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Let G be a group. A complete description of the abelian grdup,(G) is given and the
structure ofLQ3(G) is also determined when lower central factorsibére free abelian. As
a consequence the structuresdf(G)/A™(G) andA™(G) /A (G) are determined for
smaller values of:.
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1.INTRODUCTION

Let G be a groupZG the integral group ring of7, andA z(G) = A(G) be its augmentation ideal.
Let A"(G) denote thenth associative power o (G), with A°(G) = ZG. The additive abelian
group@,,(G) = A™(G)/A™TH(G) is known as theaith augmentation quotient of the grodgp It
is well known thatQ (G) is isomorphic toG/G’. For an abelian grougr, Passi [4] showed that
Q2(G) is isomorphic taSp?(G), the second symmetric power 6f For an arbitrary: > 1, Passi
[4] proved thatQ,,(G) = Sp™(G) for a free abelian grou@ and for a free groug’, Sandling and
Tahara [7] showed that

Qn(F) 2 @y Sp (3i(F) /71 (F)),

where summation runs over all non-negative integerss, . . ., a, such thad"" ; ia; = n.
If A and B are subsets of GG, define the Lie bracketA, B] as the additive subgroup &fG
generated by alla,b] = ab — ba, a in A, bin B. Define the Lie powers oA (G) asAl(G) =
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A(G) and inductivelyA™ (G) = [A®=D(@), A(G)]ZG. For K C ZG, K.ZG denotes the right
ideal generated by in ZG. Similarly ZG.K will denote the left ideal generated dy. Since
gla, 8] = [gag™, 989 g, g € G,a, 3 € ZG, induction shows thai ) (G) is a two sided ideal
of ZG for all i > 1. In [6] Sandling proved that wheR is a commutative ring with identity then
AE{,”(G) = Agr(G,Gy) + EI;AR(G, Gy, ), Where the sum is over all partitiong, n > n; > 1,
for whichX(n; — 1) = n — 1 and for a normal subgroufi of G Agr(G, H) = RGA(H).

In section 3 of this paper , we discuss the abelian gBG\" ' (H)/ZGA™(H) for all n >
1[1]. As a consequence of it, we determine the structue@$(G). In section 4, we determine the
structure ofL(Q)3(G) when lower central factors @F are free abelian. In section 5, we give complete
description ofA™(G)/A™TD(G) andA™(G) /A (G) for smaller values ofi when lower central
factors ofG are free abelian. In particular the result holds wiiérs a free group.

2. NOTATIONS AND PRELIMINARIES

For a group, we writeG,, for then-th term of the lower central series 6fwith G; = G. Let H
be a normal subgroup of a grogpsuch thatz/H is free abelian. Lefz)\H |\ € A} be a basis for
G/H. We may suppose that the index dets well ordered. A7, C H, S, the set consisting of
the elements of the form{, 2%3,...2%7  ti € Z,n > 1, A1 < A2 < ... < Ay, is atransversal dff in
G. Let L,, be the Z-submodule ak (G) generated by elements of the form

(5] = D@ —1)..(z§y, — 1), =1or—1

and\; < Ay < ... < \,. Form > 1,let L™ = %,5,.L,. Itis clear that each term df,, is a
coset representative &f in G and the same is true fdr™),

Theorem2.1[9] — For all n > 2, A™(G) = A" Y (G)A(H) + A" 2(G)A(Gs) + ... +
A(G)A(Gn-1) + A(Gp) & L™. .

Let U be a group andV be a left transversal of a subgrolpof U in U with 1 € W. Then
every element ot/ can be uniquely written asv,w € W,v € V. The mapp : U — V given
by ¢(wv) = v can be extended to an epimorphism ZU — ZV of right ZV modules. The
homomorphismp mapsA(U).J onto A(V').J for every ideal/ of ZV'. In particular, by the choice
of the transversab of H in G, we haves/L™ = 0. We call ¢ the filteration map. Karan and
Vermani [2] proved the following.

Theorem2.2— Let H be a subgroup of a grou@, then

AG)ANH) . AG)
ZGAW(H)  ZGA(H)

® Qn-1(H)

forall n > 1. °
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Theorem2.3[3] — Let H be a subgroup of a grou@, then

A(G)A™(H)
A2(G)A™(H) + An+1(H)

forall n > 0. °

= G/HG2®Qn(H)

3. THE QUOTIENT LQ2(G)

Let G be any group and |€f be a left transversal dff in G containing 1. Then every element@f
can be uniquely written as,t € T, h € H. we observe that

LQ(G) = = = A(G/Gs)
and hence free abelian.

