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When a train of surface water waves is normally incident on a horizontal circular cylin-

der fully submerged in deep water with a free surface, it experiences no reflection,

although there is a change of phase of the transmission coefficient. It is shown here that

the same phenomenon also holds good when the deep water has an ice-cover instead of

free surface. The problem is reduced to solved an integral equation of either a first kind

or a second kind. Both the integral equations produce systems of infinite linear equa-

tions which are solving by truncation. It is observed that while the absolute value of the

transmission coefficient is almost unity, its phase varies, which is depicted graphically

against the wave number in a number of figures. When the ice-cover is replaced by a

free surface, the corresponding figures for the phase angle can be identified with results

found in the literature.

Key Words : Water wave scattering, submerged cylinder, ice-cover, phase of trans-

mission coefficient

1. INTRODUCTION

The classical problem of water wave scattering by a horizontal circular cylinder fully submerged in

deep water having a free surface, was investigated long back by Dean [1], Ursell [2]. They obtained
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the remarkable result that no reflection occurs when the wave train is incident normally on the

cylinder. However, for oblique incidence of the wave train, the cylinder does experience reflection

(cf. Levine [3]). Recently there has been a considerable interest in the study of water wave problems

when the water is covered by a thin sheet of ice, of which still a smaller part is immersed in water,

modelled as an elastic plate of very small thickness (cf. Chakrabarti [4], Mandal and Basu [5],

Gayen, Mandal and Chakrabarti [6], Mandal and Maiti [7] and others ).

Study of water wave problems in which the water is covered by a thin sheet of elastic solid has

gained considerable importance for quite sometime due to two aspects. One of these is to understand

the mechanism and effects of wave propagation through Marginal Ice Zone in the Arctic Oceans.

Another important reason of investigation of this class of problems stems from their applications in

the construction of Very Large Floating Structures like floating oil storage bases, offshore pleasure

cities, floating runways etc.. This has motivated us to investigate on the problem of water wave scat-

tering by a long circular cylinder submerged beneath a thin ice-sheet floating on deep water. Das

and Mandal [8] investigated the problem of scattering of obliquely incident wave by a long circular

cylinder in a fluid of infinite depth with an ice-cover and observed that the cylinder does experience

reflection for oblique incidence, while for normal incidence there is no reflection. In the present

paper the aforesaid classical problem involving a circular cylinder submerged in deep water with a

free surface is extended to water with an ice-cover. It is shown that a normally incident surface wave

train in this case also does not experience reflection by the submerged cylinder. By an appropriate

use of Green’s integral theorem, we solve this problem by two methods, one is based on reduction to

the solution of an integral equation of the first kind and the other is based on solution of an integral

equation of the second kind in the scattering potential on the contour of the cylinder. When this

potential is replaced by its equivalent general Fourier series in the angular co-ordinate with origin

at the centre of the circular cross section, two identical linear infinite systems are obtained for both

the cases. This immediately shows that the reflection coefficient vanishes identically for any wave

number and any depth of submergence of the cylinder. The infinite linear system in both the cases

is solved approximately by truncation, from which numerical estimates for the real and imaginary

parts as well as the phase of the transmission coefficient are obtained. The phase calculated by

both the methods is depicted graphically against the wave number for various values of the flexural

rigidity of the ice-cover and other parameters in a number of figures. When the flexural rigidity and

surface density of ice-cover are taken to be zero, so that the ice-cover becomes a free surface, the

curves of the phase angle can be identified with corresponding curves for twice the angle drown

against2Kh given in figures 3. of Ogilvie [9]. It is observed from the numerical results that the

phase of the transmission coefficient decreases due to the presence of the ice-cover compared to the

case of water with a free surface.
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2. FORMULATION OF THE PROBLEM

