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A finite groupG whose all irreducible characters are rational is called aQ-group. In this note

we obtain some results concerning the structure of a2-FrobeniusQ-group.
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1. INTRODUCTION

Let G be a finite group.G is called a rational group or aQ-group if every complex irreducible

character ofG is rational valued. EquivalentlyG is aQ-group if and only if everyx in G is

conjugate toxm, wherem ∈ N and(o(x), m) = 1. This means that for everyx ∈ G of order

n, we haveNG(〈x〉)/CG(〈x〉) ∼= Aut(〈x〉), whereAut(〈x〉) is a group of orderϕ(n) whereϕ

is the Euler function. The symmetric groupSn and the Weyl groups of complex Lie algebras are

examples ofQ-groups [2].Q-groups have been studied extensively; but classifying finiteQ-groups

is still an open research problem. It has been shown in [5] that ifG is a solvableQ-group then

π(G) ⊆ {2, 3, 5}, whereπ(G) denotes the set of prime divisors of|G|. The structure of Frobenius

Q-groups have been described in [3]. It is proved in [7] that ifG is a solvableQ-group then its

Sylow5-subgroup is normal and elementary abelian.
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A finite group G is called a2-Frobenius group if it has a normal series1 ¢ H ¢ K ¢ G,

whereG/H andK are Frobenius groups with kernelsK/H andH, respectively, see [6]. Note that

2-Frobenius groups are always solvable.

Throughout this note,G is always a2-FrobeniusQ-group with normal series1 ¢ H ¢ K ¢ G.

Suppose thatL/H andM are Frobenius complements forG/H andK, respectively. Therefore we

have

K = HM, H ∩M = 1, K/H ∼= M (1)

G/H = (K/H)(L/H), (L/H) ∩ (K/H) = 1, (G/H)/(K/H) ∼= L/H. (2)

By (1) we have|K| = |M | |H| and by (2)|G/H| = |(K/H)| |(L/H)|. Since|K/H| = |M |,
we have|G/H| = |M | |L/H|. Therefore|G| = |M | |L|. Also we haveM ∩ L ⊆ K ∩ L = H,

thereforeM ∩ L ⊆ M ∩H = 1 and we have

G = ML , M ∩ L = 1. (3)

SinceM is a Frobenius complement forK we haveNK(M) = M , henceM is not normal in

G.

In this paper our aim is to find the structure ofG. More precisely we will prove that ifG is a

2-FrobeniusQ-group, then there is a normal subgroupN of G such thatG/N ∼= S4.

2. PROOF OFTHE MAIN RESULT

Let G be a2-FrobeniusQ-group. ThenG is solvable, as2-Frobenius groups are always solvable.

By ([5], Corollary 2) we haveπ(G) ⊆ {2, 3, 5}. Suppose that|G| = 2a · 3b · 5c.

G is aQ-group and quotients ofQ-groups areQ-groups, thereforeG/H is a FrobeniusQ-group.

By [3] Frobenius kernel of a FrobeniusQ-group can only be an elementary abelianp-group when

p = 3 or 5 and its Frobenius complement is isomorphic toZ2 or Q8. SinceG/H is a Frobenius

group with kernelK/H and complementL/H, it follows thatK/H is an elementary abelianp-

group forp = 3 or 5 andL/H is isomorphic toZ2 or Q8.

Lemma1 — LetG be a2-FrobeniusQ-group. ThenK/H ∼= Z3 andL/H ∼= Z2.

PROOF : First we prove thatK/H ∼= Z3. SinceK/H ∼= M , it is sufficient to prove thatM

is isomorphic toZ3. Suppose thatM is an elementary abelian5-group. SinceK is a Frobenius

group with kernelH and complementM we have(|M | , |H|) = 1. Therefore5 - |H| (since we

assumed that5 | |M |). Now L/H is a 2-group, hence5 - |L|. By (3) G = ML, henceM is
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a Sylow 5-subgroup ofG. SinceG is a solvableQ-group, by ([7], Theorem 1.1) its Sylow5-

subgroup is normal and elementary abelian. ThereforeM is normal inG, a contradiction because

NK(M) = M 6= K. This contradiction shows thatM is an elementary abelian3-group.

