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Let R be a2—torsion free prime ring and let, 7 be automorphisms ak. For anyz, y € R, set
[z,Yl,, = zo(y) — 7(y)z. Suppose that is a (o, 7)-derivation defined omk. In the present
paper it is shown that) if d is a nonzerdo, 7)-derivation andh is a nonzero derivation aR
such thatlh(R) C C, - thenR is commutative.(ii) if R satisfiesld(z),z], . € C, ., then
eitherd = 0 or R is commutative.(ii7) if I is a nonzero ideal oR such thati(xy) = d(yx)
forall z,y € I, thenR is commutative.
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1. INTRODUCTION

Throughout the present papRwill denote an associative ring with centé(R). For anyz,y € R

the symbol[z, y] represents the commutatey — yx and for a non empty subsétof R we put
Cr(S) ={x € R | [z,s] =0, for all s € S}. The set of all commutators of elementsOwill be
written as[S, S]. Recall thatR is prime if aRb = (0) implies thata = 0 orb = 0. Let o andr

be any two automorphisms é. For anya,b € R, we set{a,b], . = ac(b) — 7(b)a. We setC,
={c € R | co(x) = 7(x)c, for all x € R} and call this set théo, 7) —center ofR. In particular,
C1,1 = Z(R) isthe center oR?, wherel : R — R s identity map. An additive mapping: R — R

is called a derivation ifi(xy) = d(x)y + zd(y) for all z,y € R. For a fixeda € R, the mapping
I, : R — Rgiven byl,(x) = [a,z] is a derivation which is said to be an inner derivation. An
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additive mappingl : R — R s called a(o, 7)—derivation ifd(xy) = d(z)o(y) + 7(x)d(y) holds

for all z,y € R. Of course g1, 1) —derivation wherd is the identity map orR is a derivation. A
mappingF’ : R — Ris said to be centralizing [F'(x), z] € Z(R) for all z € R;in the special case
when[F'(z), z] = 0, the mappingF’ is said to be commuting oR. MappingF' : R — R is said

to be(o, 7) —centralizing (resp(o, 7) —commuting) if[F'(z), x|, . € Z(R) (resp.[F(z), ], . =

0) holds for allz € R. Of course a(1, 1) —centralizing (resp.(1,1)—commuting) mapping is
centralizing (resp. commuting) dR. There are several results in the existing literature dealing with
centralizing and commuting mappings in rings. The study of centralizing mappings was initiated by
Posner [6], which states that the existence of a nonzero centralizing derivation on a prime ring forces
the ring to be commutative (Posner’s second theorem). In an attempt to generalize the above result
Vukman [7] proved that ifR is a2—torsion free prime ring and : R — R a nonzero derivation

such that the map — [d(x), z] is commuting orR, thenR is commutative. Ashraf and Rehman in

[1] showed that the conclusion of the above theorem holds if fet, @) —derivationd the mapping

x — d(z) is (o, 7) —commuting. In the present paper, our objective is to generalize this result.

A famous result due to Herstein [4] states thaRifs a prime ring of characteristic n@twhich
admits a nonzero derivatiahsuch thatd(z), d(y)] = 0 for all z,y € R, thenR is commutative.
Motivated by this result, recently Bell and Daif [3] studied derivatidrsatisfyingd(zy) = d(yx)
for all z,y € R; and Ashraf and Rehman [1] generalized this resul{éor-) —derivations with the
restriction thaid commutes with botlr andr. In the second part, we shall prove the above result
for a (o, 7) —derivation of a prime ring without any restriction ¢m, 7) —derivations.

2. RESULTS

Throughout the present papBrwill represent &—torsion free prime ringZ(R) the center ofR,
U a nonzero ideal oR andd : R — R a (o, 7)—derivatoin of R. Further we shall make extensive
use of the following basic commutator identities:

[2y, 2, = 2y, 2]g, + 2,7y = 2 [y, 0(2)] + [2, 2, - y

[2,92]6, = 7() [2, 2, = [2,Y]5.- 0(2)

and
— [[x,y}mT,z] =0.

o,T

2. [y 2N + [ 2 0]

We begin with the following lemmas.

Lemmal [2, Lemma 6] — LetR be a prime ring with characteristic different froind be a
nonzero(c, 7) —derivation ofR anda € R. If [d(R),d], , C Cy -, thena € Z(R).

Lemma 2 [5, Theorem 3] — LetR be a prime ring with characteristic different froknand
d: R — R anonzero derivation aR. If d?(R) C Z, thenR is commutative.
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Lemma3 [2, Lemma 2] — Letd be a nonzerdo, 7) —derivation of the prime ring? andU a
nonzero right ideal of R. If(U) C Z(R), thenR is commutative.

Lemma4 [2, Lemma 3] — LetR be a 2-torsion free prime rind, a nonzero ideal of? and
a € R. If R admits a(o, 7)-derivationd such thatd(/) = 0 ( ord(I)a = 0) then eitherd = 0 or
a=0.

