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The existence of multiple positive solutions is considered for a nonlimea) boundary value
problem where the nonlinear term has a lower bound of function type. By investigating Green
function a suitable cone is constructed. By applying fixed point theorem on cone the existence
of m positive solutions is established wheregis an arbitrary positive integer.
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1. INTRODUCTION

The purpose of this paper is to consider the existence of multiple positive solutions for the nonlinear
(n, p) boundary value problem

uP(0)=0 0<i<n-—2, u®) (1) = 0,

wheren, p are fixed positive integer satisfying> 2,1 < p < n—1. Here the problem®) depends
on the higher derivatives of unknown functiaf¢) up to orderp — 1.
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In this paper, we always writgu|| = [max lu(t)|, v € C]0,1]. We call the solution.* of
problem () positive ifu*(t) > 0,0 <t < 1.

If f(t,uo,u1,...,up—1) = f(t,uo), then problemP) is simplified to the following form:

u™(t) 4+ f(tu(t) =0, 0<t<1,
(o)
u(0) =0, 0<i<n-—2uP1)=0.

All papers in the literatures on positive solution of the probld &re devoted to considering
the case off (¢, uo, u1,...,u,—1) = f(t, uo), for example, see [1-7] and their references. Among
the papers, Wong and Agarwal [6] considered semipositeng poundary value problent)) and
obtained the following local existence theorem.

Theoreml.1— Suppose that

(@l) f : [0,1] x [0,400) — (—00,+00) is continuous and there exisfd > 0 such that
f(t,up) + M >0, (t,up) € [0,1] x [0, +00).

(a2) There exist two different positive numbeysrs, such that min{ry, ro} >
andp*(r1) < A" Y (r2) > 1o B*.

M
(n —p)(n —1)!

Then problem(FP,) has one positive solution* € C|0,1] and min{ri,re} < ||[u* + w|| <

max{ry,ra}.

In Theorem 1.1,

e

<t<
Y*(r) =min < f(t,up) + M :
(" (= Gttim) < wo <)

A* = {/01 e ! R AR U s)p]ds}_l _ (nzpnt

p

-1
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This paper will extend Theorem 1.1 on the probleRy)(with the nonlinear terny (¢, u(t)) to
the problem P) with the nonlinear terny (¢, u(t), u'(t), ..., u?~1(t)). Moreover, we shall allow
that the nonlinear ternfi(¢, uo, u1, . .., up—1) has a lower bound of function type. More precisely,
we assume throughout that

(HI) f:[0,1] x [0, +00)P — (—00,400) iS continuous.
(H2) There exists a nonnegative functibre C|0, 1] such that

f(t,uo,ul, - ,upfl) + h(t) > O, (t,uo,ul, - ,Upfl) S [0, 1] X [0, JrOO)p.

Since we allowf (¢, ug, u1, ..., up—1) # 0, the problem P) is semipositone.

We shall organize this paper as follows. In section 2 we consider the Green'’s function of ho-
mogenous linearn(, p) boundary value problem and construct an useful cone. In section 3, we
transform the problemK) to an integral equation and prove the complete continuity of correspond-
ing integral operator. In section 4, we establish the existenee pbsitive solutions by applying
fixed point theorem on cone and the localization method developed in papers [6, 8-12], where
m IS an arbitrary positive integer. In Section 5, we verify that Theorem 1.1 is a special case of
our results. Finally, we give two examples to illustrate that our improvements are true even if

f(tu Up, Uty - - - 7up—1) = f(t)UO)

2. GREEN FUNCTION AND CONE

Let0 < a < f < 1andG(t, s) be the Green’s function of the homogenous lineapf boundary
value problem
—u™t)=0, 0<t<1; uD0)=0 0<i<n-2, P (1)=0.

From [5], the Green'’s functiof¥(t, s) has precise expression:

1
m[tn—l(l — S)n—p—l —(t— S)n—l]’ 0<s<t<l1,
G(t,s) =

1

=l — gl 0<t<s<l.
it T =r=0=

Thus, forl <7 <n — 1.

