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The existence of multiple positive solutions is considered for a nonlinear (n, p) boundary value

problem where the nonlinear term has a lower bound of function type. By investigating Green

function a suitable cone is constructed. By applying fixed point theorem on cone the existence

of m positive solutions is established wherem is an arbitrary positive integer.
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1. INTRODUCTION

The purpose of this paper is to consider the existence of multiple positive solutions for the nonlinear

(n, p) boundary value problem

(P )





u(n)(t) + f(t, u(t), u′(t), . . . , u(p−1)(t)) = 0, 0 ≤ t ≤ 1,

u(i)(0) = 0 0 ≤ i ≤ n− 2, u(p)(1) = 0,

wheren, p are fixed positive integer satisfyingn ≥ 2, 1 ≤ p ≤ n−1. Here the problem (P ) depends

on the higher derivatives of unknown functionu(t) up to orderp− 1.
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In this paper, we always write||u|| = max
0≤t≤1

|u(t)|, u ∈ C[0, 1]. We call the solutionu∗ of

problem (P ) positive ifu∗(t) > 0, 0 < t ≤ 1.

If f(t, u0, u1, . . . , up−1) = f(t, u0), then problem (P ) is simplified to the following form:

(P0)





u(n)(t) + f(t, u(t)) = 0, 0 ≤ t ≤ 1,

u(i)(0) = 0, 0 ≤ i ≤ n− 2, u(p)(1) = 0.

All papers in the literatures on positive solution of the problem (P ) are devoted to considering

the case off(t, u0, u1, . . . , up−1) = f(t, u0), for example, see [1-7] and their references. Among

the papers, Wong and Agarwal [6] considered semipositone (n, p) boundary value problem (P0) and

obtained the following local existence theorem.

Theorem1.1— Suppose that

(a1) f : [0, 1] × [0,+∞) → (−∞, +∞) is continuous and there existsM ≥ 0 such that

f(t, u0) + M ≥ 0, (t, u0) ∈ [0, 1]× [0, +∞).

(a2)There exist two different positive numbersr1, r2, such that min{r1, r2} >
M

(n− p)(n− 1)!
andϕ∗(r1) ≤ r1A

∗, ψ∗(r2) ≥ r2B
∗.

Then problem(P0) has one positive solutionu∗ ∈ C[0, 1] and min{r1, r2} ≤ ||u∗ + w̄|| ≤
max{r2, r2}.

In Theorem 1.1,

w̄(t) =
M

(n− 1)!

[
1

n− p
tn−1 − 1

n
tn

]
,

ϕ∗(r) = max{f(t, u0) + M : 0 ≤ t ≤ 1, 0 ≤ u0 ≤ r},

ψ∗(r) = min





f(t, u0) + M :

1
4 ≤ t ≤ 3

4 ,

(
1
4

n−1
(
r − M

(n−p)(n−1)!

)
≤ u0 ≤ r

)





A∗ =
{∫ 1

0

1
(n− 1)!

(1− s)(n−p−1)[1− (1− s)p]ds

}−1

=
(n− p)n!

p
,

B∗ =

{∫ 3/4

1/4

1
(n− 1)!

(
1
4

)n−1

(1− s)n−p−1ds

}−1

=
4n(n− p)(n− 1)!(
3
4

)n−p

−
(

1
4

)n−p .
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This paper will extend Theorem 1.1 on the problem (P0) with the nonlinear termf(t, u(t)) to

the problem (P ) with the nonlinear termf(t, u(t), u′(t), . . . , u(p−1)(t)). Moreover, we shall allow

that the nonlinear termf(t, u0, u1, . . . , up−1) has a lower bound of function type. More precisely,

we assume throughout that

(HI) f : [0, 1]× [0,+∞)p → (−∞, +∞) is continuous.

(H2) There exists a nonnegative functionh ∈ C[0, 1] such that

f(t, u0, u1, . . . , up−1) + h(t) ≥ 0, (t, u0, u1, . . . , up−1) ∈ [0, 1]× [0, +∞)p.

Since we allowf(t, u0, u1, . . . , up−1) � 0, the problem (P ) is semipositone.

We shall organize this paper as follows. In section 2 we consider the Green’s function of ho-

mogenous linear (n, p) boundary value problem and construct an useful cone. In section 3, we

transform the problem (P ) to an integral equation and prove the complete continuity of correspond-

ing integral operator. In section 4, we establish the existence ofm positive solutions by applying

fixed point theorem on cone and the localization method developed in papers [6, 8-12], where

m is an arbitrary positive integer. In Section 5, we verify that Theorem 1.1 is a special case of

our results. Finally, we give two examples to illustrate that our improvements are true even if

f(t, u0, u1, . . . , up−1) = f(t, u0).

