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In the light of the call by Johnstone [14] to pursue research in dimension theory of frames, we

introduce into the the setting of frames the fundamental dimension functions hitherto known for

topological spaces. These dimension functions for the frames considered are also related to the

dimension functions of their respective Stone-Čech Compactifications. Various sum theorems

for the dimension theory of frames are also derived.
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1. INTRODUCTION

It is the authors’ intention in this paper to study the concept of dimension in the setting of certain

frames. It is, of course, well known that the theory of dimension has a rich history in the context

of topological spaces, as exemplified, for example, by the text of Engelking [11]. In fact, we base

our development of dimension theory of frames on the treatment of dimension in the latter book.

As far as we are aware Charalambous [6] was the first to publish a paper on the dimension theory

of frames. Almost a decade later it was Johnstone [14] who suggested that the study of frames was

now ripe for the development of a theory of dimension. Subsequently there were papers by Isbell

1A grant from the National Research Foundation (S.A.) is gratefully acknowledged
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[12], Banaschewski and Gilmour [3] and Charalambous [7, 8], on the subject. This paper then is

our attempt at contributing to this development in the spirit, we hope, of Johnstone’s suggestion.

We recall that for topological spaces dimension functions have been introduced by Brouwer

[11], Čech [11], Menger [11], Lebesgue [11] and Urysohn [11] for particular topological spaces.

The authors in this paper suggest translations to some of these results within the context of frames.

In section one a review of known results, concepts and notation which are to be used in the later

sections are considered. The most important aspect of this section is the adjoint situation that exists

between the category of frames and frame morphisms and the category of topological spaces and

continuous functions.

Section two considers certain frames (viz. the completely regular ones) and their structural

behaviour under the conditions of zero-dimensionality and strong zero-dimensionality. The inter-

relatedness of these two dimension concepts is studied. An analogous result to Urysohn’s Lemma

for normal frames is pursued for strongly zero dimensional frames. It is then shown that every zero

dimesional Lindel̈of frame is strongly zero dimensional. It is concluded by an investigation into the

strong zero-dimensionality of the Stone-Čech Compactification.

In sections three and four the generalization of the notion of the dimension number of Euclidean

spaces, is carried over to certain topological spaces (in our case frames). Such an assignment is

established in three different ways: to a topological spaceX (frameL) we assign three numbers ind

X (ind L), Ind X (IndL) and dimX (dim L), all of which have characteristics of dimension. The

natural domains for the study of ind, Ind and dim are regular spaces (regular frames), normal spaces

(normal frames) and Tychonoff spaces (completely regular frames) respectively. It also establishes

Ind βL = Ind L and dimβL = dim L, whereβL is the Stone-̌Cech compactification ofL. In

section five we prove the frame analogues of the sum theorems for dimension of normal topological

spaces.

2. PRELIMINARY CONCEPTS

A frame is a complete latticeL in which the infinite distributive lawa ∧ ∨
S =

∨{a ∧ s|s ∈ S}
holds for anya ∈ L and S ⊆ L. The term complete as used above means that all subsets ofL have

a meet; hence also a join. A frame homomorphism is a maph : L → M of framesL,M preserving

all finite meets, including the uniteL, and arbitrary joins, including the zero,0L. Thus we have the

categoryFrm of frames and their homomorphisms. We call a frame homomorphismh dense if

h(x) = 0 impliesx = 0. Any frame homomorphismh : L → M has a right adjointh?:M→ L

defined by the condition

h(x) ≤ y iff x ≤ h?(y) for all x ∈ L and y ∈ M,

whereh?(y) =
∨{x ∈ L|h(x) ≤ y}. In particular, ifh is onto thenh?(y) is the largest element

which h maps toy. We have thath? preserves arbitrary meets. ForB ⊆ L. B is called a basis
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for L if a ∈ L impliesa =
∨{b|b ∈ B}. Also, for x ∈ L, the pseudocomplement ofx (denoted

by x?) will be x? =
∨{y ∈ L |y ∧ x = 0L}. If X ⊆ L, X is a cover forL if

∨
X = eL. For

X,Y ⊆ L whereX andY are covers forL, X refinesY (writtenX ≤ Y ) if for eachx ∈ X there

existsy ∈ Y such thatx ≤ y. Let L be a frame andX ⊆ L. L is called compact ifeL ≤ ∨
X

implieseL ≤ ∨
E, for some finiteE ⊆ X. For J ⊆ L. J is called an ideal ifF ⊆ J, F finite

implies
∨

F ∈ J anda ≤ b ∈ J impliesa ∈ J. For a frameL anda ∈ L we shall use↑ a to

denote{x ∈ L|x ≥ a} and↓ a = {x ∈ L|x ≤ a}. A principal example of the notions in sections

3 and4 is the frameOX of open sets of a topological spaceX, and the frame homomorphism

Of : OY → OX, induced by any continuous mapf : X → Y between topological spaces, taking

U ∈ OY to f−1(U) ∈ OX. Indeed, the resulting correspondence constitutes a contravariant

functorO : Top → Frm from the categoryTop of topological spaces and continuous maps to

the categoryFrm. On the other hand, there is a contravariant functorΣ : Frm → Top such that

for any frameL,ΣL is the space of all frame homomorphismsξ : L → 2 (2 is the two-element

frame) with open setsΣa = {ξ ∈ ΣL|ξ(a) = 1} for a ∈ L. For any frame homomorphismh :
L → M, Σh : ΣM → ΣL acts by composition withh, that is, (Σh)(ξ) = ξh. Moreover,O andΣ
are adjoint on the right, with adjunction maps

ηL : L → ΣL given by ηL(a) = Σa

and

εx : X → OXgiven byεx(x) = x̃

wherex̃ : OX → 2 such that̃x(U) = 1 iff x ∈ U for all U ∈ OX.

For elementsx andy in L, x is said to be rather belowy, writtenx ≺ y if there exists an element

t ∈ L such thatx∧t = 0 andy∨t = e. L is called a regular frame whenevera =
∨{x ∈ L|x ≺ a}

for all a ∈ L. Analogously, for elementsx andy in L, x is said to be completely belowy, written

x ≺≺ y if there exists(cik), i = 0, 1, 2, ...k = 0, 1, 2, ..., 2i with

a = ci0, b = ci2i , cik ≺ ci,k+1 andcik = ci+1,2k.

L is called a completely regular frame whenevera =
∨{x ∈ L|x ≺≺ a} for all a ∈ L. L

is called normal if fora, b ∈ L with a ∨ b = eL there existsc, d in L with c ∧ d = 0L and

a∨c = eL = b∨d. Any compact regular frame is normal. For normal regular frames,≺ interpolates.

A compactification of a frameL is a dense onto homomorphismh : M → L whereM is a compact

regular frame.

A congruence on a frameL is an equivalence relation which is a subframe ofL × L. Let

LL = {Θ|Θ is a congruence onL}. LL is closed under arbitrary intersections, so it is a complete

lattice with bottom element4 = {(x, x)|x ∈ L} and top element∇ = L × L. In fact, LL is a

frame. Also, ifh : L → M is a frame homomorphism thenKer(h) = {(x, y)|h(x) = h(y)} ∈
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LL. Conversely, ifΘ ∈ LL thenΘ = Ker(h) for someh. For anya ∈ L the following are

congruences:∇a = {(x, y)|x ∨ a = y ∨ a} and4a = {(x, y)|x ∧ a = y ∧ a}.

We refer to Johnstone [13] for a general reference on frames. We also refer to Banaschewski [1]

though we realize that this source may not be easily available to all. Specifically for the dimension

theory of frames we mention the papers by [12, 3, 6-8], and the thesis of [5] on which this paper is

based.

3. THE THEORY OFDIMENSION ZERO

3.1Zero-Dimensional and Strongly-Zero Dimensional Frames

As motivation for the definition which is to follow we make the following remarks: For a topo-

logical spaceX, let f : X → R be a continuous map. ThenA = f−1(0) is called function-

ally closed. To translate this idea into the frame setting we observe thatX\A ∈ OX, X\A =
X\f−1(0) = f−1((−∞, 0)∪ (0,∞)) (x ∈ X\f−1(0) impliesx /∈ f−1(0) meaning thatf(x) 6= 0
or f(x) ∈ (−∞, 0) or (0,∞) implying f(x) ∈ R\{0} and conversely).

For Definition 3.8, we refer to spaces where a topological spaceX is called strongly zero-

dimensional ifX is a non-empty Tychonoff space and every finite functionally open cover{Ui}k
i=1

of the spaceX has a finite open refinement{Vi}k
i=1 such thatVi

⋂
Vj = φ wheneveri 6= j. We

should observe that this refinement{Vi}k
i=1 consists of open and closed sets and this is a functionally

open cover forX.

Definition3.1 — LetL be a frame. An elementa ∈ L is called co-zero if there exists a frame

mapf : OR→ L such thata = f(R\{0}).

Definition3.2 — LetL be a frame andX a cover forL. X is called a co-zero cover forL if for

eacha ∈ X, a is co-zero.

Remark3.3 : We shall henceforth denoteCoz L to represent the collection of all the co-zero

elements ofL. We know already thatCoz L is a regular sub-σ frame ofL. Also, of importance are

the following results proved by [4].