Lemmab — Let R be a 2-torsion free prime ring,: R — R a nonzerdo, 7)-derivation of R
andh : R — R anonzero derivation aR such thatth(R) C C,  thenR is commutative.

PrROOF: For anyz,y € R, we havedh([z,y]) € C,  which gives
dh [z, y]) = d([h(x),y] + [z, h(y)])

= [dh(x), ylgr = d(y), h(2)], , + (), h(Y)l,, = [dD(y), 2], - -

)

So we have
[d(x), h(y)]or — [d(©), h(2))or € Copr, forall z,y € R. (2.1)

Replacingy by h(y) in (2.1), we get
[d(z),h*(y)], . € Cor, forallz,y € R.

and hence by Lemma 1, we have
h*(R) C Z.

Applying the Lemma 2, we get the required result.
The following theorem generalizes [1, Theorem 1].

Theoreml — Let R be &-torsion free prime ring. If there exists(a, 7)-derivationd : R — R
such that/d(z), x]w € Cy -, forall x € R, then eitherd = 0 or R is commutative

PROOF: Assume thatl is a nonzerdo, 7)-derivation. Linearizindd(z), zl,, , € C,- we get

[d(2),yl,, + [d(y), 2], , € Cor, forallz,y € R. (2.2)

)

On the other hand,

d@). .all,, = [[d@). 1, 7]
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and so we have
[d(z), [y, 7)), = [[d(x),y]w x} for all z,y € R. (2.3)

)

Sinced ([y, z]) = [d(y), =], . —[d(x), y]m , replacingy by [y, ] in (2.2) and using (2.3), we ob-

)

tain[d(x), [y, ]l , +1d([y, 2], al,., = [[d@),v], 2] +[[dw)al,, 0] ~[ld@)4),, 0

This implies that

|:|:d(y)7 x]a’yr 7':E:| - E Co',T fOI' all I', y G R

g,

By (2.2), we have
[[d(x), 4,1 ]

and since[[d(y), ], . ,x} € Cy 7, We get

)

[1d),9),, 2] € Cor

o,T

Forallz,y € R, {[d(l’),y]
it implies that

= [d(z), [y, x]]077+[[d(a¢),x]g,7 ,y] and by assumption

o,T7) ZE}
o,T

[d(z), [y, 2], , € Cor forallz,y € R. (2.4)

In other words, for eachr € R, if we definely,(y) = [d(z),y], , aninner(c, 7)—derivation
determined byl(z) andI,(y) = [y, z] an inner derivation determined by then (2.4) says that for
eachr € R,

Ty I:(R) C Co 7.

Using Lemma 5, we may supposg,) = 0 or I, = 0. Thatis, for eachv € R, d(z) €
Cyr Orz € Z(R). This shows that the additive group is the union of two subgroupd =
{reR|d(x) e Cyr}andB = {x € R |z € Z(R)}. This implies that eitheR = A or R = B.
If R = B thenR is commutative. On the other hand#f = A thend(R) C Z(R) by Lemma
Lemma 1. By Lemma 3R is commutative. O

The following theorem generalizes [1, Theorem 3] without any restriction ofwthe-derivation.

Theorem2 — Let R be a2-torsion free prime ring and/ a nonzero ideal ofk. If R admits a
nonzero(c, 7)-derivationd such thatd(zy) = d(yx) for all =,y € U, thenR is commutative

PROOF: Sinced(zy) = d(yz), thatis,d ([x,y]) = 0 for all z,y € U. Replacingy by [y, z],
z € U we obtain

0=d([z, [y, 2]]) = ld(x), [y, 2], — [d([y, 2]), 7], - ,
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and so
[d(2),[y,2l],, =0, forallz,y,z € U. (2.5)

Replacinge by zr, r € R, in (2.5), we get
0= [d(zr), [y, 2]], . = ld(z)o(r), [y, 2]l,, + [(x)d(r), [y, 2]], -
= d(z)o ([r, [y, 2]]) + [d(2), [y, 2|5, o (r) + 7(2) [d(7), [y, 2], + 7 ([, [y, 2]]) d(7),

forall z,y,z € U, r € R; and using (2.5) and the above relation yields, foral, z, r € R,

0 =d(@)o ([r, [y, 2]]) + 7(2) [d(r), [y, 2], - + 7 ([, [y, 2]]) d(r).

Again replace- by [u,v], u,v € U, in the above expression and use the fact th@t, v]) = 0,
to obtain
d(x)o ([[u,v], [y, 2]]) = 0, for all u,v,y, 2 € U.

Hence by Lemma 4, we get([[u,v], [y, z]]) = 0, for all u,v,y, z € U -that is,

[[u,v],[y,2]] =0, forall u,v,y,z € U.

For eachu, v € U, if we take|u, v] instead ofy, the above relation yieldéfu’U](U) = 0, where
I}, is an inner derivation determined ly, v]. By [1, Lemma 2.2], we hav@u,v] € Z(R) for
all u,v € U. Thus for allu € U, [u,[u,7]] = 0, i.e., I2(R) = 0. Again applying Lemma 2, we
conclude thai? is commutative. This completes the proof of theorem. |
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