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We classify the homotopy types of reduced 2-nilpotent simplicial groups in
terms of the homology and boundary invariants b, 3. This contains as special
cases results of J.H.C. Whitehead on 1-connected 4-dimensional complexes and
of Quillen on reduced 2-nilpotent rational simplicial groups. Moreover it yields
for 1-nilpotent (or abelian) simplicial groups a classification due to Dold-Kan.
Our result describes a new natural structure of the integral homology of any
simply connected space. We also classify the homotopy types of connective
spectra in the category of 2-nilpotent simplicial groups. Moreover we compute
homotopy groups of spheres in the category of m-nilpotent groups for m = 2,3

and partially for m =4, 5.
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A classical result of D.M. Kan shows that the homotopy type of a connected space
is determined by a simplicial group, see [19]. Curtis [11] observed that for a 1-
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connected n-dimensional space the associated simplicial group can be chosen to be
m-nilpotent where n < 2+ {loga(m +1)}. Here {n} is the least integer > n. Hence a
1-connected 4-dimensional space is equivalent to a reduced 2-nilpotent group and such
spaces were classified by Whitehead [27] in terms of the homology groups Hs, H3, Hy
, a boundary b : Hy — I'Hy and an invariant § € Ext(Hs, coker(b)) given by the
homotopy group 3. Moreover, a result of Quillen [23] on reduced rational nilpotent
simplicial groups shows that reduced rational 2-nilpotent groups are classified by a
boundary b : B — [B, B] of degree —1 where B is a graded Q-vector space with
B; =0 for i <0. Here [B, B] is defined in the free Lie algebra L(B) generated by B

so that
[B.B]=@rBe P ANBaEPB b

i odd i even 1<J
where [B;, B;] = I'B; (resp. = A?B;). In fact, b is part of the differential in a minimal

model constructed by Baues-Lemaire [5].

On the other hand, 1l-nilpotent (or abelian) simplicial groups are equivalent to
chain complexes by the classical Dold-Kan theorem. Various authors extended the
Dold-Kan theorem for more general simplicial groups (see [10] and [8] and for 2-
nilpotent groups the thesis of Hartl [17]) without, however, achieving a description of

homotopy types.

Knowing about this background in the literature there is a clear motivation to
study the homotopy types of reduced 2-nilpotent simplicial groups. In this paper we
obtain their complete description in terms of graded abelian groups and boundary
invariants b and 3 (see Theorems 7.1 and 9.1). This classification contains as special
cases the results of Whitehead and Quillen mentioned above. For the description of
the boundary invariants we need quadratic functors I' and A% and quadratic torsion
functors €, R which were used by Eilenberg-MacLane [16] and Cartan [9] for the

computation of the homology of an Eilenberg-MacLane space.

We also consider the homotopy types of connective spectra in the model category
of 2-nilpotent simplicial groups. They are classified in a particular simple fashion
by F-algebras, where F is the free Zj-algebra generated by elements Sqp for k

even > (0, see section 11.

Since any simplicial group G yields a 2-nilpotent simplicial group G/v3(G) by
dividing out triple commutators we see that we can apply our result to G/v3(G).
Therefore we obtain by the invariants b, 3 a new natural structure of the integral

homology of any 1-connected space. This structure generalizes the well known action



HOMOTOPY TYPES OF REDUCED 2-NILPOTENT SIMPLICIAL GROUPS 37

of the Steenrod algebra. In fact, the action of Sqf € F corresponds to the dual of
the Steenrod square S¢*.

We also describe some aspects of the homotopy theory of 2-nilpotent simplicial
groups, in particular, we compute all homotopy groups of spheres in this category. In
an Appendix, we determine homotopy groups of spheres in the category of m-nilpotent

simplicial groups for m = 3 and partially for m = 4, 5.

1. SIMPLICIAL OBJECTS AND CHAIN COMPLEXES

Let C be a category with an object 0 which is initial and final in C. For objects
X,Y in C, one has the unique zero morphism 0 : X — 0 — Y. A graded object
X, in C is a sequence of objects X, = {X,,, n € Z} in C. A chain complezx (X,,d)
is a graded object together with boundary morphisms d : X, — X,,_; satisfying
dd = 0. A simplicial object in C is a sequence {X,,, n > 0} together with morphisms
di + X, — X 1,8 @ X, — X1, ¢ = 0,...,n, satisfying the usual simplicial

identities. Such objects are r — reduced if X,, =0 for n < r. Let
C., Chain(C), sC

be the categories of graded objects, chain complexes and simplicial objects respec-
tively. Moreover, let

C., Chain(C),, (sC), (1.1)

be the corresponding full subcategories consisting of r-reduced objects. Dold-Kan
theorem shows that for A = Mod(R), the category of R-modules for a ring R, one

has the equivalence of categories
N : (sA), — Chain(A),, r > 0.