1. For any frameL, the following are equivalent :

(a) a ∈ Coz L

(b) a =
∨

xn, wherexn ≺≺ a, for all n ∈ N
(c) a =

∨
an, wherean ≺≺ an+1, for all n ∈ N.

2. Wheneverx ≺≺ y in L, there existsz ∈ Coz L such that

x ≺≺ z ≺≺ y.
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Definition3.4 — LetL be a completely regular frame. A pair{u, v} is called full if there exists

a frame mapf : OR → L such thatf (R\{0}) ≤ u andf (R\{1}) ≤ v.

Remark3.5 : For a normal frameL Dowker and Papert [9] proved that whenevera, b ∈ L and

a ∨ b = eL, then{a, b} is full.

Definition3.6 — LetL be a frame. We say thata ∈ L is complemented ifa ∨ a? = eL, where

a? is the pseudocomplement ofa.

As motivation for the following definition we recall that for a topological spaceX, X is zero

dimensional ifX is a non-emptyT1 space and has a base consisting of clopen sets.

Definition3.7 — LetL be a frame.L is said to be zero-dimensional ifL has a basis consisting

of complemented elements.

Definition3.8 — LetL be a frame.L is called strongly zero-dimensional if every finite cover

{ui}n
i=1 of L has a finite refinement{vi}n

i=1 such thatvi ∧ vj = 0L wheneveri 6= j.

Lemma3.9 — For every full pair{u, v} of elements of a strongly zero-dimensional frameL

there exists a complemented elementa ∈ L such thatu ∨ a = eL anda ≤ v.

PROOF : Since{u, v} is a full pair, there exists, by [9], a frame mapf : OR → L with

f (R\{0}) ≤ u andf (R\{1}) ≤ v.

Now,{f (R\{0}) , f (R\{1})} is a cover forL and sinceL is strongly zero dimensional there

is a cover{a, b} which refines{u, v} with the property thata∧b = 0L. So,a is complemented,a ≤
v, eL = a ∨ b ≤ a ∨ u. 2

Lemma3.10 — If for every full pair{u, v} of elements of a normal frameL there exists a

complemented elementa such thata∨ u = eL anda ≤ v, then every finite cover{ui}m
i=1 for L has

a finite refinement{wi}m
i=1, with wi ∧ wj = 0 for i 6= j.

PROOF: Let {ui}m
i=1 be a finite cover forL. We shall show by induction that there exists a finite

refinement of{ui}m
i=1, {vi}m

i=1 say, withvi ∧ vj = 0L for i 6= j.

For i = 1, {eL} works. So let this be true fori = m − 1 > 1 and let{ui}m
i=1 be a finite

cover forL. Hence, there exists a finite cover{vi}m−1
i=1 with vi ∧ vj = 0L, for i 6= j, vi ≤ ui for

i ∈ {1, 2, . . . m − 2} andvm−1 ≤ um−1
∨

um. Now considerX = {v?
m−1 ∨ um−1; v?

m−1 ∨ um}.
Sincevm−1∨

m−2∨
i=1

vi = eL, we have by assumption a pair{u′, v′}with u′ ≤
m−2∨
i=1

vi, v
′ ≤ vm−1, u

′∨
v
′

= eL andu
′ ∧ v

′
= 0L and so by constructionvm−1 is complemented, its complement being
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m−2∨
i=1

vi. We have then that

eL = v?
m−1 ∨ vm−1 ≤ v?

m−1 ∨ (um−1 ∨ um)
≤ (v?

m−1 ∨ um−1) ∨ (um ∨ v?
m−1)

=
∨

X

X is therefore a cover forL andL normal implies by [9] we can find a frame mapf : OR→ L

with f((R\{0}) ≤ v?
m−1 ∨um andf((R\{1}) ≤ v?

m−1

∨
um−1. Thus by the hypothesis we have a

complemented elementa < eL anda ≤ v?
m−1 ∨ um anda ∨ (um−1 ∨ v?

m−1) = eL. Now, consider

the collection{wi}m
i=1, where :

wi = vi for i ≤ m− 2,

wm−1 = vm−1 ∧ a? and
wm = vm−1 ∧ a.

We havea ∨ (um−1 ∨ v?
m−1) = eL and so,

wm−1 = vm−1 ∧ a? = (vm−1 ∧ a?) ∧ (a ∨ (um−1 ∨ v?
m−1))

= (vm−1 ∧ a?) ∧ um−1 implying

wm−1 ≤ um−1. Also, wm = vm−1 ∧ a ≤ vm−1 ∧ (v?
m−1 ∨ um) = vm−1 ∧um ≤ um.

We thus have a refinement{wi}m
i=1 of {uı}m

i=1 with wi ∧ wj = 0, for i 6= j and
m∨

i=1
wi = eL.

The above two lemmas imply the following theorem :

Theorem3.11— For a normal regular frameL, the following three conditions are equivalent.

1. L is strongly zero-dimensional.

2. For every pair of elements{u, v} with u∨v = eL there exists a complemented elementa with

u ∨ a = eL anda ≤ v.

3. Every finite cover{ui}n
i=1 of L has a finite refinement{vi}n

i=1 such thatvi ∧ vj = 0L

wheneveri 6= j.

Let us observe that Lemma 3.10 immediately yields:

Theorem3.12— Let L be a strongly zero dimensional frame. Then it is zero dimensional.

PROOF : Let B = {a ∈ L : a ∨ a? = eL}. For x ∈ L, x =
∨{y : y ≺ x}. So with such

y ≺ x, y? ∨ x = eL. By Lemma 3.9 there exists a complementedc ∈ B such thatc ≤ y? and

c ∨ x = eL.
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Now c ∧ y = 0L impliesy ≤ c?. But,

c? = c? ∧ eL

= c? ∧ (c ∨ x)
= (c? ∧ c) ∨ (c? ∧ x)
= c? ∧ x

≤ x.

Thus,c? ∈ B andy ≤ c? ≤ x implying x =
∨{c? : c ∈ B}. 2

Definition 3.13 — A frameL is called Lindel̈of if whenevereL =
∨

B, B ⊆ L theneL =∨
i∈N

bi, bi ∈ B.

Theorem3.14— Every zero-dimensional Lindelöf frame is strongly zero-dimensional.

PROOF : Let a, b ∈ L with a ∨ b = eL. L is zero-dimensional and Lindelöf implies there is a

collection{wi}∞i=1 of complemented elements with
∞∨
i=1
{wi} = eL = a ∨ b. Sowi ≤ a or wi ≤ b

for eachi. Consider the following collection{ui}∞i=1 where

u1 = w1

u2 = w2 ∧ w?
1

u3 = w3 ∧ w?
1 ∧ w?

2

. . ........................

. . ........................

. . ........................

ui = wi ∧ w?
1 ∧ w?

2 ∧ w?
3 ∧ . . . ∧ w?

i−1.

Now, {ui}∞i=1 is a collection of pairwise disjoint complemented elements. Callu =
∨

i∈N

{vi :

vi = ui, ui ≤ a}. Let ui ≤ a. Now, uj ∧ ui = 0L, for anyuj ≤ b, impliesuj ≤ u?
i , for all such

j ∈ N. Hence,uj ≤
∧
i∈N

u?
i for all uj ≤ b andui ≤ a. Also,

eL = a ∨ b =
∨
i∈N

ui(ui ≤ a) ∨ ∨
j∈N

uj(uj ≤ b)

≤ u ∨ ∧
i∈N

u?
i

= u ∨ (
∨

ui)?

= u ∨ u?.

Hence,u is complemented andu ≤ a. Also,

eL =
∞∨
i=1
{ui}

= u ∨
∞∨
i=1
{ui : ui ≤ b}

≤ u ∨ b.
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Thus, by Theorem 3.11,L is strongly zero-dimensional. 2

Definition3.15 — A compact zero-dimensional frameL is called a Stone frame.

The above definition immediately with Theorem 3.14 implies the following theorem.

Theorem3.16— If L is a Stone frame thenL is strongly zero dimensional.

3.2The Strong Zero-Dimensionality of The Stone-Čech Compactification

Definition3.17 — A frame mapf : OR → L factors throughOI if there exists a frame map:

g : OI → L such that ift : OR → OI is the onto frame map given by the inclusionI ↪→ R then

g ◦ t = f.

OR

f

²²

t(onto)

&&LLLLLL

OI
g

xxrrr
rrr

rr

L

(1)

(Note : whenf factors theng is unique).

Theorem3.18— Let L andM be normal regular frames. Suppose thatL is a strongly zero-

dimensional frame andh : L → M an onto frame map with the property that whenever there is a

frame mapf : OR → M which factors throughOI, there exists a frame mapg : OR → L which

factors throughOI with h ◦ g = f, thenM is strongly zero-dimensional.

