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Let X be a finitistic space with the mod 2 cohomology ring isomorphic to that ofCPn, n odd.

In this paper, we determine the mod 2 cohomology ring of the orbit space of a fixed point free

involution onX. This gives a classification of cohomology type of spaces with the fundamental

groupZ2 and the covering space a complex projective space. Moreover, we show that there

exists no equivariant mapSm → X for m > 2 relative to the antipodal action onSm.

An analogous result is obtained for a fixed point free involution on a mod 2 cohomology real

projective space.
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1. INTRODUCTION

Suppose that a topological groupG acts (continuously) on a topological spaceX. Associated with

the transformation group(G,X) are two new spaces: The fixed point setXG = {xεX|gx = x,

for all gεG} and the orbit spaceX/G whose elements are the orbitsG(x) = {gx|gεG} and the

topology is induced by the natural projectionπ : X → X/G, x → G(x). If X andY areG-spaces,

then an equivariant map fromX to Y is a continuous mapφ : X → Y such thatgφ(x) = φg(x)
for all gεG, x ∈ X. Two actions ofG on X are called equivalent if there exists an equivariant
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homeomorphism ofX onto itself. In 1919, Ḱeŕekjártó and Brower independently showed that any

periodic homeomorphism on a 2-dimensional sphereS2 is equivalent to an orthogonal action. An

interesting problem in topology was to decide whether or not an action of a finite cyclic groupG

on an euclidean spaceRn (or a sphereSn) is equivalent to an orthogonal action. In 1925-26, Hopf

raised the question of classifying the orbit spaces of free actions of finite cyclic groups on spheres.

As unravelling the problem seemed impossible for some time, in the late 1930s, Smith considered a

weaker problem: To study the homological relationship between the total space and the fixed point

set of a homeomorphism of prime order. Following this thread of research, Smith[8] and Su[9]
have obtained the cohomological structure of the fixed point set of involutions on a cohomology

real projective space, and Bredon[2] has studied in detail the relationship between a modp (p a

prime) cohomology projective spaceX (that is,H∗(X;Zp) is a truncated polynomial ring over the

fieldZp generated by an element) and the fixed point set ofG = Zp acting onX. In the early 1950s,

Floyd [5] and Liao[6] began the study of the homological relationship between the total space and

orbit space of a periodic map of prime order. In this note, we determine the mod 2 cohomology

ring of the orbit space of a fixed point free involution on a cohomology complex (or real) projective

space. For an odd integern, the mapping

[z0 : z1 : · · · : zn−1 : zn] → [−z1 : z0 : · · · : −zn : zn−1]

defines a fixed point free involution onCPn. Cusick[4] has shown that only finite group which can

act freely on a complex projective space isZ2. As above, one obtains a fixed point free involution

on the real projective spaceRPn.

Throughout this paper,H∗(X) will denote theČech cohomology of the spaceX with coeffi-

cients inZ2. It is known that ifX = RPn orCPn, thenH∗(X) = Z2[a]/〈an+1〉, wheredeg a = 1
or 2, respectively. We recall that a paracompact Hausdorff space is finitistic if every open covering

of X has a finite-dimensional open refinement (see[1]). By X ∼2 Y , we shall mean thatH∗(X)
andH∗(Y ) are isomorphic. We establish the following results.

Theorem1 — Let G = Z2 act freely on a finitistic spaceX ∼2 CPn. Thenn must be odd and

H∗(X/G;Z2) = Z2[x, y]/〈x3, y(n+1)/2〉,

wheredeg x = 1 anddeg y = 4.

In particular, this gives a classification of the cohomology type of spaces with the fundamental

groupZ2 and the covering space a complex projective space. A classification of fixed point free

involutions on complex projective space may be possible analogous to that of spheres.

Consider the(2m + 1)-dimensional unit sphereS2m+1 ⊂ Cm+1. Given a positive integer

p and integersq0, . . . , qm relatively prime top, there is a fixed point free homeomorphismh :
S2m+1 → S2m+1, (z0, . . . , zm) 7→ (e2iπq0/pz0, . . . , e

2iπqm/pzm), of periodp. This gives a free
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action ofG = Zp on S2m+1. The orbit spaceS2m+1/G is called a lens space, and denoted by

L2m+1 (p; q0, . . . , qm). If q0, . . . , qm are odd integers, then[z0 : · · · : zm] 7→ [eiπq0/2z0 : · · · :
eiπqm/2zm] is a fixed point free involution onRP 2m+1, and its orbit space is clearly the lens space

L2m+1 (4; q0, . . . , qm). It is not difficult to see that the orbit space of any fixed point free involution

onRP 2m+1 has the homotopy type of a lens space. The significance of the following result lies

in the fact that the orbit spaces of different free actions of a group on a space may have different

cohomology algebras.

