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In the light of the call by Johnstone [14] to pursue research in dimension theory of frames, we
introduce into the the setting of frames the fundamental dimension functions hitherto known for
topological spaces. These dimension functions for the frames considered are also related to the
dimension functions of their respective StoBiech Compactifications. Various sum theorems

for the dimension theory of frames are also derived.
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1. INTRODUCTION

It is the authors’ intention in this paper to study the concept of dimension in the setting of certain
frames. It is, of course, well known that the theory of dimension has a rich history in the context
of topological spaces, as exemplified, for example, by the text of Engelking [11]. In fact, we base
our development of dimension theory of frames on the treatment of dimension in the latter book.
As far as we are aware Charalambous [6] was the first to publish a paper on the dimension theory
of frames. Almost a decade later it was Johnstone [14] who suggested that the study of frames was
now ripe for the development of a theory of dimension. Subsequently there were papers by Isbell
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[12], Banaschewski and Gilmour [3] and Charalambous [7, 8], on the subject. This paper then is
our attempt at contributing to this development in the spirit, we hope, of Johnstone’s suggestion.

We recall that for topological spaces dimension functions have been introduced by Brouwer
[11], Cech [11], Menger [11], Lebesgue [11] and Urysohn [11] for particular topological spaces.
The authors in this paper suggest translations to some of these results within the context of frames.

In section one a review of known results, concepts and notation which are to be used in the later
sections are considered. The most important aspect of this section is the adjoint situation that exists
between the category of frames and frame morphisms and the category of topological spaces and
continuous functions.

Section two considers certain frames (viz. the completely regular ones) and their structural
behaviour under the conditions of zero-dimensionality and strong zero-dimensionality. The inter-
relatedness of these two dimension concepts is studied. An analogous result to Urysohn’s Lemma
for normal frames is pursued for strongly zero dimensional frames. It is then shown that every zero
dimesional Lindebdf frame is strongly zero dimensional. It is concluded by an investigation into the
strong zero-dimensionality of the Stofech Compactification.

In sections three and four the generalization of the notion of the dimension number of Euclidean
spaces, is carried over to certain topological spaces (in our case frames). Such an assignment is
established in three different ways: to a topological spac&rame L) we assign three numbers ind
X (ind L), Ind X (Ind L) and dimX (dim L), all of which have characteristics of dimension. The
natural domains for the study of ind, Ind and dim are regular spaces (regular frames), normal spaces
(normal frames) and Tychonoff spaces (completely regular frames) respectively. It also establishes
Ind BL =Ind L and dim3L =dim L, whereSL is the Stoneech compactification of.. In
section five we prove the frame analogues of the sum theorems for dimension of normal topological
spaces.

2. PRELIMINARY CONCEPTS

A frame is a complete latticé in which the infinite distributive lave A \/ S = \/{a A s|s € S}
holds for anys € L and S C L. The term complete as used above means that all subsktbave
a meet; hence also a join. A frame homomorphism is amap — M of framesL, M preserving
all finite meets, including the unit,, and arbitrary joins, including the zer@;. Thus we have the
categoryFrm of frames and their homomorphisms. We call a frame homomorphisi@nse if
h(z) = 0 impliesz = 0. Any frame homomorphisnh : L — M has a right adjoinb,:M— L
defined by the condition

h(z) <yiff 2 < h,(y) forallz € Landy € M,

whereh,(y) = \/{z € L|h(x) < y}. In particular, ifh is onto thenh,(y) is the largest element
which A maps toy. We have that, preserves arbitrary meets. Fd C L. B is called a basis
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for L if a € L impliesa = \/{b|b € B}. Also, forz € L, the pseudocomplement of(denoted
by z*) willbe 2* = \/{y € L |[yAxz =0.}.If X C L, X isacoverforLif \/ X = er. For
X,Y C L whereX andY are covers folL, X refinesY (written X <Y) if for eachz € X there
existsy € Y such thatr < y. Let L be a frame and{ C L. L is called compact it;, < \/ X

impliese;, < \/ E, for some finite£' C X. ForJ C L. J is called an ideal iff' C J, F finite
implies\/ F € J anda < b € J impliesa € J. For a frameL anda € L we shall use a to
denote{z € L|z > a} and| a = {z € L|x < a}. A principal example of the notions in sections
3 and4 is the frameOX of open sets of a topological spaég and the frame homomorphism
Of : OY — OX,induced by any continuous mgp: X — Y between topological spaces, taking
U € OY to f~1(U) € OX. Indeed, the resulting correspondence constitutes a contravariant
functor© : Top — Frm from the categoryTop of topological spaces and continuous maps to
the categonf'rm. On the other hand, there is a contravariant fun&torFrm — Top such that
for any frameL, XL is the space of all frame homomorphisrtais L — 2 (2is the two-element
frame) with open set&, = {¢{ € ¥L|¢(a) = 1}for a € L. For any frame homomorphistn :

L — M,Yh : ¥M — YL acts by composition with, that is (Xh)(§) = £&h. Moreover,O andX:.

are adjoint on the right, with adjunction maps

ne : L — X given by g (a) = X,
and

gx : X — OXgiven bye,(z) =&
wherez : OX — 2 suchthatt(U) =1iff r € UforallU € OX.

For elements andy in L, z is said to be rather below, writtenz < y if there exists an element
t € Lsuchthat: At = 0andyVt=e. Lis called aregular frame whenever \/{x € L|z < a}
for all a« € L. Analogously, for elements andy in L, x is said to be completely beloy written
r << yif there existyc;),i = 0,1,2,...k = 0,1, 2, ..., 2¢ with

a = o, b = i, Cigp < Cj g1 ANAci, = g1 2k

L is called a completely regular frame whenewer= \/{z € L|lx << a} forala € L. L

is called normal if fora,b € L with a V b = ey, there exists,d in L with ¢ A d = 0y, and
aVe = er, = bvd. Any compact regular frame is normal. For normal regular frameésterpolates.
A compactification of a framé is a dense onto homomorphigm M — L whereM is a compact
regular frame.

A congruence on a framé& is an equivalence relation which is a subframelok L. Let
£L = {©|0 is a congruence oh}. £L is closed under arbitrary intersections, so it is a complete
lattice with bottom elementA\ = {(z,z)|z € L} and top elemenV = L x L. Infact, £L is a
frame. Also, ifh : L — M is a frame homomorphism theRer(h) = {(z,y)|h(z) = h(y)} €
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LL. Conversely, ifo € £L then® = Ker(h) for someh. For anya € L the following are
congruencesV, = {(z,y)|lx Va=yVa}andA, = {(z,y)|lzt Aa =y A a}.

We refer to Johnstone [13] for a general reference on frames. We also refer to Banaschewski [1]
though we realize that this source may not be easily available to all. Specifically for the dimension
theory of frames we mention the papers by [12, 3, 6-8], and the thesis of [5] on which this paper is
based.

3. THE THEORY OFDIMENSION ZERO

3.1Zero-Dimensional and Strongly-Zero Dimensional Frames

As motivation for the definition which is to follow we make the following remarks: For a topo-
logical spaceX, let f : X — R be a continuous map. The# = f~1(0) is called function-
ally closed. To translate this idea into the frame setting we observexihdt € OX, X\A =
X\f7H0) = f~1((—00,0)U(0,00)) (x € X\ f~1(0) impliesz ¢ f~1(0) meaning thaif (x) # 0
or f(z) € (—o0,0) or (0, 00) implying f(z) € R\{0} and conversely)

For Definition 3.8, we refer to spaces where a topological spade called strongly zero-
dimensional ifX is a non-empty Tychonoff space and every finite functionally open C{Nﬁ}rf:l
of the spaceX has a finite open refinemefiv;}*_; such thatV; N\ V; = ¢ wheneveri # j. We
should observe that this refinemdf }*_, consists of open and closed sets and this is a functionally
open cover forX.

