.10)

Also, we derive the following estimate for H,

H/]Sg —o)fda<I? YL

nffn%*ngfnzl
1

1
M?2<ni,ng<N2
n3,ng €=

In order to estimate the above sum, we consider the following two cases: ng = n4 and ng # ny.
. 1 .
If n3 = ny, the sumis < N2T¢F. If n3 # ny, the sum is < F2N¢. Hence we can see

H < N2™F + F2N=. (2.11)

Collecting the above (2.9)—(2.11), we obtain

B < N3t#+ep T (Ni+F3 £ FN¥). (2.12)
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Since A + B = 0, it follows from (2.7), (2.8) and (2.12) that we have

FN3 L7l < |A| = |B| < N3t p~ T (N1 F3 4 FNF), (2.13)

It following from (2.13) that
FN3+i[~! « Nitt+ep a1 Nite s,

so we can conclude

1 2
F < N3 TSP T o N2 5xtiTrn e (2.14)

Theorem 1 follows from (2.14).

We are thus reduced to proving Theorem 2, which take up the rest of the paper.

3. PRELIMINARY LEMMAS

For x mod ¢, define

If x1, x2, x3 are characters modgq, we then set

q
B(”aQaX17X27X3): Z 6(

a=1
(a,q)=1

an

. )C1(x1, a)Ca(x2,a)Cr(xs, a),

B(n,q) = Bina b)) = 3 200 (3.1)

Lemma 3.1 — Let x; mod r; with j = 1,2, 3 be primitive characters, 79 = [r1, 9, 73] and x°
the principal character modq. We then have

1

1 -1+
> 7@ |B(n,q, x1x°, x2x% x3x°)| <7p 2" log' . (3.2)
q<z

rolg

PROOF : The proof is similar with lemma 7 in Leung and Liu [10]. The left hand side of (3.2)
is

<<Z\B(n,um,X1X0,X2XO,X3XO)| 3 1B(n, q)|
@ (uro) 3 q)

u|a q<z/urqg

(g,rg)=1

255
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where YU is the principal character modulo urg, and

1 2 /YT(),
og=1 2 d4ro,
4 2 || To.

Using the Polya-Vinogradov estimate

IC(x, a)| < V/aqd(q),

where (a,q) = 1. We have

= 0 5

3
ulo v (UT()) ulo
B d?
Z | (;%Q)’ SZ (q) loglogqgloglox.
q<x/urg SD (q) q<zx q
(g,79)=1

In the above estimation, we have used the following result.

an

1B(n,q)l = | ) el q)Cl(x?,a)Cz(Xg,a)Ck(x%a)

(a,9)=1
q
= | > M(Q)e(_%)cﬂmaG)Ck(Xg’a) < (¢2d(q))*¢(q) < ¢*d*(q),
(o

and

<
A
8

Lemma 3.2 — For T > 2, let N*(«,q,T) denote the number of zeros of all the L-functions
L(s, x) with primitive character x mod g in the region Res > «, |[Ims| < T'. Then

N*(a,q,T) < (qF) 202 1og®(¢T),
where ¢ > 0 is an absolute constant.
Lemma 3.3 — Let T' > 2. There exists an absolute constant co > 0 so that H L(s,x) is
x mod g
zero-free in the region
Res > 1 — ¢g/ max{logg, log% T}, [Ims| < T,

except for the possible Siegel zero.

Lemma 3.2 and 3.3 are well-known results in number theory. For the proof of Lemma 3.3 see
VIIL.6.2 in Prachar [15]. For Lemma 3.2 see Theorem 1 of pp.669 in Pan-Pan [14].
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PROOF OF THEOREM 2

In this section, we will obtain Theorem 2.

Define

Vi = > e(m'N),

(4.1)
M<m!<N
Wi N = Y (ogp)x(pe(ap)) =, DY e(m'N), (4.2)
M<p!<N M<m!<N
where 0, = 1 or §, = 0 according as X is principal or not and [ = 1,2, k. Also, define
% 2
H = (/ 1 |VZ(A>|2dA> ,
TQ
1., *
Jl Z r ot Z )1\rn<ax |Wl(Xa )\)’ ) (43)
r<P x mod r | LE
e 3
_ —1lie * " 2
Ko=) rote > </ IRLUTCRPN] dA) ,
r<P x mod r T rQ
where >" means that the summation is restricted to primitive characters y mod ¢. Introducing
Dirichlet characters we can rewrite the exponential sum S;(«) (see for example [2]) as
a Ci(q,a
S+ = D yny e LS apamite ) = SO+ S (4)
q v(q) vla) o,

We now state some Lemmas to prove Theorem 2.

