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Çanakkale/Turkey

e-mail: neseta@comu.edu.tr

(Received4 July2007;after final revision8 April 2008;accepted25April 2008)

Let R be a2−torsion free prime ring and letσ, τ be automorphisms ofR. For anyx, y ∈ R, set

[x, y]σ,τ = xσ(y) − τ(y)x. Suppose thatd is a (σ, τ)-derivation defined onR. In the present

paper it is shown that(i) if d is a nonzero(σ, τ)-derivation andh is a nonzero derivation ofR

such thatdh(R) ⊂ Cσ,τ thenR is commutative.(ii) if R satisfies[d(x), x]σ,τ ∈ Cσ,τ , then

eitherd = 0 or R is commutative.(iii) if I is a nonzero ideal ofR such thatd(xy) = d(yx)
for all x, y ∈ I, thenR is commutative.
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1. INTRODUCTION

Throughout the present paperR will denote an associative ring with centerZ(R). For anyx, y ∈ R

the symbol[x, y] represents the commutatorxy − yx and for a non empty subsetS of R we put

CR(S) = {x ∈ R | [x, s] =0, for all s ∈ S}. The set of all commutators of elements ofS will be

written as[S, S]. Recall thatR is prime if aRb = (0) implies thata = 0 or b = 0. Let σ andτ

be any two automorphisms ofR. For anya, b ∈ R, we set[a, b]σ,τ = aσ(b) − τ(b)a. We setCσ,τ

= {c ∈ R | cσ(x) = τ(x)c, for all x ∈ R} and call this set the(σ, τ)−center ofR. In particular,

C1,1 = Z(R) is the center ofR, where1 : R → R is identity map. An additive mappingd : R → R

is called a derivation ifd(xy) = d(x)y + xd(y) for all x, y ∈ R. For a fixeda ∈ R, the mapping

Ia : R → R given byIa(x) = [a, x] is a derivation which is said to be an inner derivation. An
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additive mappingd : R → R is called a(σ, τ)−derivation ifd(xy) = d(x)σ(y) + τ(x)d(y) holds

for all x, y ∈ R. Of course a(1, 1)−derivation where1 is the identity map onR is a derivation. A

mappingF : R → R is said to be centralizing if[F (x), x] ∈ Z(R) for all x ∈ R; in the special case

when[F (x), x] = 0, the mappingF is said to be commuting onR. MappingF : R → R is said

to be(σ, τ)−centralizing (resp.(σ, τ)−commuting) if[F (x), x]σ,τ ∈ Z(R) (resp.[F (x), x]σ,τ =
0) holds for allx ∈ R. Of course a(1, 1)−centralizing (resp.(1, 1)−commuting) mapping is

centralizing (resp. commuting) onR. There are several results in the existing literature dealing with

centralizing and commuting mappings in rings. The study of centralizing mappings was initiated by

Posner [6], which states that the existence of a nonzero centralizing derivation on a prime ring forces

the ring to be commutative (Posner’s second theorem). In an attempt to generalize the above result

Vukman [7] proved that ifR is a2−torsion free prime ring andd : R → R a nonzero derivation

such that the mapx → [d(x), x] is commuting onR, thenR is commutative. Ashraf and Rehman in

[1] showed that the conclusion of the above theorem holds if for a(σ, τ)−derivationd the mapping

x → d(x) is (σ, τ)−commuting. In the present paper, our objective is to generalize this result.

A famous result due to Herstein [4] states that ifR is a prime ring of characteristic not2 which

admits a nonzero derivationd such that[d(x), d(y)] = 0 for all x, y ∈ R, thenR is commutative.

Motivated by this result, recently Bell and Daif [3] studied derivationsd satisfyingd(xy) = d(yx)
for all x, y ∈ R; and Ashraf and Rehman [1] generalized this result for(σ, τ)−derivations with the

restriction thatd commutes with bothσ andτ. In the second part, we shall prove the above result

for a (σ, τ)−derivation of a prime ring without any restriction on(σ, τ)−derivations.