PROOF : Consider the basisB′ for OI whereB′ = {(x, y) ∩ [0, 1] : (x, y) ∈ B}, whereB

is a basis forOR. By definingg : B′ → M asg((x, y) ∩ [0, 1]) = φ(x, y) whereφ andB are as

given by Dowker and Papert [9], it follows thatg : B′ → M can be extended tôg : OI → M. Let

t : OR→ OI be the onto frame map given by the inclusionI ↪→ R Then

ĝ ◦ t(x, y)
= ĝ((x, y) ∩ [0, 1])
= g((x, y) ∩ [0, 1])
= φ(x, y)
= f(x, y)

wheref has the further property off(R\{0}) ≤ a andf(R\{0}) ≤ b. By the hypothesis then,

there exists a frame mapg : OR → L with f = h ◦ g. Now, h(r(f({R\{0}))) = f(R\{0}) =
h(g(R\{0})) which implies that

g(R\{0}) ≤ r(f(R\{0})) ≤ r(a), wherer is the right adjoint ofh. Similarly, g(R\{1} ≤ r(b)
and henceg(R\{0}) ∨ g(R\{1}) ≤ r(a) ∨ r(b). Thus{r(a), r(b)} is a full pair inL andL being

strongly-dimensional implies there exists a complemented elementu with u ≤ r(a) andu∨ r(b) =
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eL. But, thenh(u) is complemented inM sinceh preserves joins and tops. Alsoh(u) ≤ h(r(u)) =
a andh(u)∨h(r(b)) = h(eL) = eM , that ish(u)∨ b = eM henceM is strongly zero-dimensional.

Remark3.19 : It is known that the right adjoint of
∨

: βL → L, kL : L → βL does not in

general preserve joins. However, Baboolal and Banaschewski [2] show thatkL preserves disjoint

binary joins.

Theorem3.20— For normal regular framesL the Stone-̌Cech compactificationβL of a com-

pletely regular frameL is strongly zero-dimensional if and only ifL is strongly zero-dimensional.

PROOF : “ ⇒ ” : Let βL be strongly zero-dimensional with the join map
∨

: βL → L as the

compactification map. By the previous theorem we need to find a frame mapg : OR → L which

factors throughOI and
∨ ◦g = f. We defineg : OR→ βL by g = βf̂ ◦ kI ◦ t given as follows :

βL

W

²²

βOI
βf̂oo

W

²²Â
Â
Â
Â
Â
Â
Â

OR

g
aaD

D
D

D

t

##GGGGGGGG
f

||yyyyyyyy

L OI
f̂

oo

kI

OO

“⇐ ” : Let {Ii}n
i=1 be a co-zero cover forβL. Consider{ai}n

i=1, where
∨

(Ii) = ai for each

i. Since
∨

preserves co-zero elements, joins and tops{ai}n
i=1 is a co-zero cover forL. Hence,

there exists a finite refinement{bi}n
i=1, say withbi ∧ bj = 0 for i 6= j. Now consider{kL(bi)}n

i=1.

Certainly, this is a co-zero cover forβL, observing by the previous remark that the right adjoint

kL preserves finite disjoint joins. Also,k(bi) ∧ k(bj) = k(bi ∧ bj) = k(0L) = 0βL, for i 6= j.

ConsiderJi = Ii
⋂

kL(bi), for eachi = 1, 2, . . . , n. Ji ⊆ Ii and
n∨

i=1
Ji = L. Further,Ji

⋂
Jj = φ

for i 6= j. ThusβL is strongly zero-dimensional.

4. Dimension Functions Ind, Ind and Dim

4.1The Menger-Urysohn Dimension for Frames

Let us recall that for a regular spaceX and any non negative integern, we say that :

(i) ind X = −1 if and only if X = φ.

(ii) indX ≤ n if for every pointx ∈ X and any neighbourhoodV of the pointx there exists an

open setU ⊂ X such thatx ∈ U ⊂ V and indFrU ≤ n− 1.

(iii) ind X = n if ind X ≤ n and the inequality indX ≤ n− 1 does not hold.
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(iv) ind X = ∞ if the inequality indX ≤ n does not hold for anyn.

Thus, the inequality indX ≤ n(n ≥ 0) means that every pointx ∈ X can be separated from a

closed setF which does not containx by a set of dimension≤ n− 1. The above definition for ind

translated to the frame case is :

Definition4.1 — LetL be a regular frame andn a non-negative integer. We say that :

MU1 : ind L = −1 if and only if L = 1 = {0L}

MU2 : ind L ≤ n if for every coverV of L there exists a coverU of L such that U ≤ V and

for eachu ∈ U, ind (↑ (u? ∨ u)) ≤ n− 1.

MU3 : ind L = n if ind L ≤ n and the inequality indL ≤ n− 1 does not hold.

MU3 : ind L = ∞ if the inequality indL ≤ n does not hold for anyn.

The number indL will be called the Menger-Urysohn dimension for the frameL or the small

inductive dimension ofL.

The above definition then implies the following

Proposition4.2 — If L andM are regular andL ∼= M then indL = ind M.

Proposition4.3 — LetL be a regular frame. Then indL ≤ n (n ≥ 0) if and only if there exists

a basisB for L such that ind(↑ b ∨ b?)) ≤ n− 1 for all b ∈ B.

PROOF : Suppose indL ≤ n(n ≥ 0). For eacha ∈ L, a =
∨

x(x ≺ a) and for each

x ≺ a, x? ∨ a = eL. Thus{x?, a} ∈ Cov L so there exists a coverTx,a such thatTx,a ≤ {x?, a}
and for allu ∈ Tx,a, ind (↑ u ∨ u?) ≤ n− 1.

DefineB =
⋃

Tx,a, (a ∈ L x ≺ a). Certainly,b ∈ B impliesb ∈ Tx,a for someTx,a and so

ind(↑ b ∨ b?) ≤ n − 1. SinceL is regular,a =
∨

x(x ≺ a). For anyx ≺ a, Tx,a ≤ {x, a}. Thus

x ≤ ∨
u(x ∧ u 6= 0, u ∈ Tx,a) ≤ a, soa is a join of members fromB, hence a basis.

For the converse: TakeV ∈ Cov(L) and letU = {b ∈ B|b ≤ v for somev ∈ V }. 2

Proposition4.4 — LetL be a regular frame.L is zero-dimensional if and only if indL = 0.

PROOF : Suppose indL = 0. Then by just the previous proposition, there exists a basisB such

that ind (↑ (b∨ b?)) ≤ −1, for all b ∈ B. But, the only possibility then is that ind(↑ (b∨ b?)) = −1
and so by MU1 of Definition 4.1,↑ (b∨ b?) is a frame where the bottom element is equal to the top

element i.e.b ∨ b? = eL so thatb is complemented.

Suppose now thatL is zero-dimensional. Hence,L has a basisB of complemented elements.
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For eachb ∈ B, ind (↑ (b ∨ b?)) = ind {↑ e} implying ind (b ∨ b?) ≤ −1 for all b ∈ B and so by

the above proposition indL = 0. 2

4.2The Brouwer-̌Cech Dimension for Frames

Remarks and Motivation : Recall that for a normal spaceX and a non-negative integern, we

say that:

(i) Ind X = −1 if and only if X = φ.

(ii) Ind X ≤ n if for every closed setA ⊂ X and any open setV ⊂ X that containsA there exists

an open setU ⊂ X such thatA ⊂ U ⊂ V and IndFrU ≤ n− 1.

(iii) Ind X = n if Ind X ≤ n and the equality IndX ≤ n− 1 does not hold.

(iv) Ind X = ∞ if the inequality IndX ≤ n does not hold for anyn.

Thus, the inequality IndX ≤ n(n ≥ 0) means that every pairA,B of disjoint closed subsets of

X can be separated by a set of dimension≤ n− 1. For normal frames we translate these ideas into

the following definition.

Definition4.5 — LetL be a normal frame andn ∈ N⋃{0}. We say that

BC1 : Ind L = −1 ⇔ L = 1

BC2 : Ind L ≤ n ⇔ for everya ∈ L and anyv ∈ L such thata ∨ v = e L there existsu ≤ v

such thata ∨ u = eL and Ind(↑ (u ∨ u?)) ≤ n− 1.

BC3 : Ind L = n if Ind L ≤ n and IndL ≤ n− 1 does not hold for anyn.

BC4 : Ind L = ∞ if Ind L ≤ n does not hold for anyn.

The number IndL is called the Brouwer-̌Cech dimension for frames.

This definition leads to the following proposition.

Proposition4.6 — If L andM are normal frames andL ∼= M then IndL ∼= Ind M.

Proposition4.7 — LetL be a normal regular frame.L is strongly zero-dimensional if and only

if Ind L = 0.

PROOF: Suppose thatL is strongly zero-dimensional and by Theorem 3.12, letB be a basis for

L with complemental elements. Leta ∈ L, v ∈ L with a ∨ v = eL. By Lemma 3.9, there exists
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complementedc ∈ L, c ≤ v such thata∨ c = eL or Ind (↑ (c∨ c?)) = Ind↑ eL = −1 ≤ 0. Hence

by BC2 IndL = 0.

For the converse use Theorem 3.11. Take{u, v} full. Then there existsa ≤ u such that

a ∨ v = eL and Ind(↑ a ∨ a?) ≤ −1. Thus Ind(↑ a ∨ a?) = −1, so a ∨ a? = eL, i.e. a is

complemented. 2

Proposition4.8 — LetL be a normal regular frame. Then indL ≤ Ind L.