2. GREEN FUNCTION AND CONE

Let 0 < α < β ≤ 1 andG(t, s) be the Green’s function of the homogenous linear (n, p) boundary

value problem

−u(n)(t) = 0, 0 ≤ t ≤ 1; u(i)(0) = 0 0 ≤ i ≤ n− 2, u(p)(1) = 0.

From [5], the Green’s functionG(t, s) has precise expression:

G(t, s) =





1
(n− 1)!

[tn−1(1− s)n−p−1 − (t− s)n−1], 0 ≤ s ≤ t ≤ 1,

1
(n− 1)!

tn−1(1− s)n−p−1, 0 ≤ t ≤ s ≤ 1.

Thus, for1 ≤ i ≤ n− 1.

∂i

∂ti
G(t, s) =





1
(n− i− 1)!

[tn−i−1(1− s)n−p−1 − (t− s)n−i−1], 0 ≤ s ≤ t ≤ 1,

1
(n− i− 1)!

tn−i−1(1− s)n−p−1, 0 ≤ t ≤ s ≤ 1.
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Consider the Banach spaceCp−1 [0, 1] with norm

‖|u|‖ = max

{
‖u‖, 1

n− 1
‖u′′‖, 1

(n− 1)(n− 2)
‖u′‖, . . . , 1

(n− 1) . . . (n− p + 1)

∣∣∣
∣∣∣u(p−1)

∣∣∣
∣∣∣
}

.

Let

K =





u ∈ Cp−1[0, 1] :
u(i)(t) ≥ tn−i−1

∣∣∣∣u(i)
∣∣∣∣ , u(i)(0) = 0,

0 ≤ t ≤ 1, 0 ≤ i ≤ p− 1.





It is easy to see thatK is a cone of nonnegative functions inCp−1[0, 1].

Lemma2.1 —

(1)
∂i

∂ti
G(t, s) ≥ 0, 0 ≤ t, s ≤ 1, 0 ≤ i ≤ p.

(2)
∂i

∂ti
G(0, s) ≡ 0, 0 ≤ s ≤ 1, 0 ≤ i ≤ n− 2

and
∂p

∂tp
G(1, s) ≡ 0, 0 ≤ s ≤ 1.

PROOF : Sincet− ts ≥ t− s, 0 ≤ t, s ≤ 1, we have

tn−i−1(1− s)n−p−1 − (t− s)n−i−1

≥ tn−i−1(1− s)n−p−1 − tn−i−1(1− s)n−i−1

≥ tn−i−1(1− s)n−p−1[1− (1− s)p−i].

From this, (1) is proved. (2) is derived directly from the expansion of
∂i

∂ti
G(t, s). ]

Lemma2.2 —

(1) max
0≤t≤1

∫ 1

0
G(t, s)ds =

∫ 1

0
G(1, s)ds =

p

(n− p)n!
.

(2) max
0≤t≤1

∫ β

α
G(t, s)ds =

∫ β

α
G(1, s)ds

=
n[(1− α)n−p − (1− β)n−p]− (n− p)[(1− α)n − (1− β)n]

(n− p)n!
.
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PROOF : According to Lemma 2.1,
d

dt

∫ 1

0
G(t, s)ds =

∫ 1

0

∂

∂t
G(t, s)ds ≥ 0, 0≤ t ≤ 1. It

implies that
∫ 1

0
G(t, s)ds is an increasing function int and

max
0≤t≤1

∫ 1

0
G(t, s)ds =

∫ 1

0
G(1, s)ds

=
1

(n− 1)!

{∫ 1

0
[(1− s)n−p−1 − (1− s)n−1]ds

}

=
1

(n− 1)!

[
1

n− p
− 1

n

]
=

p

(n− p)n!
.

The proof of (2) is similar.]

Lemma2.3 — Assume thatu ∈ Cn [0, 1] satisfies

(1) u(n)(t) ≤ 0, 0 ≤ t ≤ 1;

(2) u(i)(0) = 0, 0 ≤ i ≤ n− 2 and u(p)(1) = 0.

Then

u(i)(t) ≥ tn−i−1 ‖ u(i) ‖, 0 ≤ t ≤ 1, 0 ≤ i ≤ p− 1.

PROOF : See Theorem 1.3 in [3].]

Lemma2.4 — If u ∈ K, then

|||u||| = ||u||, |||u||| ≤ ||u(i)|| ≤ (n− 1)!
(n− i− 1)!

|||u|||, 1 ≤ i ≤ p− 1.

