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Let Ir(G) denote the augmentation ideal of the group algét{@d) of a groupG with coefficients
in a commutative ringk. We give a complete description of the third relative dimension
subgroupG N (1 + Ir(K)Ir(G) + I}(G)) and the second relative Fox subgra@p (1 +
Ir(K)Ir(H) + I%(G)Ig(H)) for any subgroup® andH of G.
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1. INTRODUCTION

It is a classical problem to study the link between filtrations of groups and of their group alge-
bras. There are mainly two cases much studied in the literature, namely dimension subgroups and
Fox subgroups. As to the first, fix a commutative ring of coefficieRtswith unit 1z. Now an
appropriate filtration of a grou” (by an N-seriesV' = {N,} or a restricted N-series) gives rise

to a descending filtration of the group algelita’) by idealsI}; ,/(G), see [16, 111.1.5] or sec-

tion 2 below. For example, the lower central seriesG = G1 O G2 D --- of G induces the
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filtration by the powerd(G) of the augmentation idedlz(G) of R(G). Pulling back the in-
duced filtration{%; ,/(G)} to G defines the series of dimension subgroups with respest 1d,
D{XR(G) = G N (1g + I 5(G)). Now the so-called dimension subgroup problem asks whether
the canonical inclusiodV,, C D{}{R(G) is an equality. For classical dimension subgrolpsG)

this is true forn < 3 and is now known to be false for all > 4, by means of counterexamples
due to Rips [18]4¢ = 4) and later by Gupta [5]1{ > 4). While their method is combinatorial,

a homological approach to the problem was inaugurated by Passi, from where the notion of di-
mension subgroups relative to a subgrdipf G emerged in a natural way: these are defined by
D{){R(G, K) =GN g+ Ir(K)Ir(G) + I}, (G)). Since then, they proved more and more to

be an appropriate tool for the study of the classical dése {1}. Many qualitative properties of
relative dimension subgroups were established, notably by Kuz’'min [12]. Nevertheless, the main
problem, concerning their explicit computation, remains difficult, even in low dimensiolgith

regard to the ring of coefficients, onD;R(G), n < 3, seems to be known for all commutative
rings R, by work of Sandling [20]. Focussing dR = Z, the “relative” analogue of the classical
dimension subgroup problem asks when the inclugietv,, C D%Z(Gj K) is an equality. This is

true forn < 2, and various conditions off and K were exhibited in the literature ensuring that it
also holds fom = 3. In the first part of this paper we compumg\fR(G, K) in general and show

that equality does not always hold, the minimal counterexampld/fes v and R = Z being of
order2°. We note that the computation ﬁfgz(G, K), achieved and distributed by the author in
1994, was reproved by Tahara, Vermani and Razdan by different methods in [17].

In the second part of the paper we unify the study of relative dimension subgroups with the one
of Fox subgroupgs N (1 + I4(G) Ir(H)) for a subgroupH of G. After a long history (for a
review see [4] or [3]), they are now completely known for free groGpdV’ = v, R = Z), thanks
to work of Gupta, Hurley and Yunus. The case of arbitrary groups is much harder;#o2 (and
R = 7Z2) the problem was solved by Curzio and Gupta in [3] but seems to be completely open for
n > 2. On the other hand, a first case of a relative version of Fox subgroups was considered in
[17] where the grous N (1 + Iz (K)Iz(H) + 1%,(G)Iz(H)) is determined fofl normal andk’
being a specific subgroup 6f containing[H, G]. Generalizing the two last-mentioned results we
here determine the groupN (1g + Ir(K) Ir(H) + I%(G) Ir(H)) for any subgroup#/, K of G
and coefficient rings.

Although the latter result formally includes the cdde= G treated in section 2 by a different
method, the result obtained there is much simpler and does not seem to be easily deducible from
the more general formula in Section 3. Nor it seems possible to generalise the method of section 2
to the latter case, because of the essential difference of the behaviour of additive and of quadratic
functors (like the tensor squa@2 and the symmetric squasP? of abelian groups) with respect
to subgroups.
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2. THE THIRD RELATIVE DIMENSION SUBGROUP

Recall the notation from the introduction. In particular, recall that an N-sgvies {V;} is a
descending chain of subgroups
G=N;DNyD...D1

such that{N;, N;] C Niy; (with [a,b] = aba='b~! for a,b € G). An N-seriesN\ induces a
descending chain of two-sided ideals

R(G)DIpnyDIpNyD...20
by defining!}; ,, to be theR-submodule of?(G) generated by the elements

(g —1)---(ar —1), r>1,a; € Ni,suchthak; + ...+ k, > n.