‘ (n_g_l).[t"_"‘l(l )" P = (t—s)" Y, 0<s<t<1,
82 .
%G(t,S) = ,

T S I 0<t<s<l.
(n—i—1) (=&, =t=0=
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Consider the Banach spa€&—! [0, 1] with norm

1 1 1
— (p-1)
el maa:{uu||,n_1uu~||,(n_l)(n_Q)nwn,...,(n_l)_“(n_pﬂ)Hu H}.
Let

u®(t) = == [u®D]], w®(0) =0,
K= ueccrto1]:
0<t<1, 0<i<p-—1.

It is easy to see that is a cone of nonnegative functions@® 1[0, 1].

Lemma2.1 —

and

PrROOF: Sincet —ts >t —s, 0<t,s<1,wehave

tnfifl(l o S)nfpfl o (t o S)nfifl
> tn—i—l(l _ S)n—p—l _ tn—i—l(l _ s)n—i—l

> "1 = s)" TP — (1 - )P,

From this, (1) is proved. (2) is derived directly from the expansiog?f}(t s).
Lemma2.2 —

max /Gtsds-/ G(1,s)d
0<t<1
maX/Gtsds—/ G(1,s)d
0<t<1

_n[l—a)"? -1 -5)""] - (n—-p)[(1 —a)" —(1-0)"]
(n—p)n! '

T (n-pn! p)
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1 1
PrROOF: According to Lemma 2.1(,;1/ G(t,s)ds = / ;G(t,s)ds >0,0<t< 1. It
0 0
1

impliesthat [  G(¢, s)ds is an increasing function ihand
0

1 1
max / G(t,s)ds = / G(1,s)ds
0 0

0<t<1
_ (n—ll)' {/01[(1 sl (1 3)”1]ds}

B min!hip‘i}ZOVZWw

The proof of (2) is similar
Lemma2.3 — Assume that € C" [0, 1] satisfies
(1) u™@t) <0, 0<t<1;

2) uD0)=0, 0<i<n-2 and u®(1)=0.
Then

W) =@, 0<t<1, 0<i<p-l

PrROOF: See Theorem 1.3 in [3}

Lemma2.4 —Ifu € K, then

(n—'l)

, ! .
el = THaall, Ml < ()] < el 1sisp—1.

PROOF: Sinceu(0) =0, 0< i<n — 2, we have
u(z)(t) = / u(’“)(s)ds, 0<t<1, 0<i<n-2
0

So,for0 <i<p-—1land0 <t <1,

tnfifl

. t .
reet A I A

t
Ry g P
0

Sn—z—QdS

IN
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It follows
Lo <0 < [l ozizpot
n—i—1 - - ’ - =
By the induction
g ol <. sispen
Since
| > ! [u®|]. 1<i<p—1
“(n—1)--(n—1) T T ’
we have|| |u| ||=]| « || . Since
lull <[] < (0= 1) tn = lall = 2l 1< <p-1,
we see 1)
: —1)!
< ||| 2222 <i<p—1.
lulll < ||| (o 25 = el 1< i<p=1

3. EQUIVALENT INTEGRAL EQUATION

1

Law@y:/'G@Jm@m& 0<t<1. Thenw®(0)=0,0<1i <n—2,wP (1) =0and
0

D™ (t) = —h(t), 0<t<1. Let

8—G(t s)h(s)ds
. Y
M = max sup
0<i<p—1  o<t<1
/ —G t,s)d
ot
Obviously,0 < M < max  h(t).
0<t<1
M . »
Lemma3.1 — Letu € K. If |||u||| > ——————, thenu®(t) —w® () > 0,0 <t < 1,
(n—p)(n—p)!
0<i<p-—L
PROOF: By Lemma 2.4, we havgu(®|| > ||u|| = |||ul|[,0 <i < p—1. So,forany0 <t < 1
ando <i<p-1,
(%) H @) || gn—i—1 n—i—1 n—i—1
u’(t) > ||lu t > |||l |t > t .
(t) [l = p)(n—p)!
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And by the definition oﬂV[, for0<i<p—1lando<t¢<I1,
M 1
(n—i—1)!|[n—p n—1

