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In this paper, we construct trace class Toeplitz operatorsTϕ on Dirichlet spaceD with symbol

functionϕ that is unbounded on neighborhood of unit circle.
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1. INTRODUCTION

Let D be the open unit disk in the complex planeC andT its boundary.dA =
1
π

dx dy is the

normalized area measure onD. L2,1(D) is the subspace ofL2(D) satisfying condition

‖u‖1,2 =
[∫

D

(
|∂u

∂z
(z)|2 + |∂u

∂z
(z)|2

)
dA

] 1
2

< ∞.

Let L2,1 be the quotient spaceL2,1/C, whereC is complex constant function subspace ofL2,1.

L2,1 is a Hilbert space with the inner product

〈u, v〉L2,1 = 〈∂u

∂z
,
∂v

∂z
〉L2(D,dA) + 〈∂u

∂z
,
∂v

∂z
〉L2(D,dA)
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The Dirichlet space,D, is the subspace of all analytic functions inL2,1. LetP be the orthogonal

projection fromL2,1 into D. P is an integral operator represented by

P (u)(z) =
∫

D

∂u

∂w

∂K(z, w)
∂w

dA(w),

whereK(z, w) =
∑∞

k=1
zkwk

k = −ln(1 − zw) is the reproducing kernel ofD (see Rochberg and

Wu [7] and Wu [9]). Let G be a domain inC, and define

L∞,1(G) =
{

u : u,
∂u

∂z
,
∂u

∂z
∈ L∞(G)

}
,

for u ∈ L∞,1(G), ‖u‖1,∞ = esssupz∈Gmax{|u(z)|, |∂u

∂z
(z)|, |∂u

∂z
(z)|}.

Definition1.1 — Supposeu ∈ L2,1(D), the operator

Tuf(z) = P (uf)(z) = 〈uf,K〉L2,1 =
∫

D

∂(u(w)f(w))
∂w

(
∂K(z, w)

∂w

)
dA(w)

is said to be the Toeplitz operator with symbolu, this operator is densely defined, andTu is a

bounded operator whenu ∈ L∞,1(D)(see Cao [1]).

In the case of Hardy space, it is well known thatTϕ is bounded if and only ifϕ is essentially

bounded, andTϕ is compact if and only ifϕ = 0 (see Douglas [5], Davie and Jewell [4]). However,

there are indeed bounded and compact Toeplitz operators with unbounded symbols, in fact, Miao

and Zheng [6] have introduced a class of functions, called BT, which containsL∞, for ϕ ∈ BT ,

Tϕ is compact on Bergman spaceL2
a(D), if and only if the Berezin transform ofϕ vanishes on

the unit circleT. Wang, Xia and Cao [8] have proved that ifϕ ∈ L∞,1, Tϕ on Dirichlet space is

compact if and only if the Berezin type transform ofϕ vanishes on the unit circle. Zorboska [10]

has proved that ifϕ belongs to the hyperbolic BMO space, the operatorTϕ is compact if and only

if the Berezin transform ofϕ vanishes on the unit circle. Cima and Cuckovic [3] construct a class

of unbounded functions by Cantor set technique, the Toeplitz operators with these symbol functions

are compact. Essentially, if the value of the functionϕ vanishes rapidly near the unit circle in the

sense of measure dA, thenTϕ will be compact. Cao [2] constructs compact Toeplitz operators on

Bergman spaceL2
a(Bn, dv) with unbounded symbols.

In this paper, we construct a class of unbounded functions onD, the Toeplitz operators with these

symbols are trace class, we do not use the Cantor construction. In fact, we construct a functionϕ

on any countable dense subset inT which has nontangential limit infinity everywhere, such thatTϕ

is trace class.

2. COMPACT TOEPLITZ OPERATORS WITHUNBOUNDED SYMBOLS

For δ > 0, ξ ∈ T, set

Ω(ξ, δ) = {z ∈ D : [1− (1− |z|)δ]
1
2 · |z − ξ| < |Re(ξ(z − ξ))|, Re(zξ) > 0}.
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ThenΩ(ξ, δ) is an open subset ofD and this domain is said to be circle cone like with vertex

ξ. For any0 < r < 1, Let Dr = {z : |z| < r} be the disc with center0 and radiusr, Tr its

boundary. We denote the Lebesgue measure onT by dθ. Assumeb is an arbitrary positive number,

it is obvious that we may choose a suitableδ = δ(b) > 0 such that for arbitrary0 < r < 1,

θ[Ω(ξ, δ) ∩ Tr] < d(1− r2)b,

whered is a constant which is independent ofξ and r. For convenience, we writeΩb(ξ) =
Ω(ξ, δ(b)).