For a subgroug of G andn > 1 define

DNW(G K) =GN (1g + Ig(K)Ir(G) + If 5 (G)) -

Note that forn = 3 the case of an arbitrary N-serids can be reduced to the casdé = ~ by
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the identityDg\fR(G, K)/Ns = DJ(G/N3, KNy/N3), but we do not make use of this reduction as

our method genuinly works for any N-series.

The main goal of this section is to prove the following result.

Theorem2.1— Let G be a group, K a subgroup/ an N-series of G and R a commutative ring

with unit1. Then

DYR(G.K) =UoNsZy ] t,(G modUyN3) N (Upe NsG™)
pEo(R)
podd

where
o Un = sgp{[a,b*] | a,b € G,k € Z, a* bF € KN,G™};

e o(R) = {plpis aprime and" R = p"' R for somen > 0}, and forp € o(R), p¢ = p?)
is the smallest power gf for whichp®R = p°*T'R;

e t,(G modUyN3) ={g € G| g*"" € UyNs for somek > 0};

o 7y = {1} if 2 ¢ o(R), elseZy = to(G modUyN3) N (Uze@)NgG?e(QmV?e@)), where
V={geG|g@ e KN,G*?}if e(2) >0andV = G else
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For the proof one first reduces to the cdse= ZZ/mZ via the "universal coefficient decom-
position” obtained in Theorem 1 of [8]. Then what remains to prove is the following.

Theorem2.2— Let G be a group K a subgroup V" an N-series of G aneh > 0. If m is even
letV = {a € G| a"/? € KN,G™}. Then

DYz (G,K) = UyNs

Dé\,/Z/mZ(G7 K) =U,N3sG™ if misodd
DévZ/mz(Gv K) = Uy, NsG*™V™ if mis even. O

For K = {1} one rediscovers a result of Sandlifgp]. Some other special cases are resembled
in the following

Corollary 2.3 — The inclusionks, N3 C DQ’Z(G, K) is an equality if one of the following
conditions holds:

1. [K,G] C G35 (cf. [16, Theorem 5.9]);

2. there exists a normal subgrolp C G such thatz = NK and N N K is central inG (cf.
[11]);

3. K is normal and>/ K is cyclic (cf. [16, Theorem V.5.4]);

4. one of the following three groups is torsion-freg@/ K, G5 (cf. [11]),
[G, K]Gg/KQGg or G/KGQ;

5. the abelian groug{ G /G5 is divisible. O

These facts are easily derived from Theorem 2.2 or the — essentially equivalent — Theorem 2.6.

Nevertheless, Theorem 2.2 surprisingly shows that the incluSighs C D;)”Z(G, K) is not
always an equality, as was suggested by the known partial results reviewed in 2.3. Indeed, we find
counterexamples which agegroups for any prime, see 2.4 below; this is in contrast to the case
of classical dimension subgroups (if€. = 1) which coincide with the terms of the lower central
series ofG unlessgp = 2 (due to a recent result of Gupta).

Example2.4 — Letp be a prime and < r < s. Define

s+1 s+1

G=(zy[l=a" =y

= [z, [z,y]] = [y, [z, yl] ) -

Let K = sgp{z”",y"", [x,y]}. Thenz = [z,y]P" = [z, y’] € D] ,(G,K) by 2.2, butz has
orderp moduloK»G3 = {1}. O
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In order to prove Theorem 2.2, we need to study a related quotient of the group algebra. The
relative polynomial group is defined by

PYR(G, K) = Ir(G)/(Ir(K)IR(G) + Izhi(G)).