Theorem2 — Let G = Z2 act freely on a finitistic spaceX ∼2 RPn. Thenn must be odd and

H∗(X/G;Z2) = Z2[x, y]/〈x2, y(n+1)/2〉,
wheredeg x = 1 anddeg y = 2.

It follows that the mod 2 cohomology algebra of the orbit space of a fixed point free involution on

a cohomology real projective space is that of a lens spaceL2m+1 (4; q0, . . . , qm), whereq0, . . . , qm

are odd integers.

As a consequence of the above theorems, we obtain the following:

Corollary — Suppose thatG = Z2 acts on the unitm-sphereSm by the antipodal map. LetX

be a finitistic space withX ∼2 CPn (resp.RPn), n odd. If G = Z2 acts freely onX, then there

exists no equivariant mapSm → X for m > 2 (resp. 1).

2. PRELIMINARIES

In this section, we recall some facts which will be used in proofs of our theorems. Given aG-

spaceX, there is an associated fibrationX
i→ XG

π→ BG, and a mapη : XG → X/G, where

XG = (EG×X)/G andπ : EG → BG is a universalG-bundle. IfG = Z2 acts trivially onH∗(X)
and the Leray-Serre spectral sequence ofX

i→ XG
π→ BG degenerates, then there must be fixed

points ofG onX (see [1]). WhenG acts freely onX, η : XG → X/G is a homotopy equivalance.

So the cohomology ringsH∗(XG) andH∗(X/G) are isomorphic. To computeH∗(XG), we exploit

the Leray-Serre spectral sequence of the mapπ : XG → BG with coefficients inZ2. If the system

of local coefficient is simple, then the restriction of the product structure in the spectral sequence

to the subalgebrasE∗,0
2 andE0,∗

2 gives the cup products onH∗(BG) andH∗(X), respectively. The

edge homomorphisms,

Hp(BG) = Ep,0
2 → Ep,0

3 → . . . → Ep,0
p+1 = Ep,0

∞ ⊆ Hp(XG), and

Hq(XG) → E0,q
∞ = E0,q

q+1 ⊂ . . . ⊂ E0,q
2 = Hq(X)

are, respectively, the homomorphisms

π∗ : Hp(BG) → Hp(XG), and
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ı∗ : Hq(XG) → Hq(X).

We also recall thatH∗(BG) = Z2[t], wheredeg t = 1, and the fact that the cup product inEr+1

is induced from that inEr via the isomorphismEr+1
∼= H∗(Er). For the results about spectral

sequences, a good reference is [7].

3. PROOFS

PROOF OFTHEOREM 1 : If n is even, thenG has fixed points, by the Floyd’s euler characteristic

formula. SinceG acts freely onX, n must be odd. Ifn = 1, thenX is a mod 2 cohomology

2-sphere andX/G is a mod 2 cohomology real projective plane. Thus the theorem holds in this

case. Assume thatn > 2. As π1(BG) = G acts trivially onH∗(X), the spectral sequence of the

fibrationX
i→ XG

π→ BG must not collapse at theE2-term. Since the system of local coefficients

onBG is simple, we have

Ep,q
2
∼= Hp(BG)⊗Hq(X).

It is obvious thatEp,q
2 = 0 for q odd; soE2 = E3. Let a ∈ H2(X) be the generator of the

cohomology ringH∗(X). Because the spectral sequence does not degenerate, we haved3(1⊗a) =
t3 ⊗ 1, and therefore

d3 : Ep,2q
3 → Ep+3,2q−2

3

is the trivial homomorphism forq even, and an isomorphism forq odd. ThusEp,q∞ is isomorphic to

Z2 for p < 3 andq = 0, 4, . . . , 2(n− 1), and is trivial otherwise. So we have

Hj(XG) =

{
0 for j = 3, 7, 11, . . . , or j > 2n;
Z2 otherwise.