’) <M/ —Gtsds—

n—i—1 L n—i—1
= <n—p><n—z— ot S pep

It follows that, forany0 < i <p—1land0 <t <1,

WO (1) — 5@ M n—i—1 _ M n—i-1 _
0 =0 > ) CECEIE 01

Let (c)® = max{c,0}. Foru € K and0 < t < 1, define the operatdF as follows

p—1
:/1G(t,s [ <S,® O (s) — @ (s)) >+h(s)
0

7

p—1
f <s, (ul(s) - 113(”(8))‘)
=0

= £ (b (u(t) = @), (1) = @ ()%, @V (B) — T D)4

ds,

where

Lemma3.2 —T : K — K is completely continuous.
PROOF: By the continuity off, T : K — CP~!][0, 1] is continuous.

Letu € K. Computing the derivatives dfl"u)(t), we obtain, for anyp < i < n — 1 and

0<t<,
p—1
(Tw)® (¢ / %G (t,s [ <S, & s))“) + h(s)| ds.
Particularly,
1 gn—1 p—1 '
(Tw)"D(t) = 1 C(ts) [f <8, () (s) — @ (s))* +h(8)] ds
0 i=0
1 p—1
= /0 (1—s)v Pt [f (s, (u?(s) — w(l)(s))‘> + h(s)| ds
=0
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Differentiating both sides of the equality, we get

p—1
(Tu)™(t) = — [f <87 4 (u(s) - ww(é’))‘) +h(t)

According to Lemma 2.1%6?(0,5) =0,0<s<1,0<i<n—-2 and%G(l,s) =0,
0 < s < 1. Consequently,7'u)® (0) = 0,0 < i < n — 2 and(Tu)® (1) = 0.

Above discussion showBu € C"™ [0, 1]. By Lemma 2.3, we have

@) O(t) = = H[(Ta)®)|, 01, 0<i<p-1.

ItfollowsTu e KorT : K — K.

The complete continuity df is followed from Arzela-Ascoli theorent.

M

Lemma3.3 —If u € K is afixed point ofl" and||i|| > ———, thenu* = 4 — w is
3 , (n—p)(n—p)!
a positive solution of the problen®].
- - R - M
PROOF: Letu € K andu = T'a. Since||a|| > ————— and Lemma 3.1, we have
(n—p)(n—p)!

a9 ) —wD(t) >0, 0<t<1, 0<i<p-—1.

Thus, for0 <i<p-—1.

w(t)+w(t) = at) = (Ta)(t)

= /01 G(t,s) :f (s,%

1 i p—1
= /0 G(t, s) f(s,' (a(i)(s)—w(i)(s))>+h(s)

ds

1 -
= [ G [Fs. (6 () () () 9) ()] s

Computingnth derivative for both sides of above equality and noticisig)) (t) = —h(t),0 <
t < 1, we obtain
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(")) + f(t,u (1), (W) (t), -, (@)P7D(E) =0, 0<t<1.

Sincea™(0) = (T)®(0) = 0,0 < i <n—2,aP (1) = (Ta)P (1) = 0 andw®(0) = 0,
0<i<n-—2wP(1) =0, wesegu)D0)=0,0<i<n-—2 (u)P(1)=0.

It shows that.* is a positive solution of the Problen#y. 4

In order to find fixed point of operatdr in K, we need following Krasnosel’skii fixed point
theorem of cone expansion-compression type.