It generalizes the well-known polynomial group of Passf},,fR(G) = P,JLYR(G, {1}), see [14]
or also [16]. Also the relative version is implicit in the work of Passi and various other places in
the literature. For a discussion and more properties, in particular of the torsion subgroup and the
torsion-free quotient qu;V’Z(G, K), see [7]. Here we only resemble some elementary properties
in the following

Lemma2.5 — Let K <« G be a normal subgroup. Thdﬂé\fR(G, K) admits a leftR(G/K)-
module structure induced by multiplicationI(G), which makes the canonical map

P G— PYR(GK), am (a—1)+ Ig(K)Ir(G) + IFHHG)

into a (left) derivationg?;,(ab) = aply(b) + plY x(a) for a,b € G. Moreover, there is an exact
sequence oRR(G/K)-linear homomorphisms

'n,Ri P;/L\,[R(ﬂ—)

R® (KNps1/EKaNpi1) =% PNL(G, K) PHY(G/K) — 0,

wherei is induced by the inclusioi’ — G, p;, gi also denotes it&-linear extensionz.\ is the N-
seriest\; = m(N;) with 7 : G—G/K , Py (m){a — 1} = {aK — 1}, and where th&(G/K)-
action on the left-hand term is induced B¥linear extension of th¢G/K)-action induced by
conjugation inG. O

Note that by definition,

KNy N DYy 2(GK)
KoNpiq

Ker(ph z1)

which is nontrivial in general; indeed, in the case= NN,, one rediscovers the classical dimension
subgroup problem, so that in takirtg to be the group of Rips [18]K = G3 and N = v we
have Ke(pgvzi) # {1}. In the next theorem we calculate Kﬁ@(zi) by extending the sequence in
Lemma 2.5 on the left, as follows.

Consider the following part of a six-term exact sequence for the tensor and torsion product of
abelian groups.

Torf (G/K N2, G/KNo) — (G/KN3) ® (KNa/Np) S (G/KNo) @ (G/No)

Jid@q

0 « (G/KNy)® (G/KN>)
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Herej, ¢ are the canonical inclusion and quotient map, respectively. Moreover, commutation in
G induces a homomorphism

[,]: (G/KN3) ® (KN2/Ny) — KN3/K3N3.

Theorem?2.6 — Let K be a normal subgroup of a groud. Then the following sequence of
natural homomorphisms is exact

T Vi PN, (m
TorZ (G/K Ny, G/KNo) 215 KNy /Koy 2 P (6, 1) 2 PRl (6K — 0.

We remark that this result leads to an application in group cohomology with respect to the
variety of nilpotent groups of class 2 [10].

The proof of Theorem 2.6 requires a homological lemma which is useful also elsewhere.

Lemma2.7 — Let A be an abelian group ang I, A a subgroup. Consider the following
homomorphisms

A/B)oB &4 AeB LAnA S A0A ™ (4/B)o A

whereANA = A® A/sgp{a®@alla € A}, and ={a®@d},v(a®@b) =aAb lla®d) =
a®a — a ® a, and wherey is the quotient map. Then

Ker((¢ ® id){) = v(q ® id) 'Tm(7: TorZ(A/B,A/B) — (A/B) ® B),
wherer appears in the following part of a six-term exact sequence,

TorZ(A/B, A/B) - (A/B)® B} (4/B)® A4 (A/B) ® (A/B) — 0.

PROOF: Consider the following commutative square

ANA oAeA P A/BoA
q®q 1d®q
N
(A/B) N (A/B) ~(A/B) ® (A/B)

As the magy is injective for all abelian groups (see [1]), K& ® id)¢) is contained in Kely @ ¢) =
Im(v), whence

Ker((¢ ® id)¢) = wvKer((q® id)lv)
= vKer(g®j)
= vKer((id® j)(q®id))
= v(g®id) 'Ker(id ® j)
= v(q®id) "m(r). O
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PROOF OFTHEOREM 2.6: Consider the following commutative diagram of homomorphisms