Lemma 4.1 — Let n, M be as in Theorem 2. Then

/ S1(a)S2 () Sk (a)e(—na)da
M

Co®(n)n2t* + JuN2L* + KsN2tk + Ky J, N2

1

4 14 1 10 N2
+ K1 Jp, L+ KiIN®*L* + K1 KoN*® + K1 Ko Ji L™ + O(l TN
og

+L

),

where ®(n) is the singular series defined in (3.1).

Lemma 4.2 — Let A > 0 be arbitrary. We have

Ki < N2L ™4,

where the implied constant depends at most on A.

Lemma 4.3 — For A > 0 is arbitrary. We have

Ky, < L4,

257
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where the implied constant depends at most on A.

Lemma 4.4 — For k > 2, A > 0 is arbitrary. We have
Jp < NE L™,

where the implied constant depends at most on A.
PROOF OF THEOREM 2 : Theorem 2 follows easily from Lemmas 4.1 to 4.4.

PROOF OF LEMMA 4.1 : From (4.4) we have

| su@si@si@e-na)ia = 3 T, (45)

1<r,s5,t<2
where

Loy = /M ST(V)S5(V)SENe(—nA)dA.

I(1,1,1) is the main term, we denote it by /o for brevity. We begin with (3 5 5y, the most compli-
cated one, and denote it by I5.

I7:Z¢31(q) Z 6(an)/_m H ( Z Ci(x, a)Wi(x, A))e(—nA)dA.

a=1
(a,q)=1

Reducing the character in I7 into primitive characters, we have

[Iz| = Z Z -+ Y B(n,g,x1,x2,X3) WI(XI;)\)W2(X27)\>WI€(X3=A)e(_n)‘)d)‘
q<P X mod ¢ x3 mod ¢q B

YYY YooYy xR

r1<Pro<Pr3<Pyx; modr; x2modrz x3modrs <1<|P
rola

= g

(n, ¢, x1x% x2x°, x3x°)

©3(q)

IN

1

X / ‘Wl X1X )\)WQ(XQX )‘)Wk<X3X )\ ‘d/\
qQ

where X" is the principal character modulo ¢ and rg = [r1,72,73). Forq < P,and M < p' < N,
we have (¢, p) = 1. Using this and (4.2), we have W;(xix", \) = Wi(xi, ), = 1,2, k, because
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of the primitive characters y; mentioned above. Using this and Lemma 3.1 we get

1

< YYD Y e > /O_f Wi (x1, A)|

r<P r3<P x1 mod r1 X3 mod 73 0@
B n7Q7X1X07X2X07X3X0
q<Pyrolq
_1
DD DI D DD DD Y
r1<Pro<Prg<P x1modry x2modrz x3modrs

1

roQ
< WG VW V] Wi, )] d
@

. . . _71-1-6 —% —%-&-5 —%-‘:—a . .
On applying the inequality 7 <7 °ry Ty to the above quantity and using Cauchy

inequality we obtain

-1
I; < LY Zr3 Z * max |[Wg(xs, )|

r3<P x3 mod r3 1A I*QQ
1 1Q %
_§+€ " 1 2
<Xty ([T mr ) (1.6
r <P x1 mod 71 T rQ

1
1 2

1., T
D SLAED DN (I Y I A

1
ro<P X2 mod 73 T Q@

We may similarly bound sums I, ;) in term of .J;, K; and Hy, to get

S I [10pt] < HiHaJy + HiKaN¥ + HiKaJy + Ky HoJy + Ky HyN® + Ky KN
1<r,s,t<2

(4.7)
Thesum ).  * denotes those over (7, s,t) # (1,1,1) and (2,2, 2).
1<r,s,t<2
Using the elementary estimate
1
Vi(\) = Z e(mA) < min (N, T)’ (4.8)
M<m<N ‘ ‘
we get
: (Y o)
H; = (/ Vi) [2dN)z < </ N2d\ + x%u) < VN. (4.9)
1 0 N-1
Q
On recalling that
Nl
Vl()\):/l cQal)du+0(1) =+ 3 mile(m)+0(1), I=1,2k  (410)
M1

M<m<N
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and elementary estimate