PROOF : If Ind L = −1 thenL = 1 and so indL = −1. Certainly, if IndL = ∞, ind L ≤ Ind

L. So suppose IndL = n and assume that, for allM, Ind M = n− 1 implies indM ≤ Ind M. Let

V be a cover forL. For eachv ∈ V, v =
∨

x(x ≺ u). For x ≺ v we havex? ∨ v = eL so there

existsu ≤ v, x? ∨ u = eL and Ind(↑ u ∨ u?) ≤ n− 1. Now x ≺ u. SinceT = {x ∈ L|x ≺ v for

somev ∈ V } is a cover ofL, U = {u|u ≤ v for somev and Ind↑ u ∨ u? ≤ n− 1} is also a cover

asT ≤ U. So,u ≤ v ∈ V and ind(↑ u ∨ u?) ≤ n− 1 meaning indL ≤ n = Ind L. 2

Theorem4.9— Let L be a normal regular frame. We have then that Ind(↑ u) ≤ Ind L, for all

u ∈ L.

PROOF : We shall prove this by applying induction onn. If Ind L = ∞ then Ind(↑ u) ≤ Ind

L = ∞. Forn = −1, L = 1 and so↑ u ' L and hence Ind(↑ u) ≤ Ind L. Suppose for any normal

frameL andu ∈ L, Ind (↑ u) ≤ Ind L ≤ n − 1. Let Ind L = n andu ∈ L. Further leta, b ∈↑ u

with a ∨ b = eL. Hence, we can findv ∈ L with v ≤ a, v ∨ b = eL and Ind(↑ (v ∨ v?)) ≤ n− 1.

Now, v? ≺ b and in↑ u, b ≤ eL = u? ≤ u ∨ u?. But thenv? ≤ u ∨ u? and sincev? ≤ u ∨ v?

implies

v? ≤ (u ∨ u?) ∧ (u ∨ v?)
= u ∨ (u? ∧ v?)
= u ∨ (u ∨ v)?.

∴ v ∨ v? ≤ v ∨ (u ∨ (u ∨ v)?)
= (u ∨ v) ∨ (u ∨ v)?

∴↑ ((u ∨ v) ∨ (u ∨ v)?) ⊆ ↑ (v ∨ v?)

and by the inductive hypothesis Ind(↑ (u ∨ v) ∨ (u ∨ v)?) ≤ n− 1 and Ind(↑ u) ≤ Ind L. 2

Remark4.10 : Recall that an idealJ ⊆ L is completely regular if for anyx ∈ J there exists

y ∈ J with x ≺≺ y. Let βL be the set of all suchJ, partially ordered by⊆, andβL is known to be

a regular subframe ofJL, the complete lattice of all ideals ofL. Then from Section 1 one we can

check directly that the right adjoint of the co-reflection map :
∨

L : βL → L, (given by the adjoint

map) is explicitly given as the mapk : L → βL defined byk(a) = {x ∈ L|x ≺≺ a}. For this we

prove the following lemma which enhances the proof of Theorem 4.13.

Definition 4.11 — LetL be frame and{ai}i∈I ⊆ L. A shrinkage of{ai}i∈I is a collection
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{bi}i∈I with bi ≤ ai for all i and
∨
i∈I

bi =
∨
i∈I

ai.

Lemma4.12 — LetL be a normal frame. Every finite cover{vi}k
i=1 has a co-zero shrinkage

{wi}k
i=1with wi ≺ vi for eachi.

PROOF : Let {vi}k
i=1 be a co-zero cover. Let

k−1∨
i=1
{vi} = a and vk = b. SinceL is nor-

mal anda ∨ b = eL, there will by [9] exist a frame mapf : OR → L with f(R\{0}) ≤ a

andf(R\{1}) ≤ b. Now consider

(
−∞;−1

2

)
∨

(
1
2
;∞

)
with separating element

(
−1

2
;
1
2

)
.

This makesf

((
−∞;−1

2

)
∨

(
1
2
;∞

))
≺ f(R\{0}). Also,

(
−1;

3
4

)
with separating element

(
3
4
; 2

)
makesf

(
−1;

3
4

)
≺ f(R\{1}). Call c = f

((
−∞;−1

2

)
∨

(
1
2
;∞

))
and wk =

f(−1; 3
4). Certainly, c ∨ dwk = eL and since(−1, 3

4) ∈ OR andOR ≈ CozOR, andf pre-

serves countable joins,wk ∈ CozL. Also, eL = c ∨ wk ≤
k−1∨
i=1

vi ∨ wk. Now,

(
k−2∨
i=1

vi ∨ wk

)
∨

vk−1 = eL and applying the same argument one will yieldwk−1 ∈ CozL with wk−1 ≺ vk−1 and
k−2∨
i=1

vi ∨ wk ∨ wk−1 = eL and so on. Hence, we get a co-zero shrinkage{wi}k
i=1 with wi ≺ vi, for

all i ∈ {1, 2, . . . , k}. 2

Theorem4.13— Let L be any frame. Thenk, the right adjoint of
∨

L : βL → L preserves the

binary joins of elements fromCoz L.

PROOF: Certainly, foru, v ∈ Coz L, u ≤ u∨v andv ≤ u∨v imply k(u)∨k(v) ≤ k(u∨v).

So to provek(u ∨ v) ≤ k(u) ∨ k(v). So letx ∈ k(u ∨ v). x ≺≺ u ∨ v implying there exists

z ∈ Coz L with x ≺≺ z ≺≺ u ∨ v, (since wheneverx ≺≺ y in L, there exists az ∈ Coz L such

thatx ≺≺ z ≺≺ y by Remark 3.3. Thusz ≺ u∨ v in Coz L implying the existence ofw ∈ Coz L

with z ∧ w = 0L, w ∨ (u ∨ v) = eL. Hence, we have from the previous lemmau′, w,′ v′ ∈ Coz L

with w′ ≺ w, u′ ≺ u, v′ ≺ v andw′ ∨ u′ ∨ v′ = eL. Now z ≤ u′ ∨ v′, sincez ∧w′ ≤ z ∧w = 0L.

Now z = (z ∧ u′ ) ∨ (z ∧ v′) andz ∧ u′ ≺ u in Coz L, z ∧ v′ ≺ v in Coz L and sinceCoz L is

a regularσ− frame by [4],≺ interpolates, implying,z ∧ u′ ≺≺ u in L andz ∧ v′ ≺≺ v in L and

z ∈ k(u) ∨ k(v) andx ≺≺ z, sox ∈ k(u) ∨ k(v) and the theorem holds.

4.2.1.Some Results on Compactification

Let A andB be regular frames with compactificationsC(A) andC(B) of A andB respectively.

Let g : C(B) −→ B andf : C(A) −→ A be the corresponding frame maps and leth : B → A

be a frame map. If there exists a frame mapC(h) : C(B) → C(A) such that the diagram below

commutes then we say thath is extendable overC(B) andC(A).
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C(B)

g

²²

C(h) // C(A)

f

²²
B

h // A

The mapC(h) is then called a frame extension ofh. This modification of the notion of extend-

ability allows a formulation of the following important property of the Stone-Čech compactification.

The proofs of the following results appear in [13].

Corollary 4.14 — For every compactificationC(B) of a completely regular frameB and every

frame maph : B → A to a completely regular frameA there exists a frame extensionC(h) :
C(B) → βA.

Corollary 4.15 — If the quotient frameM of a completely regular frameL has the property that

every frame mapf : OI → M (I being the closed unit interval) has a frame extensionOI → L

OI

~~
f

²²
L

onto // M

then the closure ofM in the frameβL is equivalent toβM . If, moreover,M is dense inL, then

βL = βM .

Let us recall Tietze’s Theorem (a proof of which appears in [15]), namely: A frameL is normal

if and only if wheneverA is a closed quotient frame ofL andf : OR→ A is a frame map

OR

}}
f

²²
L // A

there is a frame extensionOR→ L.

The above corollary, together with Tietze’s Theorem implies the following corollary.

Corollary 4.16 — LetX be a normal regular frame andx ∈ X. The closure

(↑ (x))
βX ∼= β(↑ (x)).

Theorem4.17— If L is a normal regular frame then IndL = Ind βL.

PROOF : To prove IndβL ≤ Ind L. For IndL = −1 or∞, done.
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So suppose that IndβL ≤ Ind L ≤ n − 1 for all normal regular framesL. Let Ind L ≤ n.

For J,K ∈ βL with J ∨K = L implies there existsI, M ∈ Coz βL with I ≺ K, M ≺ J and

I ∨ M = L. Call x = ∨I andy = ∨M. Certainly,x ∨ y = eL and so there existsz ≤ x with

z ∨ y = eL and Ind↑ (z ∨ z?) ≤ n− 1. Now, k(z) ≤ k(x) = k(∨(I)) ≤ K andk(y) = k(∨M) ≤
J, (since ifh : L → M is dense onto with right adjointk thenx ≺ y impliesk(h(x)) ≤ y).