PROOF : Sinceu(i)(0) = 0, 0 ≤ i ≤ n− 2, we have

u(i)(t) =
∫ t

0
u(i+1)(s)ds, 0 ≤ t ≤ 1, 0 ≤ i ≤ n− 2.

So, for0 ≤ i ≤ p− 1 and0 ≤ t ≤ 1,

tn−i−1

n− i− 1

∣∣∣
∣∣∣u(i+1)

∣∣∣
∣∣∣ =

∫ t

0

∣∣∣
∣∣∣u(i+1)

∣∣∣
∣∣∣ sn−i−2ds

≤ u(i)(t) ≤
∫ t

0

∣∣∣
∣∣∣u(i+1)

∣∣∣
∣∣∣ ds ≤ t

∣∣∣
∣∣∣u(i+1)

∣∣∣
∣∣∣ .
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It follows

1
n− i− 1

∣∣∣
∣∣∣u(i+1)

∣∣∣
∣∣∣ ≤

∣∣∣
∣∣∣u(i)

∣∣∣
∣∣∣ ≤

∣∣∣
∣∣∣u(i+1)

∣∣∣
∣∣∣ , 0 ≤ i ≤ p− 1.

By the induction

1
(n− 1) · · · (n− i)

∣∣∣
∣∣∣u(i)

∣∣∣
∣∣∣ ≤ ||u|| ≤

∣∣∣
∣∣∣u(i)

∣∣∣
∣∣∣ , 1 ≤ i ≤ p− 1.

Since

||u|| ≥ 1
(n− 1) · · · (n− i)

∣∣∣
∣∣∣u(i)

∣∣∣
∣∣∣ , 1 ≤ i ≤ p− 1,

we have‖ |u| ‖=‖ u ‖ . Since

||u|| ≤
∣∣∣
∣∣∣u(i)

∣∣∣
∣∣∣ ≤ (n− 1) · · · (n− i)||u|| = (n− 1)!

(n− i− 1)!
||u||, 1 ≤ i ≤ p− 1,

we see

|||u||| ≤
∣∣∣
∣∣∣u(i)

∣∣∣
∣∣∣ (n− 1)!
(n− i− 1)!

|||u||| , 1 ≤ i ≤ p− 1. ]

3. EQUIVALENT INTEGRAL EQUATION

Let w̃(t) =
∫ 1

0
G(t, s)h(s)ds, 0 ≤ t ≤ 1. Thenw̃(i)(0) = 0, 0≤ i ≤ n − 2, w̃(p)(1) = 0 and

w̃(n)(t) = −h(t), 0 ≤ t ≤ 1. Let

M̃ = max
0≤i≤p−1

sup
0<t<1

∫ 1

0

∂i

∂ti
G(t, s)h(s)ds

∫ 1

0

∂i

∂ti
G(t, s)ds

.

Obviously,0 ≤ M̃ ≤ max
0≤t≤1

h(t).

Lemma3.1 — Letu ∈ K. If |||u||| > M̃

(n− p)(n− p)!
, thenu(i)(t)− w̃(i)(t) > 0, 0 < t ≤ 1,

0 ≤ i ≤ p− 1.

PROOF: By Lemma 2.4, we have||u(i)|| ≥ ||u|| = |||u|||, 0 ≤ i ≤ p−1. So, for any0 ≤ t ≤ 1
and0 ≤ i ≤ p− 1,

u(i)(t) ≥
∣∣∣
∣∣∣u(i)

∣∣∣
∣∣∣ tn−i−1 ≥ |||u|||tn−i−1 >

M̃

(n− p)(n− p)!
tn−i−1.
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And by the definition ofM̃ , for 0 ≤ i ≤ p− 1 and0 ≤ t ≤ 1,

w̃(i)(t) ≤ M̃

∫ 1

0

∂i

∂ti
G(t, s)ds =

M̃

(n− i− 1)!

[
1

n− p
tn−i−1 − 1

n− i
tn−i

]

≤ M̃

(n− p)(n− i− 1)!
tn−i−1 ≤ M̃

(n− p)(n− p)!
tn−i−1.