(G/N2) A (G/N2) =5 (GIN2) @ (G/Na) 25 (G/KNo) @ (G/No)

|- J» s

NNy R e e L2(0)
ENTTTEN Iz(K)Iz(G) + Iz x(G)

where
c(aNy AbNy) = [a,b]N3, p(aN2 ® bNy) = (a—1)(b— 1) + I}(G),

and whergj is the canonical quotient map apds induced byu. Indeed, Kefg) = pKer(q ® id),

so the right-hand square is a pushout of abelian groups (cf. [19]), as is the left-hand square by the
identity Q37 (G) = ULV (G) = (G/N2) @ (G/N3)/IKer(c) obtained in [6], see also [2] (and
which can also be derived from Passi’s theorem IhatG, (1 (G)) = G, see [16, V.5.9], by using

his technique in [16, VIII.8.7]). So by general nonsense (gluing of pushouts, which is easily verified
by using the universal property), also the exterior rectangle is a pushout. Therefore,

(GN(1+Iz(K)Iz(G) + I3 5 (G)))/Ns = Ker(qp'z) = cKer((q @ id)?)
where the first identity follows from the elementary relations

GN(1+1z(N)z(G)+Iyx(G) C GN(1+1Iz5(G)=N;. (1)

Now apply Lemma 2.7 fod = G/N, andB = K Ny /N,. Then one has
cv Ker(q &® Zd) = CV((KNQ/NQ) X (KN2/N2)) = (K2N3)/N3,

so the result follows from commutativity of the following diagram.

(G/KNo) @ (KNo/No) L0 (G/No) @ (KNo/Na) 2 (G/Na) A (G/No)

J[,] AN Jc O

((KNg)ﬁNQ)/KQN;; — NQ/KQNg — NQ/Ng

PrROOF OFTHEOREM 2.2 : We first observe thak’ may be replaced by the normal subgroup
K NyG™, indeed,

IR(KN2G™) = IR(K) 4+ Ir(N2) + mIp(G) = Ir(K) modI3 \(G),
whence

DYR(G, K) = DYR(G, KN>G™) = NoG™ N (1 + Ir(KN2G™)Ir(G) + I3 1/(G))  (2)
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where the second equation is obtained from the estimate
GN(1r+Ir(KN2G™)IR(G)+ 1} 5 (G)) C GN(1r+1jp(G)) = GN(1r+17(G)+Ir(N2))
together with the isomorphisms

Ir(G)/(IR(G) + Ir(N2)) = R® (G/N2) = G/NoG™,

cf. (11) and (5) below. Together with (1) and Theorem 2.6 we obtain identities

DYg(G KN,G™)  KNoG™ N (1+ Iz(KN2G™)Ig(G) + Iy o (G))
KaN3(G™)2 B KaN3(G™)2
= Ker(pyi)

- Im([, I7: TorZ (G /(K NsG™), G/ (K NaG™)) —
(KNoG™) (Ko Na(G™)2)) - (3)
To make the last term explicit we use the description of the torsion product of abelian groups
and the connecting homomorphism given in [13, V.6]. In fact,(let k, z2) be a generator of

TorZ (G/KNoG™,G /K NoG™), e, k € Z, z; = x;KN2G™ for z; € G such thatz? ¢
KN>G™,i=1,2. Then[, |7(z1, k, T2) = [x1,25], so

noting thatl/,,, containsK»(G™)2. By (2) and (3) this proves the assertion for= 0.

The casem > 0. In the sequel we shall frequently use the canonical identifications
RX 2 X/mX 2 X®R, 1lp@z—zx+mX —zx®I1p (5)

for abelian groups(, and the fact thaf’y) (z ® 1z) = — () (z ® 1R).

We start with the observation thRQ’R(G, KN,G™) = R®P§YZ(G, K N>G™). Now consider
the following commutative diagram.

TorZ (R, SP2(G/KNy,G™)) o R (GN2) N(G/Np) - Re(asidr

R® (G/KN>G™) ® (G/Ns)

Ker((¢ ® id)?)
lu* JR@c lR@u
- R®ph i
TorZ (R, P} 5 (G/KNoG™)) % R@ (KNoG™ [UpNy) o R@ PNy (G, K N,G™)

|
Torf (R, P} z(G/KNoG™)) 5 Torf (R,G/KN,G™) -, R ® SP?(G/KN,G™).
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The lines are parts of the six-term exact sequences associated with the short exact sequences

(G/N) A (G/N2)) Ker((q @ id)0) “22 (G K NG™) @ (G Ng) —L SP2(G/KN,G™)

pé\(zi A Pé,\/z(“)
(KNoG™)/ (U N3) == PRy (G, KNoG™) 2257 P (G /K NaG™)

SPY(G/KN2G™) > PJ 5(G/KN>2G™) L G /K N>G™. (6)

In the first sequencey, denotes the canonical quotient map. The second sequence is obtained
from 2.5, (3) and (4). The third sequence is due to Passi [15], wherel&ites the symmetric
tensor product, anpp; (9K NoG™) = gK N2G™.

