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Let G be a group. A complete description of the abelian groupLQ2(G) is given and the

structure ofLQ3(G) is also determined when lower central factors ofG are free abelian. As

a consequence the structures of∆n(G)/∆(n)(G) and∆n(G)/∆(n+1)(G) are determined for

smaller values ofn.
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1.INTRODUCTION

Let G be a group,ZG the integral group ring ofG, and∆Z(G) = ∆(G) be its augmentation ideal.

Let ∆n(G) denote thenth associative power of∆(G), with ∆0(G) = ZG. The additive abelian

groupQn(G) = ∆n(G)/∆n+1(G) is known as thenth augmentation quotient of the groupG. It

is well known thatQ1(G) is isomorphic toG/G′. For an abelian groupG, Passi [4] showed that

Q2(G) is isomorphic toSp2(G), the second symmetric power ofG. For an arbitraryn ≥ 1, Passi

[4] proved thatQn(G) ∼= Spn(G) for a free abelian groupG and for a free groupF , Sandling and

Tahara [7] showed that

Qn(F ) ∼=
∑

⊗n
i=1Spai(γi(F )/γi+1(F )),

where summation runs over all non-negative integersa1, a2, . . . , an such that
∑n

i=1 iai = n.

If A andB are subsets ofZG, define the Lie bracket[A,B] as the additive subgroup ofZG

generated by all[a, b] = ab − ba, a in A, b in B. Define the Lie powers of∆(G) as∆1(G) =
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∆(G) and inductively∆(n)(G) = [∆(n−1)(G), ∆(G)]ZG. ForK ⊆ ZG, K.ZG denotes the right

ideal generated byK in ZG. Similarly ZG.K will denote the left ideal generated byK. Since

g[α, β] = [gαg−1, gβg−1]g, g ∈ G,α, β ∈ ZG, induction shows that∆(i)(G) is a two sided ideal

of ZG for all i ≥ 1. In [6] Sandling proved that whenR is a commutative ring with identity then

∆(n)
R (G) = ∆R(G,Gn) + ΣΠj∆R(G,Gnj ),where the sum is over all partitionsnj , n ≥ nj > 1,

for whichΣ(nj − 1) = n− 1 and for a normal subgroupH of G ∆R(G,H) = RG∆(H).

In section 3 of this paper , we discuss the abelian groupZG∆n−1(H)/ZG∆n(H) for all n ≥
1[1]. As a consequence of it, we determine the structure ofLQ2(G). In section 4, we determine the

structure ofLQ3(G) when lower central factors ofG are free abelian. In section 5, we give complete

description of∆n(G)/∆(n+1)(G) and∆n(G)/∆(n)(G) for smaller values ofn when lower central

factors ofG are free abelian. In particular the result holds whenG is a free group.

2. NOTATIONS AND PRELIMINARIES

For a groupG, we writeGn for then-th term of the lower central series ofG with G1 = G. Let H

be a normal subgroup of a groupG such thatG/H is free abelian. Let{xλH|λ ∈ Λ} be a basis for

G/H. We may suppose that the index setΛ is well ordered. AsG2 ⊆ H, S, the set consisting of

the elements of the formxt1
λ1x

t2
λ2...x

tn
λn, ti ∈ Z, n ≥ 1, λ1 < λ2 < ... < λn, is a transversal ofH in

G. Let Ln be the Z-submodule of∆(G) generated by elements of the form

(xε1
λ1 − 1)(xε2

λ2 − 1)...(xεn
λn − 1), εi = 1 or− 1

andλ1 ≤ λ2 ≤ ... ≤ λn. For m ≥ 1, let L(m) = Σn≥mLn. It is clear that each term ofLm is a

coset representative ofH in G and the same is true forL(m).

