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We consider the nonlinear second-order boundary value problem of difference equation of the
form

—A%u(t — 1) = Mu(t) — g(u(t), te{a+1,---,b+1},
u(a) =u(b+2) =0,

whereg € C1, g(0) = ¢'(0) = 0, lims_ 4+ @ = oo. By applying Rabinowitz’ global

bifurcation theorem, we show the existence and multiplicity of sign-changing solutions.

Key words: Bifurcation; continuum; difference equations; eigenvalue; nodal solutions

1. INTRODUCTION

Leta,b € N be two integers witth —a > 2. LetT := {a+ 1, ---, b+ 1} andT := {a, a+
1,---,b+1, b+ 2},

Definition1.1 — Suppose that a functign: T — R. If y(t) = 0 for somet € {a,---,b+ 2},
thent is a zero ofy. If y(t) = 0 andy(t — 1)y(t + 1) < 0 for somet € {a + 1,---,b+ 1}, then
t is a simple zero ofy. If y(t)y(t +1) < 0 for somet € {a,---,b+ 1}, then we say thay has
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ty(t+1) — (t+ 1Dy(t)

_ Yyt +1) —y(t)
called the simple generalized zerogof

a node at the point = € (t, t+1). The nodes and simple zerospére

Let i is a real parameter. It is well-known that the linear eigenvalue problem
Ay(t —1) + puy(t) =0, teT,
u(a) =ulb+2)=0 (1.1)
has exactlyV = b — a + 1 eigenvalues
w1 < pg < --- < un, (1.2)

which are real and the eigenspace corresponding to any such eigenvalue is one dimensional. More-
over if (u;, %), ¢ € {1,---,N}, are eigenpairs, thep; has: — 1 simple generalized zeros in
[a+1,b+ 1]; alsoifj # k, then

b+1

> iteR(t) =0, (1.3)

t=a+1

see Kelly and Peterson [6, Ch~6&7] for more extensive discussion of these topics.

In [3], Ambrosetti and Hess studied the nonlinear elliptic Dirichlet problem

0? 9?
_<8xz+...+ax2>u:)\u—g(u), ulon = 0, (1.4),
1 n

wheref) C R™ be a bounded domain with smooth boundafy. They proved the following

TheoremA — Assume that

(A1) g € C'(R, R), g(0) = ¢'(0) = 0;
5)

(A2) limj_o (— = o0.

S

Letr, be thekth eigenvalue of

0? 0
1 n

Then

(i) for A > rq1, (1.4), has at least two nontrivial solutioms andusy, with u; > 0 andus < 0in
;

(i) for A > 79, (1.4), has at least a third nontrivial solutien, different fromu; anduy. O
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It is our purpose here to prove that for the discrete casemwithl, much more can be said. To
wit, we have

Theorem1.1 — Suppose that (A1) and (A2) hold. Then for> u, k € {1,---,N}, the
problem
—A%u(t —1) = du(t) — g(u(t)), teT,

u(a) =ub+2)=0 (1.5)

has2k solution3uj and u;, j € {1,---,k}, such thatu;r has exactlyj — 1 simple generalized
zeros infa + 1,0+ 1] andu(a + 1) > 0, andu; has exactlyj — 1 simple generalized zeros in
[a+1,b+ 1] andu(a+ 1) < 0.

Remarkl.1 : For related results on the existence of positive solutions, see Erbe and Wang[5].
For the existence of nodal solutions of the problems with the nonlinearities which are asymptotic
linear at0 andoo, see Ma and Thompson[7], Lee and Sim [12] and the references therein.

Remarkl.2 : The existence of solutions of discrete equations subjected to diverse boundary
conditions have been studied by many authors, see Agarwal and O’Regan [1-2], Bai and Xu[4],
Rodriguez[10], Thompson and Tisdell[11] for some references along this line. However all of them
do not address the problems of sign-changing solutions.

2. PRELIMINARIES
The following maximum Principle is a discrete version of [8, Theorem 3 in Chapter 1].
Lemma2.1 — Letu : T — R satisfies the difference inequality
A%u(t — 1) + p(t) Au(t) + q(t)u(t) > 0(<0),  te{to+1,---,to+7},  (2.1)

wheretg + 1,---,to + r € T are given. Lep(t) > 0 andg(t) < 0 onT. Assume that there exist
M >0andc € {to+1,---,ty + r}, such that

u(c) = max{u(t) | t =to, -, to+r+1} = M,

(u(c) = —minfu(t) |t =tg, -, to+r+1} = M), (2.2)

then
u(t) = M, t € {to, -, to+7r+1}.

ProOF: We divide the proof into two steps.