Theorem3.1[1] — Let H be a subgroup of a grou@, then

ZGA"Y(H) _ [ AG)
ZGA(H) <ZGA(H)

foralln > 1.

PrRoOOF: Consider the exact sequence

o ZGAM(H) ,  ZGA™(H)
07 @)= 2GR an) T Zean ) + A1)

— 0, D

wherei andp are inclusion and projection maps respectively. The mapz — A(H)/A™(H),
given bya(g) = a(th) =h— 1+ A™(H),t € T,h € H, can be extended to a homomorphism
ZG — A(H)/A™(H), of abelian groups. Clearly defines a homomorphism: ZGA" "' (H) —
Qn—1(H) which vanishes o GA™(H ). Thereforex defines a homomorphism

ZGA"Y(H)

ZGAn(H) Qn1 (H)-

Now it is clear thatx is a splitting homomorphism for the above exact sequence and therefore
the sequence splits. Now the result follows from Theorem 2.2, because the last factor is isomorphic
to A(G)A™ Y (H)/ZGA™(H). o

Corollary 3.2 — If H is a normal subgroup of a group, then

ZGA\(H)

zGan(m) = (AG/H) @ Qnoa(H)) & Qnoa(H).

Theorem3.2— Let G be any group, then

LQ2(G) = (A(G/G2) ® G2/G3) & G2 /G = Z(G/G2) ® G2/Gs.
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PROOF: SinceA?) (@) = ZGA(G,) andA®)(G) = ZGA%(Gy) + ZGA(G3), therefore

ZGA(Go) Z(G/G3)A(G2/Gs)
ZGA2(Gs) + ZGA(Gg) Z(G/G3)A2(Go/G3)’

LQ2(G) =

Now the result follows by theorem 3.1 and the fact that for any group G,

72G =Z® AG).

4. THE QUOTIENT LQ3(G)

SinceAB)(G) = ZGA?(Gy) + ZGA(G3) and AW (G) = ZGA3(Gy) + ZGA(G2)A(G3) +
ZGA(Gy), therefore

ZGA2(G2) + ZGA(G3)
ZGA3(Gy) + ZGA(Go)A(Gs) + ZGA(Gy)

LQs3(G) =

We shall use the following notations to avoid prolonged expressions.

M = ZGA(G2)A(Gs) + A(G)A(Gy)

N = ZGA}Gy) + A(G)A(G2)A(G3) + A(G)A(Ga),
U = A¥Gy)+ A(G2)A(Gs) + A(Ga)s

X = <(A2(G2)+A(Gs)>/U+A( 1))

W= AP(G)/(AN(G) + A%(Ga) + A(Gy).

The groupL@s(G) is the middle term of the exact sequence
0— X 5 LQs(G) & W —0, 2)

wherei andp are inclusion and projection maps respectively. First we determine the abelian group
X whenG»/G3 is free abelian. Clearly, it is isomorphic @;/G4 @ Sp?(G2/G3) which follows
from the following split exact sequence

0— G3/Ga 5 X B (AX(Gs) + A(G3))/(U + A(G3)) — 0, (3)

since
AQ(GQ) + A(Gg) ~ AQ(GQ/Gg)
U+ A(Gg) A3(G2/G3)
is free abelian. Next we determine the structure of the abelian group W. For this we need few
lemmas.

> Sp*(G2/Gs)
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Lemmad.1 — LetH andK be normal subgroups @ such thatX’ C H andH,; C K, then
(A(G)A%(H) + A%(H)) N A(G)A(K) equals

A(G)A(H)A(K) + A(G)A(Hy) + A(H)A(K).

ProOOF: Observe that
A(G)A(H) + A*(H) = 32 4yep(t — )A%(H) + A%(H), and

A(G)A(K) = 21 ser(t = DAH)A(K) + 321 4er(t = DA(K) + A(H)A(K),

whereT is a transversal off in G containing 1. Ifz € (A(G)A?(H) + A?(H)) N A(G)A(K),
then

z = Z (ti —1)a; +b= Z (t; — 1)die; + Z (ti — Dei + f,

1#t,€T 1#t,€T 1#t;€T

wherea;, b € A%2(H), ¢;, e; € A(K), d; € A(H),andf € A(H)A(K). SinceZGis a freeZH
module with basig, therefore comparing the coefficientstgfwe havec; = a; — d;e;, and thus

ci € (A%(H) + A(H)A(K)) NA(K) = A2(H) N A(K) = A*(K) + A(Hy).

(as for any subgroupl of G, A%2(G) N A(H) = A%(H) + A(H N G2)[10]) Hence

S
m
k
)
>

(H)A(K) + A(G)A*(K) + A(G)A(Hy) + A(H)A(K)
)+ A(G)A(Hz) + A(H)A(K).