A rectangular cartesian co-ordinate system is used with origin at the centre of a fixed submerged

circular cylinder of radiusa, the axis of which is horizontal along thex-axis andy-axis is taken

vertically downwards. The Fig. 1 describes the geometry of the problem. Leth(> a) denote

depth of the axis of the cylinder below the mean position of the ice-cover. Let a harmonically

time-dependent train of surface waves described by the potential functionRe
{
φ0(x, y)e−iσt

}
be

normally incident on the fixed cylinder from the negativex-direction. Hereσ denotes the angular

frequency and

φ0(x, y) = e−λy+iλx,

FIG. 1. Trace of submerged cylinder

whereλ is the unique positive real root of the dispersion equation (cf. Fox and Squire [10]).

k
(
Dk4 + 1− εK

)
= K (2.1)

wherek is the variable of the equation,K =
σ2

g
, g being the gravity,D =

Eh3
0

12(1− ν2)ρ1g
and

ε =
ρ0

ρ1
h0, ρ0 is the density of ice,ρ1 is the density of water,h0 is the small thickness of the ice-

cover, andE, ν are the Young’s modulus and Poission’s ratio of the ice. It is easy to show by using

the theory of polynomial equation that the equation (2.1) has the unique positive real rootλ while

the others are complex given byλ1, λ1 andλ2, λ2 with Re(λ1) > 0 andRe(λ2) < 0.
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Assuming linear theory, the velocity potential function describing the resulting motion can be

represented byRe
{
φ(x, y)e−iσt

}
, where the time independent complex valued potential function

φ(x, y) satisfies

∇2φ = 0 in the fluid region, (2.2)

the linearized ice-cover condition (cf. Fox and Squire [10])

(
D

∂4

∂x4
+ 1− εK

)
φy + Kφ = 0 on y = −h, (2.3)

∂φ

∂r
= 0 on r = a, (2.4)

wherex = r sin θ, y = r cos θ (−π ≤ θ ≤ π),

∇φ → 0 as y →∞, (2.5)

and

φ(x, y) ∼
{

Tφ0(x, y) asx →∞,

φ0(x, y) + Rφ0(−x, y) asx → −∞ (2.6)

whereR andT are respectively the transmission and reflection coefficients and are unknown com-

plex constants to be determined.

3. SOLUTION

Let G(x, y; ξ, η) denote the Green’s function satisfying (2.2) except at(ξ, η) (η > −h) where it

has a logarithmic singularity, with boundary conditions (2.3), (2.5) and the additional condition that

it behaves as an outgoing wave as|x− ξ| → ∞.

Following Thorne [11] we can representG(x, y; ξ, η) as (cf. Mandal and Basu [5])

G(x, y; ξ, η) = log
r1

r2
− 2

∫ ∞

0

Dk4 + 1− εK

k(Dk4 + 1− εK)−K
e−k(y+η+2h) cos k(x− ξ)dk (3.1)

where

r1 =
(
(x− ξ)2 + (y − η)2

) 1
2 , r2 =

(
(x− ξ)2 + (y + η + 2h)2

) 1
2

and the contour is indented below the polek = λ on the realk-axis, so as to satisfy the outgoing

nature ofG(x, y; ξ, η) as |x − ξ| → ∞. An alternative representation in which its behaviour as

|x− ξ| → ∞ is evident is given by

G(x, y; ξ, η) = log
r1

r2
− 2πi

[
g(λ)H(λ) + g(λ1)H(λ1) + g(λ1)H(λ1)

]

−2
∫ ∞

0

(Dk4 + 1− εK)Q(k, y)
k2(Dk4 + 1− εK)2 + K2

e−k|x−ξ|dk (3.2)
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where

g(λ) =
Dλ4 + 1− εK

5Dλ4 + 1− εK
, (3.3)

H(λ) = e−λ(y+η+2h)+iλ|x−ξ|,

Q(k, y) = k(Dk4 + 1− εK) cos k(y + η + 2h)−K sin k(y + η + 2h).