Theorem2.1 [9] — For all n ≥ 2, ∆n(G) = ∆n−1(G)∆(H) + ∆n−2(G)∆(G2) + ... +
∆(G)∆(Gn−1) + ∆(Gn)⊕ L(n). •

Let U be a group andW be a left transversal of a subgroupV of U in U with 1 ∈ W . Then

every element ofU can be uniquely written aswv, w ∈ W, v ∈ V . The mapφ : U −→ V given

by φ(wv) = v can be extended to an epimorphismφ : ZU −→ ZV of right ZV modules. The

homomorphismφ maps∆(U)J onto∆(V )J for every idealJ of ZV . In particular, by the choice

of the transversalS of H in G, we haveφ/L(n) = 0. We callφ the filteration map. Karan and

Vermani [2] proved the following.

Theorem2.2— Let H be a subgroup of a groupG, then

∆(G)∆n−1(H)
ZG∆n(H)

∼= ∆(G)
ZG∆(H)

⊗Qn−1(H)

for all n ≥ 1. •
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Theorem2.3 [3] — Let H be a subgroup of a groupG, then

∆(G)∆n(H)
∆2(G)∆n(H) + ∆n+1(H)

∼= G/HG2 ⊗Qn(H)

for all n ≥ 0. •

3. THE QUOTIENT LQ2(G)

Let G be any group and letT be a left transversal ofH in G containing 1. Then every element ofG

can be uniquely written asth, t ∈ T, h ∈ H. we observe that

LQ1(G) =
∆(1)(G)
∆(2)(G)

=
∆(G)

ZG∆(G2)
∼= ∆(G/G2)

and hence free abelian.

Theorem3.1 [1] — Let H be a subgroup of a groupG, then

ZG∆n−1(H)
ZG∆n(H)

∼=
(

∆(G)
ZG∆(H)

⊗Qn−1(H)
)
⊕Qn−1(H)

for all n ≥ 1.

PROOF : Consider the exact sequence

0 → Qn−1(H) i→ ZG∆n−1(H)
ZG∆n(H)

p→ ZG∆n−1(H)
ZG∆n(H) + ∆n−1(H)

→ 0, (1)

wherei andp are inclusion and projection maps respectively. The mapα : G → ∆(H)/∆n(H),
given byα(g) = α(th) = h− 1 + ∆n(H), t ∈ T, h ∈ H, can be extended to a homomorphismα :
ZG → ∆(H)/∆n(H), of abelian groups. Clearlyα defines a homomorphismα : ZG∆n−1(H) →
Qn−1(H) which vanishes onZG∆n(H). Thereforeα defines a homomorphism

α :
ZG∆n−1(H)
ZG∆n(H)

→ Qn−1(H).

Now it is clear thatα is a splitting homomorphism for the above exact sequence and therefore

the sequence splits. Now the result follows from Theorem 2.2, because the last factor is isomorphic

to ∆(G)∆n−1(H)/ZG∆n(H). •

Corollary 3.2 — If H is a normal subgroup of a groupG, then

ZG∆n−1(H)
ZG∆n(H)

∼= (∆(G/H)⊗Qn−1(H))⊕Qn−1(H).

•

Theorem3.2— Let G be any group, then

LQ2(G) ∼= (∆(G/G2)⊗G2/G3)⊕G2/G3 = Z(G/G2)⊗G2/G3.
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PROOF : Since∆(2)(G) = ZG∆(G2) and∆(3)(G) = ZG∆2(G2) + ZG∆(G3), therefore

LQ2(G) =
ZG∆(G2)

ZG∆2(G2) + ZG∆(G3)
∼= Z(G/G3)∆(G2/G3)

Z(G/G3)∆2(G2/G3)
.

Now the result follows by theorem 3.1 and the fact that for any group G,

ZG = Z ⊕∆(G).

•

4. THE QUOTIENT LQ3(G)

Since∆(3)(G) = ZG∆2(G2) + ZG∆(G3) and∆(4)(G) = ZG∆3(G2) + ZG∆(G2)∆(G3) +
ZG∆(G4), therefore

LQ3(G) =
ZG∆2(G2) + ZG∆(G3)

ZG∆3(G2) + ZG∆(G2)∆(G3) + ZG∆(G4)
.

We shall use the following notations to avoid prolonged expressions.