I
>
B
b
3
b
=~

The reverse inequality is trivially true. °
Corollary 4.2 — For any group G,
A(G)A(G3) N (ZGA?(Gy) + A(G3)) = ZGA(G2)A(G3) + A(G)A(Go)s.
PROOF: Letx € A(G)A(G3) N (ZGA%(Gs) + A(G3)). Thenx = a + b + ¢, wherea €
A(G)A%(Gy),b € A%(Gy) andc € A(G3). Write ¢ = Y m;(z; — 1), wherez; € Gs. Let
z = [z, thenz — 1 2 ¢(modA?(Gs)), and thus: — 1 € ZGA?(G2) + A(G)A(G3). Using

the filteration ma : ZG — ZG5 we havez — 1 € A%(Gs). ThusA(G)A(G3) N (ZGA2(Ge) +
A(G3)) = A(G)A(G3) N ZGA?(G3). Now the result follows from Lemma 4.1. .

On the similar lines, we can prove
Corollary 4.3 — For any groujss,

ZGA%(G2) N (A(G)A(GY) + A(G3)) = ZGA(G2)A(Gy) + ZGA(Go)2 + A*(G3).
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Let G be any group and Ief be a transversal af?s in G containing 1 and be of G in G4
containing 1. Then every elemegbf G can be uniquely written ag: = tsh,t € T,s € S,k €
Go, h € Gjs.

Lemmad.4 () — For any groufs, A(G)A(G3)/M = A(G/G2)®G3 /Gy and (i) A(G)A%(Gs) /N =
A(G/G2) ® Sp*(Go/G3).

PrROOF: The multiplication map

A(G) A(G3) A(G)A(Gs)

O GGy (NG + NG M

induces a homomorphism

A(G) A(G3) A(G)A(Gs)

O GGy C NGy + MG M

givenbygp(¢g—1®a—1)=(9g—1)(a—1),9 € G,a € G3. The map

AG) . AGy)
ZGA(Gs) ~ A?(Gs) + A(Gy)

Yv:G—

defined ag)(g) = ¥ (tsh) =t — 1®h — 1 = g — 1®h — 1 extends by linearity to a homomorphism

A(G) A(G3)

V28 = A G C DGy) + MG

The restriction of) to A(G)A(G3) induces a homomorphism

A(G) ° A(G3)
ZGA(Gy) ~ A%(G3) + A(Ga)

¥ A(G)A(Gs) —

It is easily seen thap vanishes o/ and thus induces a homomorphism

AGIAGy) | AG) A(Gs)
M ZGA(Gs) = A2(Gs) + A(G)’

P

It is easily seen from the definitions g¢fandy that¢y = 1 andy¢ = 1, and thus both are
isomorphisms.

On the similar lines, we can prove
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Since the kernel of the projection map

D%(Ga) | A%Ga) +A(Gs)
Pr—y U+ A(Gs)

is (A%(G2) N (U + A(G3)))/U = {0}, it follows thatp is an isomorphism. Hence

A2(G2) ~ A2(G2) —|—A(G3> ~ AQ(GQ/G3)
U — U+AGs)  A3G2/Gs)
and this completes the proof of the lemma. °

= Sp*(G2/Gs)

Lemma4.5 — If lower central factors of are free abelian, then
W = (A(G/G2) ® G3/G4) & (A(G/Ga) @ Sp*(Ga/G3))

and hence free abelian.

PrROOF: Consider the inclusion homomorphism

AG)(@)
AW (G) + A2(Gs) + A(G3)
followed by the projection map. Kernel of this homomorphism is

ZGA%(Go) —

ZGA%(Go) N (AMW(G) + A%(Gy) + A(G3)) = N 4+ A2(Gy)
by corollary 4.3 and hence we have an exact sequence of abelian groups.

ZGA%(Gy) AB(@) » AB(GQ)
—

0— —
N1 A2(Gy)  AD(G) + A2(Ga) + AG) Y

— 0, 4)

wherei andp are inclusion and projection maps respectively &he- A4 (G) + ZGA%(G,) +
A(G3). Last factor of the above sequence is isomorphic to

A(G)A(G3) A(G)A(Gs)

A(G)A(Ge) + (A(G)A(G3) N (ZGA2(G2) + A(Gs))) M
by corollary 4.2 and by lemma 4.4¢(i) it is isomorphic to the free abelian gto{®/G2) ® G3/G4

and therefore the sequence splits. Now the first factor is clearly isomorpi¢G9A?(G5)/N.
Now the result follows by lemma 4.4(ii). °

Hence we have the following

Theorem4.6— Let G be a group whose lower central factors are free abelian, then
LQ3(G) = ((A(G/Ga) @ Sp*(G2/G3)) ® Sp*(Ga/G3)) ® ((A(G/Ga) @ G3/Ga) ® G3/Ga)
= Z(G/Gs) ® Sp*(G2/G3)) @ (Z(G/Ga) @ G3/Gy)
= Z(G/G2) ® (G3/G4 ® Sp*(G2/G3)).