Lemma3.4 — Let X be a Banach spacé&’ be a cone inX, 21, 2, be two open subsets ik
and0 € Oy C Q1 € Q. If F: K — K is a completely continuous operator and one of the
following conditions is satisfied:

) NF@I < lzll,z € 02, and ||[F(2)|| = [lz|], = € 0.

@) NE@)| = ||,z € 9, and ||[F(z)[| <|lz]|, = € 0Dy

ThenF has one fixed point if2\ Q.

4. EXISTENCE AND MULTIPLICITY

We shall use the following control functions and control constants:

p—1 _
o(r) =max < f (3, ‘ (uz — @(O(@)‘) +h(t): rtvi <y < MT, )

a<t<p,

p—1 _
w(r) =min{ f <57 . <Uz _ u*)(l)(s)>‘> + h(t) . opgn—isl <u; < MT, s

O0<i<p-—-1,

:[max /Gts ] , :[maX/Gts ]
0<t<1 0<t<1
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By Lemma 2.2,

ot e
T (R o e () o I RO [ R

Theorem4.1 — Suppose that there exist two positive numbegrs> r; > m
n—p)n—p)!
such that one of the following conditions is satisfied

(b1)  @(r1) <A, Y(re) > raB.
(b2) (r1) > r1B,o(rz) < raA.

Then problen(P) has at least one positive solutiari € CP~! [0, 1] satisfyingu* + @ € K
andry < |||Ju* + @l|| < ra.

PrROOF: We prove only (b1). Write
D ={ue K:|||ull]|]<ri}, Q={ueK:||lu||| <r}.

By Lemma 3.3, we need prove that the operafohas one fixed point € K and |[a|[ >

M
(n—p)(n—p)
' 1)
If w € 0Q, then|| |u| || = r1. By Lemma 2.47; < ||[u®|| < M r,0<i<p—1.
So,for0 <i<p-1,
(n—1)!

1 < Hu(i) <

“(n—i—1)!

g=i=1 < () (1) < Hu(z‘)

By the definition ofp(r;), forany0 <t¢ <1,

p—1
f (t,® (u%t) - u?(“(t))*) +h(t) < o(r1) < 1A

1=

It follows

ds

1 Pl NS
llull] = |[Tull = max /O G(t,s) [f <s,®(u2<s>—w<”<s>) )+h<s>

1=

0<t<1

1
< rlAmaX/ G(t,s)ds =1y = || Ju] ||
0
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(n—1)!
(n—1i—1)!
C(n=D
n—z—l)

If u € 09y, then|| |ul || = ro andry < |[u®|| < 9. From this, fol0 < i < p—1,

ot < Hu() re, 0<t<1L

By the definition ofi)(r), for any0 <t < 1,

p—1
f (u (wit) - w“)(t))“) +h(t) = b(rs) = r2B.

=0
It follows
g 1 "
Tl | = ITull > max, / G(t,s) [f ( o (wis) — <s>)>+h<s> ds
B
> = = .
> TQBOI'I<1?J<Xl/a G(t,s)ds =12 = || |u| ||

According to Lemma 3.2 and 3.4, the operafonas one fixed point € K andr; < || |a] || <
M
(n —p)(n —p)"

positive solution:* andu* + @ € K. u* € CP~1 [0, 1] is obvious 4

It shows that the problen) has one

fall=Ilal [l =r >

Theoremd4.2— Suppose that there exist three positive numbers ro > ) > = p)n—p)
such that one of the following conditions is satisfied
(cl) (r1) <riA, ¥(r2) > reB, @(rs) > r3A.
(c2) (r1) > B, ¢(r2) <red, ¥(rs) >r3B.
Then problen(P) has at least two positive solutions, u5 € CP~! [0, 1] satisfyingu} + @

€ K,i=1,2andr; <|||lu} + @||| < re < |||us + @l||| < r3.

PROOF: We prove only (c1). Since : [0, +o0) — [0, +00) is continuous ang(rz) > reB,
there existr; < 7o < ro < 7y < r3 such that)(ry) > 7o B, 1(7y) > 72 B. Applying Theorem 4.1
for {r1,72}, {F2, 73}, the proof is completed:.