To obtain a representation ofφ(x, y) at a point(ξ, η), we use Green’s integral theorem to the

functionsψ(x, y) = φ(x, y)−φ0(x, y) andG(x, y; ξ, η) within the entire fluid domain surrounding

the rigid cylinder. This produces

2πψ(ξ, η) = −
∫ π

−π
ψ(θ)

[
a

∂

∂r
G(x, y; ξ, η)

]

r=a

dθ −
∫ π

−π
G(x, y; ξ, η)

[
a

∂

∂r
φ0(x, y)

]

r=a

dθ

(3.4)
whereψ(θ) is the unknown scattered potential function on the contour of the cylinder.

(a) Reduction to a first kind integral equation

From (3.4) we obtain

2πφ(ξ, η) = 2πφ0(ξ, η) +
∫ π

−π
φ(θ)

[
a

∂

∂r
G(x, y; ξ, η)

]

r=a

dθ. (3.5)

Making |ξ| → ∞ in (3.5), we get

R, T − 1 = −ig(λ)e−2λh

∫ π

−π
φ(θ)

[
a

∂

∂r
e−λy±iλx

]

r=a

dθ. (3.6)

Now from (3.5), using the condition (2.4), we obtain an integral equation of the first kind which

is given by

2π
∂

∂r′
e−λη+iλξ = −

∫ π

−π
φ(θ)

[
∂

∂r′

[
a

∂

∂r
G(x, y; ξ, η)

]

r=a

]

r′=a

dθ, (3.7)

where

ξ = r′ sinα, η = r′ cosα.

We now expandφ(θ) as

φ(θ) =
∞∑

n=0

(an cosnθ + bn sinnθ), − π < θ < π, (3.8)

wherean, bn (n = 0, 1, 2, · · ·) are unknown constants.
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Using (3.8) in (3.7) and multiplying both sides bycos sα, sin sα respectively and integrating

with respect toα from−π toπ, we obtain the following two infinite linear systems for the unknowns

an andbn (n = 0, 1, 2, · · ·):
∞∑

n=0

(
anK(1)

ns + bnK(2)
ns

)
= 2π

(
I(1)
s + iI(2)

s

)
, s = 0, 1, 2, · · · (3.9)

∞∑

n=0

(
anK(3)

ns + bnK(4)
ns

)
= 2π

(
J (1)

s + iJ (2)
s

)
, s = 0, 1, 2, · · · (3.10)

where

I(1),(2)
s =

∫ π

−π


 ∂

∂r′

cosλξ

sinλξ

e−λη




r′=a

cos sα dα, (3.11)

J (1),(2)
s =

∫ π

−π

[
∂

∂r′
cosλξ

sinλξ
e−λη

]

r′=a

sin sα dα, (3.12)

K(1)
ns = −

∫ π

−π

∫ π

−π

[
∂

∂r′

[
a

∂

∂r
G(x, y; a sinα, a cosα)

]

r=a

]

r′=a

cosnθ cos sα dθ dα, (3.13)

andK
(j)
ns ’s (j = 2, 3, 4) are double integrals similar to (3.13) where the subscripts 2,3,4 denote the

combinationscosnθ sin sα, sinnθ cos sα, sinnθ sin sα respectively in the integrands.

ThusR, T are obtained as

R, T − 1 = −ig(λ)e−2λh
∞∑

n=0

(
an

(
I(1)
n ± iI(2)

n

)
+ bn

(
J (1)

n ± iJ (2)
n

))
. (3.14)

Proceeding as in Levine [3], it can be shown that

K(1)
ns = K(4)

ns = (−1)n+s+1π2 (n + s− 1)!
(n− 1)!s!

( a

2h

)n+s
+ 2π2 an+s

(n− 1)!s!