Lemma2.1 — Suppose{fk} ⊂ D and‖fk‖L2,1 = 1, fk → 0 weakly inD, then‖fk‖L2 ≤ A

and‖fk‖L2 → 0, whereA is a constant.

PROOF : Because of Sobolev compact imbedding Theorem and Poincare inequality,I : D ↪→
L2

a is compact, thus result holds.

Theorem2.2— Supposec > 0, Uc(z) = (1 − |z|2)−c, z ∈ D, for anyξ ∈ T, let b=2c+4 and

χΩb(ξ) be the characteristic function ofΩb(ξ). Thenϕ = χΩb(ξ)Uc(z) induces a compact Toeplitz

operator on Dirichlet spaceD.

PROOF : Suppose{fk} ⊂ D with ‖fk‖L2,1 = 1 is a sequence which weakly converges to zero,

it is enough to prove that‖Tϕfk‖L2,1 → 0 whenk →∞. Note

Tϕfk(z) = 〈ϕfk,K〉L2,1 =
∫

D

∂ϕ(w)fk(w)
∂w

∂K(z, w)
∂w

dA(w)

=
∫

D

∂ϕ(w)
∂w

fk(w)
z

1− zw
dA(w) +

∫

D
f ′k(w)ϕ(w)

z

1− zw
dA(w),

we know that

| Tϕfk |2L2,1 ≤ C

∫

D

(
|
∫

Ωb(ξ)

∂ϕ(w)
∂w

fk(w)
z

1− zw
dA(w)|2

+ |
∫

Ωb(ξ)
f ′k(w)ϕ(w)

z

1− zw
dA(w)|2

)
dA(z)

≤ C

∫

D

(
|
∫

Ωb(ξ)
w(1− |w|2)−c−1fk(w)

z

1− zw
dA(w)|2

+ |
∫

Ωb(ξ)
f ′k(w)(1− |w|2)−c z

1− zw
dA(w)|2

)
dA(z), (1)

whereC is a constant number.

Form ∈ (0, 1), setΩb(ξ,m) = {z ∈ Ωb(ξ) : |z| > m}, then (1) is less than or equal to
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2C

[∫

D

(
|
∫

Ωb(ξ)−Ωb(ξ,m)
w(1− |w|2)−c−1fk(w)

z

1− zw
dA(w)|2

+|
∫

Ωb(ξ,m)
w(1− |w|2)−c−1fk(w)

z

1− zw
dA(w)|2

+|
∫

Ωb(ξ)−Ωb(ξ,m)
f ′k(w)(1− |w|2)−c z

1− zw
dA(w)|2

+ |
∫

Ωb(ξ,m)
f ′k(w)(1− |w|2)−c z

1− zw
dA(w)|2

)
dA(z)

]
.

Note

|
∫

Ωb(ξ,m)
w(1− |w|2)−c−1fk(w)

z

1− zw
dA(w)|2

≤
∫

Ωb(ξ,m)
|fk(w)|2dA(w)

∫

Ωb(ξ,m)

(1− |w|2)−2c−2

|1− zw|2 dA(w)

and‖fk(w)‖L2(D) ≤ A‖fk(w)‖L2,1 ≤ A, whereA is a constant. Thus

∫

D
|
∫

Ωb(ξ,m)
w(1− |w|2)−c−1fk(w)

z

1− zw
dA(w)|2dA(z)

≤ A

∫

D

∫

Ωb(ξ,m)

(1− |w|2)−2c−2

|1− zw|2 dA(w)dA(z)

≤ A

∫

Ωb(ξ,m)
(1− |w|2)−2c−2ln

1
(1− |w|2)dA(w)

≤ A0

∫ 1

m
(1− |r|2)−2c−2ln

1
(1− |r|2)(1− r2)bdr2

≤ A0(1−m2)b−2c−3 ≤ A0(1−m2)

whereA0 is a constant. It is obvious that for anyε > 0, there is anm1 ∈ (0, 1) such that