Definition3.1 — Let L be a frame. An element € L is called co-zero if there exists a frame
mapf : OR — L such thats = f(R\{0}).

Definition3.2 — LetL be a frame and a cover forL. X is called a co-zero cover far if for
eacha € X, ais co-zero.

Remark3.3 : We shall henceforth denoféoz L to represent the collection of all the co-zero
elements of... We know already thaf’oz L is a regular sula- frame of L. Also, of importance are
the following results proved by [4].

1. For any frameL, the following are equivalent :

(@) aeCoz L
(b) a =V x,, wherez,, << a,foralln € N

(c) a =V an, wherea,, << a,11, foralln € N.
2. Whenever: << yin L, there existz € Coz L such that

r <<z <<y.



SOME ASPECTS OF DIMENSION THEORY OF FRAMES 379

Definition3.4 — LetL be a completely regular frame. A pdit, v} is called full if there exists
aframe magpf : OR — L such thatf (R\{0}) <wandf (R\{1}) <wv.

Remark3.5 : For a normal framé& Dowker and Papert [9] proved that wheneweb € I and
aVb=er,then{a,b} is full.

Definition3.6 — Let L be a frame. We say thate L is complemented it V a* = e, where
a* is the pseudocomplement of

As motivation for the following definition we recall that for a topological spaceX is zero
dimensional ifX is a non-emptyl; space and has a base consisting of clopen sets.

Definition3.7 — Let L be a frame.L is said to be zero-dimensionaliif has a basis consisting
of complemented elements.

Definition 3.8 — Let L be a frame.L is called strongly zero-dimensional if every finite cover
{u;}7, of L has a finite refinemer{t; };_, such thaw; A v; = 0z, whenever # j.

Lemma3.9 — For every full pai{u, v} of elements of a strongly zero-dimensional fraime
there exists a complemented elemeért L such that: vV a = e, anda < v.

PROOF : Since{u,v} is a full pair, there exists, by [9], a frame mgp: OR — L with

f(R\{0}) < wandf (R\{1}) < v.

Now, {f (R\{0}), f(R\{1})}isa coverforL and sincel is strongly zero dimensional there
is a cover{a, b} which refines{u, v} with the property that Ab = 0. S0,a is complementedy <
v,er, =aVb<aVu. O

Lemma3.10 — If for every full pair{u,v} of elements of a normal framé there exists a
complemented elementsuch that: V u = ey, anda < v, then every finite covefu;};", for L has
afinite refinemenfw; } |, with w; A w; = 0 for i # j.

ProoOF: Let{u;}" , be a finite cover fol.. We shall show by induction that there exists a finite
refinement of w; }1*,, {v;}7*, say, withv; A v; = 0f, for ¢ # j.

Fori = 1,{er} works. So let this be true for = m — 1 > 1 and let{u;};", be a finite
cover for L. Hence, there exists a finite covgr; ;’;‘11 with v; Avj = Og, for i # j,v; < wu; for
ie{1,2,...m—2} andvy,—1 < um—1\ . Now considerX = {v¥, _; V upm—1;0),_1 V U}
m—2 m—2

Sincev,,,—1V \ v; = er, we have by assumption a pdit’, v’} with o’ < \/ v;,v' < vy, u V
i=1 i=1

v = er andu’ Av = 0 and so by construction,,_; is complemented, its complement being
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m—2
\/ v;. We have then that
i=1
< vk 1V (Um—1 V U,
< (O Vum—1) V (um Vug, )

:\/X

X is therefore a cover fak and L normal implies by [9] we can find a frame mg@p OR — L
with f((R\{0}) < v, _; Vup andf((R\{1}) < wv},_; V um—1. Thus by the hypothesis we have a
complemented element< e;, anda < v}, _; V u,, anda V (um—1 V v},_;) = er. Now, consider
the collection{w;}!" ,, where :

— ¥
er, =v,,_1 VvV Un-1

w; = for i <m — 2,
Wm—1 = Um—1Aa* and
Wi = Ump_1N\a.

We havea V (up,—1 V v),_;) = e, and so,

Win—1 = V1 Aa@* = (U1 Aa*) A (aV (Um—1VV5_1))

= (Um-1 A a*) A Up—1 implying

W1 < Upm—1. AlSO, Wy, = Vi1 A @ < U1 A (V)1 V Um) = Umn—1 Ay, < Upp,.

We thus have a refinemef; } 7, of {u,}", with w; Aw; =0, fori # jand\/ w; = er.
=1

1=

The above two lemmas imply the following theorem :

Theorem3.11— For a normal regular frame., the following three conditions are equivalent

1. Lis strongly zero-dimensional

2. For every pair of elementgu, v} withu Vv = e, there exists a complemented elemenith
uVa=eranda < v.

3. Every finite cover{u;}! , of L has a finite refinemenfv;}? ; such thatv; A v; = 0
whenever # j.

Let us observe that Lemma 3.10 immediately yields:

Theorem3.12— Let L be a strongly zero dimensional frame. Then it is zero dimensional

PROOF: LetB={a € L:aVa* =er}. Forx € L,x = \/{y : y < x}. So with such
y < x,y* Vo = er. By Lemma 3.9 there exists a complemented B such thatc < y* and

cVzx=ej.
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Nowc Ay = 0f, impliesy < ¢*. But,

¢ = " ANeg

A (eVur)
= (FAe)V(c*Ax)
Nz

<

Thus,c* € Bandy < ¢* <z implyingz = \/{c* : ¢ € B}. O

Definition 3.13 — A frameL is called Lindedf if whenevere;, = \/ B, B C L thene;, =
V bi, bl € B.
ieN

Theorem3.14— Every zero-dimensional Lindigl frame is strongly zero-dimensional

PROOF: Leta,b € Lwitha Vb= er. Lis zero-dimensional and Lind#limplies there is a

oo

collection{w;}$°, of complemented elements witff {w;} = e;, =aVb. Sow; < aorw; <b
=1

for eachi. Consider the following collectiofu; }°, where

uy = w

uy = wy Awj

uz = w3z Awj Aw;

w = w; AwiAwz Awz AL AW .

Now, {u;}3°, is a collection of pairwise disjoint complemented elements. €al \/ {v; :
1€EN
v; = uj,u; < a}. Letu; < a. Now, u; Au; = O, for anyw; < b, impliesu; < u}, for all such
j € N.Henceu; < A ufforallu; <bandu; < a. Also,

€N
e, = aVb=\V u(u;<a)V V uj(u; <0b)
ieN jeN
< uVv A ul
S\
= uV(Vu)*

= uVu*r.
Henceu is complemented and < a. Also,
o
er = VA{w}
i=1
oo
= uV VA{u;:u; <b}

=1
< wuVhb.

381
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Thus, by Theorem 3.11% is strongly zero-dimensional. O
Definition3.15 — A compact zero-dimensional framhés called a Stone frame.
The above definition immediately with Theorem 3.14 implies the following theorem.