(
dn+s

dµn+s
F (µ)

)

µ=2h

,

(3.15)
where

F (µ) =
∮ ∞

0

Dk4 + 1− εK

k(Dk4 + 1− εK)−K
e−kµdk, (3.16)

the contour being indented below the pole atk = λ,

K(2)
ns = K(3)

ns = 0, (3.17)

I(1)
s = −J (2)

s = (−1)s π(aλ)s

s− 1!
, (3.18)

I(2)
s = J (1)

s = 0. (3.19)
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Thus the equations (3.9) and (3.10) reduce to

2πI(1)
s =

∞∑

n=0

anK(1)
ns , s = 0, 1, 2, · · · (3.20)

−2πiI(1)
s =

∞∑

n=0

bnK(1)
ns , s = 0, 1, 2, · · ·. (3.21)

Since right-hand sides of the systems of equations are of the same nature and the left-hand sides

of the systems differ by a factor−i, we find that

an = ibn, n = 0, 1, 2, · · ·. (3.22)

The reflection and transmission coefficients reduce to

R = −ig(λ)e−2λh
∞∑

n=0

I(1)
n (an − ibn) , (3.23)

T = 1− ig(λ)e−2λh
∞∑

n=0

I(1)
n (an + ibn) . (3.24)

Hence using (3.22), (3.23) producesR ≡ 0.

(b) Reduction to a second kind integral equation

By another use of Green’s integral theorem toψ(x, y) andG(x, y; a sinα, a cosα) in the fluid

region with a small indentation at the point(a sinα, a cosα), − π < α < π on the circler = a,

ψ(θ) can be shown to satisfy anintegral equation of the second kindgiven by

πψ(α) = −
∫ π

−π
ψ(θ)

[
a
∂G

∂r

]

r=a

dθ −
∫ π

−π
G(x, y; a sinα, a cosα)

[
a

∂

∂r
φ0(x, y)

]

r=a

dθ.

(3.25)

Now we expandψ(θ) as

ψ(θ) = c0 +
∞∑

n=1

(cn cosnθ + dn sinnθ), − π < θ < π. (3.26)

Using (3.26) in (3.25) and multiplying both sides bycos sα, sin sα respectively and integrating

with respect toα from−π to π, the following two infinite linear systems are obtained:

π2cs +
∞∑

0

cnP (1)
ns +

∞∑

1

dnP (3)
ns = V (1)

s , s = 0, 1, 2, · · · (3.27)
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π2ds +
∞∑

0

cnP (2)
ns +

∞∑

1

dnP (4)
ns = V (2)

s , s = 1, 2, · · · (3.28)

where

P (1)
ns =

∫ π

−π

∫ π

−π

[
a

∂

∂r
G(x, y; a sinα, a cosα)

]

r=a

cosnθ cos sα dθ dα, (3.29)

andP
(j)
ns ’s (j = 2, 3, 4) are double integrals similar to (3.29) where the subscripts 2,3,4 denote the

combinationscosnθ sin sα, sinnθ cos sα, sinnθ sin sα respectively in the integrands, and

V (1)
s = −

∫ π

−π

∫ π

−π

[
a
∂φ0

∂r

]

r=a

G(x, y; a sinα, a cosα) cos sα dθ dα. (3.30a)

V (2)
s = −

∫ π

−π

∫ π

−π

[
a
∂φ0

∂r

]

r=a

G(x, y; a sinα, a cosα) sin sα dθ dα. (3.30b)

Since ∫ π

−π

[
a

∂

∂r
G(x, y; ξ, η)

]

r=a

dθ = 0,

it is obvious that there is no effect ofc0 on the functionψ(ξ, η).