1
mTLe(mA) < M1~ min <N, W)’ (4.11)

we have
1

VaoPar) 2

Q=

- ()
< </$ min <N,%]A|—2>d)\>% (4.12)

1 1
< (/ M NdA+/ —>\2d>\) < L4
0 LM
vV MN

Q= g~

It remains to compute Ip. Substituting (4.10) into I, we have

1 y I an o
I = o ’3((”) > e(—=)Ch(a.q)Crlaq) [ ( > e(mx>+0<1>>
PP = —30 \M<m<N
X ( Z mée(m)\)—i—O(l)) x( Z mile(m)\)—i—O(l))e(—nA)d)\
M<m<N M<m<N
Ly o) "
= N BN o(-Teaa,9)C ' A
= ) 2(a,q)Cr(a, q) D> e(m)
2k — ¢%(9) = ~ \ Sy
X < e(m/\)m_%> X ( Z e(m)\)m%_l)e(n)\)d)\
M<m<N M<m<N
(@) w
+ O Z ng Z C’g(a,q)Ck(a,q)e(Cm)/q remiander terms | ,
vl = ¢ )
(a,9)=1
(4.13)
where the remainder terms are
Z e(mA) x Z m_%e(m)\)
M<m<N M<m<N
+ Z e(mA) x Z m%_le(m)\)—i— Z m_%e(m)\)x Z m%_le(m)\)
M<m<N M<m<N M<m<N M<m<N

Using (4.8), (4.11) and Lemma 3.1 with rp = 1, the O-term in I can be estimated as

N—1 L
< LY N2d + L/QQ M2\ 2d)\ < N2 LY.
0 N-1
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We now extend the integral in the main term of (4.13) to [—%, %] By a similar argument, we
see that the resulting error is

1 ma) < an
< 2% —~ @B(Q) ; 6( q )02(a7q)0k(a7 Q)
q<
L (a,q)=1
2 _1 14
X /1 Z e(m)\)H Z e(mA\)ym™2 Z e(mA)mx~"|d\
G | M<m<N M<m<N M<m<N

< LY [T Mz min(N, |\ Y)PdN < LOME 2 H(PQ)? < N2 TR LT,

1
Q
(

where we have used (4.8) and (4.11). Thus the main term of (4.13) becomes

o= g S h 2 ()0t 5 el 0w

q M<mj,mg,m3<N,
m1+m2+m3:n

(4.14)
Lemma 4.1 now follows from (4.5), (4.6), (4.7), (4.9), (4.12) and (4.14).

In the following sections we estimate for K7, Ky and Jy.

5. Proof of Lemmas

For the proof of Lemma 4.3 is similar to that of Lemma 4.2 and even its proof is easier, we will give
proofs of Lemma 4.2 and Lemma 4.4 in this section. In order to save a factor L~ on estimations

of K1, K9 and Jj, we have to prove these lemmas in two cases.

PROOF OF LEMMA 4.2 : Let

Wil A) = > (A(m)x(m) — dx)e(m). (5.1)
M<m<N
Then
Wilx, A) — Wi(x, A Z Z (log p)x (p))e(p?A) < N2. (5.2)

By the definition of K and (5.2), we have

1 *
K L T TE
1 < max ) v Z ( /

r~R x mod r -

< L%%}D(ZT_%% Z *(/_

r~R x mod r

1
Wi (x. A)|?dA)2

W1 (x, MPdA)? + O(N ).

- Ay~ &k
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Lemma 4.2 follows from the following two propositions.

Proposition 1 — Let A > 0 be arbitrary. Then there exists a sufficient large constant B =
B(A) > 0so that when L? < R< P

Ki < N2L™4, (5.3)

where the implied constant depends at most on A.

PROOF : To establish (5.3), it suffices to show that

1
S Y (/Q W71 (x, M) [2d0N)E < N3LA4, (5.4)
r~R x mod r rQ

for LB < R< P. By Gallagher’s Lemma (see [11], Lemma 1), we have

1

[ enpar <
T rQ

1T i) - 8P
—0 y<m<vt+rQ

RQ
. M<m<N (5'5>
? Y (Mm)x(m) - 6y)Pdv.

RQ MﬁT’Q v<m<v+rQ
M<m<N

<(

Let X = max(v, M) and Y = min(v + 7@, N). Then the sum in (5.5) can be written as

Y (A(m)x(m) = 6y)). (5.6)

1
Let M7 <u <N
integers so that

,1 =1,2, k, in this proposition we take I = 1 and My, - - -, Mo be positive

271001 < My -+ Mg < u,and 2Mg, -+, 2My < u5. (5.7)

Fori=1,2,---,10, let

logm ifi=1,
a;(m)=14 1 ifi =2,3,4,5,
u(im) ifi=46,7,8,9,10.