Similarly, we can prove the following multiplicity results.

Theorem4.3 — Suppose that there exist four positive numbeys> r3 > ry > 7 >

such that one of the following conditions is satisfied

M
(n —p)(n—p)!

(dl) @(r1) < 1A, P(ra) > B, @(rs) <134, P(ry) > r4B.
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(d2) (r1) > B, @(r2) <rsA, ¥(r3) >r3B ¢(rs) < r4A.

Then problem P) has at least three positive solutiosis uj, u; € CP~1 [0, 1] satisfyingu; +
we K,i=1,2,3andy < |||luf + ||| < r2 <|||uj + D|| < rg < |||uf + D||| < ra.

Let ¢ be the integer part of].

Theorem4.4 — Suppose that there exist 1 positive numbers,, 1 > ry, > -+ > 11 >

m, such that one of the following conditions is satisfied
2
(el) o(rog_1) <rop_1A, k=1, [m;—} :
1
lb(?"gk) >rogpB, k=1,---, |:7’TL;—:| ’
2
(62) w(r%,l) >rog1B, k=1,---, |:Tn;_:| ’
1
(,O(T’Qk)<7‘2kA, kj:1”|:?n;_:| .

Then problen{P) has at leastn positive solutions! € CP~1 [0, 1], =1, 2,- - -, m satisfying
uf +w € K andr; < || |uf + @] || < riq1.

5. OUR IMPROVEMENTS

In this section, we consider the casefdt, ug, u1, - - -, up—1) = f(t, up).

We assume that : [0, 1] x [0, +00) — (—o0, +00) is continuous and there exists nonnegative
functionh € C [0, 1] such thatf (¢, ug) + h(t) > 0, (¢,uo) € [0, 1] x[0, +00).

Under the assumptions we have

/ " Gt s)h(s)ds
- i |

M = sup T
0<t<1 / G(t, 5)ds
0

K = {ueC0,1]:u(t) > |lu[t"", 0<t<1},

o(r) = max{f(t, (ug — w(t))®) +h(t): 0 <t <1,7t" ! <wup < T} ,
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) = min{f(t, (o~ BB +h(t) sa <t < Bt <ug <)

Now Theorem 4.1 is rewritten as follows.

Theorem5.1— Suppose that there exist two positive numbers r; > — < — 1 such
n
that one of the following conditions is satisfied

(bQ)/ w(’l“l) > T‘lB, QD(T‘Q) < ’I“QA.

Then problen(P,) has at least one positive solutiari ¢ C?~! [0, 1] satisfyingu* + w € K
andr; < |[u* + @|| < ra.

Applying Theorem 5.1, we can write similar multiplicity results to Theorem 4.2-4.4.

" , , o1
Proposition5.2 — Theorem 1.1 is a special case of Theorem 5.1 with 1,5 = 3 and

4
h(t) =M > 0.
1 ~
PROOF: In this casew(t) = w(t) = M/ G(t,s)ds,0 <t <landM = M.
0

M .
Letr > —— ——— In the proof.

(n—p)(n—p)

By the definitions of constants, B, A*, B*, we have

1 -1 3/4 1 -1
A = {/ G(l,s)ds} =A, B*= {/ G <,3> ds} > B.
0 1/4 4

Direct computations give, far < ¢ <1,

1
w(t) = M/o G(t,s)ds

M n—1 ! — s n—p—1 s = n—1
e e

If 1t~ <y < r, then

IN
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> ug > ug — w(t) > rt" - >0, 0<t <1

M
(n—p)(n—1)
Thus(up — w(t))* = uo — w(t),0 <t < 1.

By the definition ofip(r), there exist < # < 1 andrt"~! < 4y < r such that

By the definition ofy*(r), we get

©*(r) = max{f(t,up) + M:0<t<1, 0<wuy<r}
> f(t,a0 —w(t) + M = p(r).