∫

D
|
∫

Ωb(ξ,m)
w(1− |w|2)−c−1fk(w)

z

1− zw
dA(w)|2dA(z) ≤ A0(1−m2) < ε

for m ∈ [m1, 1). For the same reason, there exists anm2 ∈ (0, 1) such that

∫

D
|
∫

Ωb(ξ,m)
(1− |w|2)−cf ′k(w)

z

1− zw
dA(w)|2dA(z) ≤ A1(1−m2)2 < ε

for m ∈ [m2, 1). We writem0 = max{m1,m2}, then both inequalities hold form ∈ [m0, 1). On

the other hand, sinceΩb(ξ) − Ωb(ξ, m0) ⊂ {z ∈ D : |z| ≤ m0}, we know thatfk(w) → 0 and



TRACE CLASS TOEPLITZ OPERATORS ON DIRICHLET SPACE 25

f ′k(w) → 0 uniformly onΩb(ξ) − Ωb(ξ, m0). Hence for anyε > 0, there is aK0, such that for

k > K0, |fk(w)| < ε and|f ′k(w)| < ε for anyw ∈ Ωb(ξ)− Ωb(ξ,m0). Therefore

∫

D
(|

∫

Ωb(ξ)−Ωb(ξ,m)
w(1− |w|2)−c−1fk(w)

z

1− zw
dA(w)|2

≤ ε

∫

Ωb(ξ)−Ωb(ξ,m)

1
(1− |w|2)2c+4

dA(w) ≤ ε

(1−m2
0)2c+4

and ∫

D
(|

∫

Ωb(ξ)−Ωb(ξ,m)
(1− |w|2)−cf ′k(w)

z

1− zw
dA(w)|2

≤ ε

∫

Ωb(ξ)−Ωb(ξ,m)

1
(1− |w|2)2c+2

dA(w) ≤ ε

(1−m2
0)2c+2

.

Consequently‖Tϕfk‖L2,1 → 0.

Theorem2.3 — There is a functionϕ ∈ L2,1 which is unbounded on any neighbourhood of

each boundary point ofD (e.g., for anyξ ∈ T, and r > 0, esssupz∈D∩D(ξ,r)|ϕ(z)| = ∞, where

D(ξ, r) = {z : |z − ξ| < r}) such thatTϕ is a compact operator onD.

PROOF : Setc > 0, b = 4n + 5 and letUc(z) be the function as in Theorem 2.2. Choose a

countable dense subset{ξi|i = 1, 2, . . .} of T. For eachξi, write ϕi = χΩb(ξi)Uc, thenTϕi is a

compact operator by Theorem 2.2. For anyf ∈ D,

‖Tϕif‖2 ≤ 2
∫

D

(
|
∫

Ωb(ξi)

∂ϕi(w)
∂w

f(w)
z

1− zw
dA(w)|2

+ |
∫

Ωb(ξi)
ϕi(w)f ′(w)

z

1− zw
dA(w)|2

)
dA(z)

≤ C‖f‖2
L2,1

(∫

D

∫

Ωb(ξi)

(1− |w|2)−2c−2

|1− zw|2 dA(w)dA(z)

+
∫

D

∫

Ωb(ξi)

(1− |w|2)−2c

|1− zw|2 dA(w)dA(z)

)

≤ C‖f‖2
L2,1

(∫

Ωb(ξi)
((1− |w|2)−2c−2 + (1− |w|2)−2c)ln

(
1

1− |w|2
)

dA(w)

)

≤ C‖f‖2
L2,1

(∫ 1

0

∫

Ωb(ξi)∩Tr

((1− r2)−2c−2 + (1− r2)−2c)ln(
1

1− r2
) rdrdθ

≤ C‖f‖2
L2,1

(∫ 1

0
((1− r2)b−2c−2 + (1− r2)b−2c)ln

(
1

1− r2

)
rdrdθ ≤ C‖f‖2

L2,1 ,
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where C is a constant. Hence‖Tϕ‖ ≤ C. Write TN =
∑N

i=1
1
2i Tϕi , thenTN is compact, and for

anyM, N andf ∈ D,

‖
M∑

i=N

1
2i

Tϕif‖L2,1 ≤ C
M∑

i=N

1
2i
‖f‖L2,1 .