Now, we compute the multiplication inH∗(XG). SinceE∗,∗∞ is a skew-commutative bigraded

algebra, the total complex TotE∗,∗∞ is the graded commutative algebra, given by

(TotE∗,∗
∞ )m =

⊕
p+q=m

Ep,q
∞ .

Let x = π∗(t) ∈ H1(XG). Then obviouslyx3 = 0, andx is determined byt ⊗ 1 ∈ E1,0
2 . It

follows that the multiplication byx

x ∪ (·) : Ep,q
∞ → Ep+1,q

∞
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is an isomorphism forp = 0, 1. The element1 ⊗ a2 ∈ E0,4
2 is a permanent cocycle and hence

determines an elementy ∈ E0,4∞ = H4(XG). We haveı∗(y) = a2 and y(n+1)/2 = 0, for

H2n+2(XG) = 0. Consequently,

Tot E∗,∗
∞ = Z2[x, y]/〈x3, y(n+1)/2〉.

As Hj(XG) = Ep,j−p∞ , wherep < 4 and4|j − p, we have

H∗(XG) = Z2[x, y]/〈x3, y(n+1)/2〉.

Since the action ofG onX is free,XG andX/G are homotopically equivalent, and the theorem

follows.

Now, we establish the second theorem.

PROOF OFTHEOREM 2 : As in Theorem 1, we see thatn is odd. Forn = 1, the theorem is

obvious; so we assume thatn > 2. As above, we have

Ep,q
2
∼= Hp(BG)⊗Hq(X).

Let a ∈ H1(X) be the generator of the cohomology ringH∗(X). If d2(1 ⊗ a) = 0, then each

d2(1⊗ ai) = 0, by the multiplicative structure of the spectral sequence. Consequently, the spectral

sequence degenerates and there are fixed points ofG on X, contrary to our hypothesis. Therefore

we must haved2(1⊗ a) = t2 ⊗ 1. It is easily seen that

d2 : Ep,q
2 → Ep+2,q−1

2

is the trivial homomorphism forq even and an isomorphism forq odd. So

Ep,q
∞ =

{
Z2 for p < 2 and q = 0, 2, . . . , n− 1;
0 otherwise.

Thus we obtain

H1(XG) =

{
Z2 for 0 ≤ j ≤ n,

0 otherwise.

If π∗(t) = x, thenx ∈ H1(XG) is determined byt ⊗ 1 ∈ E1,0
2 andx2 ∈ E2,0∞ = 0. The

multiplication byx

x ∪ (·) : E0,k
∞ → E1,k

∞



290 HEMANT KUMAR SINGH AND TEJ BAHADUR SINGH

is an isomorphism fork even. The element1⊗a2 ∈ E0,2
2 is a permanent cocycle and determines an

elementy ∈ E0,2∞ = H2(XG). We haveı∗(y) = a2 andy(n+1)/2 = 0. Therefore, the total complex

Tot E∗,∗∞ is the graded commutative algebra

Tot E∗,∗
∞ = Z2[x, y]/〈x2, y(n+1)/2〉.

Notice thatHj(XG) is E0,j∞ for j even andE1,j−1∞ for j odd. Hence

H∗(XG) = Z2[x, y]/〈x2, y(n+1)/2〉.

Since the action ofG onX is free,H∗(XG) ∼= H∗(X/G). This completes the proof.

To establish the corollary, suppose thatG = Z2 acts freely on a finitistic spaceX, and the unit

m-sphereSm carries antipodal action. The index ofX, denoted by indX, is the largest integer

n such that there exists an equivariant mapSn → X. And, the mod 2 cohomology index ofX,

denoted by co-ind2 X, is the largest integern such thatxn is not zero, wherex ∈ H1(X/G;Z2) is

the euler class of the fibre bundleG → X → X/G. The following proposition is due to Conner

and Floyd [3].

Proposition— [[3], (4.5)] indX ≤ co-ind2 X.

Proof of the Corollary: Suppose thatX ∼2 CPn. We note thatx ∈ H1(X/G,Z2) is the

euler class of the bundleG → X → X/G. By the preceding proposition and Theorem 1, we have

indX ≤ 2. Hence, there does not exist any equivariant mapSm → X for m > 2.

A similar proof applies to the caseX ∼2 RPn.
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