2. RESULTS

Throughout the present paperR will represent a2−torsion free prime ring,Z(R) the center ofR,

U a nonzero ideal ofR andd : R → R a (σ, τ)−derivatoin ofR. Further we shall make extensive

use of the following basic commutator identities:

[xy, z]σ,τ = x [y, z]σ,τ + [x, τ(z)] y = x [y, σ(z)] + [x, z]σ,τ y

[x, yz]σ,τ = τ(y) [x, z]σ,τ − [x, y]σ,τ σ(z)

and

[x, [y, z]]σ,τ +
[
[x, z]σ,τ , y

]
σ,τ
−

[
[x, y]σ,τ , z

]
σ,τ

= 0.

We begin with the following lemmas.

Lemma 1 [2, Lemma 6] — LetR be a prime ring with characteristic different from2, d be a

nonzero(σ, τ)−derivation ofR anda ∈ R. If [d(R), a]σ,τ ⊂ Cσ,τ , thena ∈ Z(R).

Lemma 2 [5, Theorem 3] — LetR be a prime ring with characteristic different from2 and

d : R → R a nonzero derivation ofR. If d2(R) ⊂ Z, thenR is commutative.
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Lemma3 [2, Lemma 2] — Letd be a nonzero(σ, τ)−derivation of the prime ringR andU a

nonzero right ideal of R. Ifd(U) ⊂ Z(R), thenR is commutative.

Lemma4 [2, Lemma 3] — LetR be a 2-torsion free prime ring,I a nonzero ideal ofR and

a ∈ R. If R admits a(σ, τ)-derivationd such thatad(I) = 0 ( or d(I)a = 0) then eitherd = 0 or

a = 0.

Lemma5 — LetR be a 2-torsion free prime ring,d : R → R a nonzero(σ, τ)-derivation ofR

andh : R → R a nonzero derivation ofR such thatdh(R) ⊂ Cσ,τ thenR is commutative.

PROOF : For anyx, y ∈ R, we havedh([x, y]) ∈ Cσ,τ which gives

dh ([x, y]) = d ([h(x), y] + [x, h(y)])

= [dh(x), y]σ,τ − [d(y), h(x)]σ,τ + [d(x), h(y)]σ,τ − [dh(y), x]σ,τ .

So we have

[d(x), h(y)]σ,τ − [d(y), h(x)]σ,τ ∈ Cσ,τ , for all x, y ∈ R. (2.1)

Replacingy by h(y) in (2.1), we get

[
d(x), h2(y)

]
σ,τ
∈ Cσ,τ , for all x, y ∈ R.

and hence by Lemma 1, we have

h2(R) ⊂ Z.

¤

Applying the Lemma 2, we get the required result.

The following theorem generalizes [1, Theorem 1].

Theorem1 — Let R be a2-torsion free prime ring. If there exists a(σ, τ)-derivationd : R → R

such that[d(x), x]σ,τ ∈ Cσ,τ , for all x ∈ R, then eitherd = 0 or R is commutative.

PROOF : Assume thatd is a nonzero(σ, τ)-derivation. Linearizing[d(x), x]σ,τ ∈ Cσ,τ we get

[d(x), y]σ,τ + [d(y), x]σ,τ ∈ Cσ,τ , for all x, y ∈ R. (2.2)

On the other hand,

[d(x), [y, x]]σ,τ =
[
[d(x), y]σ,τ , x

]
σ,τ
−

[
[d(x), x]σ,τ , y

]
σ,τ

=
[
[d(x), y]σ,τ , x

]
σ,τ



350 NEŞET AYDIN

and so we have

[d(x), [y, x]]σ,τ =
[
[d(x), y]σ,τ , x

]
σ,τ

for all x, y ∈ R. (2.3)

Sinced ([y, x]) = [d(y), x]σ,τ−[d(x), y]σ,τ , replacingy by [y, x] in (2.2) and using (2.3), we ob-

tain[d(x), [y, x]]σ,τ+[d([y, x]), x]σ,τ =
[
[d(x), y]σ,τ , x

]
σ,τ

+
[
[d(y), x]σ,τ , x

]
σ,τ
−

[
[d(x), y]σ,τ , x

]
σ,τ

.

