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We investigate boundary conditions for strict-ψ-contractive andψ-condensing operators. We

derive results on the existence of eigenvectors with positive and negative eigenvalues and we

obtain fixed point theorems for classes of noncompact operators.
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1. INTRODUCTION

The fixed point index forψ-condensing operators (see [12] and [1] for an axiomatic approach) has

proved to be relevant to the existence problems of fixed points and eigenvectors for operators and

solutions of various kinds of nonlinear integral equations and nonlinear differential equations. In

particular, ifA is a compact operator the fixed point index agrees with the Leray-Schauder degree,

deg(I −A, Ω, 0), of I −A onΩ relative to the point zero.

A well known result of Guo in [10, Lemma 1] states that if a compact operatorA : Ω → X,

defined on the closure of a bounded open setΩ of an infinite-dimensional Banach spaceX, satisfies

(i) infx∈∂Ω ||Ax|| > 0 and (ii) Ax 6= λx for x ∈ ∂Ω and0 < λ ≤ 1, then the Leray-Schauder

degree deg(I −A,Ω, 0) = 0.
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This theorem has been generalized to strict-ψ-contractive operators, by strengthening the bound-

ary condition(i) (see, for example, [13, 14]). In [7] the result has been generalized replacing (i)

with the following condition

inf
x∈∂Ω

‖Ax‖ > kWψ(X) sup
x∈∂Ω

‖x‖ (1)

which depends on the Wośko constantWψ(X) of the spaceX and is optimal whenWψ(X) = 1.

Though it has been shown thatWψ(X) = 1 in certain classes of Banach spaces, the problem

whether this is true in any Banach spaceX is open. Aim of this note is to give a formulation of

Guo’s theorem for strict-ψ-contractive (andψ-condensing) operators under an hypothesis that looks

weaker than (1) in Banach spacesX in which the known estimate ofWψ(X) is greater than1. Then

we derive results on the existence of eigenvectors with positive and negative eigenvalues and we

obtain fixed point theorems for classes of noncompact operators (see also [11] for related results).

2. PRELIMINARIES

Throughout this noteX is an infinite-dimensional real Banach space. We denote byBr(X) = {x ∈
X : ‖x‖ ≤ r} and bySr(X) = {x ∈ X : ‖x‖ = r}, respectively, the closed ball and the sphere

of radiusr > 0 in X. We use the shortcutB(X) andS(X) instead ofB1(X) andS1(X). All the

maps considered in what follows are assumed to be continuous.

We recall that for a bounded setM in X: the Kuratowski measure of noncompactnessα(M)
is the infimum of allε > 0 such thatM admits a finite covering by sets of diameter at mostε; the

lattice measure of noncompactnessβ(M) is the supremum of allε > 0 such thatM contains a

sequence{xn} with ||xm− xn|| ≥ ε, for m 6= n; the Hausdorff measure of noncompactnessγ(M)
is the infimum of allε > 0 such thatM admits a finiteε-net inX.

We refer to [3] for all details. In the followingψ ∈ {α, β, γ}.

Given an operatorF : dom(F ) ⊆ X → X we denote by

ψ(F ) = inf{ k ≥ 0 : ψ(FM) ≤ kψ(M) for every boundedM ⊆ dom(F )}

the ψ-norm of F . The operatorF is called ak-ψ-contraction ifψ(F ) ≤ k, in particularF is

called a strict-ψ-contraction if it is ak-ψ-contraction for somek < 1. The operatorF is calledψ-

condensing ifψ(FM) < ψ(M) for each boundedM ⊆ dom(F ) which is not relatively compact.

Assumingdom(F ) bounded, then every strict-ψ-contractive operator isψ-condensing.

ThroughoutΩ is a bounded open subset ofX containing the origin0. Denote byΩ and∂Ω the

closure and the boundary ofΩ, respectively. WhenA : Ω → X is ψ-condensing and has no fixed

points on∂Ω the fixed point indexind(A, Ω) of A onΩ (see [1]) has the basic properties as follows:
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(P1) (Homotopy invariance) IfH : [0, 1]×Ω → X is continuous and such thatψ(H([0, 1]×M)) <

ψ(M) for eachM ⊂ Ω with ψ(M) > 0, i.e.,H is ψ-condensing, and ifH(s, x) 6= x for all

(s, x) ∈ [0, 1]× ∂Ω, then ind(H(0, ·), Ω) = ind(H(1, ·), Ω).