.. 1 .3 .
Similarly, there eXIStLI <f< 1T "1 < @y < r such that

r> g > i —w(l) > [T_(n—p)(n—l)l] -1
- @ P e 2

and
W(r) = f(t a0 — w(f)) + M.

By the definition ofiy)*(r), we get

P(r) = f(t,i0 —w(t)) + M.

Applying Theorem 5.1 and the above claims the proof is complgted.

Finally, we give two examples to illustrate that our improvements are true even if
f(t,UO,Ul, e 7up—1) = f(t7u0)
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Example5.3 — Consider (4, 1) boundary value problem

t
u® (t) + 100u2(t) sin? % =0, 0<t<l,

t ~
In the caser = 4,p = 1, f(t,u) = 100u? sin? % andh(t) = M =0. Sow(t) = 0andM = 0.

96864 .
Let o = ,ﬂ Then A* = 72, B* = —— =~ 2835.69. Since ¢¥*(r)

SR PO ) T

1\% o T
0<r£12<1>5<00¢ (r)/r =100 x 500 x (4) X sin® o & 1.7878 < 2835.69,

Therefore, we can not decide that the problétf) has one positive solution* € K satisfying
||u*|| < 500 by Theorem 1.1.

On the other hand, i = g, B8=1,thenA=72,B ~ 104.7273 and

©(0.72) = 100 x 0.72% =72 x 0.72,
92 6
Y(16) = 100 x 162 x (3) X sian ~ 1685.60 > 104.7273 x 16.
According to Theorem 5.1, we assert that the problé) bas one positive solution* € K
and0.72 < ||u*|| < 16.

Examples.4 — Consider (4, 1) boundary value problem

u™®(t) + 100 — 200t = 0, 0<t<l,

Heren =4,p =1 andf(t,ug) = 100 — 200¢°.
We will apply the following two different assumptions:

(i) f(t,up) + 200t =100 > 0,0 <t < 1,0 < ug < +o0.

. ) 5 360
In this caseh(t) = 200°, @ (t) = ®t3 — 429 SandM < 59
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(i) f(t,up) + 100 = 200[1 — Y] > 0,0 <t < 1,0 < up < +o0.
50 25 ,

In this casew(t) = —t> —

—t*andM =100.
9 6

. . 1 1152
If the assumption (i) holds and = 3 8=1,thenA=72,B = ?5 = 230.4 and the control

functions

p(r) = max {f(t, (ug — w(t))®) +200t7 : 0 <t < 1,73 <wp < 7‘} ,

Y(r) = min {f(t, (up — w(t))*™) + 200" :

5
2 .2 2 1 -
gB, ©(2) =100< 144 =24. In addltlon,g > £ = EM. By Theorem 5.1, the problen®(’)

o . 2
has one positive solutiom* € C [0, 1] such that* + @ € K andg < |Ju* 4@l <2,

. 2
Sincef(t,uo) + 200t = 100,0< ¢t < 1,0 < ug < 400, We havey ( ) =100 > 92.16 =

96864

If the assumption (ii) holds and = —, 3 = Z thenA* =72,B* = 3 ~ 2835.69 and the

control functions

e

©*(r) = max{f(t,up)+100:0<t <1, 0<ug<r},

<7§<§ * @ < <
>~ __4,0 r 9 SUgSTop.

< 1,0 < u < +oo, we havey*(r) =

=

vi(r) = min{f(t,u0)+100;

since f(t, ug) + 100 = 200[1 — 9], 0

IN
~

1\’ . L :
200 !1 - <4) ] , 0 < r < +o00. Itis easy to see that the nenessary conditiop™@f) > rB* is

1\? 1 50
r <200 (1— (4) B*~! ~ 0.0705. ButEM =3 ~ 5.5556 > 0.0705. Therefore, we can

not derive the existence results from Theorem 1.1
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