M = ZG∆(G2)∆(G3) + ∆(G)∆(G4)

N = ZG∆3(G2) + ∆(G)∆(G2)∆(G3) + ∆(G)∆(G2)2

U = ∆3(G2) + ∆(G2)∆(G3) + ∆(G2)2

X = ((∆2(G2) + ∆(G3))/(U + ∆(G4))

W = ∆(3)(G)/(∆(4)(G) + ∆2(G2) + ∆(G3)).

The groupLQ3(G) is the middle term of the exact sequence

0 → X
i→ LQ3(G)

p→ W → 0, (2)

wherei andp are inclusion and projection maps respectively. First we determine the abelian group

X whenG2/G3 is free abelian. Clearly, it is isomorphic toG3/G4 ⊕ Sp2(G2/G3) which follows

from the following split exact sequence

0 → G3/G4
i→ X

p→ (∆2(G2) + ∆(G3))/(U + ∆(G3)) → 0, (3)

since
∆2(G2) + ∆(G3)

U + ∆(G3)
∼= ∆2(G2/G3)

∆3(G2/G3)
∼= Sp2(G2/G3)

is free abelian. Next we determine the structure of the abelian group W. For this we need few

lemmas.
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Lemma4.1 — LetH andK be normal subgroups ofG such thatK ⊆ H andH2 ⊆ K, then

(∆(G)∆2(H) + ∆2(H)) ∩∆(G)∆(K) equals

∆(G)∆(H)∆(K) + ∆(G)∆(H2) + ∆(H)∆(K).

PROOF : Observe that

∆(G)∆2(H) + ∆2(H) =
∑

1 6=t∈T (t− 1)∆2(H) + ∆2(H), and

∆(G)∆(K) =
∑

1 6=t∈T (t− 1)∆(H)∆(K) +
∑

16=t∈T (t− 1)∆(K) + ∆(H)∆(K),

whereT is a transversal ofH in G containing 1. Ifz ∈ (∆(G)∆2(H) + ∆2(H)) ∩∆(G)∆(K),
then

z =
∑

1 6=ti∈T

(ti − 1)ai + b =
∑

16=ti∈T

(ti − 1)diei +
∑

1 6=ti∈T

(ti − 1)ci + f,

whereai, b ∈ ∆2(H), ci, ei ∈ ∆(K), di ∈ ∆(H), andf ∈ ∆(H)∆(K). SinceZG is a freeZH

module with basisT, therefore comparing the coefficients ofti, we haveci = ai − diei, and thus

ci ∈ (∆2(H) + ∆(H)∆(K)) ∩∆(K) = ∆2(H) ∩∆(K) = ∆2(K) + ∆(H2).

(as for any subgroupH of G, ∆2(G) ∩∆(H) = ∆2(H) + ∆(H ∩G2)[10]) Hence

z ∈ ∆(G)∆(H)∆(K) + ∆(G)∆2(K) + ∆(G)∆(H2) + ∆(H)∆(K)

= ∆(G)∆(H)∆(K) + ∆(G)∆(H2) + ∆(H)∆(K).

The reverse inequality is trivially true. •

Corollary 4.2 — For any group G,

∆(G)∆(G3) ∩ (ZG∆2(G2) + ∆(G3)) = ZG∆(G2)∆(G3) + ∆(G)∆(G2)2.

PROOF : Let x ∈ ∆(G)∆(G3) ∩ (ZG∆2(G2) + ∆(G3)). Thenx = a + b + c, wherea ∈
∆(G)∆2(G2), b ∈ ∆2(G2) and c ∈ ∆(G3). Write c =

∑
mi(zi − 1), wherezi ∈ G3. Let

z =
∏

zmi
i , thenz − 1 ∼= c(mod∆2(G3)), and thusz − 1 ∈ ZG∆2(G2) + ∆(G)∆(G3). Using

the filteration mapφ : ZG → ZG2 we havez− 1 ∈ ∆2(G2). Thus∆(G)∆(G3)∩ (ZG∆2(G2) +
∆(G3)) = ∆(G)∆(G3) ∩ ZG∆2(G2). Now the result follows from Lemma 4.1. •