We define the following functions of a complex variable s:

f) = fe = Y SN g~ B x) = A o)
mn~M;



THE SQUARE OF A PRIME AND THE k-th POWER OF A PRIME 263

We now recall Heath-Brown’s identity (see lemma 1 of Heath-Brown [5]) for £ = 5, which
states that
¢ 5 =1t oy =1 ) ¢ 5
()= j (=1)77 ()¢ ()G (s) + Z(S)(l —((s)G(s))”,

J=1

where ((s) is the Riemann zeta-function, and G(s) = >, _,1/5 u(m)m~°. We choose k = 5
because the identity with & < 4 gives weaker results, and when k£ > 6 it produces the same estimate
as the case k = 5. Equating the coefficients of the Dirichlet series on both sides provides an identity
S

for —A(m). Also for m < u the coefficient of m™* in

¢

c- C(5)G(s))°

is zero. Thus

A(m) = Z} < j ) (-1 > (logma)p(mjt1) - - - p(maj).
= myp---Mmg; =M

Mjt1: Mg S U

Applying this identity to the sum as [ = 1,

S Alm)x(m), (5.8)

M<m<u

and it can be found that (5.8) is a linear combination of O(Llo) terms, each of which is of the form

o(M,u;M)= > - > ar(ma)xa(mi)- - aw(mio)x(muo),

my~M; mio~Mio
M<my--mio<u

where M denotes the vector (M7, My, - -+, Mjp). By Perron’s sum formula and then shifting the
contour to the left, the above o (u; M) is O(L!?) terms, each of which has the form

it Ldlyy Lro

w2 — M1\3 N7TL

— >dt+0( ),
§+Zt T

( ) = —1 / (—1 ity X)
o(M,u;M) : 1] +1

) Uy 9 1y » X
where 7' is a parameter satisfying 2 < T'< N and [ = 1,2, k. It can be easily seen that

1.,/ 1,

yatit o st Y i t

1, ., = / g2ty — / J;fée(— log z)dz.
5 + it X X 2m

The integral can be easily estimated as

<Yi-Xi< (v+rQ)2 S ve{(1+ %)z —1}.
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Since v satisfies M —rQ < v < N, and rQ < 2RQ < 2PQ = 2NL~'2 = 2M L2 the above
quantity is < U_%RQ <M _%RQ. On the other hand, one has trivially

y3+it _ x it y1/2 N1/2

< <
5 +it |t] 2]
Collecting the two upper bounds, we have
1., 1,
Y§+Zt _ X§+’Lt 1 1/2 1/2
< min(M~Y?R , < L min(N~'?R ,
Taking
T =N, To = N/(RQ),
we see that
RQL®
O’(X,Y,M) < W/;<T ’F1<2+Zt X)’dt
y dt
+N2L9 |F1( +it, )| — + O(L?).
To<[t|<T 3
Since R > L% (so x # x°), (5.5) becomes
1
Q| 1
/ Wi V) PdN < L3 max(/ |Fy (S +it, x)|dt)?
—L M i<, 2
N2L38
max(/ \Fl( + it, X)|—)
(QR) Ty<[t|<T
N NL*
(RQ)?*
Now the left hand side of (5.4) is
< LY maXZr ste Z / |Fi(= —|—2t X)|dt
r~R x mod r It|<To
ng / dt N3RL!
+5
max re Fi(= +zt )=+ ——--
2 2 e MG

x mod r

Thus, only the following two estimates are needed to prove (5.4). For 0 < 77 < Ty we have

2T

Y / |F1 (= +ztx)|dt<<Re—€NzL— (5.9)

r~R x mod r

On the other hand, for Ty < T < T we have

2T 1
>y / |F1 (= +zt X)|dt < R6~5(QR)N 2T,L 4. (5.10)

r~Rx mod r
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The following Lemma 5.1 (see Lemma 5.2 of Liu [8]) and the condition R > LB are needed to
deduce (5.9) and (5.10). The proof of Proposition 1 is completed.
Lemma 5.1 — Let Fy(s, x) (I = 1,2, k) be defined as above. Then for any R > 1, and T3 > 0,

273
>y / |Fi(z +ztX)ydt<<(R2T3+RT2Nwz+sz)L

r~R x mod r

where c is an absolute constant.