Theorem3.16— If L is a Stone frame theh is strongly zero dimensional

3.2The Strong Zero-Dimensionality of The Stadech Compactification

Definition3.17 — A frame mapf : OR — L factors throughO1 if there exists a frame map:
g : OI — L suchthatift : OR — OI is the onto frame map given by the inclusibr— R then

got=f.

OR 1)

(Note : whenf factors thery is unique).

Theorem3.18— Let L and M be normal regular frames. Suppose thats a strongly zero-
dimensional frame andl : . — M an onto frame map with the property that whenever there is a
frame mapf : OR — M which factors throughD 1, there exists a frame map: OR — L which
factors throughO1 with h o g = f, thenM is strongly zero-dimensional

PrROOF: Consider the basi®’ for O whereB’ = {(z,y) N [0,1] : (z,y) € B}, whereB
is a basis folOR. By definingg : B — M asg((z,y) N [0,1]) = ¢(x,y) wherep and B are as
given by Dowker and Papert [9], it follows that: B’ — M can be extended t9: OI — M. Let
t : OR — OI be the onto frame map given by the inclusibr~ R Then

I
IS
=
&

where f has the further property of(R\{0}) < a and f(R\{0}) < b. By the hypothesis then,
there exists a frame map: OR — L with f = h o g. Now, h(r(f({R\{0}))) = f(R\{0}) =
h(g(R\{0})) which implies that

g(R\{0}) < r(f(R\{0})) < r(a), wherer is the right adjoint ofh. Similarly, g(R\{1} < r(b)
and hencg/(R\{0}) vV g(R\{1}) < r(a) V r(b). Thus{r(a),r(b)} is a full pair in L and L being
strongly-dimensional implies there exists a complemented elemwith v < r(a) andu Vv r(b) =
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er.. But, thenh(u) is complemented i/ sinceh preserves joins and tops. Alédu) < h(r(u)) =
a andh(u) VvV h(r(b)) = h(er) = ear, thatish(u) Vb = epr henceM is strongly zero-dimensional.

Remark3.19 : It is known that the right adjoint &f : 5L — L,k; : L — (L does notin
general preserve joins. However, Baboolal and Banaschewski [2] showthaeserves disjoint
binary joins.

Theorem3.20— For normal regular framed. the StoneCech compactificatio@ L of a com-
pletely regular framel is strongly zero-dimensional if and only if is strongly zero-dimensional

PROOF: “ = 7 : Let 5L be strongly zero-dimensional with the join mgp: L — L as the
compactification map. By the previous theorem we need to find a framgm&iR — L which
factors through®] and\/ og = f. We defineg : OR — BL by g = 5f o k; o t given as follows :

Bf

BL 6OI1
AN |
- |

w N Iw
OR kr|l
27N
y

L - oz

f

“«< 7 :Let{l;}! , be a co-zero cover fosL. Consider{a;}}" ,, where\/(l;) = a; for each
i. Since\/ preserves co-zero elements, joins and topg! , is a co-zero cover fol.. Hence,
there exists a finite refinemef; }7-_,, say withb; A b; = 0 for ¢ # j. Now considerkr (b;)}7- ;.
Certainly, this is a co-zero cover fgtL, observing by the previous remark that the right adjoint
k1 preserves finite disjoint joins. Alsd(b;) A k(b;) = k(b; A bj) = k(0r) = Ogg, fori # j.
ConsiderJ; = I; ( kr(b;), foreachi = 1,2,...,n. J; C I; and \n/ Ji = L. Further,J;(J; = ¢

=1
for i # j. ThusfgL is strongly zero-dimensional.

4. Dimension Functions Ind, Ind and Dim

4.1 The Menger-Urysohn Dimension for Frames
Let us recall that for a regular spageand any non negative integer we say that :

() ind X = —1ifand only if X = ¢.

(i) ind X < nif for every pointz € X and any neighbourhood of the pointz there exists an
open sel/ C X suchthatt € U C V and indFrU <n — 1.

(i) ind X =nifind X < n and the inequality ind{ < n — 1 does not hold.
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(iv) ind X = o if the inequality indX < n does not hold for any:.

Thus, the inequality ind( < n(n > 0) means that every point € X can be separated from a
closed sef’ which does not contaim by a set of dimensior. n — 1. The above definition for ind
translated to the frame case is :

Definition4.1 — LetL be a regular frame anda non-negative integer. We say that :
MU1l:indL =—1lifandonlyif L =1 = {0}

MU2 : ind L < n if for every coverV of Lthere exists a covdy of L such thatU < V and
for eachu € U, ind (1 (u* vV u)) <n — 1.

MUS : ind L = nifind L < n and the inequality ind. < n — 1 does not hold.
MUS : ind L = oo if the inequality indL < n does not hold for any.

The number ind. will be called the Menger-Urysohn dimension for the framer the small
inductive dimension of.

The above definition then implies the following
Proposition4.2 — If L and M are regular and = M thenindL = ind M.

Proposition4.3 — LetL be a regular frame. Then ind < n (n > 0) if and only if there exists
a basisB for L such thatind1 bV b*)) <n —1forallb e B.

PROOF : Suppose indL < n(n > 0). For eacha € L,a = \/z(z < a) and for each
x < a, v*Va=ep Thus{z*, a} € Cov L so there exists a covét, , such thatl, , < {z*,a}
and for allu € Ty o, ind (T u VvV u*) <n—1.

DefineB = |JT}.q, (a € L x < a). Certainly,b € B impliesb € T, , for someT,,, and so
ind(T bV b*) <n—1.SinceLisregulara = \/ z(z < a). Foranyz < a,T, , < {z,a}. Thus
z<VulxANu#0,uecT,,) <a,soais ajoin of members fronB, hence a basis.

For the converse: Také € Couv(L) and letU = {b € B|b < v for somev € V' }. O
Proposition4.4 — LetL be a regular framel is zero-dimensional if and only if ind = 0.

PrROOF: Suppose ind. = 0. Then by just the previous proposition, there exists a hassch
thatind (T (bVvd*)) < —1, forall b € B. But, the only possibility then is that ifi@l (b b*)) = —1
and so by MU1 of Definition 4.1} (b V b*) is a frame where the bottom element is equal to the top
elementi.eb Vv b* = ey, so thath is complemented.

Suppose now that is zero-dimensional. Hencé, has a basi$3 of complemented elements.
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Foreachh € B,ind (T (bV b*)) =ind {1 e} implying ind (b v b*) < —1 for all b € B and so by
the above proposition infl = 0. O

4.2 The Brouwer€ech Dimension for Frames
Remarks and Motivation : Recall that for a normal spaAcand a non-negative integer we
say that:

(i) Ind X = —1ifand only if X = ¢.

(i) Ind X < nif for every closed sefl C X and any open sét C X that contains4 there exists
anopenselV C X suchthatdA Cc U Cc V and IndFrU <n — 1.

(iii) Ind X = nifInd X < n and the equality Ind{’ < n — 1 does not hold.

(iv) Ind X = o if the inequality IndX < n does not hold for any.

Thus, the inequality Ind’ < n(n > 0) means that every pait, B of disjoint closed subsets of
X can be separated by a set of dimension — 1. For normal frames we translate these ideas into
the following definition.

Definition4.5 — LetL be a normal frame and € N J{0}. We say that
BCl:IndL=—-1<L=1

BC2 : Ind L < n &< foreverya € L and anyv € L such thata Vv = e, there exista: < v
such thata Vu = ey and Ind(T (u VvV u*)) <n — 1.