Here N is the normalization functor which maps the simplicial object A in A to
the Moore chain complex N(A) with

Niso ker{d; - Ag — Ag1}, if ¢ >0,

N,(A) =
! Ay, if ¢ = 0.

(1.2)
The boundary d : N,(A) — N,_1(A) is induced by dy with dy = 0 for ¢ = 0. Let
N~! be the inverse of the normalization functor. We define the homotopy group by

the quotient in A:
(A) = ker{d: NJA — N,_1A}
) = im{d: Ny1A — N,A}

(1.3)
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which is the gth homology H,N(A) of the chain complex N(A). The equivalence
N shows that a simplicial object in A can be identified with a (non-negative) chain
complex in A.

Let Gr be the category of groups then one has a normalization functor
N : (sGr), — Chain(Gr),, r > 0.

The functor N carries the simplicial group A to the chain complex N(A) defined
in same way as in (1.2). Moreover we can define the (Moore) homotopy group 7,(A)
of the simplicial group A by the quotient group in (1.3) since im(d) is normal in

ker(d).

Weak equivalences in the categories Chain(A), resp. sA and sGr, are maps which
induce isomorphisms for the homology functor H,, resp. for the homotopy group func-
tor m,. Given a category C with weak equivalences we obtain the homotopy category
Ho(C) which is the localization of C with respect to the class of weak equivalences.
If C is a model category or a cofibration category, the homotopy category Ho(C) is
well-defined, see Quillen [22] and Baues [2]. For objects X,Y in C, let

(X, Y] =[X,Y]c (1.4)
be the set of morphisms X — Y in the homotopy category Ho(C). A homotopy type
in C is the equivalence class of an object X in the homotopy category Ho(C).

2. ABELIANIZATION AND NILIZATION
For a group G one has the lower central series
0 CY1(G) SW(G) € -+ C72(G) € G,
where v, (G) is the commutator subgroup. Then the quotient
ab(G) = G/(G)

is the abelianization of G. A group G has nilpotency degree < k if ~1(G) is trivial,
that is if all (k + 1)-fold commutators in G are trivial. In this case we also call G
a nil(k)-group. We only deal with nil(2)-groups though various concepts below have
an obvious analogue for nil(k)-groups, & > 2. Compare the Appendix. We call the
quotient

nil(G) = G/3(G)
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the nilization of G. Hence we have functors
Gr 2% Nil 2% Ab,

where Ab is the category of abelian groups and where Nil is the full subcategory of
Gr consisting of nil(2)-groups. Clearly one gets ab(nil(G)) = ab(G). If G = (E) is a
free group generated by the set E, then A = ab(G) = Z[E] is the free abelian group
and nil(G) = (E)ny is the free nil(2)-group. Here Z[E]| and (F),; are free objects in
the categories Ab and Nil respectively. If G = (E),; is a free nil(2)-group we have

the central extension of groups
A2(A) 2G5 A, (2.1)

where A is the abelianization of G with p(g9) = ¢.7%2(G), ¢ € G, and where w is
the commutator map with w(px A py) = [z,y] := x7 'y~ 'zy for z,y € G. For this
recall that A?(A) is the exterior square of the abelian group given by the quotient
A?(A) = A® A/{a ® a ~ 0}. We point out that the homomorphisms w and p are
natural for ¢ : G — G’ € Gr that is pp = ¢.p, wA?(¢,) = ¢w with ¢, = ab(¢).

The categories Gr and Nil are closed under limits and colimits. In fact, colimits in
Nil are obtained by nilization of the corresponding colimits in Gr. For example, the
sum AV B in Nil is given by AV B = nil(A x B), where A x B is the free product in
Gr.

It is useful to note that for any A, B in Nil one has the functorial short exact

sequence (see for example 7.10 in [6])
0 — ab(A) ® ab(B) % AVB — Ax B — 0,
where w(a ® b) = [a,b]. Here @ denotes the class of a € A in ab(A).

Let » > 0. Then the functors nil and ab above induce functors between categories
of simplicial groups
(sGr), 24 (sNil), 22 (sAb),.

For r > 1 these functors carry weak equivalences to weak equivalences so that the

induced functors between homotopy categories
Ho(sGr), ™3 Ho(sNil), % Ho(sAb) .

are well-defined. Using results of Quillen [22], we see that (sGr),, (sNil), and (sAb),

are actually model categories. Moreover by the Dold-Kan theorem it is well known
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that the normalization
N : Ho(sAb), — Ho(Chain(Ab)),

is an equivalence of homotopy categories. Homotopy types in Ho(Chain(Ab)), are
identified via homology with isomorphism types of graded abelian groups in Ab,.
Hence also homotopy types of simplicial abelian groups in (sAb), are given by graded

abelian groups in Ab,.