(P2) (Additivity) If Ui, i = 1, 2, · · · , are pairwise disjoint open subsets ofΩ such thatA has no

fixed points onΩ\∪∞i=1Ui, then the indicesind(A,Ui) are defined for alli, only finitely many

of them are different from zero, and ind(A, Ω) =
∑∞

i=1 ind(A,Ui).

(P3) If Ax ≡ x0, with x0 ∈ Ω, thenind(A,Ω) = 1.

(P4) If Ax ≡ x0, with x0 /∈ Ω, thenind(A,Ω) = 0.

(P5) (Solution property) Ifind(A, Ω) 6= 0, thenA has at least one fixed point inΩ.

Moreover we recall the following result on the invariance of the index.

Theorem2.1 [Theorem 3.4.3] — LetA, F : Ω → X beψ-condensing. IfA andF coincide on

∂Ω and have no fixed points on∂Ω, thenind(A,Ω) = ind(F, Ω).

It is well-known that in the infinite-dimensional setting there is always a retractionR from

B(X) ontoS(X). Moreover we observe that given such a retractionR, then for anyr > 0 the map

Rr defined byRr(x) = rR(x
r ) is a retraction fromBr(X) ontoSr(X) such thatψ(R) = ψ(Rr).

In this connection, the quantitative characteristic

Wψ(X) = inf {k ≥ 1 : ∃ a retractionR : B(X) → S(X) with ψ(R) ≤ k}

has been introduced by Wośko in [16]. The estimate ofWψ(X) is of interest in problems of non-

linear analysis (see, for example, [2, 7, 9]). Concerning general results, in [15] it was proved that

Wψ(X) ≤ 6 for any infinite-dimensional Banach spaceX, reaching the value4 or 3 depending on

the geometry of the space. Moreover, it has been proved thatWγ(X) = 1 in some Banach spaces

of continuous functions [5, 16] and in some classical Banach spaces of measurable functions [6]. In

[2] it is proved thatWψ(X) = 1 in Banach spaces whose norm is monotone with respect to some

basis.

We observe that there is no unified method to evaluateWψ(X), most of the evaluations have

required individual constructions in each spaceX. However, a standard way to construct a retraction

from B(X) ontoS(X) is that of normalizing a map which coincides with the identity onS(X) and

mapsB(X) out of a ballBr(X) of radiusr < 1 (or possibly mapsB(X) into X \ {0}). In this

connection it is of some interest for any0 < ρ ≤ β to define another geometrical characteristic

cψ(ρ, β, X) of the spaceX. Denote bySρ,β the set of all continuous mapsGρ,β : Bβ(X) → X

satisfying the following conditions:

(1) Gρ,β x = x for all x ∈ Sβ(X),
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(2) ‖Gρ,β x‖ ≥ ρ for all x ∈ Bβ(X).

We observe that since there is always a retraction fromBβ(X) onto Sβ(X), the setSρ,β is

nonempty. MoreoverSρ2,β ⊆ Sρ1,β whenever0 < ρ1 < ρ2 ≤ β.

Now we put

cψ(ρ, β, X) = inf
Gρ,β∈Sρ,β

ψ(Gρ,β).

As no confusion can arise we write brieflycρ,β instead ofcψ(ρ, β, X). The mapρ → cρ,β is

clearly nondecreasing, moreover it is right-continuous. Indeed, given0 < ρ0 < β andGρ0,β ∈
Sρ0,β, we choose for anyρ0 < ρ ≤ β the mapGρ,β ∈ Sρ,β defined by

Gρ,β x =





Gρ0,β x if ‖Gρ0,β x‖ ≥ ρ

ρ
Gρ0,β x

‖Gρ0,β x‖ if ρ0 ≤ ‖Gρ0,β x‖ < ρ.

For anyM ⊆ Bβ(X) we set

M1 = {x ∈ M : ‖Gρ0,β x‖ ≥ ρ} andM2 = {x ∈ M : ρ0 ≤ ‖Gρ0,β x‖ < ρ},

then

Gρ,βM1 = Gρ0,βM1 and Gρ,βM2 ⊆
[
0,

ρ

ρ0

]
·Gρ0,βM2.

Beingψ(Gρ,βM) = max{ψ(Gρ,βM1), ψ(Gρ,βM2)}we easily obtainψ(Gρ,βM) ≤ ρ

ρ0
ψ(Gρ0,βM).

Henceψ(Gρ,β) ≤ ρ

ρ0
ψ(Gρ0,β) andlimρ→ρ+

0
ψ(Gρ,β) ≤ ψ(Gρ0,β) from which the right-continuity

follows.