279
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5. THE ABELIAN GROUPSA™(G)/AM+1)(G) aND A™(G)/AM)(G)

We start with the following simple observations

A ~ a@G - Ok
ANG) _ A¥G)
AD(G)  ZGA(Gy) A%(G/G2)
and
AL(G) AG) AG/GY).

AD(G) ~ ZGA(Gy)
Clearly, all the above quotients are free abelian.

Theorem5.1— For any group G

2
ﬁgf((g) = (Z(G/Ga) ® G/ Gs) & A¥(G/Gh).

PrRoOF: The result follows from the following split exact sequence and Theorem 3.3.

AP(G) i AXG) » AXG)
0= AG(GQ)  AB(G)  AD@G) 0, (5)

Lemmas.2 [8] — For any group GA?(G) N ZGA(G2) = A(G)A(Gs) + A(G3).

PROOF: A3(G) N ZGA(Gs) = A(G)A(G2) + (A3(G) N A(Gy)). Letz € A3(G) N A(G).
Thenz € A(G3). Write z = Y7, m;(z; — 1), wherez; € Gs. Letz = [[«]", thenx — 1 =
z(modA?(Gy)), and thuse — 1 € A3(G) and thuse € G3[Theorem 5.10, 5]. Hencee€ A?(G3) +
A(G3) and this completes the proof. o

Theorem5.3— For any group G

ANG)
AG@G) (A(G/G2) ® G2/G3) A (G/Ga).

PrROOF: The kernel of the projection map

CAYG) A3(G) + ZGA(Gy)
Q) ZGA(Gy)

S
>
=

is (A%(G) N ZGA(G2))/AB)(G). By the last lemma, it is equal to

A(G)A(G2) + A(Gs)
ZGAQ(GQ) + ZGA(Gg)
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Hence we have an exact sequence of abelian groups

A(G)A(G2) + A(Gs) &+ A3(G) p AYG) + ZGA(Gy)
ZGA2(Gs) + ZGA(G3)  AB(G)  ZGA(Ga)

0— — 0, (6)

Now last factor is trivially isomorphic t&\®(G/G2), which is free abelian and therefore the
sequence splits. Also,

A(G)A(G2) + A(Gs) A(G/G3)A(G2/Gs)

ZGA2(Gy) + ZGA(G3)  A(G/G3)A2(Ga/G3) + A2(G/Gs)

_ A@AG)
I GISCART A R

by theorem 2.2 and this completes the proof of the theorem. °

Theorem5.4— Let G be a group such tha&t, /G is free abelian, then

A%(G)
AD(G)

~ A*(G/G2) @ (Z(G/G2) ® (G3/Gs ® Sp*(G2/G3))) ® (A(G/G2) @ Go/G3).

ProoOF: The result follows from the following split exact sequence, Theorem 4.6 and 5.3.

AO(G) & AYG) » NG
"7 Am@) T am@) Ao (7)

~—

Theorem5.5— Let H be any subgroup of a group G, then

A2(G)A™Y(H) + A™(H) _ AX(G) + ZGA(H)
ZGA"(H) T ZGA(H)

& Qn—l(H)
foralln > 1.

PrROOF: The resultis trivially true fon, = 1. We prove the result for = 2. General case follow
on similar lines. Lefl be a left transversal dfl in G. Define amap) : G — A(G)/ZGA(H) ®
A(H)/A%2(H) by ¢(g) = ¢(th) =t—1®@h—1 = g—1® h— 1 and extend it by linearity to
ZG. Wheng restricted taA?(G)A(H), then beingA(G)/ZGA(H) a freeZ-module, it defines a
homomorphism

A2(G) + ZGA(H) _ A(H)
ZGAH)  C A@)

given byd((g1 — 1)(g2 = 1)(h = 1)) = (g1 — 1)(92 = 1) ® (h — 1), 1,92 € G, h € H. Itis easily
seen that vanishes orZ GA?(H) and thus induces a homomorphism

¢ : A2 (G)A(H) —

AXG)A(H) +AXH)  AXG)+ ZGA(H) _ A(H)