It follows that, for any0 ≤ i ≤ p− 1 and0 < t ≤ 1,

u(i)(t)− w̃(i)(t) >
M̃

(n− p)(n− p)!
tn−i−1 − M̃

(n− p)(n− p)!
tn−i−1 = 0. ]

Let (c)♠ = max{c, 0}. Foru ∈ K and0 ≤ t ≤ 1, define the operatorT as follows

(Tu)(t) =
∫ 1

0
G(t, s)

[
f

(
s,

p−1⊗

i=0

(u(i)(s)− w̃(i)(s))♠
)

+ h(s)

]
ds,

where

f

(
s,

p−1⊗

i=0

(u(i)(s)− w̃(i)(s))♠
)

= f
(
t, (u(t)− w̃(t))♠, (u′(t)− w̃′(t))♠, · · · , (u(p−1)(t)− w̃(p−1)(t))♠

)
.

Lemma3.2 —T : K −→ K is completely continuous.

PROOF : By the continuity off, T : K −→ Cp−1 [0, 1] is continuous.

Let u ∈ K. Computing the derivatives of(Tu)(t), we obtain, for any0 ≤ i ≤ n − 1 and

0 ≤ t ≤ 1,

(Tu)(i)(t) =
∫ 1

0

∂i

∂ti
G(t, s)

[
f

(
s,

p−1⊗

i=0

(u(i)(s)− w̃(i)(s))♠
)

+ h(s)

]
ds.

Particularly,

(Tu)(n−1)(t) =
∫ 1

0

∂n−1

∂tn−1
G(t, s)

[
f

(
s,

p−1⊗

i=0

(u(i)(s)− w̃(i)(s))♠
)

+ h(s)

]
ds

=
∫ 1

0
(1− s)n−p−1

[
f

(
s,

p−1⊗

i=0

(u(i)(s)− w̃(i)(s))♠
)

+ h(s)

]
ds

−
∫ t

0

[
f

(
s,

p−1⊗

i=0

(u(i)(s)− w̃(i)(s))♠
)

+ h(s)

]
ds.
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Differentiating both sides of the equality, we get

(Tu)(n)(t) = −
[
f

(
s,

p−1⊗

i=0

(u(i)(s)− w̃(i)(s))♠
)

+ h(t)

]
≤ 0, 0 ≤ t ≤ 1.

According to Lemma 2.1,
∂i

∂ti
G(0, s) ≡ 0, 0 ≤ s ≤ 1, 0 ≤ i ≤ n − 2 and

∂p

∂tp
G(1, s) ≡ 0,

0 ≤ s ≤ 1. Consequently,(Tu)(i)(0) = 0, 0 ≤ i ≤ n− 2 and(Tu)(p)(1) = 0.

Above discussion showsTu ∈ Cn [0, 1]. By Lemma 2.3, we have

(Tu)(i)(t) ≥ tn−i−1
∣∣∣
∣∣∣(Tu)(i)

∣∣∣
∣∣∣ , 0 ≤ t ≤ 1, 0 ≤ i ≤ p− 1.

It follows Tu ∈ K or T : K −→ K.

The complete continuity ofT is followed from Arzela-Ascoli theorem.]

Lemma3.3 — If ũ ∈ K is a fixed point ofT and||ũ|| > M̃

(n− p)(n− p)!
, thenu∗ = ũ− w̃ is

a positive solution of the problem (P ).

PROOF : Let ũ ∈ K andũ = T ũ. Since||ũ|| > M̃

(n− p)(n− p)!
and Lemma 3.1, we have

ũ(i)(t)− w̃(i)(t) > 0, 0 < t ≤ 1, 0 ≤ i ≤ p− 1.

Thus, for0 ≤ i ≤ p− 1.

(
ũ(i)(t)− w̃(i)(t)

)♠
= ũ(i)(t)− w̃(i)(t) = (u∗)(i)(t) > 0, 0 < t ≤ 1.

It follows that, for0 ≤ t ≤ 1,

u∗(t) + w̃(t) = ũ(t) = (T ũ)(t)

=
∫ 1

0
G(t, s)

[
f

(
s,

p−1⊗

i=0

(ũ(i)(s)− w̃(i)(s))♠
)

+ h(s)

]
ds

=
∫ 1

0
G(t, s)

[
f

(
s,

p−1⊗

i=0

(ũ(i)(s)− w̃(i)(s))

)
+ h(s)

]
ds

=
∫ 1

0
G(t, s)

[
f(s, u∗(s), (u∗)′(s), · · · , (u∗)(p−1)(s)) + h(s)

]
ds.

Computingnth derivative for both sides of above equality and noticingw̃(n)(t) = −h(t), 0 ≤
t ≤ 1, we obtain
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(u∗)(n)(t) + f(t, u∗(t), (u∗)′(t), · · · , (u∗)(p−1)(t)) = 0, 0 ≤ t ≤ 1.