BC3 :IndL =nifind L <nandIndL <n — 1does not hold for any.

BC4 :Ind L = xifInd L < n does not hold for any.

The number Ind. is called the Brouwetech dimension for frames.
This definition leads to the following proposition.
Proposition4.6 — If L and M are normal frames anfl = M then IndL = Ind M.

Proposition4.7 — Let L be a normal regular framé. is strongly zero-dimensional if and only
if Ind L = 0.

PROOF: Suppose thak is strongly zero-dimensional and by Theorem 3.123dte a basis for
L with complemental elements. Lete L, v € L witha Vv = er. By Lemma 3.9, there exists
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complemented € L, ¢ <wvsuchthatVc=egorind(] (cVer)) =Ind] e, = —1 < 0. Hence
by BC2 IndL = 0.

For the converse use Theorem 3.11. Tdkev} full. Then there existss < wu such that
aVv=erandInd(f aVa*) < —1. ThusInd(T aVa*) = —1,s0a V a* = e, i.e. ais
complemented. O

Proposition4.8 — Let L be a normal regular frame. Then iid< Ind L.

PrROOF: IfInd L = —1thenL = 1 and so indL. = —1. Certainly, if IndL = oo, ind L < Ind
L. So suppose Ind. = n and assume that, for all/, Ind M = n — 1 implies indM < Ind M. Let
V' be a cover forL. For eachw € Vv = \/ z(z < u). Forz < v we haver* V v = ey, so there
existsu < v,z*Vu=epandInd(T uVu*) <n—1.Nowz < u. SinceT = {x € L|z < v for
somev € V}isacoverofL, U = {ulu < v for somev and Ind{ u vV u* < n — 1} is also a cover
asT < U.So,u <veVandind(]TuVu*)<n-—1meaningindl <n =Ind L. O

Theorem4.9— Let L be a normal regular frame. We have then that (d:) < Ind L, for all
u € L.

PrROOF: We shall prove this by applying induction en If Ind L = oo then Ind(T «) <Ind
L =o00.Forn= -1, L =1andsol v~ Land hence Ind] u) < Ind L. Suppose for any normal
frameL andu € L, Ind (T v) <Ind L < n — 1. LetInd L = n andu € L. Further leta,b €T u
with a V b = ey, Hence, we can find € L withv < a,vVb=ezand Ind(T (vVv*)) <n-—1.
Now, v* < bandinl u, b < e; = v* < u V u*. But thenv* < « VvV u* and sincev* < u VvV v*
implies
v* < (uVur) A (u VoY)
uV (u* AvY)
= uV(uVo)*
Lovoer < oV (uV(uVo)r)
= (uVo)V(uVo)*
S ((wvo)Vv(uvoe)r) C 1 (vVor)

and by the inductive hypothesis Itifl (v vV v) V (u Vv)*) <n —1and Ind(T u) <Ind L. O

Remark4.10 : Recall that an ideal C L is completely regular if for any: € J there exists
y € J with z << y. Let 5L be the set of all sucH, partially ordered byC, and3L is known to be
a regular subframe of L, the complete lattice of all ideals df. Then from Section 1 one we can
check directly that the right adjoint of the co-reflection map,; : 3L — L, (given by the adjoint
map) is explicitly given as the map: L — SL defined byk(a) = {x € L|x << a}. For this we
prove the following lemma which enhances the proof of Theorem 4.13.

Definition4.11 — LetL be frame anda;},c; C L. A shrinkage of{a;};cs is a collection
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{bi}iel with b < a; for all - and \/ b; = \/ a;.
icl icl
Lemma4.12 — LetL be a normal frame. Every finite covér; }*_, has a co-zero shrinkage
{wz},-:1WIth w; < v; for eachi.

PROOF: Let {v;}%_, be a co-zero cover. Let\/ {vi} = a andv, = b. SinceL is nor-
mal anda V b = ey, there will by [9] exist a frame mag : OR — L with f(R\{0}) <

and f(R\{1}) < b. Now conS|der<—oo; —;) v (;;oo> with separating elemeré—;; ;) .

This makesf <(—oo; —i) v <;,oo>> < f(R\{0}). Also, (—1; i) with separating element

(i;2> makes f (1;2) < f(R\{1}). Call ¢ = f<<oo;;) \ <;,OO>> and w, =

f(=1;2). Certainly,c V d,x = er, and since(—1,3) € OR andOR ~ Coz OR, and f pre-
k—1 k—2
serves countable joingy, € CozL. Also, e;, = ¢V wy < V v; V wy. Now, V v; \/wk> vV

vp_1 = er, and applying the same argument one will ylalg_l € CozL with wk 1 < vx_1 and
k—2
\/ v; Vw V wg_1 = er, and so on. Hence, we get a co-zero shrmk{azgﬁ}’f 1 With w; < v, for

aII ie{l,2,...,k}. O

Theorem4.13— Let L be any frame. Theh, the right adjoint of\/, : 5L — L preserves the
binary joins of elements frofoz L.

PrRoOF: Certainly, foru,v € Coz L,u < uVvandv < uVov imply k(u)Vk(v) < k(uVo).

So to provek(u V v) < k(u) V k(v). So letz € k(u V v). z << u V v implying there exists
z € Coz L withz << z << u Vv, (since whenevet << yin L, there exists @ € Coz L such
thatr << z << y by Remark 3.3. Thus < u VvV v in Coz L implying the existence ab € Coz L
with 2 Aw = 0p,w V (u V v) = er. Hence, we have from the previous lemmiaw,’ v € Coz L
with w’ < w, o < u,v’ <vandw' Vo' Vv =ep Nowz <o/ Vo', sincezAw' < zAw=0p.
Nowz = (z Au' )V (zAv)andz Av < uin Coz L, 2 Av' < vin Coz L and sinceCoz L is
aregularc— frame by [4],< interpolates, implyingz A v/ << win L andz A v" << v in L and
z € k(u) V k(v) andx << z,80z € k(u) V k(v) and the theorem holds.

4.2.1.Some Results on Compactification

Let A andB be regular frames with compactificatiofi$A) andC'(B) of A andB respectively.
Letg : C(B) — Bandf : C(A) — A be the corresponding frame maps andiletB — A
be a frame map. If there exists a frame nt@&@h) : C(B) — C(A) such that the diagram below
commutes then we say thiats extendable ovef’(B) andC(A).
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c(B) 2 c(a)
h

g lf
B A

The mapC'(h) is then called a frame extension/af This modification of the notion of extend-
ability allows a formulation of the following important property of the Stdbech compactification.

The proofs of the following results appear in [13].

Corollary 4.14 — For every compactificatiati( B) of a completely regular framB and every
frame maph : B — A to a completely regular framd there exists a frame extensidnh) :
C(B) — BA.

Corollary 4.15 — If the quotient frama@/ of a completely regular framg has the property that
every frame mayf : OI — M (I being the closed unit interval) has a frame extengidn— L

oI

s
;;)nto

L—M

then the closure oMM in the frameSL is equivalent tg3M. If, moreover,M is dense inL, then
BL = M.

Let us recall Tietze's Theorem (a proof of which appears in [15]), namely: A fraiseormal
if and only if wheneverA is a closed quotient frame éfand f : OR — A is a frame map

[
.
L——A

there is a frame extensi@d®dR — L.
The above corollary, together with Tietze’s Theorem implies the following corollary.

