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In this paper, we construct trace class Toeplitz operalprsn Dirichlet spacé with symbol
functiony that is unbounded on neighborhood of unit circle.
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1. INTRODUCTION

Let D be the open unit disk in the complex plafieand T its boundary. dA = lal:zc dy is the
T
normalized area measure Bn L%!(D) is the subspace df?(D) satisfying condition

o = [ [ (12200 + 1220R) aa]* < 0

Let £2! be the quotient spade>! /C, whereC is complex constant function subspacel3f'.
£21 is a Hilbert space with the inner product

ou Ov ou Ov
(u,v) 21 = <@7 %>L2(D,d,4) + (57 £>L2(D,dz4)
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The Dirichlet space®, is the subspace of all analytic functionsgdh!. Let P be the orthogonal
projection from£?! into ®. P is an integral operator represented by

_ [ QudK(z,w)
- JpOw  Ow

P(u)(z) dA(w),

whereK (z,w) = Y 22, @ = —In(1 — zw) is the reproducing kernel & (see Rochberg and
Wu [7] and Wu [9]). Let G be a domain i@, and define

LNG) = {u Ou Ou LOO(G)},

92 oz
ou ou
for u € L4(@), [l o = esssupscamaz{fu(2)], |0 ()], | 92 (=)}

Definition1.1 — Suppose € L*!(D), the operator

a<u<w>f<w>><8ffa<zw>)dfuw>

is said to be the Toeplitz operator with symhgl this operator is densely defined, afg is a
bounded operator whanc L>"!(D)(see Cao [1]).

Tuf(2) = P(uf)(2) = {(uf, K) g2 = /

D 8w

In the case of Hardy space, it is well known that is bounded if and only ifp is essentially
bounded, and’, is compact if and only ifo = 0 (see Douglas [5], Davie and Jewell [4]). However,
there are indeed bounded and compact Toeplitz operators with unbounded symbols, in fact, Miao
and Zheng [6] have introduced a class of functions, called BT, which contathdor o € BT,

T, is compact on Bergman spaéé (D), if and only if the Berezin transform gp vanishes on

the unit circleT. Wang, Xia and Cao [8] have proved thatdife L>!, T, on Dirichlet space is
compact if and only if the Berezin type transformwianishes on the unit circle. Zorboska [10]

has proved that i belongs to the hyperbolic BMO space, the operdtpois compact if and only

if the Berezin transform of vanishes on the unit circle. Cima and Cuckovic [3] construct a class

of unbounded functions by Cantor set technique, the Toeplitz operators with these symbol functions
are compact. Essentially, if the value of the functioranishes rapidly near the unit circle in the
sense of measure dA, th@ will be compact. Cao [2] constructs compact Toeplitz operators on
Bergman spacé?(B,,, dv) with unbounded symbols.

In this paper, we construct a class of unbounded functiofi® time Toeplitz operators with these
symbols are trace class, we do not use the Cantor construction. In fact, we construct a function
on any countable dense subseTimwhich has nontangential limit infinity everywhere, such that
is trace class.

2. COMPACT TOEPLITZ OPERATORS WITHUNBOUNDED SYMBOLS
Foro > 0,¢ € T, set

|z — €| <|Re(§(z — €))], Re(2€) > 0}.

N

Q¢,8) ={z€D: [1 - (1~ 2])°]
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Then (&, 6) is an open subset @ and this domain is said to be circle cone like with vertex
¢ Forany0 < r < 1, LetD, = {z : |z| < r} be the disc with cented and radius-, T, its
boundary. We denote the Lebesgue measurg& by df. Assumeb is an arbitrary positive number,
it is obvious that we may choose a suitable- 6(b) > 0 such that for arbitrarg < r < 1,

0[Q(,8) N'T,] < d(1 —r?)°,

whered is a constant which is independent §fand . For convenience, we writ€,(§) =
Q(¢,6(0))-
Lemma2.1 — Suppos€ fi} € © and|| fx|/z21 = 1, fr — 0 weakly in®, then||fx|;2 < A

and|| fx||r2 — 0, whereA is a constant.

PrROOF: Because of Sobolev compact imbedding Theorem and Poincare ineqlalify,—
L2 is compact, thus result holds.