Sinceũ(i)(0) = (T ũ)(i)(0) = 0, 0 ≤ i ≤ n − 2, ũ(p)(1) = (T ũ)(p)(1) = 0 andw̃(i)(0) = 0,

0 ≤ i ≤ n− 2, w̃(p)(1) = 0, we see(u∗)(i)(0) = 0, 0 ≤ i ≤ n− 2, (u∗)(p)(1) = 0.

It shows thatu∗ is a positive solution of the Problem (P ). ]

In order to find fixed point of operatorT in K, we need following Krasnosel’skii fixed point

theorem of cone expansion-compression type.

Lemma3.4 — LetX be a Banach space,K be a cone inX, Ω1,Ω2 be two open subsets inK

and0 ∈ Ω1 ⊂ Ω1 ⊂ Ω2. If F : K −→ K is a completely continuous operator and one of the

following conditions is satisfied:

(1) ||F (x)|| ≤ ||x||, x ∈ ∂Ω1, and ||F (x)|| ≥ ||x||, x ∈ ∂Ω2.

(2) ||F (x)|| ≥ ||x||, x ∈ ∂Ω1, and ||F (x)|| ≤ ||x||, x ∈ ∂Ω2.

ThenF has one fixed point inΩ2\Ω1.

4. EXISTENCE AND MULTIPLICITY

We shall use the following control functions and control constants:

ϕ(r) = max





f

(
s,

p−1⊗

i=0

(
ui − w̃(i)(s)

)♠)
+ h(t) :

0 ≤ t ≤ 1,

rtn−i−1 ≤ ui ≤ (n− 1)!
(n− i− 1)!

r,

0 ≤ i ≤ p− 1,





,

ψ(r) = min





f

(
s,

p−1⊗

i=0

(
ui − w̃(i)(s)

)♠)
+ h(t) :

α ≤ t ≤ β,

rtn−i−1 ≤ ui ≤ (n− 1)!
(n− i− 1)!

r,

0 ≤ i ≤ p− 1,





,

A =
[

max
0≤t≤1

∫ 1

0
G(t, s)ds

]−1

, B =
[

max
0≤t≤1

∫ β

α
G(t, s)ds

]−1

.
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By Lemma 2.2,

A =
(n− p)n!

p
, B =

n!(n− p)
nβn−1[(1− α)n−p − (1− β)n−p]− (n− p)(β − α)n

.

Theorem4.1 — Suppose that there exist two positive numbersr2 > r1 >
M̃

(n− p)(n− p)!
,

such that one of the following conditions is satisfied:

(b1) ϕ(r1) ≤ r1A, ψ(r2) ≥ r2B.

(b2) ψ(r1) ≥ r1B, ϕ(r2) ≤ r2A.

Then problem(P ) has at least one positive solutionu∗ ∈ Cp−1 [0, 1] satisfyingu∗ + w̃ ∈ K

andr1 ≤ |||u∗ + w̃||| ≤ r2.

PROOF : We prove only (b1). Write

Ω1 = {u ∈ K : |||u||| < r1}, Ω2 = {u ∈ K : |||u||| < r2}.

By Lemma 3.3, we need prove that the operatorT has one fixed point̃u ∈ K and ||ũ|| >

M̃

(n− p)(n− p)!
.

If u ∈ ∂Ω1, then|| |u| || = r1. By Lemma 2.4,r1 ≤
∣∣∣∣u(i)

∣∣∣∣ ≤ (n− 1)!
(n− i− 1)!

r1, 0 ≤ i ≤ p− 1.

So, for0 ≤ i ≤ p− 1,

r1t
n−i−1 ≤

∣∣∣
∣∣∣u(i)

∣∣∣
∣∣∣ tn−i−1 ≤ u(i)(t) ≤

∣∣∣
∣∣∣u(i)

∣∣∣
∣∣∣ ≤ (n− 1)!

(n− i− 1)!
r1, 0 ≤ t ≤ 1.

By the definition ofϕ(r1), for any0 ≤ t ≤ 1,

f

(
t,

p−1⊗

i=0

(
ui(t)− w̃(i)(t)

)♠)
+ h(t) ≤ ϕ(r1) ≤ r1A.

It follows

|||Tu||| = ||Tu|| = max
0≤t≤1

∫ 1

0
G(t, s)

[
f

(
s,

p−1⊗

i=0

(
ui(s)− w̃(i)(s)

)♠)
+ h(s)

]
ds

≤ r1A max
0≤t≤1

∫ 1

0
G(t, s)ds = r1 = || |u| ||.
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If u ∈ ∂Ω2, then|| |u| || = r2 andr2 ≤
∣∣∣∣u(i)

∣∣∣∣ ≤ (n− 1)!
(n− i− 1)!

r2. From this, for0 ≤ i ≤ p−1,

r2t
n−i−1 ≤

∣∣∣
∣∣∣u(i)

∣∣∣
∣∣∣ tn−i−1 ≤ u(i)(t) ≤

∣∣∣
∣∣∣u(i)

∣∣∣
∣∣∣ ≤ (n− 1)!