Corollary 4.16 — LetX be a normal regular frame ande X. The closure

75)( -~
(T (@) =6(1 (2)).
Theorem4.17— If L is a normal regular frame then Ind = Ind L.

PrROOF: To prove IndGL <Ind L. For IndL = —1 or oo, done.
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So suppose that Inél. <Ind L < n — 1 for all normal regular frameg. Let Ind L < n.
For J, K € L with J v K = L implies there exist$, M € Coz L withl < K, M < J and
IvM=L.Calx =vVvIandy = VM. Certainly,z V y = e;, and so there exists < x with
zVy=-erandIndl (zVz*) <n—1.Now, k(z) < k(z) = k(V(])) < K andk(y) = k(VM) <
J, (sinceifh : L — M is dense onto with right adjoirit thenz < y impliesk(h(z)) < y).

Now by Lemma 4.12 there exist$ < y, 2’ < z andy/, 2’ € CozL with 2/ V¢’ = er. So,

L =k
= k

2NV E(Y) (k preserves binary join of co-zero elements)

IN A

Butthen,3(T (2 V 2*)) 27 (k(2) V k(z*)) which means that Ind] k(z) V k(z*)) <n — 1 and
Ind 5L <'Ind L.

Now, to prove IndL <IndSL. IfInd L = —1 oroo thenIndL <Ind3L. So suppose Ind <
Ind 6L = n—1holds and let Ind5L. = n. Letx,y € Lwithx Vy = e;. By Lemma 4.12, we may
assumer,y € CozL. By Theorem 4.13k,(x)Vkr(y) = kr(zVy) = L and sincelim 3L = n, we
canfindl € BLwith I C kz(x),IVkr(y) = Land Ind(T (I I*)) < n—1.Callu =\/,(I),then
u=\, () <zande, =V, (L) =V, IVEkrL(y)) =uVy.Also,u=\/,(I)implies] C kr(u)
so, T (kr(u) CT I. Also, u = \/, (I) impliesu* = (\/,(I))* = V (I*), since\/, is dense
onto. Hence)/, (I*) < w* andI* C kg (u*) and so,! (kr(u) V kr(u*)) CT (L U I*) and so Ind
T (kp(u) V kr(u*)) < n — 1. Also, by the above Corollary (¢J(T v V u*) =7 (kr(u) V kr(u*))
and so by the inductive hypothesis Idu V ©*) < n — 1 proving IndL <Ind SL. Thus we have
Ind L =Ind 5L.

4.3. Theéech—Lebesgue Dimension for Frames

By the definition of this dimension the concept of the order of a cover will be applied. By
the order of a familyA of subsets of a seX we mean the largest integersuch that the family
A containsn + 1 elements with non-bottom meet or the “infinite numbes’, if no such integer
exists. Thus, if the order of a family = {A;}ses equalsn, then for anyn + 2 distinct indices,
51,52,...5n42 € S, we haveag, A as, A as,,, = 0. In particular, a family of order 1 consists
of 0z, alone, and a family of orddr consists of pairwise disjoint elements not all of which is the
bottom. The order of a familyl is denoted by ordi.

Remark4.18 : For a Tychonoff spackE and an integer > —1, we say that :

() dim X < n if every finite functionally open cover of the spa&ehas a finite functionally open
refinement of ordex n.

(i) dim X = n if dim X < n and the inequalitim X < n — 1 does not hold.
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(i) dim X = o if the inequalitydim X < n does not hold for any.

This definition when translated to its frame counterpart follows :

Definition4.19 — LetL be completely regular frame and: > —1, n € Z. We say that
CL1 dim L < n if every finite co-zero cover fof, has a finite co-zero refinementafder < n.
CL2 dimL =nifdim L < n and dimL < n — 1 does not hold.

CL3 dim L = oo ifdim L < n does not hold for any.

Definition 4.20 — LetL be a completely regular frame. Thdim L = 0 if and only if L is
strongly zero-dimensional.

PROOF: = 7 : If dim L = 0, let {u;}%_, be a finite co-zero cover fat. Then we can find a
finite co-zero covefv; }™_; with ord ({v;}™ ;) = 0 and refining{u;}*_,. Hencew; A v; = oy, for
all i # j and soL is strongly zero-dimensional.

“« " :Let{u;}%_, be afinite co-zero cover fak. Then there exists a finite co-zero refinement
{vi}iq with v; < u;,v; Avj = 0fori # j. But, then ord{v;}?_,) = 0 anddim L = 0.

Theorem4.21— For every normal regular frame the following conditions are equivalent
1. dimL < n.
2. Every finite co-zero covec; }£_; has a co-zero shrinkaggw; }¥_, of ord < n.

3. Every finite co-zero covefrc; }¥_, has a co-zero shrinkaggw; }¥_, of ord < n andw; < ¢;
for eachs.

4. Every finite co-zero covele; }¥_, has a finite co-zero refinemef; }*_, of ord < n.

PROOF: (1) = (2) : Let{c;}*_, be a finite co-zero cover fdt satisfying dimL < n. Hence
there exists a finite co-zero refinemegnt } ; of order< n. For every;j < m choose ari(j) < k
such that; < ¢;(;y. Consider the family{w; }*_, wherew; = \/{v;|i(j) = i} for eachi. Eachw;

j

is the finite join of co-zero elements and is thus co-zero. Furthet ¢; for all j wherei(j) = 7.
k m
Thereforew; < ¢; for eachi and \/ w; = \/ v; = eL.Thus{wi}le is a shrinkage of the cover
i=1 j=1
{e;}k_| and has ordek n.
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(2) = (3) : Let {¢;}¥_, be a finite co-zero cover fok and {w;}*_, be a co-zero shrinkage
of {¢;}_, of ord < n.We have by Lemma 4.12 that there exists a co-zero coué}?_, with
w) < w; < ¢; and since ordw; }¥_; < nthenord{w/}¥ ; <n.

(3) = (4) and(4) = (1) follow from definitions. O

Remark4.22 : Lemma 4.12 allows for a modification to MU2 of Definition 4.1 and BC2 of
Definition 4.5. For a finite coveY, let W be its shrinkage. Then if ind < n MU2 would imply
the existence of a covér that refineg?” and ind(7 (u Vv u*)) < n — 1 for eachu € U. But, for
eachu € U, we can findv € V such thatu < w < v, for somew € W.

If Ind L < n, then BC2 would imply ifa V v = ey, then by Lemma 4.12 lefc, d} be the
shrinkage of a, v} with ¢ < v, say. Since: vV d = e, and therefore: V ¢ = ez, we can findu < ¢
with a V u = ez, and Ind(T (u V u*)) < n — 1. But, for thisu, u < ¢ < v would mearu < v.

Theorem4.23— Let L and M be normal regular frames. Let: L — M be onto frame map.
If for every frame mayf : OR — M which factors througl®! (i.e. there existg : ©OI — M such
that f o t = f), there existsh : OR — L which factors throughO1 (i.e. there existé : OR — L
such thath o t = h), such thatf = g o h then dimM < dim L.