On the similar lines, we can prove

Corollary 4.3 — For any groupG,

ZG∆2(G2) ∩ (∆(G)∆(G4) + ∆(G3)) = ZG∆(G2)∆(G4) + ZG∆(G2)2 + ∆2(G3).
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•

Let G be any group and letT be a transversal ofG2 in G containing 1 andS be ofG3 in G2

containing 1. Then every elementg of G can be uniquely written astk = tsh, t ∈ T, s ∈ S, k ∈
G2, h ∈ G3.

Lemma4.4 (i) — For any groupG, ∆(G)∆(G3)/M ∼= ∆(G/G2)⊗G3/G4 and (ii)∆(G)∆2(G2)/N ∼=
∆(G/G2)⊗ Sp2(G2/G3).

PROOF : The multiplication map

φ :
∆(G)

ZG∆(G2)
× ∆(G3)

∆2(G3) + ∆(G4)
→ ∆(G)∆(G3)

M

induces a homomorphism

φ :
∆(G)

ZG∆(G2)
⊗ ∆(G3)

∆2(G3) + ∆(G4)
→ ∆(G)∆(G3)

M

given byφ(g − 1⊗ a− 1) = (g − 1)(a− 1), g ∈ G, a ∈ G3. The map

ψ : G → ∆(G)
ZG∆(G2)

⊗ ∆(G3)
∆2(G3) + ∆(G4)

defined asψ(g) = ψ(tsh) = t− 1⊗h− 1 = g − 1⊗h− 1 extends by linearity to a homomorphism

ψ : ZG → ∆(G)
ZG∆(G2)

⊗ ∆(G3)
∆2(G3) + ∆(G4)

.

The restriction ofψ to ∆(G)∆(G3) induces a homomorphism

ψ : ∆(G)∆(G3) → ∆(G)
ZG∆(G2)

⊗ ∆(G3)
∆2(G3) + ∆(G4)

.

It is easily seen thatψ vanishes onM and thus induces a homomorphism

ψ :
∆(G)∆(G3)

M
→ ∆(G)

ZG∆(G2)
⊗ ∆(G3)

∆2(G3) + ∆(G4)
.

It is easily seen from the definitions ofφ andψ thatφψ = 1 andψφ = 1, and thus both are

isomorphisms.

On the similar lines, we can prove

∆(G)
ZG∆(G2)

⊗ ∆2(G2)
U

∼= ∆(G)∆2(G2)
N

.
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Since the kernel of the projection map

p :
∆2(G2)

U
→ ∆2(G2) + ∆(G3)

U + ∆(G3)

is (∆2(G2) ∩ (U + ∆(G3)))/U = {0}, it follows thatp is an isomorphism. Hence

∆2(G2)
U

∼= ∆2(G2) + ∆(G3)
U + ∆(G3)

∼= ∆2(G2/G3)
∆3(G2/G3)

∼= Sp2(G2/G3)

and this completes the proof of the lemma. •

Lemma4.5 — If lower central factors ofG are free abelian, then

W ∼= (∆(G/G2)⊗G3/G4)⊕ (∆(G/G2)⊗ Sp2(G2/G3))

and hence free abelian.

PROOF : Consider the inclusion homomorphism

ZG∆2(G2) → ∆(3)(G)
∆(4)(G) + ∆2(G2) + ∆(G3)

followed by the projection map. Kernel of this homomorphism is

ZG∆2(G2) ∩ (∆(4)(G) + ∆2(G2) + ∆(G3)) = N + ∆2(G2)

by corollary 4.3 and hence we have an exact sequence of abelian groups.