(n− i− 1)!
r2, 0 ≤ t ≤ 1.

By the definition ofψ(r2), for any0 ≤ t ≤ 1,

f

(
t,

p−1⊗

i=0

(
ui(t)− w̃(i)(t)

)♠)
+ h(t) ≥ ψ(r2) ≥ r2B.

It follows

|| |Tu| || = ||Tu|| ≥ max
0≤t≤1

∫ β

α
G(t, s)

[
f

(
s,

p−1⊗

i=0

(
ui(s)− w̃(i)(s)

))
+ h(s)

]
ds

≥ r2B max
0≤t≤1

∫ β

α
G(t, s)ds = r2 = || |u| ||.

According to Lemma 3.2 and 3.4, the operatorT has one fixed point̃u ∈ K andr1 ≤ || |ũ| || ≤
r2. Consequently,|| ũ || = || |ũ| || ≥ r1 >

M̃

(n− p)(n− p)!
. It shows that the problem (P ) has one

positive solutionu∗ andu∗ + w̃ ∈ K. u∗ ∈ Cp−1 [0, 1] is obvious.]

Theorem4.2— Suppose that there exist three positive numbersr3 > r2 > r1 >
M̃

(n− p)(n− p)!
such that one of the following conditions is satisfied:

(c1) ϕ(r1) ≤ r1A, ψ(r2) > r2B, ϕ(r3) > r3A.

(c2) ψ(r1) ≥ r1B, ϕ(r2) < r2A, ψ(r3) ≥ r3B.

Then problem(P ) has at least two positive solutionsu∗1, u
∗
2 ∈ Cp−1 [0, 1] satisfyingu∗i + w̃

∈ K, i = 1, 2andr1 ≤ |||u∗1 + w̃||| < r2 < |||u∗2 + w̃||| ≤ r3.

PROOF : We prove only (c1). Sinceψ : [0, +∞) −→ [0, +∞) is continuous andψ(r2) > r2B,

there existr1 < r̃2 < r2 < r̄2 < r3 such thatψ(r̃2) ≥ r̃2B, ψ(r̄2) ≥ r̄2B. Applying Theorem 4.1

for {r1, r̃2}, {r̄2, r3}, the proof is completed.]

Similarly, we can prove the following multiplicity results.

Theorem 4.3 — Suppose that there exist four positive numbersr4 > r3 > r2 > r1 >
M̃

(n− p)(n− p)!
such that one of the following conditions is satisfied:

(d1) ϕ(r1) ≤ r1A, ψ(r2) > r2B, ϕ(r3) < r3A, ψ(r4) ≥ r4B.
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(d2) ψ(r1) ≥ r1B, ϕ(r2) < r2A, ψ(r3) > r3B ϕ(r4) ≤ r4A.

Then problem (P ) has at least three positive solutionsu∗1, u
∗
2, u

∗
3 ∈ Cp−1 [0, 1] satisfyingu∗i +

w̃ ∈ K, i = 1, 2, 3 andr1 ≤ |||u∗1 + w̃||| < r2 < |||u∗2 + w̃||| < r3 < |||u∗3 + w̃||| ≤ r4.

Let c be the integer part of [c].

Theorem4.4 — Suppose that there exist m+ 1 positive numbersrm+1 > rm > · · · > r1 >
M̃

(n− p)(n− p)!
, such that one of the following conditions is satisfied:

(e1) ϕ(r2k−1) < r2k−1A, k = 1, · · · ,
[
m + 2

2

]
,

ψ(r2k) > r2kB, k = 1, · · · ,
[
m + 1

2

]
,

(e2) ψ(r2k−1) > r2k−1B, k = 1, · · · ,
[
m + 2

2

]
,

ϕ(r2k) < r2kA, k = 1, · · · ,
[
m + 1

2

]
.

Then problem(P ) has at leastm positive solutionsu∗i ∈ Cp−1 [0, 1], i = 1, 2,· · · ,m satisfying

u∗i + w̃ ∈ K andri < || |u∗i + w̃| || < ri+1.

5. OUR IMPROVEMENTS

In this section, we consider the case off(t, u0, u1, · · · , up−1) = f(t, u0).