PROOF: If dim L = oo, done. Suppose that difa= n. Let {u;}*_, be a co-zero cover fal/.
By Lemma 4.12, we can consider the shrinkégg®_, of {w;}¥_; withv; < u/,fori =1,2,... k.
Hencew) Vu; = epr and as proved in Theorem 3.18, we have a frame fpa@R — M wheref;
factors throughO1 with f;(R\{0}) < u; andf; : (R\{1}) < v’. By the hypothesis then we have
frame maps;, with go h; = f;,fori =1,2,... k.

k
Consider the cover ¥ {h;(R\{0})}~_, U{ A hi(R\{1})} for L. This is a finite cover and by
i=1
Theorem 4.21 V has a shrinkad, say with ord W< n and W= {z;}%_,, {2}, wherez; <

hi(R\{0}) andz < Z\l hi(R\{1}).

Consider, nowy(W) = {y:}*_, U{y} with g(z;) = y; andg(z) = y. g(W) is a cover inM
anc; ordg(W) < n. Now, y; = 9(;) < ghi (R\{0}) :k{fi(R\{O}) < wandy = g(z) <
g(A/:\1 hi(R\{1}) = é\l ghi(R\{1}) = é\l fi(R\{1}) < é\l v < of. This impliesy A v; = Op,

k
forallfori =1,2,...,kimplyingyA \/ v; = 0ps so thaty = 05,. Hence {y;}*_, is a refinement
1=1

of {u;}*_,, and ord{y;}*_, < n,implying, by CL1 of Definition 4.19lim M < n =dimL. O

The following result was proved by Charalambous in [6]. Our proof differs from his and we
include it here.

Theorem4.24— Let L be a normal frame. Thedim (T «) < dim L for everyu € L.
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PrRoOE: This follows from Theorem 4.23 and the Tietze's Extension Theorem. O

The following theorem is proved in a little more generality by Charalambous [8], but we include
the proof here as it is quite different.

Theorem4.25— If L is a normal regular frame then dith = dim GL.

PROOF: Let dimL = n and consider the onto map : L — L. Let f : OR — Lbea
frame map, then as in the proof of Theorem 3,8factors throughO7 and sodim L < dim L.

So, let dimL < n and {UZ}f:1 be a co-zero cover fapL. Consider, the co-zero shrinkage
{V;}k_, of {U,}F_ with V; < U, for eachi. We have then thafv;}%_, (for v; = \/,(V,), for each
i) is a co-zero cover fof. implying the existence of a co-zero refinemént}*_, of order< n.
Now, V; < U; impliesk(\/ Vi) < U, sot; < v; = \/ V; implies thatk(¢,) < k(\/ Vi) < U; so{k
(t;)}*_,is a refinement of U; }~_, . Also, ord{k (t;)}¥_, < n. Consider by Lemma 4.12 a co-zero
shrinkage{T;}*_, of {k (t;)}%_,with T} < k(t;) for eachi € {1,2,...,k}. Thenord{T;}*_, <n
and{T;}%_, is a co-zero refinement 41/, }*_, so that dim3L < dim L. O

4.4. Another characterization of théech-Lebesgue Dimension

Definition4.26 — LetL be a frame and, b € L with a V b = e;. An elementc € L satisfies
property P with respect tau, b if there existsu,v € Lwithec =uVov, aVu=-ep, bVv =ey and
uANv=0g.

Lemmad.27 — LetL be aframe and,b € L witha vV b = ey,. If ¢ € Coz L satisfies property
P with respect taz, b then theu andv wherec = « Vv v (in accordance with the above definition),
are co-zero irL.

PROOF: Sincec € CozL,c = \/ z;(z; << c¢) by Banaschewski and Gilmour [4]. But,
ieN

c=uVwvand

i ANu < x; << uVoimpliesx; Au << u Vv, foreachi € N. Alsou Av = 0f
implies @; A u) Av < uAv = 0f sothatv < (z; A w)*. Also, (z; Au)* VuVuv = epand
(z; Au)* Vo = (z; Au)* implies(z; Au) < u. But, by interpolation of<, z; A u << u V v allows
for z; A u << u, for eachi € N. Hencequ = \/ (z; A u)(z; Au << u) and sou € Coz L. By a

ieN

symmetric argument € Coz L. O

Lemma4.28 — If every(n + 2)— element covefwu; }71 of a normal frame. has a shrinkage

n+2
{w;}"*2 such that \ w; = 0, then dimL < n.
i=1
PROOF: Let L be a normal frame anflu;}¥_; a finite cover forL. Fork < n + 1 , we may
repeat elements so that the hypothesis can be applied and Lemma 4.12 and CL.1 of Definition 4.19
would imply dimL < n. So supposé > n+ 1. Letg; = u; fori € {1,2,...,n+ 1} andg,+2 =
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k
\V ;. Then {gi}?:f is a co-zero cover fol, and so by the hypothesis there is a shrinkage
i=n+2

n+2
(R} 22 with A h; = 0r Callw; = h; fori € {1,2,...,n + 1} andw; = u; A hpyo if
=1

n+2
i >n+2. Then W = {w;}%_, is a co-zero shrinkage dfu;}*_, with A w; = 0r.
=1

—

If there exists a subsé? of {1,2,...,k} with n 4+ 2 elements such thaAB w; # 0r, let the
i€
members ofit be renumbered to give the collectidh = {pi}le such thaté/JKQpi # 0r.. By
applying the above construction 0, we obtain a co zero-cové’ = {w’i}g“;l such that each
w'; < p; andn/J{l2 w, =0,
i=

If there exists a subset’ of {1,2,...,k} with n + 2 elements such thay\ p; = 0., then
icC
n+2 o o ' . )
A\ w; = 0r. Thus by a finite number of repetitions of the process we obtain a co-zero shrinkage

=1
V of {u;}¥_, where the ord” < n and so by Theorem 4.21 difa < n. a

It follows from Theorem 4.21 that the condition in the above lemma is also necessary for the
inequality dimL < n. Hence, we incidentally obtain a characterization of dimension. This charac-
terization is stated as follows :

Corollary 4.29 — A normal framel satisfies the condition dinh < n if and only if every

n—+2
(n + 2)— element covefu;}'*? of L has a shrinkagéw; } 2 with A w; = 0.
=1
The next result gives a sufficient condition for a normal frame to have dimension atunost
It should be noted that Charalambous in [6] proved that this condition is also necessary, but his
technique of proving the theorem in both directions is very much different to ours, and for this
reason we include our proof.

Theorem4.30— Let L be a normal frame. If for every sequence

((a1,b1); (a2,b2);...; (an+1, bns1)) Of (n+1) - pairs witha; Vb; = er, foralli € {1,2,...n+1}
n+1

there exists; with property P with respect tai;, b; and \/ ¢; = ey, then dimL < n(n > 0).
=1

PROOF: Consider a normal framk that satisfies the hypothesis of the theorem. {ug§?*?
be an(n + 2)—element cover fol.. Let {d;}" be a shrinkage ofu,}""? and by normalityl; <

uj,foralli € {1,2,...n+1}. Calla; = u; andb; = d;. The sequencfar, b1); (a2, b2); . .. (ant1,bnt1))

consists of(n + 1)—pairs satisfyings; V b; = e, forall i € {1,2,...n + 1}. Hence, by the hy-
n+1

pothesis, there existg, w; € L with a; V v; = er,b; V w; = ep,v; ANw; = 0 and \/ ¢; =
=1
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n+1
V (viANw;) =epfori=1,2,...n+1.
i=1

n+1
wherew, 12 = tpt2 A \/ ;.-
=1

n+2
=1

Now, considefw; }

Then,
n+2 n+1
er = \/ di. = dpy2V \/ d;.
i=1 =1
n+1

< Up42 V \/ Wy,
=1

sinceb; V w; = er ord; Vw; =er, = d; < w;.