0 → ZG∆2(G2)
N + ∆2(G2)

i→ ∆(3)(G)
∆(4)(G) + ∆2(G2) + ∆(G3)

p→ ∆(3)(G)
Y

→ 0, (4)

wherei andp are inclusion and projection maps respectively andY = ∆(4)(G) + ZG∆2(G2) +
∆(G3). Last factor of the above sequence is isomorphic to

∆(G)∆(G3)
∆(G)∆(G4) + (∆(G)∆(G3) ∩ (ZG∆2(G2) + ∆(G3)))

=
∆(G)∆(G3)

M

by corollary 4.2 and by lemma 4.4(i) it is isomorphic to the free abelian group∆(G/G2)⊗G3/G4

and therefore the sequence splits. Now the first factor is clearly isomorphic to∆(G)∆2(G2)/N.

Now the result follows by lemma 4.4(ii). •

Hence we have the following

Theorem4.6— Let G be a group whose lower central factors are free abelian, then

LQ3(G) = ((∆(G/G2)⊗ Sp2(G2/G3))⊕ Sp2(G2/G3))⊕ ((∆(G/G2)⊗G3/G4)⊕G3/G4)

= Z(G/G2)⊗ Sp2(G2/G3))⊕ (Z(G/G2)⊗G3/G4)

= Z(G/G2)⊗ (G3/G4 ⊕ Sp2(G2/G3)).

•
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5. THE ABELIAN GROUPS∆n(G)/∆(n+1)(G) and ∆n(G)/∆(n)(G)

We start with the following simple observations

∆1(G)
∆(1)(G)

=
∆(G)
∆(G)

∼= {0},

∆2(G)
∆(2)(G)

=
∆2(G)

ZG∆(G2)
∼= ∆2(G/G2)

and
∆1(G)
∆(2)(G)

=
∆(G)

ZG∆(G2)
∼= ∆(G/G2).

Clearly, all the above quotients are free abelian.

Theorem5.1— For any group G,

∆2(G)
∆(3)(G)

∼= (Z(G/G2)⊗G2/G3)⊕∆2(G/G2).

PROOF : The result follows from the following split exact sequence and Theorem 3.3.

0 → ∆(2)(G)
∆(3)(G)

i→ ∆2(G)
∆(3)(G)

p→ ∆2(G)
∆(2)(G)

→ 0, (5)

•
Lemma5.2 [8] — For any group G,∆3(G) ∩ ZG∆(G2) = ∆(G)∆(G2) + ∆(G3).

PROOF : ∆3(G)∩ZG∆(G2) = ∆(G)∆(G2) + (∆3(G)∩∆(G2)). Let z ∈ ∆3(G)∩∆(G2).
Thenz ∈ ∆(G2). Write z =

∑r
i=1 mi(xi − 1), wherexi ∈ G2. Let x =

∏
xmi

i , thenx − 1 ∼=
z(mod∆2(G2)), and thusx−1 ∈ ∆3(G) and thusx ∈ G3[Theorem 5.10, 5]. Hencez ∈ ∆2(G2)+
∆(G3) and this completes the proof. •

Theorem5.3— For any group G,

∆3(G)
∆(3)(G)

∼= (∆(G/G2)⊗G2/G3)∆3(G/G2).

PROOF : The kernel of the projection map

p :
∆3(G)
∆(3)(G)

→ ∆3(G) + ZG∆(G2)
ZG∆(G2)

is (∆3(G) ∩ ZG∆(G2))/∆(3)(G). By the last lemma, it is equal to

∆(G)∆(G2) + ∆(G3)
ZG∆2(G2) + ZG∆(G3)
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Hence we have an exact sequence of abelian groups

0 → ∆(G)∆(G2) + ∆(G3)
ZG∆2(G2) + ZG∆(G3)

i→ ∆3(G)
∆(3)(G)

p→ ∆3(G) + ZG∆(G2)
ZG∆(G2)

→ 0, (6)

Now last factor is trivially isomorphic to∆3(G/G2), which is free abelian and therefore the

sequence splits. Also,

∆(G)∆(G2) + ∆(G3)
ZG∆2(G2) + ZG∆(G3)

=
∆(G/G3)∆(G2/G3)

∆(G/G3)∆2(G2/G3) + ∆2(G2/G3)

=
∆(G)∆(G2)

∆(G)∆2(G2) + ∆2(G2)
∼= ∆(G/G2)⊗G2/G3

by theorem 2.2 and this completes the proof of the theorem. •

Theorem5.4— Let G be a group such thatG2/G3 is free abelian, then

∆3(G)
∆(4)(G)

∼= ∆3(G/G2)⊕ (Z(G/G2)⊗ (G3/G4 ⊕ Sp2(G2/G3)))⊕ (∆(G/G2)⊗G2/G3).