Stepl. We show that if the strict inequality

Au(t — 1)+ p(t)Au(t) + q(t)u(t) >0,  t€{to+1,---,to+7r} (2.3)
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holds, then: cannot have a nonnegative maximum vaMen {to + 1, -, to + r}.

In fact, if w has a nonnegative maximum vald&in ¢y € {to + 1,---,to + r}, then
Au(cy) = ulep + 1) —u(eg) <0,

A?u(cy — 1) = u(cg + 1) — 2u(cg) + u(cg — 1) < 0,

q(co)u(co) <0,

contradicting (2.3).

Step2. We show that if (2.1) and (2.2) hold, then

u(t)=M,  te{to, -, to+r+1} (2.4)

Suppose on the contrary that there exists a pbmt{to, - - -, to+7+ 1} such thau(d) < M =
u(c). We will show this leads to a contradiction. For conveniencé tetc. We define a function

2(t)=a" =1,  te{ty, -, to+r+1} (2.5)
with o # 1 a positive constant satisfying

(1+pt)e? — (2+pt) —qt)a+1>0, te{ty, -, to+r+1}. (2.6)

Without loss of generality, we only discuss the case- 1, for 0 < o < 1, we can argue
similarly. This can be done singét) > 0. Note thatz(t) < 0 for¢ € {t¢,---,c—1}, thatz(t) > 0
fort e {c+1,---,to +r+ 1}, and that:(c) = 0.

Using (2.6) and the assumptigfx) < 0 onT, it follows that

A%t -1) + (A + glt)()
= (14 p()a" 17 = 24 p(t) — glt))a’ " +a'~1 = = (1
— a1+ plt)a? — (24 p(E) — g(®)a + 1 = glt)a~17)
> a'~(1 4 plt))a? — (24 p(t) — g(t)a+1)

O

(2.7

We now define
w(t) = u(t) + ez(t), t € {to,---,d}, (2.8)

wheree is a constant chosen so that
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The assumption(d) < M and the fact that(d) > 0 make it possible to find such anThen,
sincez is negative fott € {t¢,---,c — 1}, we have that

w(t) < M, t € {to, -, c—1};

by the definition of,
w(d) = u(d) + ez(d)
< u(d) + M — u(d),

so that
w(d) < M.

At the pointc,
w(c) = u(c) + ez(c) = M.

Hencew has a maximum greater than or equalMowhich is attained at a point of sét, +
1,---,d — 1}. But we have from (2.7), (2.8) that

A2w(t — 1) + p(t)Aw(t) + q(t)w(t) >0,  te{tg+1,---,d}.

So that by the results in Stepd,cannot attain its maximum iftg + 1, -- -, d — 1}. We thereby

reach a contradiction.
If d < ¢, we reach the same conclusion by using auxiliary function
2t)=a 9 =1, tefty, - to+r+1} (2.9)
with o # 1 a positive constant satisfying

(1+pt) — 2+pt) —qt)a+a® >0, te{ty, -, tog+r+1} (2.10)
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For the caseA?u(t — 1) + p(t)Au(t) + q(t)u(t) < 0, the result can be obtained similarly.

0
Let
D = {(0,u(a+1),---,u(b+1),0) € R¥*37¢ | 4(j) € Rforj € T}. (2.11)
ThenD is a Banach space under the norm
|lu|| = max{ |u(t)| |t € {a+1,---, b+ 1} }. (2.12)

DefineL : D — D by setting

(Lu)(t) := —A%u(t—1), te{a+1,---,b+1},
(Lu)(a) = (Lu)(b+2) = 0. (2.13)
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ThenL~' : D — D is well-defined and compact. In fact farc D, the unique solution of the
linear nonhomogeneous problem

~A%u(t—1)=h(t), tefa+1,---,b+1},

u(a) =u(b+2)=0 (2.14)
is given by
b1
u(t)= Y Gt s)h(s), te{a+1,---,b+1},
s=a+1
u(a) = u(b+2) =0, (2.15)
where
(t—a)(b+2—5)
b+2—a t=s
G(t,s) = (2.16)
(s—a)(b+2—1t) <y
b+2—a ’ =t

In what follows, leth > 0 be fixed, and let us consider

—A%u(t — 1) = nu(t) — g(u(t))], teT,
u(a) = u(b+2) =0, (2.17)
as a bifurcation problem from the trivial solutian= 0, wheren is a positive parameter.

Equation(2.17), can be converted to the equivalent equation

u(t) = nAL™ (u(-)) = L7 (g(u()))] ().

Further we have from (A1) thatZ—'[g(u(-)]|| = o(||u||) for u near0 in E.
Fork > 1, letS;"” denote the set of functions it such that

(1) all zeros inT \ {b + 2} are simple;

(2) u has exactlyt — 1 simple generalized zeros ja+ 1,b + 1];

B u(a+1)>0.