Proposition 2 — Let A > 0 be arbitrary. Then there exists a constant B = B(A) > 0 so that
when R < LB
Ky < N:L ™4, (5.11)

where the implied constant depends at most on A.

PROOF : To establish (5.11), it suffices to show that

1
* TQ
S Y (/ YW P < NELA, (5.12)
r~R x mod r T rQ
for R < LB. By Gallagher’s Lemma (see [11], Lemma 1), we have

1

[ R <Gl 1Y (mim) - 8P

'rQ RQ —00 v<'m<v2»rQ
1o, N ““g ; (5.13)
< () / | (A(m)x(m) — 6,)%dv.
RQ M_TQ v<m<v+rQ
M<m<N

Let X = max(v, M) and Y = min(v + @), N). Then the sum in (5.13) can be written

Y (A(m)x(m) = b)) (5.14)

We use the explicit formula (see §2 Davenport [2])
uf U
A(m ) = dyu — —+O<<—+1>log2 quT), 5.15
> > " (quT) (5.15)
m<u [v|<T

from which we have

> Wmxom -5 = [ wavs o (F 1) gavn)

X<m<Yy Iy|<T

< |X-Y| ) N4 O((% + 1> 1og2(qNT)>.

[v|<T

(5.16)
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Because of X — Y < R(Q, we have by (5.16) and (5.13 ) that

Now let n(T') = ¢ log*% T. By Lemma 3.3 ||
1—n(T), |t] < T except for the possible Siegel zero. But, by Siegel’s theorem, the Siegel zero does

2
ywl(x, NPAAN < N Y N2 4 O( (% + 1) log4(qNT)>. (5.17)

1
Q ly|<T

N
(RQ)?

x mod ¢ L(8,X) is zero free in the region o >

1
not exist in the present situation, since » < L?. Thus by Lemma 3.2 and taking 7 = N3

1-n(N
Z N26-2 <<Lc/
0

1
[v[<N3

W=

) 1 12(1 a)
Ns

1
3)
< exp(—c3L5). (5.18)

Sowhen R < LB, by (5.17),(5.18) and the choosing of 7" we get

l\’)l»—l

max Y e S *(/ Wi (x, \)|2dN)z < N2L ™. (5.19)

R<P
r~R x mod r rQ

Proposition 2 now follows from (5.19), (5.12). So we complete the proof of Lemma 4.2.
PROOF OF LEMMA 4.4 : We have
J L J,
<K %lg;g kR

where J g is defined similarly to Ji except that the sum is over r ~ R. The estimation of Jip falls

into two propositions.

Proposition 3 — Let A > 0 be arbitrary. Then there exists a constant B = B(A) > 0 so that
when L? < R < P,
Jer < N¥L™4,

where the implied constant depends at most on A.

PROOF : To prove this result, it suffices to show that

Sy max |Wi(x, \)| < R ENFL™, (5.20)
r~R x mod r Al —TQ

for LB < R < P and arbitrary A > 0. Let

Wi, ) = Y (A(m)x(m) = 6x)e(m*)). (5.21)
M<m<N
Then
WiO6A) — Wl N ==Y Y (logp)x(ple(p)) < Nx. (5.22)

J22 M<pFi<N
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Thus (5.20) is a consequence of the estimate

7 (x, /\)‘ < RESNFLA,

where R < P and A > 0 is arbitrary.

Since R > LP(so x # x°), in (5.21) we have

1

NE&

Wite )= X Amxtmieny) = [ ewndd 3 Am)x(m)

k
k 1
M<mk<N MF <m<u

Using Heath-Brown’s identity on this sum as before, we see that Wk(x, A) is a linear combina-
tion O(L'?) terms, each of which is of the form

wi , 1 (T 1 wi : N*L?
/ e(ukA)da(MT,u;M):—/ Fy, <§+it,x)/ ) u_1/2+”e(uk)\)dudt+0< T (1+])\]N)>.

