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We investigate boundary conditions for stricteontractive and)-condensing operators. We
derive results on the existence of eigenvectors with positive and negative eigenvalues and we
obtain fixed point theorems for classes of noncompact operators.
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1. INTRODUCTION

The fixed point index for)-condensing operators (see [12] and [1] for an axiomatic approach) has
proved to be relevant to the existence problems of fixed points and eigenvectors for operators and
solutions of various kinds of nonlinear integral equations and nonlinear differential equations. In
particular, if A is a compact operator the fixed point index agrees with the Leray-Schauder degree,
deql — A,,0), of I — A on (2 relative to the point zero.

A well known result of Guo in [10, Lemma 1] states that if a compact operato? — X,
defined on the closure of a bounded opertsef an infinite-dimensional Banach spake satisfies
() infiepq ||Az|| > 0and (i) Az # Az forz € 92 and0 < A < 1, then the Leray-Schauder
degree deg — A,Q,0) = 0.
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This theorem has been generalized to stfiatontractive operators, by strengthening the bound-
ary condition(7) (see, for example, [13, 14]). In [7] the result has been generalized replacing (i)
with the following condition

inf ||Az| > kWy(X) sup ||z (1)
o x€I

which depends on the \B&o constantV,,(X') of the spaceX and is optimal wheW/,,(X) = 1.

Though it has been shown th#t,(X) = 1 in certain classes of Banach spaces, the problem
whether this is true in any Banach spakes open. Aim of this note is to give a formulation of
Guo’s theorem for stricts-contractive (and’-condensing) operators under an hypothesis that looks
weaker than (1) in Banach spacksn which the known estimate 6%, (X ) is greater than. Then

we derive results on the existence of eigenvectors with positive and negative eigenvalues and we
obtain fixed point theorems for classes of noncompact operators (see also [11] for related results).

2. PRELIMINARIES

Throughout this not& is an infinite-dimensional real Banach space. We denotg ) = {z €

X :||z|]| < r}and byS,.(X) = {z € X : ||z|| = r}, respectively, the closed ball and the sphere
of radiusr > 0in X. We use the shortcu#(X ) andS(X) instead ofB; (X ) andS;(X). All the
maps considered in what follows are assumed to be continuous.

We recall that for a bounded s&f in X: the Kuratowski measure of noncompactne$3/)
is the infimum of alle > 0 such that\/ admits a finite covering by sets of diameter at mghe
lattice measure of noncompactne#s\/) is the supremum of ak > 0 such that)/ contains a
sequencgx, } with ||z, — z,|| > €, for m # n; the Hausdorff measure of noncompactnest/)
is the infimum of alle > 0 such that\/ admits a finite=-net in X .

We refer to [3] for all details. In the following € {a, 3,~}.

Given an operatof’ : dom(F') C X — X we denote by
Y(F)=inf{k>0:y(FM) < k(M) for every bounded/ C dom(F)}

the ¢)-norm of F. The operatorF is called ak-i-contraction ify)(F) < k, in particularF' is
called a strict-contraction if it is ak-i)-contraction for somé& < 1. The operatoi is calledq-
condensing if)(FM) < (M) for each bounded/ C dom(F') which is not relatively compact.
Assumingdom(F') bounded, then every strigi-contractive operator ig-condensing.

Throughout is a bounded open subset&fcontaining the origir). Denote by anddf2 the
closure and the boundary ©f, respectively. When! : Q — X is v)-condensing and has no fixed
points onds? the fixed point indexnd (A4, 2) of A on(2 (see [1]) has the basic properties as follows:
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(P1) (Homotopy invariance) Iff : [0,1]x 2 — X is continuous and such that H ([0, 1]x M)) <
(M) for eachM C Q with o»(M) > 0, i.e., H is ¢-condensing, and ifl (s, x) # « for all
(s,x) €]0,1] x 98, thenindH(0,-),Q) = ind(H(1,-), ).

(P2) (Additivity) If U;, i = 1,2,---, are pairwise disjoint open subsets{@fsuch that4d has no
fixed points orf2\ U, U;, then the indicemd (A, U;) are defined for all, only finitely many
of them are different from zero, and iad, ) = >, ind(A, U;).

(P3) If Ax = xg, with zy € Q, thenind(A4, ) = 1.
(P4) If Az = z, with zy ¢ 2, thenind(A, 2) = 0.

(P5) (Solution property) Ifind(A, 2) # 0, thenA has at least one fixed point &

Moreover we recall the following result on the invariance of the index.

Theorem2.1[Theorem 3.4.3] — LetA, F: Q — X bet-condensing. IfA andF coincide on
0§ and have no fixed points a2, thenind(A4, ) = ind(F, Q).