Now the constantsP (1)
ns , P

(2)
ns , P

(3)
ns , P

(4)
ns , V

(1)
s , V

(2)
s can be calculated and these are given as

follows:

P (1)
ns = P (4)

ns = −K(1)
ns , (3.31)

P (2)
ns = P (3)

ns = 0, (3.32)

V (1)
s = iV (2)

s = (−1)s π2(aλ)s

s!
−

∞∑

n=1

(−1)n (aλ)n

n!
P (1)

ns . (3.33)

Thus the equation (3.27) and (3.28) reduce to

π2As +
∞∑

n=1

P (1)
ns An = 2(−1)s π2(aλ)s

s!
, s = 1, 2, · · · (3.34)

π2Bs +
∞∑

n=1

P (1)
ns Bn = 2(−1)s π2(aλ)s

s!
, s = 1, 2, · · · (3.35)

where (
An

Bn

)
=

(
cn

idn

)
+ (−1)n (aλ)n

n!
. (3.36)

It is noted that the two linear systems (3.34) and (3.35) are exactly same. Thus

An = Bn, (3.37)

and hencecn = idn.
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The equations (3.34) can be written in the form

(I + C)A = q, (3.38)

whereI is the infinite unit matrix,A, q are the column vectors(As), (qs) respectively, where

qs = 2(−1)s (aλ)s

s!
(3.39)

and the element in thesth row andnth column of the matrixC is

Cs,n =
1
π2

P (1)
ns . (3.40)

Equations of the form (3.38) have been studied by Ursell [2]. If the infinite determinant|I + C|
does not vanish, then the homogeneous system

(I + C)A = 0 (3.41)

possesses only a trivial solutionAs = 0. In fact the linear system (3.38) possesses unique solution

under the following conditions:

(i)
∞∑

s=1

|qs| < ∞, (3.42)

(ii)
∞∑

n=1

∞∑

s=1

|Cs,n| < ∞. (3.43)

From (3.39), it is obvious that
∞∑

s=1

|qs| < ∞

so that the condition (i) above is satisfied.

Again,

|Cs,n| = 1
π2
|P (1)

ns | ≤
(n + s− 1)!
(n− 1)!s!

( a

2h

)n+s
+ 2

an+s

(n− 1)!s!

∣∣∣∣∣
(

dn+s

dµn+s
F (µ)

)

µ=2h

∣∣∣∣∣

=
(n + s− 1)!
(n− 1)!s!

( a

2h

)n+s
+

2
(n− 1)!s!

(a

h

)n+s
|M | (3.44)

where

M =
∫ ∞

0

D1u
4 + 1− εK

u(D1u4 + 1− εK)−Kh
un+se−2udu + πig(λh)(λh)n+se−2λh (3.45)

with D1 =
D

h4
and the integral being understood in the sense of Cauchy principal value. Since

a < h and |M | is bounded, the condition (ii) is satisfied. Thus the infinite linear system (3.38)

possesses unique solution.
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To find the reflection and transmission coefficients we makeξ → ±∞ in (3.6). Comparing with

conditions asξ → ±∞ for ψ(ξ, η) we find ultimately that

R = πig(λ)e−λh
∞∑

n=1

(−1)n (aλ)n

(n− 1)!
(An −Bn) . (3.46a)

T − 1 = πig(λ)e−λh
∞∑

n=1

(−1)n (aλ)n

(n− 1)!
(An + Bn) . (3.46b)

By using (3.37), (3.46a) produces

R ≡ 0.

This result is valid for all frequencies and radius of the submerged circular cylinder. Hence as

in the case of horizontal circular cylinder submerged beneath an free surface, here also the cylinder

experiences no reflection for normally incident wave train.

4. NUMERICAL RESULTS

The infinite linear system (3.21) (or (3.22)) and (3.34) (or (3.35)) are solved numerically by trunca-

tion. Choice of five terms(n = 1, ··, 5, s = 1, ··, 5) is sufficient to achieve accuracy up to 5 decimal

places in the numerical results.

The real and imaginary parts, and absolute value as well as the phase of the transmission coef-

ficientT are presented in Table 1 obtained by using the first method and Table 2 obtained by using

the second method, for
D

a4
= 1.5,

ε

a
= 0.01,Ka = 1 and for different values ofKh.