1
ME =T ME

By taking 7' = N % and changing variables in the inner integral, we deduce from the above

T N
1 t ;
/ Fi | -+t x / v e [ logv + Av | dudt| + NI/E’kLu,
_T 2 M 2km

formulae that

Wi(x, \) < LY
k(X: )<< mj\?[“x

(5.23)
where the maximum is taken over all M = (M, Mo, -- -, Mjg). Since
d [t t d? t t
—1 W) =——+)\ — 1 | = —
dv (Zk‘ o8Y+ U> ko T A2 <2k o8yt U) 2kmv?’

by Lemma 4.4 and Lemma 4.3 in Titchmarsh [16], the inner integral in (5.6) can be estimated as

N N

M-1/2E
< i (I + D72 min [t + 2km o]
<

(5.24)
NYZELO /([t| 4+ 1)V2  if |t| < Ty,

NY2ELI /|| if 7o < |t| < T,
where Ty = 4knwN/(RQ). Here the choice of Tj is to ensure that |t + 2kwAv| > |t|/2, whenever

|t| > Tp; in fact,

It + 2kmv| > |t — 2knlo]/(rQ) > [t]/2 + To/2 — 267N/ (RQ) > |t|/2.

It therefore follows from (5.23) and (5.24) that the proposition is a consequence of the following
two estimates: For 0 < T7 < Tj we have

2Ty
>y / | Fi(= +zt X)|dt < Re SNz (T) + 1)2 L4, (5.25)

r~R x mod r
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While for Ty < T3 < T, we have

2T

> / IFk(5 +us Y)|dt < RN T, LA, (5.26)
r~R x mod r

Both (5.25) and (5.26) are deduced from the Lemma 5.1. This completes the proof of Proposi-
tion 3.

Proposition 4 — Let A > 0 and B > 0 is arbitrary. Then for R < L, we have
LA
Jir K N® L™,

where the implied constant depends at most on B.

PROOF : Let p = (3 + i~y be a non-trivial zero of the function L(s,x),and 2 < T < wis a
parameter. Taking 7' = N 5 in (5.15), and then inserting (5.15) into Wj(x, A), it follows from the
fact that M% <u< N%, M = NL_M, we have

Sl

Wil A) = /AN N 3 Am)xm) - 5,

I%
1
NE 1 N 2
= A P~ du+ O 14+ |AIN)L
/Mie(u)zlu u+<T(+]|)>
[yI<N 3k
(B=1)
< NiL® Y N'F +O(NER).
| <N 3%
With the same argument as that leading to (5.18), we have
8-1 L=n(N3E) | 10— u) N3R) 1
Z N7+ < LC/ N3k~ 5 “Fda < LN~ < exp(—csL5).
0
<N 3k
So

S max [Wil(x, M)

r~R x mod r 1A ‘—TQ

5.27
< NELCeXp(—03L5)+N% < NEL4, (5.27)

where R < LP, A > 0 is arbitrary. Consequently Proposition 4 now follows from (5.27), thus

completing the proof of Lemma 4.4.
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6. SINGULAR SERIES

In this section we prove the following Lemma.

Lemma 6.1 — The singular series

MO S 60, g)Cular o=,
o0 = q
4= (aq)=1

For 2 < n < N, and n an odd integer that satisfies the congruence conditions (1.2) when k is

even, we have

L> ®(n)> L%

PROOF : We define

Algm) = 550 Z Cola0)Cula )e(~ ).

(a,q)zl

We easily see that A(g, n) is multiplicative. Let M/, be the number of the solutions of

2? +y" = n(modg), q fry.

Then
Lk 22 +y* —n)
1+Apn) =1- = IIIE
z=1y=1a=1
1 1 pM
:1—7‘pM—p—12 — 1+ - .
(p—l)“( =1 p—1 (p—1p°

Forp > 3 we get 0 < M < 2p, hence

p+1 2p —1

(p—12 (p—1)3

1
1+ ——>1+A(p,n) >1—
p—1

(6.3)

We can easily obtain that 1 + A(2,n) = 0 when n is even, 1 + A(2,7n) > 0 when n is odd.

For p = 3, if k is even we calculate that

n = 0(mod3),
n = 1(mod3),
4 n=2(mod3).

|
o o

M
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If £ is odd we have
n = 0(mod3),
M={ 0 n=1(mod3), (6.5)
2 n=2(mod3).

From (6.4), (6.5) and (6.2) if n = 2 mod 3 and k is even, we have 1 + A(n,3) = 0, otherwise
A(n,3) > 0.

So from (6.2), (6.3) and the definition of A(q,n), when n satisfies the lemma’s condition we

have

_optl 2p-1 _1
q;A(q,n) > (1+A(2,n))(1+A(3,n))3<1;£P(1 1P (p_1)3)>>L .

With the same method, we can obtain

Z A(g,n) < L.

q<P

This completes the proof of the Lemma.
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