It is well-known that in the infinite-dimensional setting there is always a retradtidrom
B(X) ontoS(X). Moreover we observe that given such a retracfiithen for any- > 0 the map
R, defined byR,(x) = rR(%) is a retraction fromB,.(X) onto S, (X) such that)(R) = ¢(R;).
In this connection, the quantitative characteristic

Wy (X) =inf {k > 1:3Ja retractionR : B(X) — S(X) with ¢)(R) < k}

has been introduced by \&ko in [16]. The estimate dfi’y,(X) is of interest in problems of non-
linear analysis (see, for example, [2, 7, 9]). Concerning general results, in [15] it was proved that
Wy, (X) < 6 for any infinite-dimensional Banach spa&e reaching the valué or 3 depending on

the geometry of the space. Moreover, it has been provedithak ) = 1 in some Banach spaces

of continuous functions [5, 16] and in some classical Banach spaces of measurable functions [6]. In
[2] it is proved thatlV,(X) = 1 in Banach spaces whose norm is monotone with respect to some
basis.

We observe that there is no unified method to evalliEg.X ), most of the evaluations have
required individual constructions in each spaceHowever, a standard way to construct a retraction
from B(X) onto.S(X) is that of normalizing a map which coincides with the identity%{X ) and
mapsB(X) out of a ball B, (X) of radiusr < 1 (or possibly maps3(X) into X \ {0}). In this
connection it is of some interest for afy< p < (3 to define another geometrical characteristic
cy(p, 3, X) of the spaceX. Denote bysS,, 5 the set of all continuous mags, 5 : B3(X) — X
satisfying the following conditions:

(1) G,pxz=aforallz € Sz(X),
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2) |G,5 2| > porall z € By(X).

We observe that since there is always a retraction fi$i.X') onto S3(X), the setS, g is
nonempty. Moreoves,, 3 C S, 3 whenevel < p; < ps < f.

Now we put
cy(p, B, X) = inf Y(G,p).
Tl’( ) Gp.pE5,,8 ( pﬂ)
As no confusion can arise we write briefty 5 instead ofc,(p, 3, X). The mapp — ¢, 3 is
clearly nondecreasing, moreover it is right-continuous. Indeed, givenp, < g andG,, g €
S,0,3: We choose for anyy < p < gthe mapG, 5 € S, g defined by

Gppr I Gyl =p

Gopr=
’ G T .

pretsar 1T o < M1Gpo s 2l < p.

ForanyM C Bg(X) we set
My={z € M: [|Gppzl|l 2 p} andMy ={z € M: po < |[Gpy,p 7/l < p},
then

GppMi = GpopMy and G, 3 Mz C [0, i] ~ Gy, p M.

Beingy (G, s M) = max{ (G, sM1), ¥(G, 3My)} we easily obtain) (G, sM) < pﬁw(GPO,ﬁM).
0

Hencey (G, 3) < pﬁw(Gpoﬁ) andlimp_)pg V(Gpp) < (G, ) from which the right-continuity
0

follows.

We observe that fob < p < g we havel < ¢,3 < Wy(X) andcgg = Wy (X) in any
infinite-dimensional Banach spade Moreover, in some Banach spaceqcfr. [5, 6, 8, 16]) there
are examples, for any < p < 1, of 1-y-contractive mapsg-, ;. In contrast, in the same spaces,
for anye > 0 there is a retractiol® : B(X) — S(X) such thaty(R) < 1 + ¢, but it is unknown
whether there is a retraction with R) = 1.

|

Lemma2.2 — Let0 < a < (. Setay = % andg; = — for somet > 0.

t
Thencat,ﬁt = Cq,B-

)

PROOF: To eacly € [a, 3] associate; = g € |ay, 3] and foranyG, g € S, 3 define the map

1
Gpp, : Bp,(X) = X byG,, 3, (x) = ;Gmﬂ(tl'). Then we have

(1) Gp, p, v ==xforall x € Sg,(X),
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(2) 1Gpr.p. xll = p¢ for all z € Bp, (X),

so thatG,, 5, € Sy, g, and moreovet)(G,, 3,) = (G, ). Therefore we find,, g3, = co3. O

3. MAIN RESULTS

We generalize Guo’s result to strigtcontractions and>-condensing operators under a condition
which depends on the parametgr; (for suitable numbers and3). The condition seems to arise
in a natural way from the geometry of the space

Lemma3.1 — LetA : O — X with ¢)(A) < 1 and

inf ||Az|| > sup ||z
€N 20

Seta = sup,cyq ||z|| andf = inf,cpq ||Az| and assume that(A)c, g < 1.
Thenind(A4, Q) = 0.