It follows that

‖
M∑

i=N

1
2i

Tϕi‖L2,1 ≤ C
M∑

i=N

1
2i

,

henceT =
∑∞

i=1
1
2i Tϕi converges in norm. Furthermore,T is a compact operator. It is easy to

check thatϕi ∈ L2,1 and‖ϕi‖L2,1 ≤ C. Thus
∑∞

i=1
1
2i ϕi converges toL2,1 functionϕ. It is not

difficult to see that for each polynomialp(w)(see [1]),

‖(Tϕ − TN )p‖L2,1 = ‖TP∞
i=N+1

1

2i ϕi
p‖ ≤ C‖p‖L2,1

∞∑

i=N+1

1
2i
→ 0.

ThereforeT = Tϕ, namely,T is a Toeplitz operator with symbolϕ =
∑∞

i=1

1
2i

ϕi. Since{ξi :
i = 1, 2, . . .} is dense inT , it is obvious that for anyξi ∈ T andr > 0, esssupz∈D∩Dξ,r

|ϕ(z)| = ∞.

3. TRACE CLASS TOEPLITZ OPERATORS

In this section, we prove that there is a family of trace class Toeplitz operators with unbounded

symbols.

Theorem3.1— There exists a functionϕ ∈ L2,1(D) which is unbounded on any neighbourhood

of each boundary point ofD (namly, for anyξ ∈ T, andr > 0, esssupz∈D∩D(ξ,r)|ϕ(z)| = ∞, where

D(ξ, r) is same as in Theorem 2.2) such thatTϕ is a trace class operator.

PROOF : Let ek(w) = wk√
k
, k ∈ Z+ be the standard orthonormal basis forD. Let {ξi|

i = 1, 2, . . .} be a countable dense subset ofT, andUc = (1 − |w|2)−c, (c > 0). We must

show that ∞∑

k=1

|〈Tek, ek〉L2,1 | < ∞.

For anym ∈ (0, 1), set

ϕi(w) = χΩ(ξi,m)Uc(w),

whereb = c + 6(It is obvious that the choice ofb is not only one). Then

|〈Tϕiek, ek〉L2,1 | = |
∫

D

(∫

D

∂ϕi(w)
∂w

wkzk−1

(1− zw)2
dA(w) +

∫

D
ϕi(w)

kwk−1zk−1

(1− zw)2
dA(w)

)
dA(z)|,

= |
∫

D

∂ϕi(w)
∂w

wkwk−1dA(w) +
∫

D
ϕi(w)kwk−1wk−1dA(w)|



TRACE CLASS TOEPLITZ OPERATORS ON DIRICHLET SPACE 27

= |
∫

Ωb(ξi,m)
(1− |w|2)−c−1wkwkdA(w)

+
∫

Ωb(ξi,m)
(1− |w|2)−ckwk−1wk−1dA(w)|

= |
∫ 1

m

∫

Ωb(ξi,m)∩Tr

(1− r2)−c−1r2k+1drdθ

+
∫ 1

m

∫

Ωb(ξi,m)∩Tr
k(1− r2)−cr2k−1drdθ|

≤ C

(∫ 1

m
(1− r2)b−c−1r2k+1dr +

∫ 1

m
k(1− r2)b−cr2k−1dr

)

≤ C

(∫ 1

m
(1− r2)5r2k+1dr +

∫ 1

m
k(1− r2)6r2k−1dr

)
.

whereC is a constant number. Using integration by parts, we have

(∫ 1

m
(1− r2)5r2k+1dr2 +

∫ 1

m
k(1− r2)6r2k−1dr2

)

≤ B

(
(1−m2)2k+7

(2k + 2)6
+

(1−m2)2k+5

(2k)4

)
≤ B

(2k)4

whereB is a constant number. SetT =
∑∞

i=1
1
2i Tϕi , thenT is a compact operator. NoteT is

positive, Thus

∞∑

k=1

|〈Tek, ek〉L2,1 | =
∞∑

k=1

〈Tek, ek〉L2,1

=
∞∑

i=1

∞∑

k=1

1
2i

(∫

D

(∫

D

∂ϕi(w)
∂w

wkzk−1

(1− zw)2
dA(w)

+
∫

D
ϕi(w)

kwk−1zk−1

(1− zw)2
dA(w)

)
dA(z)

)
≤

∞∑

i=1

∞∑

k=1

1
2i

B

(2k)4
< ∞.

HenceT is a trace class operator. Using the same method, we can also construct Hilbert-Schmidt

Toeplitz operatorsTϕ onD with unbounded symbolsϕ ∈ L2,1.
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