PROOF : The result follows from the following split exact sequence, Theorem 4.6 and 5.3.

0 → ∆(3)(G)
∆(4)(G)

i→ ∆3(G)
∆(4)(G)

p→ ∆3(G)
∆(3)(G)

→ 0, (7)

•

Theorem5.5— Let H be any subgroup of a group G, then

∆2(G)∆n−1(H) + ∆n(H)
ZG∆n(H)

∼= ∆2(G) + ZG∆(H)
ZG∆(H)

⊗Qn−1(H)

for all n ≥ 1.

PROOF: The result is trivially true forn = 1. We prove the result forn = 2. General case follow

on similar lines. LetT be a left transversal ofH in G. Define a mapφ : G → ∆(G)/ZG∆(H) ⊗
∆(H)/∆2(H) by φ(g) = φ(th) = t− 1 ⊗ h− 1 = g − 1 ⊗ h− 1 and extend it by linearity to

ZG. Whenφ restricted to∆2(G)∆(H), then being∆(G)/ZG∆(H) a freeZ-module, it defines a

homomorphism

φ : ∆2(G)∆(H) → ∆2(G) + ZG∆(H)
ZG∆(H)

⊗ ∆(H)
∆2(H)

given byφ((g1 − 1)(g2 − 1)(h− 1)) = (g1 − 1)(g2 − 1)⊗ (h− 1), g1, g2 ∈ G,h ∈ H. It is easily

seen thatφ vanishes onZG∆2(H) and thus induces a homomorphism

φ :
∆2(G)∆(H) + ∆2(H)

ZG∆2(H)
→ ∆2(G) + ZG∆(H)

ZG∆(H)
⊗ ∆(H)

∆2(H)
.
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Also, the multiplication map

ϕ :
∆2(G) + ZG∆(H)

ZG∆(H)
× ∆(H)

∆2(H)
→ ∆2(G)∆(H) + ∆2(H)

ZG∆2(H)

induces a homomorphism

ϕ :
∆2(G) + ZG∆(H)

ZG∆(H)
⊗ ∆(H)

∆2(H)
→ ∆2(G)∆(H) + ∆2(H)

ZG∆2(H)

which is given byϕ((g1 − 1)(g2 − 1)⊗ (h− 1)) = (g1 − 1)(g2 − 1)(h− 1). It is easily seen from

the definitions ofφ andϕ thatφϕ = 1, and thus both are isomorphisms. •

Lemma5.6 —

∆4(G) + ZG∆(G3)
ZG∆2(G2) + ZG∆(G3)

∼= ∆4(G/G2)⊕ (∆2(G/G2)⊗G2/G3).

PROOF : By factoring withG3, we may assume thatG3 = 1. But then

∆4(G) + ZG∆(G3)
ZG∆2(G2) + ZG∆(G3)

∼= ∆4(G)
ZG∆2(G2)

.

Now kernel of the projection map

p :
∆4(G)

ZG∆2(G2)
→ ∆4(G) + ZG∆(G2)

ZG∆(G2)

is (∆4(G) ∩ ZG∆(G2))/ZG∆(G2). Using theorem 2.1 and the filteration mapφ : ZG → ZG2 it

turns out to∆2(G)∆(G2)/ZG∆2(G2) and therefore we have an exact sequence of abelian groups

0 → ∆2(G)∆(G2)
ZG∆2(G2)

i→ ∆4(G)
ZG∆2(G2)

p→ ∆4(G) + ZG∆(G2)
ZG∆(G2)

→ 0. (8)

Now the last factor is trivially isomorphic to∆4(G/G2), which is free abelian and therefore the

sequence splits and the result follows by theorem 5.5. •

Corollary 5.7 — LetG be a group such thatG2/G3 is free abelian, then

∆4(G) + ZG∆(G3)
ZG∆3(G2) + ZG∆(G3)

∼= ∆4(G/G2)⊕ (∆2(G/G2)⊗G2/G3)⊕ (Z(G/G2)⊗ Sp2(G2/G3))

and hence free abelian.