Our goal is to compute KéR & pQAsz') = Im(72). First note that tensoring witR = ZZ /mZ
leaves the first sequence unchanged by (5); this impliesthat0. Sor, factors through a map

To: Ker(rg) = Im(ps) = coker(ps) — R® (KNoG™ /Uy, N3)
so that

Im(Tg) = Im(7_'2) . (7)

In order to calculate Két3) we use the canonical identification of ¥aZ /mZ , A) with the
subgroupA,,) of m-torsion elements of an abelian grodp

Lemma2.8 — For an abelian groug andm > 0, one has

A if m is odd;

Ker(7-3: A(m) — (Z/mZ)@SPZ(A)) = { (A( )ﬂA2)A( /2) if m is even.

PROOFE The assertion is true forn = 0 by exactness of sequence (6) and sincenfio= 0,
Ay = A= A(%). So suppose: > 0. Fora € A(,,) one has

m3(a) = 1R®u‘1(mp3,z(a))

— e 5@~ (3 )9l 2 ()

m\ -~
= 1r® <2>a®a.

If m is odd, (') is divisible bym, sor3(a) = 0. Now suppose that: is even. Ifa = xzy,
Y € A(my2), © € A(y such thatr = 22 for somez € A, then

mla) = 1R®2<73>x®5c+1R®2<Tg>m®y+13®(m—1)7;11@24
= 0.
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To prove the converse inclusion, Keg) C (A, mA2)A(m/2), we may by a standard argument
suppose that! is finitely generated. Choose a decompositiod) = P, . Z/p"Z - ap,, of the
torsion subgroup(A) of A. Then anya € A, can be written in the forna = 2211, a;jr with
x € Asuch that:? € A(my, ande, € Z such that;, is odd if it is non-zero. As above, we get

m ~ m ~
r3(a) = Z 1lr® <2 > 2 ay,Baz, + Z 1r ® 2<2>crcs a2,,Qa2 s
T

r<s
m ~
= ZlR ® <2>672" a2 rQag .
r

Now suppose € Ker(rs). Then it follows from the decomposition S®) = B, ., Z /p" Z-
ap,®ap s that ()2 = 0 mod (2", m) for all . This implies thatZc, = 0 mod2" for all r, whence
(I, a5,)% = 1. Thusa € (A N A2) Ay 2, as asserted. O

For A = G/KN2G™ we haveA,,) = A. Write g = gK NoG™ for g € G. Leta € Ker(rs).
Then by the lemmay = z2j wherez, y € G such thaty = 1 if m is odd, andyz € KNoG™ if m
is even. One has

p«(2p3 (%) + P} z(9) = a

and inPéYZ(G,KNgGm),

m (@) + g ) = ™) - <2m>ﬂ(x © 2Ny

Whence
23 (%) + 13 (1) = Poz(m) (205 2 (2) + pb g (v) € (P] z(G/KNsG™)) iy N p5 {a}
and

To(a) = 12(2p3 £() +p3 (1) = 1r® (&*"y"UpnN3) (8)
= 2:-1p® ($mUmN3) +1r® (memNg) .
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The latter equation shows that for odd Im(72) = 1z ® (G™U,,N3 /U, N3). Now abbreviate
VM) = G™ if mis odd, and/ (™) = G2V if m is even. Then by (7) and (8) we obtain

Ker(R ® p}'zi) = Im(r) = Im(%) = 1z ® (V™ U, N3/Up N3) .