DefineS,” = —S, , andS; = S; U S, . They are disjoint inD. Finally, let®; = R x S;° and
@k =R x Sk
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Lemma2.2 — Letu be a solution 0f2.17), with u(t) # 0 fort € T. Then

PROOF: Suppose on the contrary that UZ;‘T’IS/@- Then there existg € T such that

u(to) =0,  ulto — )ulty + 1) > 0. (2.18)

Sinceu Z 0 on T, we may assume that

lu(to — 1)| + Ju(to + 1) > 0. (2.19)

On the other hand, it follows fror2.17) , and the assumptiof(0) = 0 that

~A%u(to — 1) = nxu(to) — g(u(to))] =0,

u(to+ 1) — 2u(ty) + u(to — 1) = 0.
This together with (2.19) and the faetty) = 0 implies that
u(to + Dul(to — 1) <0, (2.20)
which contradicts (2.18). O

The results of Rabinowitz [9] fof2.17), can be stated as follows now: For each intefger

{1,---,N}, v € {+, —}, there exists a continuud?y C @} of solutions of(2.17), joining
<%, 0) to infinity in ®}. Moreover,C} \ {(%,0)} C ®f.

3. Proof of The Main Result
Lemma3.1 — Let (A1) and (A2) hold. LeA € (0, o) be fixed, and let

F(s) == As — g(s).

Then there exist two numbebs = b1 (), ba = ba(A) such that
(@) b1 <0 < by
(b) f(b1) = 0 = f(b2);

(©) f(s) <0, s € (b1,0); f(s)>0,se(0,bz). O
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Lemma3.2 — Let (A1) and (A2) hold and let € (0, co) be fixed. Let; andbs be the constants
in Lemma 3.1. Assume thgt> 0 and(n, ) is a nontrivial solution 0of2.17),. Then

ntae%xu(t) # ba, r;;l{ir’lu(t) # b. (3.1)

PROOF: By Lemma 2.2, we may assume thiatu) € SZ.
Suppose on the contrary thatr) = max{u(t) |t € T} = by, then
Trefa+1,---,b+1}
sinceby > 0. So, there exist, d € T:c < 7 < d, such that
u(t) >0, te{c+1,---,d—1} (3.2)

and
u(c) = a <0, u(d):=08<0 (3.3)

Obviously,u is a solution of the problem

~A%u(t—1) =nf(ut)), tc{ct+1,---,d—1},
u(c)=a, u(d)=p (3.4)

and
u(t) <bs, ted{ce---,d}. (3.5)

By (A1), there existsn > 0, such thatf(s) + ms is strictly increasing irs for s € [0, b]. Then
we have from (3.4) that

—A?u(t — 1) + gmu(t) = n(f(u(t) + mu(t), te{c+1,---,d—1}. (3.6)

Since—A2%by(t — 1) = f(b2) = 0,

—A?by(t — 1) + nmby = n(f (b2) + mby). (3.7)

Denotew = by — u, then
~A?w(t —1) +nmw(t) >0, te{c+1,---,d—1}, (3.8)

w(c) >0, w(d) >0 (3.9)

and
min{w(t) |t € {¢,---,d}} = w(T) =0. (3.10)
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Applying Lemma 2.1, it follows thatv(t) = 0 for ¢t € {c,---,d}. However this contradicts
(3.9). Therefore

max{u(t) |t € T} # b.

By the same method to get (3.10) with obvious changes, we conclude that
min{u(t) |t € T} # by.
O

Proof of Theorem 1.1 Let A € (A, 00) be fixed, and leb;, b2 be the constants in Lemma
3.1, which associated with. We will show thatC, j = 1,---,k andv € {+,—}, crosses the
hyperplang{1} x D in R x D.

Since\ € (A, 00), we have that

and subsequently

By Lemma 3.2 and the fact that the continudffi joins <>\J, 0) to infinity, it follows that for
allv e {+,-}andj € {1,---,k},

(n,u) € CY = by <u(t) <by, te€ T. (3.11)
Applying that fact that th(é]}’ joins %, 0 ) to infinity in ¥ again, we conclude that for each
ve{+,—}andj € {1,---,k}, there exists a sequenés,, u,} C C¥, such that

i ([7n] + [|un|]) = occ. (3.12)
n—oo

SinceCy N ({0} x D) =0 forv € {+,-}andj € {1,---,k}, we get
Nn > 0, forall n € N.
Combining this with (3.11) and (3.12), it follows that the $et,} must be unbounded from

above. Therefore, for eache {+, —} andj € {1,---,k}, C7 must cross the hyperplagé} x D,
and the result follows. 0
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