We assume thatf : [0, 1]× [0, +∞) −→ (−∞,+∞) is continuous and there exists nonnegative

functionh ∈ C [0, 1] such thatf(t, u0) + h(t) ≥ 0, (t, u0) ∈ [0, 1]×[0, +∞).

Under the assumptions we have

M̃ = sup
0<t<1

∫ 1

0
G(t, s)h(s)ds

∫ 1

0
G(t, s)ds

,

K =
{
u ∈ C[0, 1] : u(t) ≥ ||u||tn−1, 0 ≤ t ≤ 1

}
,

ϕ(r) = max
{

f(t, (u0 − w̃(t))♠) + h(t) : 0 ≤ t ≤ 1, rtn−1 ≤ u0 ≤ r
}

,
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ψ(r) = min
{

f(t, (u0 − w̃(t))♠) + h(t) : α ≤ t ≤ β, rtn−1 ≤ u0 ≤ r
}

.

Now Theorem 4.1 is rewritten as follows.

Theorem5.1— Suppose that there exist two positive numbersr2 > r1 >
M̃

(n− p)(n− p)!
such

that one of the following conditions is satisfied:

(b1)′ ϕ(r1) ≤ r1A, ψ(r2) ≥ r2B.

(b2)′ ψ(r1) ≥ r1B, ϕ(r2) ≤ r2A.

Then problem(P0) has at least one positive solutionu∗ ∈ Cp−1 [0, 1] satisfyingu∗ + w̃ ∈ K

andr1 ≤ ||u∗ + w̃|| ≤ r2.

Applying Theorem 5.1, we can write similar multiplicity results to Theorem 4.2-4.4.

Proposition5.2 — Theorem 1.1 is a special case of Theorem 5.1 withα =
1
4
, β =

3
4

and

h(t) ≡ M ≥ 0.

PROOF : In this case,̃w(t) = w(t) = M

∫ 1

0
G(t, s)ds, 0 ≤ t ≤ 1 andM̃ = M .

Let r >
M

(n− p)(n− p)!
in the proof.

By the definitions of constantsA,B, A∗, B∗, we have

A∗ =
{∫ 1

0
G(1, s)ds

}−1

= A, B∗ =

{∫ 3/4

1/4
G

(
1
4
, s

)
ds

}−1

> B.

Direct computations give, for0 ≤ t ≤ 1,

w̃(t) = M

∫ 1

0
G(t, s)ds

=
M

(n− 1)!

[
tn−1

∫ t

0
(1− s)n−p−1ds−

∫ t

0
(t− s)n−1ds + tn−1

∫ 1

t
(1− s)n−p−1ds

]

≤ M

(n− 1)!
tn−1

∫ 1

0
(1− s)n−p−1ds =

M

(n− p)(n− 1)!
tn−1.

If rtn−1 ≤ u0 ≤ r, then



16 QINGLIU YAO

r ≥ u0 ≥ u0 − w̃(t) ≥ rtn−1 − M

(n− p)(n− 1)!
tn−1 ≥ 0, 0 ≤ t ≤ 1.

Thus(u0 − w(t))♠ = u0 − w(t), 0 ≤ t ≤ 1.

By the definition ofϕ(r), there exist0 ≤ t̂ ≤ 1 andrt̂n−1 ≤ û0 ≤ r such that

ϕ(r) = f(t̂, û0 − w̄(t̂)) + M.

By the definition ofϕ∗(r), we get

ϕ∗(r) = max {f(t, u0) + M : 0 ≤ t ≤ 1, 0 ≤ u0 ≤ r}

≥ f(t̂, û0 − w(t̂)) + M = ϕ(r).

Similarly, there exist
1
4
≤ ť ≤ 3

4
r ťn−1 ≤ ǔ0 ≤ r such that

r ≥ ǔ0 ≥ ǔ0 − w(ť) ≥
[
r − M

(n− p)(n− 1)!

]
ťn−1

≥
(

1
4

)n−1 [
r − M

(n− p)(n− 1)!

]
≥ 0,

and

ψ(r) = f(ť, ǔ0 − w̄(ť)) + M.

By the definition ofψ∗(r), we get

ψ(r) = f(t̂, ǔ0 − w̄(ť)) + M.

≥ min

{
f(t, u0) + M :

1
4
≤ t ≤ 3

4
,

(
1
4

)n−1 (
r − M

(n− p)(n− 1)!

)
≤ u0 ≤ r

}

= ψ∗(r)

Applying Theorem 5.1 and the above claims the proof is completed.]