We observe that for0 < ρ ≤ β we have1 ≤ cρ,β ≤ Wψ(X) and cβ,β = Wψ(X) in any

infinite-dimensional Banach spaceX. Moreover, in some Banach spacesX (cfr. [5, 6, 8, 16]) there

are examples, for any0 < ρ < 1, of 1-γ-contractive mapsGρ,1. In contrast, in the same spaces,

for anyε > 0 there is a retractionR : B(X) → S(X) such thatγ(R) ≤ 1 + ε, but it is unknown

whether there is a retraction withγ(R) = 1.

Lemma2.2 — Let0 < α < β. Setαt =
α

t
andβt =

β

t
for somet > 0.

Thencαt,βt = cα,β.

PROOF: To eachρ ∈ [α, β] associateρt =
ρ

t
∈ [αt, βt] and for anyGρ,β ∈ Sρ,β define the map

Gρt,βt : Bβt(X) → X by Gρt,βt(x) =
1
t
Gρ,β(tx). Then we have

(1) Gρt,βt x = x for all x ∈ Sβt(X),
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(2) ‖Gρt,βt x‖ ≥ ρt for all x ∈ Bβt(X),

so thatGρt,βt ∈ Sρt,βt and moreoverψ(Gρt,βt) = ψ(Gρ,β). Therefore we findcαt,βt = cα,β. 2

3. MAIN RESULTS

We generalize Guo’s result to strict-ψ-contractions andψ-condensing operators under a condition

which depends on the parametercα,β (for suitable numbersα andβ). The condition seems to arise

in a natural way from the geometry of the spaceX.

Lemma3.1 — LetA : Ω → X with ψ(A) < 1 and

inf
x∈∂Ω

‖Ax‖ > sup
x∈∂Ω

‖x‖.

Setα = supx∈∂Ω ‖x‖ andβ = infx∈∂Ω ‖Ax‖ and assume thatψ(A)cα,β < 1.

Thenind(A, Ω) = 0.

PROOF : Sinceψ(A)cα,β < 1 and the mapρ → cρ,β is right-continuous we can findρ ∈ (α, β]
andGρ,β ∈ Sρ,β such thatψ(A)ψ(Gρ,β) < 1. DefineL : X → X by

Lx =





Gρ,β x if x ∈ Bβ(X)

x if x ∈ X \Bβ(X)

andF : Ω → X by settingFx = L(Ax). Thenψ(F ) = ψ(Gρ,β)ψ(A) < 1. On the other hand we

have‖Fx‖ ≥ ρ for all x ∈ Ω. Sinceρ > α, we get

inf
x∈Ω

‖Fx‖ > sup
x∈∂Ω

‖x‖,

henceF has no fixed points onΩ. By the solution propertyind(F, Ω) = 0. SinceA andF coincide

on∂Ω, by the invariance of the index we findind(A,Ω) = ind(F, Ω) which completes the proof.

The following is the main result of the section.

Theorem3.2— Let A : Ω → X with ψ(A) = k < 1. Let β = infx∈∂Ω ||Ax|| and assume that

there isα′ such that

inf
x∈∂Ω

‖Ax‖ ≥ α′ > kcα′,β sup
x∈∂Ω

‖x‖.

Assume also thatAx 6= λx for x ∈ ∂Ω andkcα′,β < λ ≤ 1, if kcα′,β < 1.

Thenind(A, Ω) = 0.
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PROOF : Chooseε > 0 such that

inf
x∈∂Ω

‖Ax‖ ≥ α′ > (kcα′,β + ε) sup
x∈∂Ω

‖x‖, (2)

and letA0 : Ω → X be defined by

A0x =
1

kcα′,β + ε
Ax.

We show that the operatorA0 satisfies the hypotheses of Lemma 3.1.

First of allψ(A0) =
k

kcα′,β + ε
<

1
cα′,β

≤ 1, and using (2) we get

inf
x∈∂Ω

‖A0x‖ > sup
x∈∂Ω

‖x‖.

Now setβε = infx∈∂Ω ‖A0x‖, thenβε =
β

kcα′,β + ε
. Set alsoα = supx∈∂Ω ‖x‖. To see

that ψ(A0)cα,βε < 1 we put α′ε =
α′

kcα′,β + ε
, then by (2) we haveα < α′ε ≤ βε and thus

cα,βε ≤ cα′ε,βε . Since by Lemma 2.2, we havecα′ε,βε = cα′,β, we obtaincα,βε ≤ cα′,β. Thus we find

ψ(A0)cα,βε =
kcα,βε

kcα′,β + ε
< 1, and by Lemma 3.1, we inferind(A0, Ω) = 0.