Then the factorization

Rp) i
Py gi: KNoG™ —» R@ (KNoG™ /Uy N3)  —" R® PPy(G, KN,G™)

>~ PPL(G,KN,G™)
shows that
KN,G™ N (14 Ir(KN2G™I(G) + I} (G)) = Ker(ph i) = Uy NsV™ |

also noting that’ (™ contains( K NoG™)™. Together with (2) this proves the theorem. O

3. THE THIRD RELATIVE FOX SUBGROUP

We consider the following common generalization of Fox subgroups and of relative dimension
subgroups:

Definition 3.1 — LetG be a group andd, K be subgroups ofs. For a commutative ring?
with unit 1 let Ir(G) denote the augmentation ideal of the group alggbf@). Then define the
“nth relative Fox subgroup with respectih K, R” to be the term

GN(1r+ R(G)Ir(K)Ir(H) + IR(G)Ir(H)), 9)
with n > 0 andI%(G) = R(G).

Note that forH = G and K normal inG this group is the: + 1st relative dimension subgroup
with respect tak introduced by Passi (cf. [16]). On the other hand, &0k {1} we rediscover the
classicalnth Fox subgroup of¥ with respect taH. The mixed casel{ # G andK # {1}) seems
to have first been studied by Tahara, Vermani and Razdan [17] where the group (9) is determined
forn =2, R = Z, H normal and a specific subgrodp of [H, G].

We determine the group (9) far < 2 in full generality, as follows. The case= 0 is elemen-
tary; here
GN(lg+ R(G)Ir(H)) =H, (10)

cf. [8, Lemma 7]. Fom = 1 we have the following.

Proposition3.2 — Letn i denote the characteristic &. Then the following is true, where we
use the notation of Theorem 2.1.
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1. If ng = 0then

GN(1r+Ir(G)Ig(H))=Hy [[ p°tp(H modHy).
pEa(R)
2. If ng > 0then
GN(1g+ Ir(G)Ir(H)) = HyH™" .

PrROOF: Consider the following sequence of homomorphisms

R(G)Ig(H) ., Ir(H) , R®Iz(H)
H/Hy — Ir(G)Ig(H) ~ I3(H) Im(R®IL(H)) R®<

Iz(H)
Iy(H)

> >~ Re(H/H2) (11)

where the first one is given byHs — h—1+1r(G)Ir(H). The composition is the canonical mor-
phismjr: H/Hs — R® (H/H>). By (10) we havdG N (1r + Ir(G)Ir(H)))/H2 = Ker(jr),
which was computed in [8, Lemma 6]. The formula provided there gives the result. O

Forn = 2 one uses the universal coefficient decomposition obtained in [8, Corollary 3] to reduce
from an arbitrary coefficient rin@ to the case thak = Z /mZ, m > 0. Then the computation is
completed by the following result.

Theorem3.3— Let G be a group and{, K be subgroups ofs. Letm > 0andR = Z /mZ..
Then

(4) G N (g + Ip(G)IR(H)) + I%(G)IR(H)) = S ,

S sgp{ T 1K™+ g™ lg = J] 1", all an, by € Z, andvk € H:
h,keH leH

3dj, > 0: k% € HyH™ and [ home—aent(2)0be ¢ K GyGhy |
heH

(i) If H/H, is finitely generated we have the following improvement of (i). Choose a decom-
positionH/HyH™ = @) _, Z/dyZ - (hyHoH™), hy, € H. Then

GO (1g + Ir(K)Ig(H) + I{(G)Ip(H)) = i Hs H™

S19 < sgp{ I (R kgl Hh?l)m | aij,bi € Z, V1 <k <r:

1<i<g<r =1

Hhalk-i- bkah ap;+ b by c KGQGdk}.

i<k i>k
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Remark3.4 : (1) Itis easy to check directly th&tn (1z + [r(K)Ir(H) + I%4(G)Ir(H)) con-
tains the canonical subgroupsV,\™ Ty T, whereVy™ = H™ if m is odd andv,(™) = H2mWym™
wWith W = {h € H | h"/? € KGG™} if m is even,

Ty = sgp{ [, k9] | bk € H, q € Z, h9, k7 € KG2G™}

Ty = sgp{ [h, k] |h € HNKGyG™ k € HNKGyG™GY, q e Z, hi € Hy} .
Note thatT} contains/H N KG2G™ , H N KGyG™).