PROOF : By factoring withG3, we may assume thatG3 = 1 and then the result follows from

the following split exact sequence, Theorem 3.1 and Lemma 5.6.
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0 → ZG∆2(G2)
ZG∆3(G2)

i→ ∆4(G)
ZG∆3(G2)

p→ ∆4(G)
ZG∆2(G2)

→ 0. (9)

•

Lemma5.8 — LetG be a group such thatG2/G3 is free abelian andG4 = 1, then

ZG∆3(G2) ∩∆(G)∆(G3) = ZG∆2(G2)∆(G3).

PROOF : Observe that

ZG∆3(G2) =
∑

t∈T t∆3(G2), and

∆(G)∆(G3) =
∑

16=t∈T (t− 1)∆(G2)∆(G3) +
∑

16=t∈T (t− 1)∆(G3) + ∆(G2)∆(G3),

whereT is a transversal ofH2 in G containing 1. Ifz ∈ ZG∆3(G2) ∩∆(G)∆(G3), then

z =
∑

ti∈T

tiai =
∑

1 6=ti∈T

(ti − 1)bi +
∑

1 6=ti∈T

(ti − 1)ci + d,

whereai ∈ ∆3(G2), bi, d ∈ ∆(G2)∆(G3), andci ∈ ∆(G3). SinceZG is a freeZG2 module on

T and∆3(G2)∩ (∆(G2)∆(G3)+∆(G3)) = ∆2(G2)∆(G3). Therefore comparing the coefficients

of varioust, we get the desired result. •

Now we are able to determine the structure of∆4(G)/∆(4)(G).

Theorem5.9— Let G be a group such thatG2/G3 is free abelian, then

∆4(G)
∆(4)(G)

∼= ∆4(G/G2)⊕ (∆2(G/G2)⊗G2/G3)⊕ (Z(G/G2)⊗ Sp2(G2/G3))

⊕(∆(G/G2)⊗G3/G4).

PROOF : Since∆(4)(G) = ZG∆3(G2) + ZG∆(G2)∆(G3) + ZG∆(G4), therefore

∆4(G)
∆(4)(G)

=
∆4(G)

ZG∆3(G2) + ZG∆(G2)∆(G3) + ZG∆(G4)
.

By factoring withG4, we may assume thatG4 = 1. But then

∆4(G)
∆(4)(G)

=
∆4(G)

ZG∆3(G2) + ZG∆(G2)∆(G3)
.

Since∆4(G) ∩∆(G3) = ∆2(G3), it follows that kernel of the projection map

p :
∆4(G)
∆(4)(G)

→ ∆4(G) + ZG∆(G3)
ZG∆3(G2) + ZG∆(G3)

is
∆4(G) ∩ (ZG∆3(G2) + ZG∆(G3))

∆(4)(G)
=

ZG∆3(G2) + ∆(G)∆(G3)
∆(4)(G)

.
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And by lemma 5.8 it is isomorphic to∆(G)∆(G3)/ZG∆(G2)∆(G3). Thus we have an exact

sequence of abelian groups

0 → ∆(G)∆(G3)
ZG∆(G2)∆(G3)

i→ ∆4(G)
∆(4)(G)

p→ ∆4(G) + ZG∆(G3)
ZG∆3(G2) + ZG∆(G3)

→ 0. (10)

Last factor of this sequence is free abelianby corollary 5.7, therefore the sequence splits and the

result follows by lemma 4.4(i) and corollary 5.7. •
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