Finally, we give two examples to illustrate that our improvements are true even if

f(t, u0, u1, · · · , up−1) = f(t, u0).
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Example5.3 — Consider (4, 1) boundary value problem

(P ′
0)





u(4)(t) + 100u2(t) sin2 πt

2
= 0, 0 ≤ t ≤ 1,

u(0) = u′(0) = u′′(0) = 0, u′(1) = 0.

In the casen = 4,p = 1,f(t, u) = 100u2 sin2 πt

2
andh(t) ≡ M = 0. Sow̃(t) ≡ 0 andM̃ = 0.

Let α =
1
4
, β =

3
4

. Then A∗ = 72, B∗ =
96864

13
≈ 2835.69. Since ψ∗(r)

= min

{
f(t, u) : t ∈

[
1
4
,
3
4

]
, u ∈

[(
1
4

)n−1

r, r

]}
, we have

max
0<r≤500

ψ∗(r)/r = 100× 500×
(

1
4

)6

× sin2 π

8
≈ 1.7878 < 2835.69,

Therefore, we can not decide that the problem (P ′
0) has one positive solutionu∗ ∈ K satisfying

||u∗|| ≤ 500 by Theorem 1.1.

On the other hand, ifα =
2
3
, β = 1, thenA = 72,B ≈ 104.7273 and

ϕ(0.72) = 100× 0.722 = 72× 0.72,

ψ(16) = 100× 162 ×
(

2
3

)6

× sin2 π

3
≈ 1685.60 > 104.7273× 16.

According to Theorem 5.1, we assert that the problem (P ′
0) has one positive solutionu∗ ∈ K

and0.72 ≤ ||u∗|| ≤ 16.

Example5.4 — Consider (4, 1) boundary value problem

(P ′′
0 )





u(4)(t) + 100− 200t9 = 0, 0 ≤ t ≤ 1,

u(0) = u′(0) = u′′(0) = 0, u′(1) = 0.

Heren = 4,p = 1 andf(t, u0) = 100− 200t9.

We will apply the following two different assumptions:

(i) f(t, u0) + 200t9 ≡ 100 > 0, 0 ≤ t ≤ 1, 0 ≤ u0 < +∞.

In this case,h(t) = 200t9, w̃(t) =
5
99

t3 − 5
429

t13 andM̃ <
360
99

.
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(ii) f(t, u0) + 100 = 200[1− t9] ≥ 0, 0 ≤ t ≤ 1, 0 ≤ u0 < +∞.

In this case,̃w(t) =
50
9

t3 − 25
6

t4 andM = 100.

If the assumption (i) holds andα =
1
2
, β = 1, thenA = 72,B =

1152
5

= 230.4 and the control

functions

ϕ(r) = max
{

f(t, (u0 − w̃(t))♠) + 200t9 : 0 ≤ t ≤ 1, rt3 ≤ u0 ≤ r
}

,

ψ(r) = min
{

f(t, (u0 − w̃(t))♠) + 200t9 :
1
2
≤ t ≤ 1, rt3 ≤ u0 ≤ r

}
.

Sincef(t, u0) + 200t9 ≡ 100, 0≤ t ≤ 1, 0 ≤ u0 < +∞, we haveψ

(
2
5

)
= 100 > 92.16 =

2
5
B, ϕ(2) = 100< 144 = 2A. In addition,

2
5

>
20
99

=
1
18

M̃ . By Theorem 5.1, the problem (P ′′
0 )

has one positive solutionu∗ ∈ C [0, 1] such thatu∗ + w̃ ∈ K and
2
5
≤ ||u∗ + w̃|| ≤ 2.

If the assumption (ii) holds andα =
1
4
, β =

3
4

, thenA∗ = 72,B∗ =
96864

13
≈ 2835.69 and the

control functions

ϕ∗(r) = max {f(t, u0) + 100 : 0 ≤ t ≤ 1, 0 ≤ u0 ≤ r} ,

ψ∗(r) = min
{

f(t, u0) + 100 :
1
4
≤ t ≤ 3

4
, σ∗

(
r − 50

9

)
≤ u0 ≤ r

}
.

Since f(t, u0) + 100 = 200[1 − t9], 0 ≤ t ≤ 1, 0 ≤ u0 < +∞, we haveψ∗(r) ≡
200

[
1−

(
1
4

)9
]

, 0 ≤ r < +∞. It is easy to see that the nenessary condition ofϕ∗(r) ≥ rB∗ is

r ≤ 200

[
1−

(
1
4

)9
]

B∗−1 ≈ 0.0705. But
1
18

M =
50
9
≈ 5.5556 > 0.0705. Therefore, we can

not derive the existence results from Theorem 1.1
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