Now by Lemma 4.12 there existsy′ ≺ y, z′ ≺ z andy′, z′ ∈ CozL with z′ ∨ y′ = eL. So,

L = k(eL)
= k(z′ ∨ y′)
≤ k(z′) ∨ k(y′) (k preserves binary join of co-zero elements)
≤ k(z) ∨ J.

But then,β(↑ (z ∨ z?)) ∼=↑ (k(z)∨ k(z?)) which means that Ind(↑ k(z)∨ k(z?)) ≤ n− 1 and

Ind βL ≤ Ind L.

Now, to prove IndL ≤ IndβL. If Ind βL = −1 or∞ then IndL ≤ IndβL. So suppose IndL ≤
Ind βL = n− 1 holds and let IndβL = n. Let x, y ∈ L with x∨ y = eL. By Lemma 4.12, we may

assumex, y ∈ CozL. By Theorem 4.13,kL(x)∨kL(y) = kL(x∨y) = L and sincedimβL = n, we

can findI ∈ βL with I ⊆ kL(x), I∨kL(y) = L and Ind(↑ (I
∨

I?)) ≤ n−1. Callu =
∨

L(I), then

u =
∨

L(I) ≤ x andeL =
∨

L(L) =
∨

L(I
∨

kL(y)) = u∨y. Also,u =
∨

L(I) impliesI ⊆ kL(u)
so, ↑ (kL(u) ⊆↑ I. Also, u =

∨
L(I) implies u? = (

∨
L(I))? =

∨
L(I?), since

∨
L is dense

onto. Hence,
∨

L(I?) ≤ u? andI? ⊆ kL(u?) and so,↑ (kL(u) ∨ kL(u?)) ⊆↑ (I ∪ I?) and so Ind

↑ (kL(u) ∨ kL(u?)) ≤ n− 1. Also, by the above Corollary (c)β(↑ u ∨ u?) ∼=↑ (kL(u) ∨ kL(u?))
and so by the inductive hypothesis Ind(↑ u ∨ u?) ≤ n− 1 proving IndL ≤ Ind βL. Thus we have

Ind L = Ind βL.

4.3. TheČech-Lebesgue Dimension for Frames

By the definition of this dimension the concept of the order of a cover will be applied. By

the order of a familyA of subsets of a setX we mean the largest integern such that the family

A containsn + 1 elements with non-bottom meet or the “infinite number”∞, if no such integer

exists. Thus, if the order of a familyA = {As}s∈S equalsn, then for anyn + 2 distinct indices,

s1, s2, . . . sn+2 ∈ S, we haveas1 ∧ as2 ∧ asn+2 = 0L. In particular, a family of order -1 consists

of 0L alone, and a family of order0 consists of pairwise disjoint elements not all of which is the

bottom. The order of a familyA is denoted by ordA.

Remark4.18 : For a Tychonoff spaceX and an integern ≥ −1, we say that :

(i) dimX ≤ n if every finite functionally open cover of the spaceX has a finite functionally open

refinement of order≤ n.

(ii) dimX = n if dimX ≤ n and the inequalitydimX ≤ n− 1 does not hold.
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(iii) dimX = ∞ if the inequalitydimX ≤ n does not hold for anyn.

This definition when translated to its frame counterpart follows :

Definition4.19 — LetL be completely regular frame andn ≥ −1, n ∈ Z. We say that

CL1 dim L ≤ n if every finite co-zero cover forL has a finite co-zero refinement oforder ≤ n.

CL2 dim L = n if dim L ≤ n and dimL ≤ n− 1 does not hold.

CL3 dim L = ∞ if dim L ≤ n does not hold for anyn.

Definition 4.20 — LetL be a completely regular frame. ThendimL = 0 if and only if L is

strongly zero-dimensional.

PROOF : ⇒ ” : If dimL = 0, let {ui}k
i=1 be a finite co-zero cover forL. Then we can find a

finite co-zero cover{vi}n
i=1 with ord ({vi}n

i=1) = 0 and refining{ui}k
i=1. Hence,vi ∧ vj = oL for

all i 6= j and soL is strongly zero-dimensional.

“⇐ ” : Let {ui}k
i=1 be a finite co-zero cover forL. Then there exists a finite co-zero refinement

{vi}n
i=1 with vi ≤ ui, vi ∧ vj = 0 for i 6= j. But, then ord({vi}n

i=1) = 0 anddimL = 0.

Theorem4.21— For every normal regular frame the following conditions are equivalent:

1. dimL ≤ n.

2. Every finite co-zero cover{ci}k
i=1 has a co-zero shrinkage{wi}k

i=1 of ord≤ n.

3. Every finite co-zero cover{ci}k
i=1 has a co-zero shrinkage{wi}k

i=1 of ord≤ n andwi ≺ ci

for eachi.

4. Every finite co-zero cover{ci}k
i=1 has a finite co-zero refinement{wi}k

i=1 of ord≤ n.

PROOF : (1) ⇒ (2) : Let {ci}k
i=1 be a finite co-zero cover forL satisfying dimL ≤ n. Hence

there exists a finite co-zero refinement{vj}m
j=1 of order≤ n. For everyj ≤ m choose ani(j) ≤ k

such thatvj ≤ ci(j). Consider the family{wi}k
i=1 wherewi =

∨
j
{vj |i(j) = i} for eachi. Eachwi

is the finite join of co-zero elements and is thus co-zero. Furthervj ≤ ci for all j wherei(j) = i.

Therefore,wi ≤ ci for eachi and
k∨

i=1
wi =

m∨
j=1

vj = eL. Thus{wi}k
i=1 is a shrinkage of the cover

{ci}k
i=1 and has order≤ n.
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(2) ⇒ (3) : Let {ci}k
i=1 be a finite co-zero cover forL and{wi}k

i=1 be a co-zero shrinkage

of {ci}k
i=1 of ord ≤ n.We have by Lemma 4.12 that there exists a co-zero cover{w′i}k

i=1with

w′i ≺ wi ≤ ci and since ord{wi}k
i=1 ≤ n then ord{w′i}k

i=1 ≤ n.

(3) ⇒ (4) and(4) ⇒ (1) follow from definitions. 2

Remark4.22 : Lemma 4.12 allows for a modification to MU2 of Definition 4.1 and BC2 of

Definition 4.5. For a finite coverV , let W be its shrinkage. Then if indL ≤ n MU2 would imply

the existence of a coverU that refinesW and ind(↑ (u ∨ u?)) ≤ n − 1 for eachu ∈ U. But, for

eachu ∈ U, we can findv ∈ V such thatu ≤ w ≺ v, for somew ∈ W.

If Ind L ≤ n, then BC2 would imply ifa ∨ v = eL then by Lemma 4.12 let{c, d} be the

shrinkage of{a, v} with c ≺ v, say. Sincec ∨ d = eL and thereforea ∨ c = eL we can findu ≤ c

with a ∨ u = eL and Ind(↑ (u ∨ u?)) ≤ n− 1. But, for thisu, u ≤ c ≺ v would meanu ≺ v.

Theorem4.23— Let L andM be normal regular frames. Letg : L → M be onto frame map.

If for every frame mapf : OR→ M which factors throughOI (i.e. there existŝf : OI → M such

that f̂ ◦ t = f), there existsh : OR → L which factors throughOI (i.e. there existŝh : OR → L

such that̂h ◦ t = h), such thatf = g ◦ h then dimM ≤ dimL.

PROOF : If dim L = ∞, done. Suppose that dimL = n. Let {ui}k
ı=1 be a co-zero cover forM.

By Lemma 4.12, we can consider the shrinkage{vi}k
i=1 of {ui}k

ı=1 with vi ≺ u′ı, for i = 1, 2, . . . , k.

Hence,v?
i ∨ui = eM and as proved in Theorem 3.18, we have a frame mapfi : OR→ M wherefi

factors throughOI with fi(R\{0}) ≤ ui andfi : (R\{1}) ≤ v?
i . By the hypothesis then we have

frame mapshi, with g ◦ hi = fi, for i = 1, 2, . . . , k.

Consider the cover V= {hi(R\{0})}k
i=1

⋃{
k∧

i=1
hi(R\{1})} for L. This is a finite cover and by

Theorem 4.21 V has a shrinkageW, say with ord W≤ n and W= {xi}k
i=1,

⋃{z}, wherexi ≺
hi(R\{0}) andz ≺

k∧
i=1

hi(R\{1}).

Consider, nowg(W ) = {yi}k
ı=1,

⋃{y} with g(xi) = yi andg(z) = y. g(W ) is a cover inM

and ordg(W ) ≤ n. Now, yi = g(xi) ≤ ghi (R\{0}) = {fi(R\{0}) ≤ ui andy = g(z) ≤
g(

k∧
i=1

hi(R\{1}) =
k∧

i=1
ghi(R\{1}) =

k∧
i=1

fi(R\{1}) ≤
k∧

i=1
v?
i ≤ v?

i . This impliesy ∧ vi = 0M ,

for all for i = 1, 2, . . . , k implying y∧
k∨

i=1
vi = 0M so thaty = 0M . Hence,{yi}k

ı=1 is a refinement

of {ui}k
ı=1, and ord{yi}k

ı=1 ≤ n, implying, by CL1 of Definition 4.19dimM ≤ n = dim L. 2

The following result was proved by Charalambous in [6]. Our proof differs from his and we

include it here.