Theorem2.2— Suppose > 0, U.(2) = (1 — |2|*)7¢, 2z € D, for any¢ € T, let b=2c+4 and
Xq,(¢) be the characteristic function d?,(¢). Theny = xq, ¢ Uc(2) induces a compact Toeplitz
operator on Dirichlet spacé®.

PROOF: Suppose fr} € © with || fx||.21 = 1is a sequence which weakly converges to zero,
it is enough to prove thalT, fi || 21 — 0 whenk — co. Note

dp(w) fr(w) OK (2, w)

Tofi(z) = (ofi K)por = / dA(w)

D (9w

2o ) dd(w) + [ iw)e(w

dA
D 1-— ZW (w)’

we know that

2 dp(w) z 2
| Tofilier < C [ (| i o o )T dAw)

1— 2w

z

+ 1—z2w

5 fr(w)e(w) dA(w)|2> dA(z)

!
Qp(

w(l — lwl?) " f(w i w)|?
C/D<'/Q,,<@w(1 wf?)7 fi(w) ———dA(w)

z

IN

+ /w 1_w2—c —
], 0= )

dA(w)|2> dA(z), (1)

where(C is a constant number.

Form € (0,1), setQ (&, m) = {z € Qp(§) : |2| > m}, then (1) is less than or equal to
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2C

1 Lan2)—c—1 o 2
/ (r L P ) ) A

+] W(1 — [w]?) = fo(w) —

—dA(w)|?
Qb(g»m) 1 —Rw

z
+| Frw)(1 = Jw]?) " ———dA(w)[?
Q0 (6)— 2 (£,m) L —zw

z

+ f/w 1_w27c —
ey T 0P

dA(w)P) dA(z)

Note
z

| w(1 — [w]) = fio(w)

dA(w)[?
Qb(ﬁvm) 1 W

(1 _ ‘w’2)72c72

< ) PaAGw) [ )
/ﬂb@,m) Oem) 11— 20

and|| fe(w)|l2(py < Allfe(w)|[z21 < A, whereA is a constant. Thus

dA(w)

/\ / W1 — |w]2) o fi(w)——dA(w) PdA(2)
D JQu(&m)

1—zw

(1~ fwP)~2>2
<A /D /Q o dA(w)dA(z)

|1 — zw|?

<A / (1= [w) 22— dA(w)
Qp(€,m) (1—|wl?)

1
9 1
S AO/ (1 — |T|2) 2 ZZTLW(]. — 7‘2)de2

< Ao(l _ m2)b—2¢:—3 < Ao(l _ m?)

whereA is a constant. It is obvious that for aay> 0, there is ann; € (0, 1) such that

/D |/ﬂb(§,m) w(1 — |w*) L fr(w) - _zzwdA(w”?dA(z) < Ao(1—m?) <e

for m € [my,1). For the same reason, there existsranc (0, 1) such that

2\—c g/ 4 9 919
/D|/Qb(§’m)<1—|wr> i)+ AW PAAG) < An(1 - 2P <«

form € [mg,1). We writemgy = max{mi, ma}, then both inequalities hold for. € [mg,1). On
the other hand, sinc@, (&) — (&, m0) C {z € D : |z| < mo}, we know thatfy(w) — 0 and
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fr.(w) — 0 uniformly on (&) — (&, mo). Hence for any > 0, there is ak,, such that for
k> Ko, | fr(w)| < e and|f] (w)| < e foranyw € (&) — (€, mo). Therefore

e z
faf (1 [w?) 7 few) - dAw)
D JO(§)—Qu(&m)
< / = dA(w) < €
<e S — <
() lem) (1= [w]?)2er (1 —mf)2et
and
e z
Luf (1~ o) ) dA(w)?
D J(§)—2(§m)
1 €

<e / _
(&) (em) (1 — |w]?)2eF2

Consequenti{ T, fx | p21 — 0.

dA(w) < 7(1 — m%)2c+2'

Theorem2.3 — There is a functionp € L?*! which is unbounded on any neighbourhood of
each boundary point oD (e.g., for any¢ € T, andr > 0, esssup.eprp(e,r)|¥(2)| = oo, where
D¢, r) = {z: |z — £] < r}) such thatl, is a compact operator of.