(2) Compared to the description 6N (12 + 1%,(G)1z(H)) in [3] for finitely generated= the one
given in Theorem 3.3(ii) - apart from being more general (diJyH, H™ finitely generated instead

of G/G5, arbitrary R and K) - has the advantage not to require the choice of elementary-divisor-
compatible generators 6f/Gy and HGy /G2 but just the choice of any basis &f/ Ho H™.

PrROOF OFTHEOREM 3.3 In the sequel we shall frequently use the remarks around (5). Con-
sider the following commutative diagram, where we abbre\iat¢H,)"* = (H/H2) A (H/H>).

(H/H»)"? -5 (H/Hy)® (H/H))® R “““S%  (G/KG2)® (H/Hs) ® R

lc lm l’“‘ (12)

P2,R

Hy/Hy 28 I3(H)/I%(H) 2,

where fora,b,h € H, g € G, andr € R
I((aHz) A (bHy)) = (aG2) ® (bHa) © 15 — (bGa) ® (aHy) ® 1,
c((aHsz) A (bHy)) = aba™*b1Hy ,
prr((aGe) ® (bHa) @ 1) = r(a — 1)(b = 1) + Ip(H) ,
ne,r((9G2) ® (hHz) @ 1) = (g = 1)(h — 1) + Ip(K)Ir(H) + I(G)Ir(H)

and where andj are induced by the inclusioH — G.

By proposition 3.2GN (1g+1r(G)Ir(H)) = HyH™. ModuloIr(K)Ir(H)+1%(G)Ir(H),
we have forh' € Hy,h € H

WR™ —1gp (hf_1R)+m(h—1R)+(?)(h—h%)z

= j(pz,R(h/) + (22) prr(hHy @ hHy ® 1R)> : (13)
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Now we use the crucial fact ([9], Proof of Theorem 3.1) that the right-hand square of diagram
(12) is a cocartesian (or pushout) square which implies thatjiKer 1 rKer(i ® id ® R). Using
this and Proposition 3.2 we conclude that GN (1 + Ir(K)Igr(H)+ I%(G)Ir(H)) if and only
if 2 = h'h™ as above such that iff,(H)/I3(H),

m
p2.r(WR™) =par(h') + (

2)/J,H,R(hH2®hH2®1R) S /LH7RKGI’(Z'®Z‘d®R). (14)

This situation is further analyzed in the following two lemmas.

LemmaB.5 — The preimage of the subsetr(HH™) C I%(H)/I3(H) under the map g

Ydéflm(e)+{(Z‘>(th®hH2®1R) lheH} C (H/Hy) ® (H/H2) © R.

ProoF : First of all, ug r(Y) = po,r(H2H™); this follows from (13) and the diagram
above. Secondly, we show thEtcontains Kefuy r). For this purpose, recall the isomorphism
IZ(H)/I3,(H) = U;L(G) = ((H/Hy) ® (H/Hy))/¢Ker(c) from [2]. Using the six-term exact
sequence for the tensor product one deduces exact sequences

Ker(c) ~ (H/Hy) @ (H/H) © R "™ 5" (I3,(1) /T, (H)) © R — 0

TorZ(H/Hs, R) — (I%(H) /I3 (H)) @ R “25 (17(H)/I3(H)) @ R ™% (H/Hy) @ R — 0,

wherev is the inclusion andr is the quotient map modulbn(»), combined with the canonical
isomorphismlz(H)/1%(H) = H/H,. ldentifying TorZ (H/Ha, R) with the set ofm-torsion
elements off / Hy, leth € H such that™ € Hy. Then

T(hHy) = v (mpa.z(h)) ® 15 = (pQ,Z(hm) _ <’;> prrz(hHy ® thQ)) ®1p.

Using the canonical isomorphistlz(H)/I3,(H)) @ R = (Ir(H)/I3(H)), we deduce that
Ker(pum,r) = Ker((v @ R)(ua,z @ R)) C Y.