PROOF: Sincey(A)c, 3 < 1 and the map — ¢, 3 is right-continuous we can find € (o, 3]
andG, 3 € S, 5 such that)(A)y (G, z) < 1. Definel : X — X by

Gopz it xe Bg(X)
Lz =
x if e X\ Bg(X)

andF : Q — X by settingF'z = L(Az). Theny(F) = ¢(G, 3)¢(A) < 1. On the other hand we
have| Fz| > pforall z € Q. Sincep > «a, we get

inf |[Fz| > sup |z[,
x€N €0
henceF has no fixed points of. By the solution propertind(F, ) = 0. SinceA andF coincide
on 9%, by the invariance of the index we findd (A, ©?) = ind(F, ©2) which completes the proof.
The following is the main result of the section.

Theorem3.2— Let A : Q — X with ¢y(A) = k < 1. Let 3 = inf,cpq || Az|| and assume that
there isa’ such that

inf [|[Az|| > o >k )
Jnf A7) > of > hea s sup o

Assume also thatdz # Az for x € 0Q andkcy g < A < 1,if key g < 1.

Thenind(A4, Q) = 0.
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PrRoOOF: Chooses > 0 such that

inf [|Az| > o' > (kca g +¢) sup [z, )
€N €N

and let4, : Q — X be defined by

1

Agr = —
0 kcalﬂ-i-E

Ax.

We show that the operatet, satisfies the hypotheses of Lemma 3.1.

. k 1 _
Firstof ally(Ap) = ? T < < 1, and using (2) we get
Ca' 8 Ca',3

inf [[Aox| > .
A0, [ ozll > sup [jz]

Now setf. = inf,coq ||Aox|, thens. = L Set alsoar = sup,cpq ||z||. To see
kCa/ﬂ +é
/
L, then by (2) we havex < o, < 3. and thus
kca/”g +e€

Ca,p. < Car .. SiNCe by Lemma 2.2, we havg: 5. = c g, We obtainc, s, < co 5. Thus we find

kcq, _
P(Ao)cap. = kcfgis < 1, and by Lemma 3.1, we infénd (A4, 2) = 0.

that¢(Aop)ca,p. < 1 we putal =

Then we set (s,z) = sAz + (1 — s)Apz for (s,x) € [0,1] x Q. ThenH is y)-condensing
andH (s,z) # x for (s,z) € [0,1] x 9Q2. Consequently, by the homotopy invariance of the index
we obtainind(A, Q) = ind(Ay, ©2), hence the result. O

As a corollary we obtain [7, Theorem 3.2].

Corollary 3.3 — LetA : Q — X be ak-y-contraction § < 1), satisfying

inf || Az|| > KWy (X .
nf [|Az]] p(X) sup [lz]

Assume that one of the following conditions holds:
(i) EWy(X) < 1andAz # Az forx € 0Q andkWy,(X) < A < 1;

(i) kW, (X) > 1.

Thenind(A4, Q) = 0.

As for the estimates of the parametgrs and of the W8ko constaniV,,(X') we observe what
follows.
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Remark3.4 : Given0 < o < @ and a mapG, 3 € S,z We can define a retractioR :
Bg(X) — S3(X) by Rx = ﬁ”ga’ﬁxn. Then for anyM C Bg(X) we have
a7ﬁ x
p
C [
RM C [0, p} G, M,
which impliesy(R) < éw(Gpﬁ). Therefore we havél, (X) < écaﬁ, which shows that start-
p e}

ing from the mapG, g the estimate of the Wako constaniV,,(X) increases, with respect to the

g

estimate of the constany, g, of a factor— > 1.
(0}

Evidently Theorem 3.2 and Corollary 3.3 are equivalent in any Banach sfaicewhich
Wy (X) = 1. Next we see that Theorem 3.2 extendgtoondensing operators.

Theorem3.5— Let A : Q — X be1-condensing and set = inf,csq || Ax||. Suppose that
there existsy’ such that
inf ||Az|| > o > cy . 3
Jnf [[Az] =o' >c ,ﬂmseua%llfv!\ 3
Thenind(A4, ©2) = 0.

PrROOF: The proof is analogous to that of Theorem 3.2.

4. EIGENVECTORS ANDFIXED POINT THEOREMS
The following corollary generalizes the Birkhoff-Kellogg [4] theoremktg)-contractions.

Corollary 4.1 — LetA : Q — X with ¢)(A) = k (for anyk > 0). Let 3 = inf,cpq || Az| and
assume that there exists such that

inf [|[Az|| > o >k 5 )
Jnf A7) > of > ke g sup o]

Then there exish > kc, g andzxy € 022 such that\xzy = Ax,, and also there exigt <
—kcy g andzx,, € 092 such thajur, = Ax,.