Let CW be the category of CW-complexes X with trivial O-skeleton X° = .
Morphisms are base point preserving maps. Then homotopy =~ of such maps yields
the quotient category CW/ ~ which is the usual homotopy category of algebraic
topology. For XY € CW, let [X,Y] be the set of homotopy classes X — Y in
CW/ ~. Let CW, be the full subcategory of CW consisting of CW-complexes X with
trivial (r — 1)-skeleton. Kan [18] constructed a functor G : CW, 1 — (sGr), which

induces an equivalence of homotopy categories
G : CW, 11/ ~ — Ho(sGr),, r > 0.

This functor carries a CW-complex X to the Kan loop group G(X) which is a free
simplicial group (see also Curtis [12]). Let

G®(X) = ab(G(X)), resp. G"(X) = nil(G(X))

be the abelianization, resp. nilization of the Kan loop group which we also call the
abelianization, resp. the nilization of the space X. Let C,X be the cellular chain
complex of X given by C,X = H,(X", X" ) and let C,X = C,X/C,(x) be the

reduced cellular chain complex. Then one has a weak equivalence
sTICL(X) =5 NGY(X)

which is a natural isomorphism in Ho(Chain(Ab)), for X € CW, ;. Here s"C is the
k-fold suspension of the chain complex C with (s*C),, = C,,_j and d(s*z) = (—1)"*ldz
forxz € C, k € Z. The equivalence shows that the homotopy type of the abelianization
of X coincides with the homology H,(X) of the space X.

3. QUADRATIC FUNCTORS
Let F': Ab — Ab be a functor. The cross-effect of F' is the bifunctor defined as

F(X|Y) =ker{F(ri,r) : F(X®Y) - F(X)® F(Y)}, X,Y € Ab
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where the map F(rq,rs) is induced by natural retractions 1, : X @Y — X, ry :
X @Y — Y. The functor F is linear if F(0) =0 and F(X|Y) =0 for all X,Y € Ab.
The functor F' is quadratic if F'(0) = 0 and the cross-effect F'(X|Y) is linear in each
variable X and Y.

A quadratic Z-module is a diagram of abelian groups
M= (M, % M, L M)
satisfying HPH = 2H and PHP = 2P.

Let M = (M, A M., LN M.) be a quadratic Z-module. Then M induces a
quadratic functor A — A® M, A € Ab defined as follows. Given an abelian group A,
the abelian group A® M has generators a®@m, [a,b|®@n, a,b € A, m € M., n € M.,
and relations

(a+b)@m=a®@m+b@m+ [a,b ® H(m),
[a,a] @ n = a® P(n)

where a ® m is linear in m and [a,b] ® n is linear in a,b and n. For example, the

quadratic Z-modules

2=z zezY 7)
Z* = (0 — Z — 0)

' =(75727)

75 =(23757)

Lo = (Zy — 0 — Zs)

define the tensor square, exterior square, Whitehead’s I'-functor, symmetric tensor
square and the functor — ® Z, respectively, i.e. for every abelian group A, one has
ARZP = AR A, AQZY =A%A, AQZ' =TA,
ARZS =SP*A), AR (Zy — 0 — Zy) = AQ Ly

where SP?(A) = A® A/(a®@b—b®a, a,b € A).

Recall the definitions of some functors (see [3]). Given abelian groups A, B we

choose free resolutions
da: X1 — Xo, dg : Y1 — Yy, (3.1)
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of A and B respectively so that coker(ds) = A, coker(dg) = B. For a quadratic
Z-module M, one gets the chain complex My (dg) defined by

VYoM, BY, oMoy, 0Y,@ M. 5 Y, 0 M
with

o m) = (dpa) @ m,

(e®

01([a, d') @ n) = [dpa, a] @ n,
d(a®@b®n) = [dga,b] ®n,

ba®@d ®@n)=—a®dgd @n+[a,dgd’| @n

for a,a’ € Y1,b € Yo,m € M.,n € M. Then coker(d;) = A® M. Define the torsion

functors by

A" M = ker(8;)/im(d2),
A" M = ker(dy).

Taking the torsion functors for Z* and Z' one, in fact, gets the Eilenberg-MacLane
functors, see 6.2.9 and 6.2.10 in [3]:

Ax' 7 = Q(A), A« ZV = R(A).

Define also the pseudo-analogs of the above torsion functors:

ATy (A, B) = [X; % X, Zydsp),
TT4(A, B) = [X1 %4 X, Z%,dg).