Theorem4.24— Let L be a normal frame. Thendim(↑ u) ≤ dimL for everyu ∈ L.
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PROOF : This follows from Theorem 4.23 and the Tietze’s Extension Theorem. 2

The following theorem is proved in a little more generality by Charalambous [8], but we include

the proof here as it is quite different.

Theorem4.25— If L is a normal regular frame then dimL = dimβL.

PROOF : Let dimβL = n and consider the onto map
∨

: βL → L. Let f : OR → L be a

frame map, then as in the proof of Theorem 3.3.4f factors throughOI and sodimL ≤ dimβL.

So, let dimL ≤ n and{Uı}k
ı=1 be a co-zero cover forβL. Consider, the co-zero shrinkage

{Vi}k
ı=1 of {Uı}k

ı=1with Vi ≺ Uı for eachi. We have then that{vi}k
ı=1 (for vi =

∨
L(Vı), for each

i) is a co-zero cover forL implying the existence of a co-zero refinement{ti}k
ı=1 of order≤ n.

Now, Vi ≺ Ui impliesk(
∨

Vi) ≤ Ui, soti ≤ vi =
∨

Vi implies thatk(tı) ≤ k(
∨

Vi) ≤ Ui so{k
(ti)}k

ı=1is a refinement of{Ui}k
ı=1. Also, ord{k (ti)}k

ı=1 ≤ n. Consider by Lemma 4.12 a co-zero

shrinkage{Ti}k
ı=1 of {k (ti)}k

ı=1with Ti ≺ k(ti) for eachi ∈ {1, 2, . . . , k}. Then ord{Ti}k
ı=1 ≤ n

and{Ti}k
ı=1 is a co-zero refinement of{Uı}k

i=1 so that dimβL ≤ dimL. 2

4.4. Another characterization of thěCech-Lebesgue Dimension

Definition4.26 — LetL be a frame anda, b ∈ L with a ∨ b = eL. An elementc ∈ L satisfies

propertyP with respect toa, b if there existsu, v ∈ L with c = u∨ v, a∨ u = eL, b∨ v = eL and

u ∧ v = 0L.

Lemma4.27 — LetL be a frame anda, b ∈ L with a ∨ b = eL. If c ∈ Coz L satisfies property

P with respect toa, b then theu andv wherec = u ∨ v (in accordance with the above definition),

are co-zero inL.

PROOF : Sincec ∈ Coz L, c =
∨
i∈N

xi(xi ≺≺ c) by Banaschewski and Gilmour [4]. But,

c = u ∨ v and

xi ∧ u ≤ xi ≺≺ u ∨ v implies xi ∧ u ≺≺ u ∨ v, for each i ∈ N. Also u ∧ v = 0L

implies (xi ∧ u) ∧ v ≤ u ∧ v = 0L so thatv ≤ (xi ∧ u)?. Also, (xi ∧ u)? ∨ u ∨ v = eL and

(xi ∧u)? ∨ v = (xi ∧u)? implies(xi ∧u) ≺ u. But, by interpolation of≺, xi ∧u ≺≺ u∨ v allows

for xi ∧ u ≺≺ u, for eachi ∈ N. Hence,u =
∨
i∈N

(xi ∧ u)(xi ∧ u ≺≺ u) and sou ∈ Coz L. By a

symmetric argumentv ∈ Coz L. 2

Lemma4.28 — If every(n + 2)− element cover{ui}n+2
i=1 of a normal frameL has a shrinkage

{wi}n+2
i=1 such that

n+2∧
i=1

wi = 0L, then dimL ≤ n.

PROOF : Let L be a normal frame and{ui}k
i=1 a finite cover forL. For k ≤ n + 1 , we may

repeat elements so that the hypothesis can be applied and Lemma 4.12 and CL.1 of Definition 4.19

would imply dimL ≤ n. So supposek > n + 1. Let gi = ui for i ∈ {1, 2, . . . , n + 1} andgn+2 =
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k∨
i=n+2

ui. Then {gi}n+2
i=1 is a co-zero cover forL and so by the hypothesis there is a shrinkage

{hi}n+2
i=1 with

n+2∧
i=1

hi = 0L. Call wi = hi for i ∈ {1, 2, . . . , n + 1} and wi = ui ∧ hn+2 if

i > n + 2. Then W = {wi}k
i=1 is a co-zero shrinkage of{ui}k

i=1 with
n+2∧
i=1

wi = 0L.

If there exists a subsetB of {1, 2, . . . , k} with n + 2 elements such that
∧

i∈B

wi 6= 0L., let the

members ofW be renumbered to give the collectionP = {pi}k
i=1 such that

n+2∧
i=1

pi 6= 0L.. By

applying the above construction toP , we obtain a co zero-coverW ′ = {w′i}k
i=1 such that each

w′i ≺ pi and
n+2∧
i=1

w′i = 0L.

If there exists a subsetC of {1, 2, . . . , k} with n + 2 elements such that
∧

i∈C

pi = 0L, then

n+2∧
i=1

w′i = 0L. Thus by a finite number of repetitions of the process we obtain a co-zero shrinkage

V of {ui}k
i=1 where the ordV ≤ n and so by Theorem 4.21 dimL ≤ n. 2

It follows from Theorem 4.21 that the condition in the above lemma is also necessary for the

inequality dimL ≤ n. Hence, we incidentally obtain a characterization of dimension. This charac-

terization is stated as follows :

Corollary 4.29 — A normal frameL satisfies the condition dimL ≤ n if and only if every

(n + 2)− element cover{ui}n+2
i=1 of L has a shrinkage{wi}n+2

i=1 with
n+2∧
i=1

wi = 0L.

The next result gives a sufficient condition for a normal frame to have dimension at mostn.

It should be noted that Charalambous in [6] proved that this condition is also necessary, but his

technique of proving the theorem in both directions is very much different to ours, and for this

reason we include our proof.

Theorem4.30— Let L be a normal frame. If for every sequence

〈(a1, b1); (a2, b2); . . . ; (an+1, bn+1)〉 of (n+1) - pairs withai∨bi = eL for all i ∈ {1, 2, . . . n+1}
there existsci with propertyP with respect toai, bi and

n+1∨
i=1

ci = eL, then dimL ≤ n(n ≥ 0).

PROOF : Consider a normal frameL that satisfies the hypothesis of the theorem. Let{ui}n+2
i=1

be an(n + 2)−element cover forL. Let {di}n+2
i=1 be a shrinkage of{ui}n+2

i=1 and by normalitydi ≺
ui, for all i ∈ {1, 2, . . . n+1}. Callai = ui andbi = d?

i . The sequence〈(a1, b1); (a2, b2); . . . (an+1, bn+1)〉
consists of(n + 1)−pairs satisfyingai ∨ bi = eL for all i ∈ {1, 2, . . . n + 1}. Hence, by the hy-

pothesis, there existsvi, wi ∈ L with ai ∨ vi = eL, bi ∨ wi = eL, vi ∧ wi = 0L and
n+1∨
i=1

ci =
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n+1∨
i=1

(vi ∧ wi) = eL for i = 1, 2, . . . n + 1.

Now, consider{wi}n+2
i=1 , wherewn+2 = un+2 ∧

n+1∨
i=1

vi.

Then,

eL =
n+2∨
i=1

di. = dn+2 ∨
n+1∨
i=1

di.

≤ un+2 ∨
n+1∨
i=1

wi,

sincebi ∨ wi = eL or d?
i ∨ wi = eL ⇒ di ≺ wi.

So,
n+2∨
i=1

wi =
(

un+2 ∧
n+1∨
i=1

vi

)
∨

(
n+1∨
i=1

wi

)

=
(

un+2 ∨
n+1∨
i=1

wi

)
∧

(
n+1∨
i=1

vi ∨
n+1∨
i=1

wi

)

= eL ∧
n+1∨
i=1

ci = eL.

Also,

n+2∧
i=1

wi =
n+1∧
i=1

wi ∧
(

un+2 ∧
n+1∨
i=1

vi

)

≤
n+1∧
i=1

wi ∧
(

n+1∨
i=1

vi

)
= 0L

Note thatvi ∧ wi = 0L implieswi ≺ v∗i ≺ ai = ui and hence,wi ≺ ui, for i ∈ {1, 2, . . . , n +

1}. Let x =
n+1∨
i=1

wi, thenwn+2 ∧ x

= wn+2 ∧
n+1∨
i=1

wi

≤
(

n+1∨
i=1

vi

)
∧

(
n+1∨
i=1

wi

)

=
n+1∨
i=1

(vi ∧ wi) = 0L
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Also, eL = wn+2 ∨
n+1∨
i=1

wi ≤ un+2 ∨
n+1∨
i=1

wi = un+2 ∨ x. Hence,wn+2 ≺ un+2. Thus we have

a shrinkage of{ui}n+2
i=1 and so by the previous lemma dimL ≤ n(n ≥ 0). 2

5. THE SUM THEOREMS

The following theorem has been proved by Charalambous in [6] for normalσ-frames and so is more

general than our theorem. However, we include the proof here since the proof in [6] depends on

arguments from spaces, whereas ours is entirely lattice theoretic in nature.