So,
n+2 n+1 n+1
\/ w; = (un+2A \/ UZ') \/(\/ wz-)
=1 =1 =1
n+1 n+1 n+1
= (un+2v \ wi> A <\/ vV wi>
i=1 i=1 =1
n+1
= e NV ci=eq
=1
Also,

n+2 n+1 n+1
/\ w; = /\ w; N\ <un+2 A\ \/ ’Ui)
] i=1 =1

n+1 n+1
/\ w; N (\/ Ui) =0z,
=1

=1

IN

Note thatv; A w; = 0r, impliesw; < v} < a; = u; and hencew; < wu;, fori € {1,2,...

n+1
1}.Letz = \/ w;, thenw, o Az
i=1

1=

n+1

= wpt2 AV w;
i=1

(Vo) (V)

n+1
= V(v Aw;) =0g
=1

IN
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n+1 n+1
Also,er, = wpioV \/ wi < uppaV Vo wp = upto V. Hencew, 42 < up+2. Thus we have
i=1 =1

a shrinkage ofu;}7? and so by the previous lemma diln< n(n > 0). O

5. THE SUM THEOREMS

The following theorem has been proved by Charalambous in [6] for narAraimes and so is more
general than our theorem. However, we include the proof here since the proof in [6] depends on
arguments from spaces, whereas ours is entirely lattice theoretic in nature.

Theorem5.1. The Countable Sum Theorem — If a normal frainieas a countable collection
o0
{a;}32, of elements Witrﬂ1 Vq; = Aand dimf a; < nforall j, then dimL < n.
]:

PROOF: Let{u;}*_, be afinite cover fol.. We shall inductively define a sequeriég Uy, Us, . . .
of covers forL whereU; = {u;,; }¥_, satisfying the conditions :

(1) Uji = Uj—1,4 forj >1, €N anduo,i = Uj;.

(2) ord ({ Vi var }ioy) < L whereVay = ey,

Forj = 0, letu,; = u;, i € {1,2,...,k}. Thenu; < u; and ord({Vu,, Va;}) = ord
({Ver}) <n.

Assume that the cover8; satisfying the above conditions are defined for gli< m > 1.
Consider the collectioqu,,—1; V ak,}%_ ;. Since{u,,_1,}¥_, is a cover forL and L normal
would imply there exists a shrinkadev; }*_; with w; < w14, fori € {1,2,...k}. Hence, the
collection{a,, v w; }¥_, is a cover forf a,,.

Also, dim (T a,,) < nimpliest a,, has a shrinkagév; }*_,, say with ord({v;}¥_,) < n and
v; < am V w; implying the existence of a separating elemgnwith t; > a.,;v; A t; = a,, and
t; VanVw, =er,

Thus we have :

t; Vw; = ey

(tz‘ V wi) A a;l = a;@

(t; Nar,) V (w; Aal,) = a,

vi At AN ak,) V(ws Aak,)] = v Aa},
[Vi A (ti Nas)] Vv A (w; ANak,)] = v Aal,
Or V [(vi Aak,) A w] = (v ANal)

implying v; A ay, < w; < Um—i,i - HENCE,v; A @), < Um—iyi aNdw; < wpy—1,; iIMpliesw; =
(vi Nak,) V w; < um—1,; and ord{w; }¥_,) < n.ClearlyU,, = {um;}¥_, with u,, ; = w;, satisfies
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conditions 1 and 2 foj = m so that the construction is complete. Thus, forjadl N, {u;}*_, has
a shrinkage of ordex » making dimL < n.

Remark5.2 : Just as for topological spaces we recall the following standard definition for a
locally finite cover in the context of frames.

Definition5.3 — A cover{a, }nc4 for a frameL is called locally finite if there exists a cover
{bg} for L such that for eacl¥, bz A a, = 0 for all but finitely manyc.

Remark5.4 : At this stage (before proving Theorem 5.7), it is vital to refer to certain results
proved by Dowker and Strauss [10]. In this paper they show that for a normal ftaeech point
finite cover{a,}aca is shrinkable, where a familya,,).c4 Of elements of a framé is called

point-finite if (c3) sc g, (WhereB is the set of all finite subsets df), given bycs = \/ a,, satisfies
agf
N uVeg <uforalue L.
BeB

The following result for spaces appears in the book by Engelking [11]ULet {Us}scs be
an open cover of a normal spa&e If the spaceX has a locally finite closed covét each member
of which has a covering dimensich n and meets only finitely man¥/,, then the covet/ has an
open shrinking of ordex n. To translate the notion of a locally finite closed cover for frames, we
make the following definition :

Definition5.5 — A collection of congruencesv,,, }~cis called locally finite if there exists a
cover{zg}gep Of L such that for eac¥, 23 £ a,, for at most finitely manyx.

Lemmab.6 — LetU = {us}scs be any cover for a normal framk. If there exists a locally

finite collection{V,_ }aca C Cov L suchthat (A\ V., = A),foreacha € A,dim (1 a,) <n
aEA
and there exists finitely manysuch that.; £ a, thenU has a shrinkage afrd < n.

PROOF: Let W = {w;}scs be a shrinkage ofl. This means that for eachthere are finitely
manys such that

ws % aq. Consider the collectiofw; V as}ses. This is a finite cover forl a, and dimf
ao < n means there exists a finite refinement (shrinkdgg)”. ¢ with order{v,}%_o < n. Now,
vy < ws V an iMplies the existence of a separating elemgnwith ¢, > a,,vs A ts = a, and
ts Vws V a, = er. Then we have
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ts Vws V ag =
ts V wsg

(ts V ws) A al,

(ts Nal) Vv (ws A al)

[vs A (ts A al) V [vs A (ws A al)]
0 V [(vs A ak) A ws] =

€r, or
er

at
a
vs A ay,

(vs A\ al)

implying vs A a}, < ws < us and orde{w;}*_o < n. Thus,U has a shrinkage of ordet n. O

The following result extends the Finite Sum Theorem of Charalambous in [6].

Theorem5.7— The Locally Finite Sum Theorem Let L be a normal frame. IfL. has a locally

finite collection{a;}scs C L such that for eack € S, dim (] as) < nthendimL < n.

PROOF: Let {u;}¥_, be a finite co-zero fof.. For eachs, there exists finitely manysuch that
u; % as. Thus by Lemma 5.6u;}*_, has a shrinkage fdv; }¥_, of order< n and by Lemma 4.12
we can find a co-zero shrinkage for; }_, of order< n and so by Theorem 4.21 and the definition

of the cover dimension for frames we have dinx n.

a

Theorem5.8 — The o-Locally Finite Sum Theorem —Every normal framel. which has a
o-locally co-finite collection of congruencé¥ a, }oc4 With A Va, = A and dim(7 a,) < n for
(e}

everya satisfies dinl, < n.

ProOF: Rewrite{V,, }aca = {L;i}2,, whereL; = {V,,_ }ac4 is alocally cofinite collection.

Letl; = \ aq, WwhereV,, € L;, for eachi € N. Then
aEA

dim(7T ;) = dim (TVaa)

< dim (7 aq)

< n.

Now, the collection{/;}$°,, is countable collection with dim I; < n, so that by Theorem 5.1

dimL < n.