Assume that|M | = 3t. By ([4], Theorem 3.1) any Sylowp-subgroup of a Frobenius comple-

ment is cyclic for odd primep. SinceM is a Frobenius complement forK, its Sylow3-subgroup

is cyclic. ThereforeM is cyclic and elementary abelian, so|M | = 3. ThereforeM ∼= Z3. By the

paragraph before the lemmaL/H ∼= Z2 or Q8. If L/H ∼= Q8 then by ([4], Theorem 3.1) we have

|L/H| | (|K/H| − 1), therefore8 | 3 − 1 = 2, a contradiction. ThusL/H can not be isomorphic

to Q8 and henceL/H ∼= Z2. ¥

Lemma2 — If G is a2-FrobeniusQ-group with Sylow3-subgroupM , thenNG(M) ∼= S3 and

CG(M) = M .

PROOF : By Lemma 1M is a cyclic group of order3. Now K ¢ G andM is a Sylow3-

subgroup ofK. By using Frattini argument we haveG = KNG(M). SinceK ∩ NG(M) = M

andK = MH, by computing the order ofKNG(M) we deduce|NG(M)| = |M | × 2 = 6. Now

M is a cyclic subgroup of aQ -groupG, henceNG(M)/CG(M) ∼= Aut(M). SinceM ∼= Z3, we

have that|Aut(M)| = ϕ(3) = 2. So|CG(M)| = 3 andNG(M) is a non-cyclic group of order6,

thereforeNG(M) ∼= S3. ¥

Corollary 1 — LetG be a2-Frobenius group. IfG is aQ-group, then its center is trivial.

PROOF : Let Z(G) denote the center ofG. By ([9], p. 14, Corollary 14) the center of aQ-

group is an elementary abelian2-group. AsZ(G) ⊆ CG(M) is an elementary abelian 2-group and

|CG(M)| = 3 (Lemma 2), we have thatZ(G) = 1. ¥

Lemma3 — LetG be a2-FrobeniusQ-group. ThenG′ = K andG has an irreducible character

of degree2.

PROOF : Suppose thatG is aQ-group. SinceG/K ∼= L/H, by Lemma 1L/H ∼= Z2, hence

G/K ∼= Z2, thereforeG/K is abelian and by definitionG′ ⊆ K, hence|G : G′| ≥ 2.

Now we use the theory of blocks investigated in [1] to deduce thatG′ = K and obtain some

important fact aboutG. By Lemma 1 a Sylow3-subgroupM of G has order3, hence3 divides|G|
to the first power. Since|CG(M)| = 3 and|NG(M)/CG(M)| = 2, the principal blockB0(3) is

the only block containing irreducible characters ofG whose degree are prime to3. By ([1], p. 416),

B0(3) contains three irreducible characters and because|G/G′| ≥ 2 at least two of the irreducible

characters contained inB0(3) are of degree1. If B0 = {χ1, χ2, χ3} with χ1(1) = χ2(1) = 1, then

by ([1], p. 417) there existδ2, δ3 = ±1 such that1 + δ2χ2(1) + δ3χ3(1) = 0, whereδ2χ2(1) ≡
1(mod3) and δ3χ3(1) ≡ −2(mod3). From this equation it follows thatδ2 = 1 and δ3 = −1
which impliesχ3(1) = 2. ThereforeG has only2 irreducible characters of degree1 implying
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|G : G′| = 2. From|K| = 1
2 |G| = |G′| it follows thatG′ = K and the lemma is proved. ¥

Lemma4 — LetG be a2-FrobeniusQ-group. Then5 - |G|.

PROOF : Let Op(G) denotes the unique largest normalp-subgroup ofG. We will prove that

O2(G) = H2, whereH2 is a Sylow 2-subgroup ofH. SinceH is a Frobenius kernel forK, we

have thatH is nilpotent, and we deduce thatH2 is a characteristic subgroup ofH. SinceH is normal

in G, it follows thatH2 is normal inG and by definition ofO2(G) we deduce thatH2 ⊆ O2(G).
Suppose thatH2 � O2(G). Since|G : H| = 6, |G2 : H2| = 2, whereG2 is a Sylow2-subgroup of

G. SinceH2 � O2(G), henceO2(G) = G2. SinceO2(G) is normal inG, it follows that a Sylow

2-subgroup ofG is normal inG, a contradiction because solvableQ-groups have self-normalizing

Sylow 2-subgroups ([9], p. 16, Proposition 16). This contradiction shows thatH2 = O2(G). Now

assume that5 | |G| andx be an element of order5. By ([9], p. 18, Proposition 18),ϕ(o(x)) divide

|G : O2(G)|. SinceH2 = O2(G), we have|G : O2(G)| = |G : H2| = 2 · 3 · 5c. Also we have

ϕ(o(x)) = ϕ(5) = 4. Now we should have4 = 22|2 · 3 · 5c which is a contradiction. Therefore

5 - |G|. ¥

Corollary 2 — LetG be a 2-FrobeniusQ-group. Then|G| = 2a · 3 wherea is an odd integer.