This implies that [
[d(y), x]σ,τ , x

]
σ,τ
∈ Cσ,τ for all x, y ∈ R.

By (2.2), we have

[
[d(x), y]σ,τ , x

]
σ,τ

+
[
[d(y), x]σ,τ , x

]
σ,τ

= 0;

and since
[
[d(y), x]σ,τ , x

]
σ,τ
∈ Cσ,τ , we get

[
[d(x), y]σ,τ , x

]
σ,τ
∈ Cσ,τ .

For allx, y ∈ R,
[
[d(x), y]σ,τ , x

]
σ,τ

= [d(x), [y, x]]σ,τ+
[
[d(x), x]σ,τ , y

]
σ,τ

and by assumption

it implies that

[d(x), [y, x]]σ,τ ∈ Cσ,τ for all x, y ∈ R. (2.4)

In other words, for eachx ∈ R, if we defineId(x)(y) = [d(x), y]σ,τ an inner(σ, τ)−derivation

determined byd(x) andIx(y) = [y, x] an inner derivation determined byx, then (2.4) says that for

eachx ∈ R,

Id(x)Ix(R) ⊂ Cσ,τ .

Using Lemma 5, we may supposeId(x) = 0 or Ix = 0. That is, for eachx ∈ R, d(x) ∈
Cσ,τ or x ∈ Z(R). This shows that the additive groupR is the union of two subgroupsA =
{x ∈ R | d(x) ∈ Cσ,τ} andB = {x ∈ R | x ∈ Z(R)}. This implies that eitherR = A or R = B.

If R = B thenR is commutative. On the other hand ifR = A thend(R) ⊂ Z(R) by Lemma

Lemma 1. By Lemma 3,R is commutative. 2

The following theorem generalizes [1, Theorem 3] without any restriction on the(σ, τ)-derivation.

Theorem2 — Let R be a2-torsion free prime ring andU a nonzero ideal ofR. If R admits a

nonzero(σ, τ)-derivationd such thatd(xy) = d(yx) for all x, y ∈ U, thenR is commutative.

PROOF : Sinced(xy) = d(yx), that is,d ([x, y]) = 0 for all x, y ∈ U . Replacingy by [y, z],
z ∈ U we obtain

0 = d ([x, [y, z]]) = [d(x), [y, z]]σ,τ − [d([y, z]), x]σ,τ ,
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and so

[d(x), [y, z]]σ,τ = 0, for all x, y, z ∈ U. (2.5)

Replacingx by xr, r ∈ R, in (2.5), we get

0 = [d(xr), [y, z]]σ,τ = [d(x)σ(r), [y, z]]σ,τ + [τ(x)d(r), [y, z]]σ,τ

= d(x)σ ([r, [y, z]]) + [d(x), [y, z]]σ,τ σ(r) + τ(x) [d(r), [y, z]]σ,τ + τ ([x, [y, z]]) d(r),

for all x, y, z ∈ U, r ∈ R; and using (2.5) and the above relation yields, for allx, y, z, r ∈ R,

0 = d(x)σ ([r, [y, z]]) + τ(x) [d(r), [y, z]]σ,τ + τ ([x, [y, z]]) d(r).

Again replacer by [u, v] , u, v ∈ U, in the above expression and use the fact thatd ([u, v]) = 0,

to obtain

d(x)σ ([[u, v] , [y, z]]) = 0, for all u, v, y, z ∈ U.

Hence by Lemma 4, we getσ ([[u, v] , [y, z]]) = 0, for all u, v, y, z ∈ U -that is,

[[u, v] , [y, z]] = 0, for all u, v, y, z ∈ U.

For eachu, v ∈ U, if we take[u, v] instead ofy, the above relation yieldsI2
[u,v](U) = 0, where

I[u,v] is an inner derivation determined by[u, v]. By [1, Lemma 2.2], we have[u, v] ∈ Z(R) for

all u, v ∈ U. Thus for allu ∈ U, [u, [u, r]] = 0, i.e., I2
u(R) = 0. Again applying Lemma 2, we

conclude thatR is commutative. This completes the proof of theorem. 2
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