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An alternate proof of the result of Chadwick and Trowbridge[3] is presented.
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1. INTRODUCTION

The equations of motion governing the physical phenomena like fluid flows are often given as vector

equations where the physical quantity of interest is usually a vector. In certain situations, it has

been observed that if we are able to represent these vectors in terms of scalar functions, then the

resulting equations of motion expressed in terms of these scalars may turn out to be simpler partial

differential equations. Often, the solutions of such equations are well known. A common example is

in irrotational flows, where we express the velocityV as the gradient of a scalar harmonic function.

There may be a further advantage in some boundary value problems as the boundary conditions,

when expressed in terms of these scalar functions, also assume a simple form.

Chadwick and Trowbridge [3] proved that any divergence-free vector fieldV can be expressed

in terms of scalar functionsA andB as

V = CurlCurl(rA) + Curl(rB), (1)

on any bounded annular domain

S = {(r, θ, ϕ) : r1 ≤ r ≤ r2, 0 ≤ θ ≤ π, 0 ≤ ϕ ≤ 2π},
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where0 < r1 < r2 < ∞ and(r, θ, ϕ) are spherical polar co-ordinates. This result has been useful

in studying incompressible flows where the velocity fields are divergence-free, in particular, in

boundary value problems involving spherical boundaries. A complete general solution of equations

of motion is a solution which is such that every other solution of these equations can be obtained

from it. The above result (1) of Chadwick and Trowbridge was used by Padmavathiet al. [5] in

establishing that the solution of Stokes [8] equations proposed by Palaniappanet al. [7] is indeed

a complete general solution of Stokes equations. The result was extended to the case of an infinite

domain later by Padmavathi and Amaranath [6]. This has led to the further investigation of complete

general solutions of Brinkman equations [2] for studying problems involving spherical boundaries

[4]. Many boundary value problems pertaining to Stokes flows and porous media involving spherical

boundaries have been solved using the solution proposed in [7]. In these problems, the boundary

conditions when expressed in terms of the two scalar functionsA andB appearing in the solution are

found to be in a very simple form. Further, the two scalar functions satisfy simple partial differential

equations. In particular, in Stokes flow, they satisfy biharmonic and Laplace’s equation respectively.

Since the solution in [7] has been proved to be a complete general solution, the previous results like

sphere theorems which have been obtained using other solutions of Stokes equations, turn out to be

special cases of the results obtained using this solution.

Chadwick and Trowbridge [3] derived the result given in (1) using the following approach. Their

proof begins with the following result.

Lemma1 : The partial differential equationLu = 0 has no bounded solutions onR other than

constants where

R = {(θ, ϕ) : 0 ≤ θ ≤ π, 0 ≤ ϕ ≤ 2π},
andL is the transverse part of the Laplace operator in spherical polar co-ordinates(r, θ, ϕ), but for

the factor 1
r2 , i.e.,L = cot θ

∂

∂θ
+

∂2

∂θ2
+ csc2 θ

∂2

∂ϕ2
. 2

This lemma in turn was used to prove the following result.

Lemma2 : LetU ∈ C2(S). If, in addition,U satisfies

r ·U = 0, (2)

r · CurlU = 0, (3)

∇ ·U = 0, (4)

wherer is the position vector, thenU vanishes onS. 2

Then by considering

Z = V − CurlCurl(rA)− Curl(rB), (5)

whereA andB are scalar functions andV is a divergence-free vector field possessing partial deriva-

tives of orders up to two which are Hölder continuous onS, Chadwick and Trowbridge[3] showed
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thatZ satisfies the conditions (2)-(4) onS and hence concluded thatV can be expressed as in (1),

using Lemma 2.

In this note, it is proposed to present an alternate and slightly shorter proof of the result of

Chadwick and Trowbridge [3] for divergence-free vector fields in spherical polar co-ordinates. This

result, in turn, was used to prove an important result pertaining to Stokes equations [5] which is

stated at the end of this note.

Lemma3 : If Z ∈ C2(S) and satisfies

r · Z = 0, (6)

r · CurlZ = 0, (7)

∇ · Z = 0, (8)

thenZ can be expressed in the form

Z = Curl(rB1), whereLB1 = 0. (9, 10)

PROOF : Let

Z = Z1êr + Z2êθ + Z3êϕ. (11)

It follows from equation (6) thatZ1 = 0.

Consider the following partial differential equations

∂B1

∂ϕ
= sin θZ2,

∂B1

∂θ
= −Z3. (12, 13)

Using equation (8), we observe that the above system (12,13) is consistent and there exists a

scalar functionB1 which satisfies (12,13). From equation (7), we have

∂

∂θ
(r sin θZ3)− ∂

∂ϕ
(rZ2) = 0. (14)

Equation (14) expressed in terms ofB1 leads to

LB1 = 0.

Substituting forZ2 andZ3 in terms ofB1 in (11) givesZ = Curl(rB1). Hence the lemma.2

Theorem — If V be a vector field possessing partial derivatives of orders up to two which are

Hölder continuous onS and satisfies∇ ·V = 0 on S, then we can find scalar functionsA andB

such that

V = CurlCurl(rA) + Curl(rB). (1)



320 B. SRI PADMAVATI

PROOF : Let A andB2 be the solutions of

LA = −r ·V, (15)

LB2 = −r · CurlV, (16)

respectively onS. SinceL is an elliptic operator, such solutions exist and possess partial derivatives

of orders up to four and three respectively which are Hölder continuous onS [1].

Define

Z = V − CurlCurl(rA)− Curl(rB2). (17)

We observe that

r · Z = r ·V + LA = 0, (18)

r · CurlZ = r · CurlV + LB2 = 0, (19)

from equations (15) and (16) respectively. We also observe that∇ · Z = 0 since∇ ·V = 0. Hence

Z satisfies all the three conditions Lemma 3. HenceZ can be expressed as

Z = Curl(rB1), whereLB1 = 0. (9, 10)

Thus we observe further that

Curl(rB1) = V − CurlCurl(rA)− Curl(rB2), (20)

or

V = CurlCurl(rA) + Curl(rB), (1)

where

B = B1 + B2, (21)

and so from (10) and (16), we find that

LB = −r · CurlV. (22)

Hence ifV is a vector field possessing partial derivatives of orders up to two which are Hölder

continuous onS and satisfies∇ ·V = 0, thenV can be expressed as in (1) where the scalarsA and

B satisfy equations (15) and (22) respectively. ¤

The equations of motion governing the Stokes flow of a viscous, incompressible fluid are

µ∇2V = ∇p, (23)

∇ ·V = 0, (24)
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whereV is the velocity,p the pressure andµ the coefficient of dynamic viscosity of the fluid.

Palaniappanet al. [7] proposed a solution of the Stokes equations (23) and (24) as

V = CurlCurl(rA) + Curl(rB), (25)

p = p0 + µ
∂

∂r
(r∇2A), (26)

wherep0 is a constant and

∇4A = 0, ∇2B = 0. (27, 28)

The result stated in the theorem in this note was used by Padmavathiet al. [5] to show that the

solution given in equations (25)-(28) is indeed a complete general solution of Stokes equations (23)

and (24), i.e., every solution of (23) and (24) can be expressed in the form given in (25)-(28).
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