PROOF : By using Lemma 4 we have|G| = 2a · 3. Now we prove thata is an odd integer. Let

n3(G) denote the number of Sylow 3-subgroups ofG. By Sylow theoremn3(G) ≡ 1 (mod 3).
SinceM is a Sylow 3-subgroup ofG, and|NG(M)| = 6, it follows thatn3(G) = |G : NG(M)| =
2a−1. Hence2a−1 ≡ 1 (mod 3) and this occurs if and only ifa is odd. ¥

Corollary 3 — LetG be a 2-FrobeniusQ-group. ThenG′′ = K ′ = H.

PROOF : We haveG′ = K(Lemma 3) and|G| = 2a · 3 (Corollary 2). Hence|K| = 2a−1 · 3.

SinceM is a Sylow 3-subgroup ofK and|M | = 3, CK(M) = M and|NK(M) : M | = 1, by using

([8], p. 122, Problem 7.6) we conclude thatK has at most3 = 1 +
3− 1

1
irreducible characters

with degree not divisible by 3. Since degree of every linear character ofK is not divisible by 3,

we have thatK has at most 3 linear characters, so|K : K ′| ≤ 3 (∗). By Lemma 1K/H ∼= Z3,

thereforeK ′ ⊆ H and|K : K ′| ≥ 3. Combining this relation with(∗) we obtain|K : K ′| = 3 and

sinceK ′ ⊆ H, it follows thatG′′ = K ′ = H. ¥

Theorem1 — If G is a 2-FrobeniusQ-group, thenG has a normal2-subgroupN such that

G/N ∼= S4.

PROOF : By Lemma 3G has an irreducible character of degree2. We may assume thatG has a

normal subgroupA such thatG/A is a primitive linear group of degree2. By ([8], p. 257), the index

of the center ofG/A in G/A has order12, 24 or 60. This implies thatG has a normal subgroupN

such that|G/N | = 12, 24, 60. By Lemma 4 we have5 - |G|, hence|G/N | = 12 or 24. But it is

easy to prove that the onlyQ-groups of order12 and24 areA4 andS4, respectively. SinceA4 does
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not have an irreducible character of degree2, the only possibility isG/N ∼= S4 and the theorem is

proved. ¥

Corollary 4 — The subgroupN in Theorem 1 is contained inH.

PROOF : First we show thatN ⊂ K. SinceK = G′ (Lemma 3), we show thatN ⊂ G′. So,

suppose thatN is not contained inG′. ThenNG′ is a normal subgroup ofG containingG′ properly.

Since index ofG′ in G is 2, it follows thatG = NG′. SoS4
∼= G/N = NG′/N is isomorphic to a

subgroup ofA4, which is a contradiction. HenceN ⊂ K.

Now we prove thatN ⊂ H. NH being a product of two normal subgroups ofK is a normal

subgroup ofK. If N is not contained inH, thenH is proper inNH. Since|K/H| is 3 (Lemma 1),

this gives thatK = NH. SinceN is a2-group (Theorem 1),K/H ∼= NH/H ∼= N/(N ∩H) is a

2-group. This contradiction completes the proof.

Corollary 5 — LetG be a2-FrobeniusQ-group with a normal series1 ¢ H ¢ K ¢ G. If H is

a minimal normal subgroup ofG, thenG ∼= S4.

PROOF : By Theorem 1 there is a normal 2-subgroupN of G such thatG/N ∼= S4. Since

|G : N | = 24 and|G : H| = 6 andN ⊆ H (Corollary 4), henceN is a proper subgroup ofH. By

hypothesisH is a minimal normal subgroup ofG, thereforeN is trivial subgroup and we deduce

thatG ∼= S4.
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