TABLE 1. Ka = 1, D
a4 = 1.5, ε

a = 0.01 (first method)

Kh Re(T ) Im(T ) |T | Phase (in degree)

1.1 0.79477 0.60971 1.00169 43.9

2.5 0.93437 0.37828 1.00804 23.1

3.8 0.99959 0.09913 1.00450 5.7

4.6 0.99992 0.04287 1.00084 2.5

5.5 0.99999 0.01036 1.00004 0.6

6.4 1.00009 0.00604 1.00010 0.4

7.5 1.00001 0.00202 1.00000 0.1
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TABLE 2. Ka = 1, D
a4 = 1.5, ε

a = 0.01 (second method)

Kh Re(T ) Im(T ) |T | Phase (in degree)

1.1 0.78681 0.620099 1.00234 38.8

2.5 0.97401 0.22972 1.00070 13.3

3.8 0.99991 0.07305 1.00121 4.3

4.6 0.99982 0.03800 1.00051 2.2

5.5 0.99975 0.01827 0.99998 1.0

6.4 0.99999 0.00912 1.00004 0.5

7.5 1.00001 0.00267 1.00001 0.2

It is seen from these tables that the absolute value of the transmission coefficient is almost unity

for any value ofKh and the phase decreases asKh increases.

Figures 2-5 and figures 6-9 depict the phase of the transmission coefficientT againstKh for

Ka = 0.5, 1, 2, 4 obtained by the first and second methods respectively. The different curves corre-

sponds to
D

a4
= 0.1, 0.5, 1, 2 with

ε

a
= 0.01.

It may be noted that for
D

a4
= 0 and

ε

a
= 0, i.e. when the cylinder is submerged in deep water

with a free surface, the curves in the all figures can be identified with the corresponding curves given

in figure 3 of Ogilvie [9]. This gives a check in the corrections of the numerical results presented

here.

The figures 2-9 show that the phase angle decreases asKh increases. Also the phase first

decreases as
D

a4
increases for low to moderate valueKh but it increases as

D

a4
further increases for

somewhat large value ofKh. Also the phase increases when the cylinder is considered to be closer

to closer to the ice-cover. This was also true when the cylinder is submerged in deep water with a

free surface.

The curves for the phase obtained by the first method in figures 2-5 are almost similar to the

curves for the phase in figures 6-9 obtained by the second method.

5. CONCLUSION

The classical problem of water wave scattering by a long horizontal circular cylinder submerged

in deep water beneath a free surface is extended here when the free surface is replaced by a thin

ice-cover modelled as a thin elastic plate. As in the case of water with a free surface, here also, for
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FIG. 2. Phase of transmission coefficientT (ε/a=0.01) (first method)

FIG. 3. Phase of transmission coefficientT (ε/a=0.01) (first method)
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FIG. 4. Phase of transmission coefficientT (ε/a=0.01) (first method)

FIG. 5. Phase of transmission coefficientT (ε/a=0.01) (first method)



312 DILIP DAS AND B.N. MANDAL

FIG. 6. Phase of transmission coefficientT (first method)

FIG. 7. Phase of transmission coefficientT (first method)
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FIG. 8. Phase of transmission coefficientT (first method)

FIG. 9. Phase of transmission coefficientT (first method)
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normal incidence of the wave train, reflection does not occur for any radius of the cross-section of

the cylinder and any depth of its submergence beneath the ice-cover and for all wave numbers. The

numerical results for the real and imaginary parts, the absolute value and the phase of the transmis-

sion coefficient are obtained for different values of various parameters by using two methods, one

based on reducing the problem to an integral equation of the first kind and the other based on reduc-

ing it an integral equation of second kind. The absolute value of the transmission coefficient is seen

to be almost unity for all cases. The phase of the transmission coefficient is depicted graphically

against the wave number in a number of figures. When the ice-cover is replaced by a free surface

(by making
D

a4
= 0,

ε

a
= 0 ), curves for the phase ofT can be identified with the curves given in

figure 3 of Ogilvie [9].
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