PROOF: Setc > 0, b = 4n + 5 and letU.(z) be the function as in Theorem 2.2. Choose a
countable dense subsg;[i = 1,2,...} of T. For each;, write ¢; = xq,(,)Ue, thenTy, is a
compact operator by Theorem 2.2. For ghyg 2,

T < 2 [ < Lo, T Al

dA(w)| )dA(z)

+ iwf/w
RO O

1— 2\—2c—-2
Clfl3a ( L] e dauwaac

n //Qb& 1_‘“2102 dA(w)dA(z))

IN

1—r2

1
< CIffEan ( [ =y oy 2 () dA<w>>
1
< Clfllian ( / (=722 4 (1= r?) %) In(——) rdrdf
Qb fz ﬂT, 1_
1
< 0|f|%21( / 2)b-2- 2+<1—r2>”—26>m( )rdrdegcnfniz,l,
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N

where C is a constant. Hengé&,|| < C. WriteTny = >, 22

anyM, N andf € ©,

., thenTy is compact, and for

M
| ZN siTof 2 < CZ ol
It follows that

M
DT HLQI<OZQZ,
=N

henceT = 5 .2, 2LT converges in norm. Furthermoré,is a compact operator. It is easy to
check thatp; € L?! and||¢;|[z21 < C. Thus> %, ¢, converges td.>! function. It is not
difficult to see that for each polynomia{w)(see [1]),
|
I(Tp = Tpllizs = TP 2wl < Clpllizs Y. 5 —0.
i=N-+1

. : , 1 .
ThereforeT’ = T,,, namely,T is a Toeplitz operator with symbgl = > "2, 5 Pi- Since{; :
i=1,2,...}isdenseil itis obvious thatforany; € T'andr > 0, esssup.epnp, . |¥(z)] = 0o

3. TRACE CLASS TOEPLITZ OPERATORS

In this section, we prove that there is a family of trace class Toeplitz operators with unbounded
symbols.

Theorem3.1— There exists a functiop € L?! (D) which is unbounded on any neighbourhood
of each boundary point db (namly, forany, € T, andr > 0, esssup.cpnp(e,r) ()| = oo, where
D(&,r) is same as in Theorem 2.2) such tiatis a trace class operator

PROOF : Let ex(w) = ”“\;—%, k € Z7* be the standard orthonormal basis for Let {]

i = 1,2,...} be a countable dense subsetlfandU. = (1 — |w|?*)™¢, (¢ > 0). We must
show that

o
Z\ Tey, ex)L2.1]| < oo.
k=1
Foranym € (0,1), set
pi(w) = xa(g;,m)Uec(w),

whereb = ¢ + 6(It is obvious that the choice @fis not only one). Then

. wkzkfl wk*lgk*l
(Tenenzal = | [ ( Dasngu )(1_Zw)2d,4(w)+/D<p,-(w)k(1_WdA(w)> dA(2)|,

[ 25 bt taatw) + [ ikt ot )
D
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= | (1-— ]w|2)*c*1wkﬁde(w)
Qp(&i,m)

+/ (1 —|w*)~kw* 1w LdA(w)|
Qb(gﬂm)

1

= |/ / (1-— r2)_0_1T2k+1drd0

m JQp(&,m)NTr

1
+/ / k(1 —r?)~r?*Ldrds|
m JQp(&,m)NTr

1 1

C (/ (1 . T2)b7071r2k+1dr +/ ]{3(1 o T2)bCT2k1dr>
1 1

< C (/ (1 o T2)5T2k+1d7’ +/ k(l o r2)6r2k1d7“> )

whereC is a constant number. Using integration by parts, we have

1 1
</ (1 o T2)5T2k+1d7‘2 +/ k‘(l o T2>6T2k1d7°2>

- B <(1(_ m2)2k+7 (1 _m2)2k+5> - (B

k26 T @2k o)

IN

where B is a constant number. Sgt = > °°
positive, Thus

] 21 ;, thenT' is a compact operator. NofE is

<T€k, €k> L21

> ([ (L 5

1 k=1

o e ) 4) < 23

i=1 k=1

o)
Z| Tek,ek |_21‘ =
k=1

e T1]e

7

HenceT is atrace class operator. Using the same method, we can also construct Hilbert-Schmidt
Toeplitz operatord’, on D with unbounded symbols € L*!.
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