Theorem5.1. The Countable Sum Theorem — If a normal frameL has a countable collection

{aj}∞j=1 of elements with
∞⋂

j=1
∇aj = 4 and dim↑ aj ≤ n for all j, then dimL ≤ n.

PROOF: Let{ui}k
i=1 be a finite cover forL. We shall inductively define a sequenceU0, U1, U2, . . .

of covers forL whereUj = {uj ,i }k
i=1 satisfying the conditions :

(1) uj,i ≺ uj−1,i for j ≥ 1, j ∈ N anduo,i = ui.

(2) ord({∇uj,i∨a?
j
}k

i=1) ≤ L where∇a?
o = eL.

For j = 0, let uo,i = ui, i ∈ {1, 2, . . . , k}. Then ui ≤ ui and ord({∇uo,∨a?
o}) = ord

({∇eL}) ≤ n.

Assume that the coversUj satisfying the above conditions are defined for allj < m ≥ 1.

Consider the collection{um−1,i ∨ a?
m}k

i=1. Since{um−1,i}k
i=1 is a cover forL andL normal

would imply there exists a shrinkage{wi}k
i=1 with wi ≺ um−1,i, for i ∈ {1, 2, . . . k}. Hence, the

collection{am ∨ wi}k
i=1 is a cover for↑ am.

Also, dim (↑ am) ≤ n implies↑ am has a shrinkage{vi}k
i=1, say with ord({vi}k

i=1) ≤ n and

vi ≺ am ∨ wi implying the existence of a separating elementti with ti ≥ am; vi ∧ ti = am and

ti ∨ am ∨ wi = eL.

Thus we have :

ti ∨ wi = eL

(ti ∨ wi) ∧ a?
m = a?

m

(ti ∧ a?
m) ∨ (wi ∧ a?

m) = a?
m

vi ∧ [(ti ∧ a?
m) ∨ (wi ∧ a?

m)] = vi ∧ a?
m

[vi ∧ (ti ∧ a?
m)] ∨ [vi ∧ (wi ∧ a?

m)] = vi ∧ a?
m

0L ∨ [(vi ∧ a?
m) ∧ wi] = (vi ∧ a?

m)

implying vi ∧ a?
m ≤ wi ≺ um−i,i . Hence,vi ∧ a?

m ≺ um−i,i andwi ≺ um−1,i implies wi =
(vi∧a?

m)∨wi ≺ um−1,i and ord({wi}k
i=1) ≤ n. ClearlyUm = {um,i}k

i=1 with um,i = wi, satisfies



396 D. BRIJLALL AND D. BABOOLAL

conditions 1 and 2 forj = m so that the construction is complete. Thus, for allj ∈ N, {ui}k
i=1 has

a shrinkage of order≤ n making dimL ≤ n.

Remark5.2 : Just as for topological spaces we recall the following standard definition for a

locally finite cover in the context of frames.

Definition5.3 — A cover{aα}α∈A for a frameL is called locally finite if there exists a cover

{bβ} for L such that for eachβ, bβ ∧ aα = 0 for all but finitely manyα.

Remark5.4 : At this stage (before proving Theorem 5.7), it is vital to refer to certain results

proved by Dowker and Strauss [10]. In this paper they show that for a normal frameL, each point

finite cover{aα}α∈A is shrinkable, where a family(aα)α∈A of elements of a frameL is called

point-finite if (cβ)β∈B, (whereB is the set of all finite subsets ofA), given bycβ =
∨

a/∈β

aα, satisfies
∧

β∈B

u ∨ cβ ≤ u for all u ∈ L.

The following result for spaces appears in the book by Engelking [11]: LetU = {Us}s∈S be

an open cover of a normal spaceX. If the spaceX has a locally finite closed coverF each member

of which has a covering dimension≤ n and meets only finitely manyUs, then the coverU has an

open shrinking of order≤ n. To translate the notion of a locally finite closed cover for frames, we

make the following definition :

Definition5.5 — A collection of congruences{∇aα}α∈Ais called locally finite if there exists a

cover{xβ}β∈B of L such that for eachβ, xβ 
 aα, for at most finitely manyα.

Lemma5.6 — LetU = {us}s∈S be any cover for a normal frameL. If there exists a locally

finite collection{∇aα}α∈A ⊆ Cov L such that (
∧

α∈A

∇aα = 4), for eachα ∈ A, dim (↑ aα) ≤ n

and there exists finitely manys such thatus 
 aα thenU has a shrinkage oford ≤ n.

PROOF : Let W = {ws}s∈S be a shrinkage ofU. This means that for eachα there are finitely

manys such that

ws � aα. Consider the collection{ws ∨ aα}s∈S . This is a finite cover for↑ aα and dim↑
aα ≤ n means there exists a finite refinement (shrinkage){vs}k

s∈S with order{vs}k
s∈S ≤ n. Now,

vs ≺ ws ∨ aα implies the existence of a separating elementts with ts ≥ aα, vs ∧ ts = aα and

ts ∨ ws ∨ aα = eL. Then we have
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ts ∨ ws ∨ aα = eL or
ts ∨ ws = eL

(ts ∨ ws) ∧ a?
α = a?

α

(ts ∧ a?
α) ∨ (ws ∧ a?

α) = a?
α

[vs ∧ (ts ∧ a?
α) ∨ [vs ∧ (ws ∧ a?

α)] = vs ∧ a?
α

0L ∨ [(vs ∧ a?
α) ∧ ws] = (vs ∧ a?

α)

implying vs ∧ a?
α ≤ ws ≺ us and order{ws}k

s∈S ≤ n. Thus,U has a shrinkage of order≤ n. 2

The following result extends the Finite Sum Theorem of Charalambous in [6].

Theorem5.7— The Locally Finite Sum Theorem— LetL be a normal frame. IfL has a locally

finite collection{as}s∈S ⊆ L such that for eachs ∈ S, dim (↑ as) ≤ n then dimL ≤ n.

PROOF : Let {ui}k
i=1 be a finite co-zero forL. For eachs, there exists finitely manyi such that

ui 
 as. Thus by Lemma 5.6{ui}k
i=1 has a shrinkage for{vi}k

i=1 of order≤ n and by Lemma 4.12

we can find a co-zero shrinkage for{ui}k
i=1 of order≤ n and so by Theorem 4.21 and the definition

of the cover dimension for frames we have dimL ≤ n. 2

Theorem5.8 — The σ-Locally Finite Sum Theorem —Every normal frameL which has a

σ-locally co-finite collection of congruences{∇aα}α∈A with
∧
α
∇aα = 4 and dim(↑ aα) ≤ n for

everyα satisfies dimL ≤ n.

PROOF: Rewrite{∇aα}α∈A = {Li}∞i=1, whereLi = {∇aα}α∈A is a locally cofinite collection.

Let li =
∨

α∈A

aα, where∇aα ∈ Li, for eachi ∈ N. Then

dim(↑ li) = dim (↑ ∨
α

aα)

≤ dim (↑ aα)

≤ n.

Now, the collection{li}∞i=1, is countable collection with dim↑ li ≤ n, so that by Theorem 5.1

dim L ≤ n. 2

We now prove the Dowker Theorem for frames :

Theorem5.9— For every normal frameL the following conditions are equivalent:

(i) L satisfies dimL ≤ n.

(ii) Every locally finite cover ofL has a shrinkage of order≤ n.
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(iii) Every locally finite cover ofL has a refinement of order≤ n.

PROOF : (ii)⇒(iii) is obvious. For (iii)⇒(i) let {uı}k
ı=1 be a finite co-zero cover forL. Hence,

{uı}k
ı=1 is locally finite implying it has a refinement of order≤ n and so by Theorem 4.12 we will

get a co-zero shrinkage and by Theorem 4.21 dimL ≤ n. Now, for (i)⇒(ii): let L be a normal

frame satisfying dimL ≤ n and let{us}s∈S be a locally finite cover ofL. Denote byT the family

of all non-empty finite subsets ofS and for everyT ∈ T consideraT =
∧

s∈T

us ∧
∧

s/∈T

u?
s. Call

X = {aT }T∈T . X is locally finite since ifs /∈ T, T ∈ T ,

us ∧ aT = us
∧

s∈T

us ∧
∧

s/∈T

u?
s

≤ us ∧
∧

s/∈T

u?
s

≤ us ∧ u?
s

= 0L,

meaningus ∧ aT = 0L for finitely manys. Now, we can find a cover{xβ}β∈B such that for each

β, xβ∧us 6= 0L for finitely manys. Hence for eachβ, xβ∧aT = xβ∧
∧

s∈T

us∧
∧

s/∈T

u?
s ≤ xβ

∧
s∈T

us 6=
0L for finitely manys and soxβ ∧ aT 6= 0L for finitely manyT wheres ∈ T. Also, by Theorem

4.25 dim(↑ aT ) ≤ n, for eachT ∈ T . Thus by Theorem 5.9{us}s∈S has a shrinkage of order

≤ n. 2

6. THE CONNECTIONSBETWEEN THEVARIOUS DIMENSIONS

Lemma6.1 — LetL be a regular Lindelöf frame andB be a basis forL. For everya, b ∈ L

with a ∨ b = eL there existsw ∈ L and a countable collection{wi}∞ı=1 ⊆ B such thata ∨ w =
eL, w ≺ b.