It remains to show thal™ is a subgroup. Let,y € (H/H>) A (H/H2) andh,k € H. Then

m

(¢() + <g‘> (hHy @ hHy @ 15)) = ((y) + (2

)(k;HQ ® kHy ® 1R)>
= l(x—y)+ <ZL> (hkHy @ hkHy ® 1R) + <ZL> (hHy ® kHy ® 1R)

- <7;> (kHy ® hHy ® 1R) — 2(?) (kHy ® kHy ® 1R)
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- e(x —y+ (?) (hHa A kHQ)) + (7;) (hkHy ® hkHs ® 15)

€ Y.
Thus the lemma is proved. O

LemmaB.6 — One hay” N Ker(i ® id ® R) = T, with

Tm = {f( Z ahk(hHg A kH2)> + <?721) (9H2 ®gH2 & 1R) || g = H lbl , all ahk,bl S Z,
hkeH leH

such thaw'k € H:3d),, > 0: k% € HyH™ and H pank—arn+(3)brbr KGngk} .
heH

If H is finitely generated, we have (with the notation of 3.3 (ii))

Y NKer(i ®id ® R) = TJ9,

T = {z( S ay(hiHa A thQ)) + @) (9Ho ® gHy ® 15) | g = 3 Al such that
1<i<j<r =1
m\ 1.2 X m . Q. m .
i<k < BT a0 T a0 ¢ kg
i<k >k

PROOF: Lety € Y, i.e. y = (3, pep ank(hHa A kHa)) + () (gH2 © gHa ® 1g) for
someay, € Z, g € H. Consider an arbitrary decompositign= [ [, %, b € Z. Using the
isomorphismu: (G/KG2) ® (H/Hy) ® R = (G/KG2) ® (H/HyH™) we obtain

ai®idoR)(y) = > ahk((hKGg)@@(ngHm)—(kKG2)®(hH2Hm))
h,ke H

m
+ ( 2) S by b (LK Go) @ (lnHaH™)
l1,loeH

_ Z(Hh%k—am(’;‘)bhkaGQ)@(kHQHm). (15)
keH heH

So if y and the chosen decomposition g&atisfy the condition in the definition df,, then
it follows from bilinearity of the tensor product thét ® id ® R)(y) = 0. WhenceT,, C Y N
Ker(i ® id ® R). To prove the converse inclusion we may by a standard argument supposg that
is finitely generated. Them € Y can be written in the form

y= E( > ag(hiHy A th2)) + (m) (9H> © gHa @ 1)

— 2
1<i<y<r
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with ¢ = [, hﬁ’l, all a;;,b; € Z. To see this just observe thall/H>) ® (H/H2) @ R =
(H/HyH™)® (H/HyH™) and that factors throug H/Ho H™) A (H/H2H™). Now we use the
composite isomorphism

U: (G/KGa)® (H/Hy) ® R = (G/KGs) ® (H/HyH™) =

T

P(G/KGo) @ (Z/dZ - (e HoH™)) = ) G/(KGaG™).
k=1 k=1

By (15) we have
T m\ 2 a m\z, . —Qp m .
V(i ®id® R)(y) = h}g2)bk Hhizk+(2)bzbk H hj ki (5 ) bjbr KGZGdk
k=1 i<k >k

SoY nKer(i ® id® R) = T,{Zg. Moreover,T,{ig C T,,; to see this, lety,, = b; = 0 unless
h,k,l € {h1,...,h}, anday,,; = 0if 7 > j. Then an element ofl? satisfies the conditions
defining T, in takingdy, = m if k ¢ {h1,...,h.} anddy, = dj for1 < k < r. Thus also the
inclusionT,,, C Y NKer(i ® id ® R) already proved is an equality, as asserted. O

Summarizing the above we obtain equations

P2.r(G N (1g + Ir(K)Ip(H) + I5(G)Ir(H))) = ptr,z(Tm) = p2,r(Sm) ,

analogously fofl’f? and 5S¢, where the first equation follows from (14), Lemmas 3.5 and 3.6 and
the second one from (12) and (13). So it only remains to observe th@gier HoH™ — Ps p(H))

= D3 r(H) is contained inV}(Im) by Sandling’s formula fotDs; r(H), see [20] (or Theorem 2.2
above forK = {1}) and thatVIS,m) is contained inS,,, andSTf@g by Remark 3.4. Thus, Theorem 3.3
is proved. O
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