PROOF: Assume by contradiction that
Ax # Ax 4
for z € 0 and\ > ke, g. Chooses > 0 such that
inf ||A > (key
Jnf llAz]| > (kears +¢) sup |||

and let4, : Q — X be defined by
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Then 4 is a stricts)-contraction withy)(Ag) =

3 . o .
= ——. Settinga, = —  we find
kcagg + € kcagg +e€

ke g+e Setf: = infieoq || 4oz, then

Be

inf |[Aoz|| > af > ¢(Ao)car,p. sup |z]]-
€N €N

Moreover,Agx # Az for x € 02 and0 < A < 1. Thus the operatad satisfies the hypotheses
of Theorem 3.2, hencad(Ay, 2) = 0.

Set nowH (s,z) = (1 — s)Apx for (s,z) € [0,1] x Q. ThenH is ¢-condensing. Since
((1—8)/(kca/,g+€))_l > ke g, fors € [0, 1), using (4) we havelz # ((1—8)/(]{,‘00/’54-6))_11’
for (s,x) € [0,1) x 9. MoreoverH (1,z) = 0 for z € Q, thus on the one hanH (s, z) # x for
(s,z) € [0,1] x 02 and on the other hand from prope(ts) it follows ind(H (1,-),2) = 1. By
the homotopy invariance of the index we ged(Ag, ©2) = 1, which is a contradiction.

The last assertion follows by considering in the above predfin place ofA. |
We end this note by establishing some fixed point results.

Corollary 4.2 — Let); and2, be bounded open sets ¥, such thab € Q; and Q; C Qo,
and letA : Qs — X with ¢(A) = k < 1. Let 3; = inf,epq, ||Az||, fori = 1,2. Suppose that one
of the following conditions holds:

(a) there existsy; such thatic,, 5, < 1and

infyeaq, [[Azl| > o > keqr g, SUPzeaq, |2 ]|
Ax # Mz x € 08y, ke, g <A <1

Ax # vr xr €I, v>1

(b) there existsy, such thatc,; 5, < 1 and

infreaq, |Az| = af > kcay g, sup,eaq, ||z
Ax # Mz x € 08, kcay g, <A <1

Ax # vr r €I, v>1

(c) there existsy; such thatc,; 3, > 1 and

infoeaq, [[Az| = oy > kcay 5, SuPseaq, (2]

Az # vx x €0y, v>1.
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(d) there existsy, such thatc,, 5, > 1 and

infoeon, [|Az]| > ab > keay g, Subeon, [12]

Az # vr €00, v>1.

ThenA has at least one fixed point 61 \ €.

PROOF: We prove the result in the first case @f). If A has no fixed points 0A$2; U 09,
then by Theorem 3.2, we have il ©2;) = 0. On the other hand, by the Leray-Schauder Theorem
(see [1, Theorem 3.2.3]) it follows that iad, 22) = 1. Consequently we get

ind(A, QQ \ﬁl) = ind(A, Qg) - ind(A, Ql) =1.

By the solution property of the index, has at least one fixed point 61 \ 1, hence the thesis.
The other cases can be proved similarly. O
The cases (a) and (b) of Corollary 4.2 can be reformulated in terms of the norms.

Corollary 4.3 — Let{; and{), be bounded open sets i, such thap € Q; andQ; C Q.
Let A: Qy — X with(A) =k < 1. Let3; = inf,epq, || Az|, fori = 1,2.

Suppose either there exigt$ such thaﬂccaflﬁl < land
infyeaq, [[Azl| > o) > kear g, SUPzean, 17|l
[Az|| = [|l| x €0
[Az]| < || z € 0o,
or there exists; such thatic,, 3, < 1 and
infzean, [[Azl| > of > keay, 5, SuPLeoq, 17|
[Az]| = ||| x € 00

[ Az < ] z € 0.

ThenA has at least one fixed point 61 \ ;.
Finally reasoning as in Corollary 4.2, we get the following:

Corollary 4.4 — Let); and); be bounded open sets i, such that) € Q; and Q; C Q»,
and let4 : Oy — X be a-condensing operator. Lgt = inf,coq, ||Az||. Suppose that one of the
following conditions holds:
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There existsy] such that
infzep, [[Az|| = of > cay g, SUPLen, [12]]
Ax #vx xedfdy, v>1
or there existsy, such that

infeeon, |Az]| > af > cay 6, SuPseon, [|2]]

Ax # vx x e, v>1

ThenA has at least one fixed point {2, \ Q.

The results of this section yield the corresponding results of [7].
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