PROOF : SinceL is regular

a =
∨

wx∈B
wx≺a

wx

and

b =
∨

wy∈B
wy≺b

wy
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Also,

eL = a ∨ b

=
∨

wx ∨
∨

wy

andL Lindelöf impliesa ∨ b =
∨{wi|wi ∈ B, wi ≺ a or wi ≺ b}. Let

u =
∨{ui|wi = ui, w?

i ∨ a 6= eL}

Now eL = a ∨ b.

=
∨{wi|wi ∈ B, wi ≺ a or wi ≺ b}

=
∨{wi|wi ∈ B, wi ≺ a } ∨ ∨{wi|wi ∈ B,wi ⊀ a, wi ≺ b}

≤ ∨{wx|wx ∈ B, wx ≺ a } ∨ ∨{wi|wi ⊀ a}

= a ∨∨{wi|wi ∈ B|w?
i ∨ a 6= eL}

= a ∨ u.

Call gi = ui ∧
i−1∧
j=1

v?
j andhi = vi ∧

i∧
j=1

u?
j , wherevi = wi(wi|w?

i ∨ b 6= eL)

Let w =
∞∨
i=1

gi andv =
∞∨
i=1

hi

a ∨ w = a ∨
∞∨
i=1

(
ui ∧

i−1∧
j=1

v?
j

)

=
∞∨
i=1

(
a ∨ (ui ∧

i−1∧
j=1

v?
j )

)

=
∞∨
i=1

(
(a ∨ ui) ∧ (a ∨

i−1∧
j=1

v?
j )

)

=
∞∨
i=1

(a ∨ ui)

= a ∨
∞∨
i=1

ui = a ∨ u = eL.



400 D. BRIJLALL AND D. BABOOLAL

Also, for v =
∞∨
i=1

hi, v ∨ b = eL, just as we proveda ∨ u = eL, earlier.

For i, k ∈ N, gi ∧ hk =

(
ui ∧

i−1∧
j=1

v?
j

)
∧

(
vk ∧

k∧
j=1

u?
j

)
. If i ≤ k, ui ∧

k∧
j=1

u?
j ≤ ui ∧ u?

i = 0L

and fork < i, vk ∧
i−1∧
j=1

v?
j ≤ vk ∧ v?

k = 0L.

We have,gi ∧ hk = 0L for all i, k ∈ N which implies

∨
i,k

gi ∧ hk = 0L

implying
∨
i

gi ∧
∞∨

k=1

hk = 0L

or w ∧ v = 0L.

Hence,w ≺ b.

Lemma6.2 — If for every paira, b ∈ L, L a normal frame, witha ∨ b = eL there exists

w ∈ L such thata ∨ w = eL, w ≺ b and dim(↑ w ∨ w?) ≤ n− 1, then dimL ≤ n.

PROOF : Let {ui}k
i=1 be a cover forL. L normal implies by Lemma 4.12 of there exists a

shrinkage{ai}k
i=1 with ai ≺ ui, for all i ∈ {1, 2, . . . k}. Hencea?

i ∨ ui = eL for eachi implies

there existswi ∈ L with a?
i ∨ wi = eL, wi ≺ ui and dim(↑ wi ∨ w?

i ) ≤ n − 1. Now, W =↑
k∧

i=1
(wi ∨ w?

i ) is a normal frame and so by the countable sum theorem dimW ≤ n − 1. Certainly,

if we let
k∧

i=1
(wi ∨ w?

i ) = t then{ai ∨ t}k
i=1 is a cover forW and since dimW ≤ n − 1, by

Theorem 4.21 there exists a shrinkage{si}k
i=1, si in W with si ≺ ai∨ t and ord ({si}k

i=1) ≤ n−1.

Let vi = si ∧ ai ≺ ui and so ord ({vi}k
i=1) ≤ n − 1. So, considerV = {vi}k

i=1

⋃{fi}k
i=1 where

fi = wi∧
i−1∧
j=1

w?
j . Certainly,fi ≤ wi ≺ ui andfj∧fi = 0L for j < i ≤ k. Hence,V is a refinement

of {ui}k
i=1 and ordV ≤ n and so dimL ≤ n . 2

Theorem6.3— For every regular Lindel̈of frame we have dimL ≤ ind L.

PROOF : Suppose indL = −1. By definitions in section 3 dimL = −1. So suppose now that

ind L = n ∈ N and that dimL ≤ ind L = m ≤ n − 1, n ∈ N. Let {ui}k
i=1 be a cover for

L. So,ui ∨
k∨

j=1
j 6=i

uj = eL would imply by Remark 4.22 there existswi ≺ ui, wi ∨
k∨

j=1
j 6=i

uj = eL

and ind(↑ wi ∨ w?
j ) ≤ n − 1. Therefore, by the inductive hypothesis dim(↑ wi ∨ w?

i ) ≤ ind

(↑ wi ∨ w?
i ) ≤ n − 1. Thus by Lemma 6.2 dimL ≤ n = ind L and the proof holds. The theorem
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certainly holds if indL = ∞. 2

The following result was proved by Charalambous in [6] but as our proof is very different from

his we include it here.

Theorem6.4— For a normal frameL we have dimL ≤ Ind L.

PROOF : Suppose IndL = −1. Then by definitions in section 3 dimL = −1. Suppose now

that IndL = n ∈ N and dimL ≤ Ind L = m ≤ n − 1 holds. Let{uj}k
j=1 be a finite cover

for L. So, ui ∨
k∨

j=1
j 6=i

uj = eL, i ∈ {1, 2, . . . , k}. Hence, by Remark 4.22 there existswi ≤ ui

with wi ∨
k∨

j=1
j 6=i

uj = eL and Ind(↑ wi ∨ w?
i ) ≤ m − 1, for all i ∈ {1, 2, . . . , k}. Therefore, dim

↑ (wi ∨ w?
i ) ≤ Ind ↑ (wi ∨ w?

i ) ≤ n− 1 and by Lemma 6.2 dimL ≤ n = Ind L.

Also, dimL ≤ n = Ind L, if Ind L = ∞, is true. 2

Theorem6.5— For every regular Lindel̈of frameL the following conditions are equivalent:

(i): ind L = 1

(ii): Ind L = 1

PROOF : (i)⇒(ii) : Suppose indL = 1. Let a, b,∈ L, a ∨ b = eL. This implies by Remark

4.22 the existence ofv ∈ L with v ≺ a and ind(↑ v ∨ v?) ≤ 0. If ind (↑ v ∨ v?) = 0 then

Ind (↑ v ∨ v?) = 0 and so IndL ≤ 1. If ind (↑ v ∨ v?) = −1 then↑ (v ∨ v?) = 1 and so Ind

(↑ (v ∨ v?)) = −1 ≤ 1.

(ii)⇒(i) : Suppose IndL = 1. We have indL ≤ 1, but, indL = 0 if and only if IndL = 0 and ind

L = −1 if and only if IndL = −1, which implies indL = 1. 2

Theorem6.6— For every regular Lindel̈of frameL, if Ind L = 1 then dimL = 1.

PROOF : We have already that dimL ≤ Ind L = 1. If dim L = 0, then IndL = 0 which is not

the case. Also, if dimL = −1 thenL = 1 and IndL = −1 which is not the case. Hence, dim

L = 1. 2
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3. B. Banaschewski and C. Gilmour, Stone-Čech compactification and dimension theory for regularσ-

frames,J. London Math. Soc., 2(39) (1989), 1-8.

4. B. Banaschewski and C. Gilmour Pseudocompactness and the Cozero Part of a Frame, Comment.

Math. Univ. Carolinae, 37 (1996), 577-587.

5. D. Brijlall, Dimension Theory of Frames, Ph.D. thesis, University of Durban-Westville, 2002.

6. M. G. Charalambous, Dimension theory forσ-frames,J. London Math. Soc., 2(8) (1974), 149-160.

7. M. G. Charalambous, The dimension of paracompact normalκ-frames,Topology Proceedings, 20
(1995), 49-66.

8. M. G. Charalambous, Notes on paracompact reflection of frames,Houston J. Math., 25 (1999), 311-

326.

9. C. H. Dowker and D. Papert,On Urysohn’s Lemma, General Topology and its Relation to Modern

Algebra, Prague (1966), 111-114.

10. C. H. Dowker and D. P. Strauss, Paracompact frames and closed maps,Sympos. Math., 16 (1975),

93-116.

11. R. Engelking,General Topology, Helderman Verlag, Berlin, 1989.

12. J. R. Isbell,Graduation and dimension in locales, L.M.S. Lecture Note Series, Vol. 93, pp. 195-210,

Cambridge University Press, 1985.

13. P. T. Johnstone,Stone Spaces, Cambridge University Press, Cambridge, 1982.

14. P. T. Johnstone, The Point of Pointless Topology,Bull. Amer. Math. Soc., 8 (1983), 41-53.

15. J. Walters,Completeness and Nearly Fine Uniform Frames, Ph.D. thesis, University of Cape Town,

1996.