¢: ZGAZ(H) ZGA(H) D AXE)
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Also, the multiplication map

CA2G)+ ZGAH)  A(H)  AX(G)A(H)+ AX(H)
ZGA(H) AXH) ZGA2(H)

induces a homomorphism

CA2G)+ ZGA(H)  A(H)  AXG)A(H) + AX(H)
ZGA(H) A2(H) ZGA(H)

which is given byp((g1 — 1)(g2 — 1) ®@ (h — 1)) = (g1 — 1)(g2 — 1)(h — 1). Itis easily seen from
the definitions ofp andy that¢p = 1, and thus both are isomorphisms. °

Lemmab.6 —

4

PROOF: By factoring withG's, we may assume thét; = 1. But then

~

AYG) + ZGA(Gs) . AYG)
ZGAX(Gy) + ZGA(Gs) ~ ZGA2(Gy)

Now kernel of the projection map

CAYG) AYG) + ZGA(Gs)
PrZGA%Gy) T ZGA(G,)

is (A*(G) N ZGA(G2))/ZGA(G3). Using theorem 2.1 and the filteration map ZG — ZG, it
turns out toA?(G)A(G2)/ZG A%(G+) and therefore we have an exact sequence of abelian groups

AAGIAG:) i ANG)  p AYG)+ ZGA(Gy)

0= ZGAN Gy ZGAYNGy) ZGA(G)

0. 8)

Now the last factor is trivially isomorphic tA*(G /G>), which is free abelian and therefore the
sequence splits and the result follows by theorem 5.5. °

Corollary 5.7 — LetG be a group such that, /G is free abelian, then

4
st LU o NG /G) & (BH(G/G) © Ga/Ga) & (2(6/Ga) © 512G/ )

and hence free abelian.

PrROOF: By factoring withGs, we may assume that; = 1 and then the result follows from
the following split exact sequence, Theorem 3.1 and Lemma 5.6.
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ZGA*(Gy) i« AYG) »  AYG)

0= ZGA3Gy) — ZGANGy) | ZGAGY)

—0. (9)

Lemmab.8 — LetG be a group such that, /G35 is free abelian and’y = 1, then

ZGA3(Go) N A(G)A(G3) = ZGA*(G2)A(G3).

ProOF: Observe that
ZGA3(G2> = ZtET tAS(GQ), and

A(G)A(Gs) = 21 zer(t = DA(G2)A(GS) + 301 er(t = DA(GE) + A(G2)A(G),
whereT is a transversal off, in G containing 1. Ifz € ZGA3(G2) N A(G)A(GS3), then
z = ztiai: Z (ti—l)bi—l— Z (ti—l)ci—l-d,
t;, €T 1#t,€T 1#£t,€T

wherea; € A3(Gs), bi, d € A(G2)A(G3), ande; € A(G3). SinceZG is a freeZG> module on
T andA3(G2) N (A(G2)A(G3) +A(G3)) = A%(G2)A(G3). Therefore comparing the coefficients
of varioust, we get the desired result. °

Now we are able to determine the structuredf{G)/A®(G).

Theorem5.9— Let G be a group such that's /G35 is free abelian, then

AY(G)
AD(G)

= AYG/Go) @ (AY(G/G2) @ G2/G3) @ (Z(G/G2) ® Sp*(G2/G3))
D(A(G/G2) ® G3/Ga).

PROOF: SinceAW(G) = ZGA3(Gs) + ZGA(G2)A(G3) + ZGA(Gy), therefore

AYG) _ AYG)
AW(GQ)  ZGA3(G2) + ZGA(G2)A(G3) + ZGA(Gy)

By factoring withG4, we may assume th&ét, = 1. But then

AYG) AYG)
AD(G) — ZGA3(Gy) + ZGA(G2)A(Gs)

SinceA*(G) N A(G3) = A%(G3), it follows that kernel of the projection map

AY(G) AYG) + ZGA(G3)
AD(G)  ZGAGa) + ZGA(Gs)

D:

A4(G) N (ZGAS(GQ) + ZGA(Gg)) _ ZGAS(GQ) + A(G)A(Gg)
AG(G) - AN(G) '
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And by lemma 5.8 it is isomorphic t& (G)A(Gs)/ZGA(G2)A(G3). Thus we have an exact
sequence of abelian groups

AG)AGs) &+ AYG) »  AYG) + ZGA(Gs)

ZGA(G2)A(Gs)  AM(G) | ZGAIGa) + ZGA(Gy) (10)

Last factor of this sequence is free abelianby corollary 5.7, therefore the sequence splits and the

result follows by lemma 4.4(i) and corollary 5.7. °
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