Then we setH(s, x) = sAx + (1 − s)A0x for (s, x) ∈ [0, 1] × Ω. ThenH is ψ-condensing

andH(s, x) 6= x for (s, x) ∈ [0, 1] × ∂Ω. Consequently, by the homotopy invariance of the index

we obtainind(A, Ω) = ind(A0, Ω), hence the result. 2

As a corollary we obtain [7, Theorem 3.2].

Corollary 3.3 — LetA : Ω → X be ak-ψ-contraction (k < 1), satisfying

inf
x∈∂Ω

||Ax|| > kWψ(X) sup
x∈∂Ω

||x||.

Assume that one of the following conditions holds:

(i) kWψ(X) < 1 andAx 6= λx for x ∈ ∂Ω andkWψ(X) < λ ≤ 1;

(ii) kWψ(X) ≥ 1.

Thenind(A, Ω) = 0.

As for the estimates of the parametercα,β and of the Wósko constantWψ(X) we observe what

follows.
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Remark3.4 : Given0 < α < β and a mapGα,β ∈ Sα,β we can define a retractionR :

Bβ(X) → Sβ(X) by Rx = β
Gα,β x

‖Gα,β x‖ . Then for anyM ⊆ Bβ(X) we have

RM ⊆
[
0,

β

ρ

]
·Gρ,βM,

which impliesψ(R) ≤ β

ρ
ψ(Gρ,β). Therefore we haveWψ(X) ≤ β

α
cα,β, which shows that start-

ing from the mapGα,β the estimate of the Wośko constantWψ(X) increases, with respect to the

estimate of the constantcα,β, of a factor
β

α
≥ 1.

Evidently Theorem 3.2 and Corollary 3.3 are equivalent in any Banach spaceX in which

Wψ(X) = 1. Next we see that Theorem 3.2 extends toψ-condensing operators.

Theorem3.5 — Let A : Ω → X beψ-condensing and setβ = infx∈∂Ω ‖Ax‖. Suppose that

there existsα′ such that

inf
x∈∂Ω

‖Ax‖ ≥ α′ > cα′,β sup
x∈∂Ω

‖x‖. (3)

Thenind(A, Ω) = 0.

PROOF : The proof is analogous to that of Theorem 3.2.

4. EIGENVECTORS ANDFIXED POINT THEOREMS

The following corollary generalizes the Birkhoff-Kellogg [4] theorem tok-ψ-contractions.

Corollary 4.1 — LetA : Ω → X with ψ(A) = k (for anyk > 0). Let β = infx∈∂Ω ‖Ax‖ and

assume that there existsα′ such that

inf
x∈∂Ω

‖Ax‖ ≥ α′ > kcα′,β sup
x∈∂Ω

‖x‖.

Then there existλ > kcα′,β andxλ ∈ ∂Ω such thatλxλ = Axλ, and also there existµ <

−kcα′,β andxµ ∈ ∂Ω such thatµxµ = Axµ.

PROOF : Assume by contradiction that

λx 6= Ax (4)

for x ∈ ∂Ω andλ > kcα′,β. Chooseε > 0 such that

inf
x∈∂Ω

||Ax|| > (kcα′,β + ε) sup
x∈∂Ω

||x||

and letA0 : Ω → X be defined by

A0x =
1

kcα′,β + ε
Ax.
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ThenA0 is a strict-ψ-contraction withψ(A0) =
k

kcα′,β + ε
. Setβε = infx∈∂Ω ‖A0x‖, then

βε =
β

kcα′,β + ε
. Settingα′ε =

α′

kcα′,β + ε
we find

inf
x∈∂Ω

||A0x|| ≥ α′ε > ψ(A0)cα′ε,βε sup
x∈∂Ω

||x||.

Moreover,A0x 6= λx for x ∈ ∂Ω and0 < λ ≤ 1. Thus the operatorA0 satisfies the hypotheses

of Theorem 3.2, henceind(A0, Ω) = 0.

Set nowH(s, x) = (1 − s)A0x for (s, x) ∈ [0, 1] × Ω. ThenH is ψ-condensing. Since

((1−s)/(kcα′,β +ε))−1 > kcα′,β, for s ∈ [0, 1), using (4) we haveAx 6= ((1−s)/(kcα′,β +ε))−1x

for (s, x) ∈ [0, 1) × ∂Ω. MoreoverH(1, x) ≡ 0 for x ∈ Ω, thus on the one handH(s, x) 6= x for

(s, x) ∈ [0, 1] × ∂Ω and on the other hand from property(P3) it follows ind(H(1, ·), Ω) = 1. By

the homotopy invariance of the index we getind(A0, Ω) = 1, which is a contradiction.