We now prove the Dowker Theorem for frames :

Theorem5.9— For every normal framd. the following conditions are equivalent

(i) L satisfies din < n.

(i) Every locally finite cover of. has a shrinkage of ordex n.

a

397
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(iii) Every locally finite cover of. has a refinement of ordet n.

PROOF: (ii) =(iii) is obvious. For (iii}=(i) let {u,}*_, be a finite co-zero cover fdt. Hence,
{u,}*_, is locally finite implying it has a refinement of ordern and so by Theorem 4.12 we will
get a co-zero shrinkage and by Theorem 4.21 dir n. Now, for (i)=-(ii): let L be a normal
frame satisfying din. < n and let{u;}scs be a locally finite cover of.. Denote by7 the family

of all non-empty finite subsets ¢ and for everyl’ € 7 considerar = A us A A\ u}. Call
seT s¢T
X = {ar}rer. X islocally finite sinceifs ¢ T, T € T,

us Nar = us N\ us A N\ ul
seT s¢T

IA

us AN\ uk
s¢T

IN

us AUy

= OLv

meaningu,s A ar = 0f, for finitely manys. Now, we can find a covefz}gc g such that for each

B, x3Aus # 0r, for finitely manys. Hence for eacly, xgAar = xgA A\ usA A\ uwf <ag N\ us #
seT s¢T seT
0y, for finitely manys and soxg A ar # 0y, for finitely manyT wheres € T'. Also, by Theorem

4.25 dim(1 ar) < n, for eachT € 7. Thus by Theorem 5.9u;}scs has a shrinkage of order
<n. a

6. THE CONNECTIONSBETWEEN THEVARIOUS DIMENSIONS

Lemma6.1 — Let L be a regular Lindéif frame andB be a basis fod.. For everya,b € L
with a vV b = e, there existsw € L and a countable collectidnw;}2°; C B such that V w =
er, w=b.

PROOF: SinceL is regular

and

wy€B
wy <b
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Also,

e, = aVb

= VwzVVuw,
andL Lindelof impliesa vV b = \/{w;|w; € B, w; <a or w; < b}. Let

u = V{wilwi =u;, w:Va#er}

Now e, = aVb.
= V{wilw; € B, w; <a or w; <b}
= V{wilw; € B, w; <a } vV V{w;lw; € B,w; £a, w; <b}
< V{wglw, € B, w, <a } vV V{w;lw; £ a}
= aV V{w|w; € Blw}Va#er}

= aVu.

i—1 i
Callg; =u; A A\ v; andh; = v; A\ u; , Wherev; = w;(w;|w} Vb # er,)
j=1 j=1

o) o)
Letw =V g andv = \/ h;
i=1 =1

= 1=

o0 i—1
avVw = aV \/ |uA A\ vj
i=1 j=1

=V (a Vo(u; A 7\1 vj))
7=1

=1

Y ((a V) A (a Vv 7\1 u;.)>
7j=1

= V(avw)

i=1

oo
= aV \u=aVu=ey.
i=1
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oo
Also, forv = \/ h;, vV b=ep,justas we proved \V u = ey, earlier.
=1

k
A u;gui/\u;:OL

i—1 k
Fori,k € N, g; AN hy = (u, A ‘/\IU;> A (vk A /\lu;> Ifi <k,u; A ;

i—1
and fork < i, vy A ‘/\111; < g Avf =0p.
]:

We haveg; A hy =0,  foralli, kK € N which implies

V gi Nh =0r
ik

oo
implying Vg A\ hpy =0
i k=1
or wAv=0p.

Hencew < b.

Lemma6.2 — If for every paira,b € L,L a normal frame, withu V b = ey, there exists
w € Lsuchthat Vw =er, w < banddim(T w VvV w*) <n —1,thendimL < n.

PROOF : Let {u;}¥ | be a cover forL. L normal implies by Lemma 4.12 of there exists a
shrinkage{al-}f:1 with a; < w;, foralli € {1,2,...k}. Hencea} V u; = ey, for eachi implies

there existav; € L with af Vw; = er, w; < u; and dim(T w; V w}) < n — 1. Now, W =1
k

N (w; V wy) is a normal frame and so by the countable sum theoremiflirk n — 1. Certainly,

=1

k

if we let A (w; vV w?) = tthen{a; Vv t}¥_, is a cover forl¥ and since dinV’ < n — 1, by
=1

Theorem 4.21 there exists a shrinkajge}¥_,, s; in W with s; < a; Vtandord (s;}5_) <n—1.

Letv; = s; Aa; < u; and so ord {v;}¥_;) < n — 1. So, consideV = {v;}*_, U{f:}%_, where

i—1

fi=win N\ wj*.. Certainly, f; < w; < u; andf; A f; = 0g for j < i < k. Hence)V is a refinement
j=1

of {u;}%_, and ordV < nand sodimL < n . O

Theorem6.3— For every regular Linddif frame we have dimh < ind L.

PROOF: Suppose ind. = —1. By definitions in section 3 dini. = —1. So suppose now that

indL =n € NandthatdmL <indL =m <n-—1,n € N. Let {ui}le be a cover for
k k

L. So,u; vV \/ uj = er, would imply by Remark 4.22 there exists; < u;, w; V \/ u; = e,
Jj=1 j=1
J#i JF#i

and ind(T w; vV w}) < n — 1. Therefore, by the inductive hypothesis dimh w; v w;) < ind

(T w; Vw}) <n—1. Thus by Lemma 6.2 dink < n =ind L and the proof holds. The theorem
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certainly holds if indL = co. O

The following result was proved by Charalambous in [6] but as our proof is very different from
his we include it here.

Theorem6.4— For a normal framel we have dim, < Ind L.

PrROOF: Suppose Ind. = —1. Then by definitions in section 3 dith = —1. Suppose now
that INndL = n € Nand dmL <Ind L = m < n — 1 holds. Let{uj};?:1 be a finite cover

k

for L. So,u; V. \/ uj = er,i € {1,2,...,k}. Hence, by Remark 4.22 there exists; < u;
j=1
JjF#i

k

with w; vV \/ u; = er and Ind(T w; V wf) < m —1, foralli e {1,2,...,k}. Therefore, dim
j=1
J#i

T (w; Vwy) < IndT (w; Vw) <n—1andby Lemma6.2 dink <n =Ind L.

Also,dimL <n =1Ind L, ifInd L = oo, is true. O
Theorem6.5— For every regular Lindaif frameL the following conditions are equivalent
@):indL=1
@i):Ind L =1

PROOF: (i)=-(ii) : Suppose indL = 1. Leta,b,e L, aV b = er. This implies by Remark
4.22 the existence of € L withv < a and ind(T v v v*) < 0. Ifind (T v vV v*) = 0 then
Ind (T vvov*) =0andsolIndl < 1.Ifind (T v Vv*) = —1then? (vVv*) = 1 and so Ind
(T(wve))=-1<1.

(il)=(i) : Suppose Ind. = 1. We have indL < 1, but, indL = 0 if and only if Ind L = 0 and ind
L = —1ifandonly if Ind L = —1, which implies indL = 1. O

Theorem6.6— For every regular Lindaif frameL, if Ind L = 1 then dimL = 1.

PrROOF: We have already that dith <Ind L = 1. If dim L = 0, then IndL = 0 which is not
the case. Also, if diml = —1 thenL = 1 and IndL = —1 which is not the case. Hence, dim
L=1. O
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