The last assertion follows by considering in the above proof−A in place ofA. 2

We end this note by establishing some fixed point results.

Corollary 4.2 — LetΩ1 andΩ2 be bounded open sets inX, such that0 ∈ Ω1 and Ω1 ⊂ Ω2,

and letA : Ω2 → X with ψ(A) = k < 1. Let βi = infx∈∂Ωi ‖Ax‖, for i = 1, 2. Suppose that one

of the following conditions holds:

(a) there existsα′1 such thatkcα′1,β1
< 1 and





infx∈∂Ω1 ‖Ax‖ ≥ α′1 > kcα′1,β1
supx∈∂Ω1

‖x‖

Ax 6= λx x ∈ ∂Ω1, kcα′1,β1
< λ < 1

Ax 6= νx x ∈ ∂Ω2, ν > 1

(b) there existsα′2 such thatkcα′2,β2
< 1 and





infx∈∂Ω2 ‖Ax‖ ≥ α′2 > kcα′2,β2
supx∈∂Ω2

‖x‖

Ax 6= λx x ∈ ∂Ω2, kcα′2,β2
< λ < 1

Ax 6= νx x ∈ ∂Ω1, ν > 1

(c) there existsα′1 such thatkcα′1,β1
≥ 1 and





infx∈∂Ω1 ‖Ax‖ ≥ α′1 > kcα′1,β1
supx∈∂Ω1

‖x‖

Ax 6= νx x ∈ ∂Ω2, ν > 1.
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(d) there existsα′2 such thatkcα′2,β2
≥ 1 and





infx∈∂Ω2 ‖Ax‖ ≥ α′2 > kcα′2,β2
supx∈∂Ω2

‖x‖

Ax 6= νx x ∈ ∂Ω1, ν > 1.

ThenA has at least one fixed point onΩ2 \ Ω1.

PROOF : We prove the result in the first case of(a). If A has no fixed points on∂Ω1 ∪ ∂Ω2,

then by Theorem 3.2, we have ind(A, Ω1) = 0. On the other hand, by the Leray-Schauder Theorem

(see [1, Theorem 3.2.3]) it follows that ind(A, Ω2) = 1. Consequently we get

ind(A,Ω2 \ Ω1) = ind(A, Ω2)− ind(A, Ω1) = 1.

By the solution property of the index,A has at least one fixed point onΩ2 \Ω1, hence the thesis.

The other cases can be proved similarly. 2

The cases (a) and (b) of Corollary 4.2 can be reformulated in terms of the norms.

Corollary 4.3 — LetΩ1 andΩ2 be bounded open sets inX, such that0 ∈ Ω1 andΩ1 ⊂ Ω2.

Let A : Ω2 → X with ψ(A) = k < 1. Let βi = infx∈∂Ωi ‖Ax‖, for i = 1, 2.

Suppose either there existsα′1 such thatkcα′1,β1
< 1 and





infx∈∂Ω1 ‖Ax‖ ≥ α′1 > kcα′1,β1
supx∈∂Ω1

‖x‖

‖Ax‖ ≥ ‖x‖ x ∈ ∂Ω1

‖Ax‖ ≤ ‖x‖ x ∈ ∂Ω2,

or there existsα′2 such thatkcα′2,β2
< 1 and





infx∈∂Ω2 ‖Ax‖ ≥ α′2 > kcα′2,β2
supx∈∂Ω2

‖x‖

‖Ax‖ ≥ ‖x‖ x ∈ ∂Ω2

‖Ax‖ ≤ ‖x‖ x ∈ ∂Ω1.

ThenA has at least one fixed point onΩ2 \ Ω1.

Finally reasoning as in Corollary 4.2, we get the following:

Corollary 4.4 — LetΩ1 andΩ2 be bounded open sets inX, such that0 ∈ Ω1 and Ω1 ⊂ Ω2,

and letA : Ω2 → X be aψ-condensing operator. Letβi = infx∈∂Ωi ‖Ax‖. Suppose that one of the

following conditions holds:
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There existsα′1 such that




infx∈∂Ω1 ‖Ax‖ ≥ α′1 > cα′1,β1
supx∈∂Ω1

‖x‖

Ax 6= νx x ∈ ∂Ω2, ν > 1

or there existsα′2 such that




infx∈∂Ω2 ‖Ax‖ ≥ α′2 > cα′2,β2
supx∈∂Ω2

‖x‖

Ax 6= νx x ∈ ∂Ω1, ν > 1.

ThenA has at least one fixed point inΩ2 \ Ω1.

The results of this section yield the corresponding results of [7].
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