Also recall the functor Ly(A, B), which for finitely generated abelian groups A,
B is defined as

Ly(A,B) = B® L(A).
Here L(A) is the quadratic Z-module
L(A) = (Hom(A, Zs) 2 Ext(A,Z) R Hom(A,Z,))

where the map 0 is the connecting homomorphism induced by the exact sequence
757 - 7y (see 6.2.13 [3] for the definition of Ly (A, B) for arbitrary abelian
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groups). The bifunctors ATy, I'T)y and Ly are bype functors (see [3]) in the sense

that for abelian groups A, B there are the following binatural short exact sequences:

0 — Ext(A,Q(B)) — ATy(A, B) — Hom(A, A*(B)) — 0,
0 — Ext(A,R(B)) — I'Tyw (A, B) — Hom(A,I'(B)) — 0,
0 — Ext(A,A*(B)) — L4(A,B) — Hom(A, B® Zy) — 0.

For every quadratic Z-module and n > 0 there are natural suspension maps
S (X0 Xo, My (Vi % Y0)] = [(X0 ™ Xo)lnl, Mg (Vi = Yo)[n])]
which in the case M = Z*, M = Z' stabilize as

¥ ATy (A, B) — Ext(A, B® Zs), n > 2
S TTy(A, B) — Bat(A, B * Zs) & Hom(A, B @ Zs), n > 3.

Let d¢ : Zy — Zy be a short free resolution for an abelian group C. Define the

functor
Trp(A; B,C) = [X; % Xo, (Vi B Yy) ® (2, %S Zy)] = Hy(A, dp @ de).
Clearly one has the following short exact sequence which splits (unnaturally)
0 — Ezt(A,BxC) — Trp(A;B,C) — Hom(A,B® (C) — 1.

The functor T'rp is an analogue of the triple torsion functor of MacLane [20].

4. DERIVED FUNCTORS OF THE EXTERIOR SQUARE

For abelian groups A, B let A ® B and A %« B be the tensor product and the torsion
product respectively. The tensor product of abelian groups leads to the notion of the

tensor product A ® B of graded abelian groups A, B with

(A® B), = P 4@ B,

i+j=n
We also need the ordered tensor product A (§>§ B defined by

>

i+j=n, i>j
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Analogically define the ordered torsion product A % B as

i+j=n, i>j
The tensor product, torsion product and the ordered tensor and torsion product
are in the obvious way bifunctors.

Next we use the exterior square A? and Whitehead’s quadratic functor I which are

functors from abelian groups to abelian groups. They define the weak square functor
5¢® : Ab, — Ab,
which is given by

['(Ap), if n=2m, m odd,
$q%(A)n = ¢ A2(A,,), if n = 2m, m even,

0, otherwise.

Let (Z2)o4q be the graded abelian group which is Z, in odd degree > 1 and which
is trivial otherwise, hence (Zs),qq is the reduced homology of the classifying space
RP, = K(Zy,1). We now define the square functor

Sq¢® : Ab, — Ab,
Sq®(A) = A @ (A® (Za)oaa) ® 5¢°(A).
Clearly the square functor is quadratic. The cross-effect is
Sq®(A|B)=A® B
and one has the operators
Sq®(A) B A® A S S¢°(A)
which are induced by the diagonal and the folding map respectively.

Define also the torsion square functor
Sq*(A) : Ab, — Ab,

by setting
Sq™(A) = (A% (A® (Za)oua)) © 54" (A),
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where

Q(m,X), n=2m, m even
sq¢*(A)p = § R(mnX), n=2m, m odd
0, otherwise.

Here R(A) = H;K(A,2) and Q(A) = H; K (A, 3)/(Z3®A) are functors of Eilenberg-
MacLane. The cross-effects of these functors are the following: R(A|B) = Q(A|B) =

A x B. For cyclic groups, the values of these functors are

R(Zy) = Zamy, UZn) = L, R(Z) = QZ) = 0.

For developing homotopy theory of 2-nilpotent simplicial groups we need the de-
scription of the derived functors of the exterior square. They were described in [7] as
follows. Let X be a simplicial group which is free abelian in each degree. Then there

exists the following short exact sequence of graded abelian groups
0 — S¢%(m. (X)) = m(A"X) — Sg*(m(X))[-1] — 0 (4.1)

where ,(X) and 7,(A?2X) are the graded homotopy groups of X and A?X respec-
tively, and Sq¢*(m.(X))[—1] is the graded abelian group with

(Sq" (m (X)) [=1])n = S¢" (7 (X))n1, n = 1.

5. HoMOTOPY THEORY OF 2-NILPOTENT SIMPLICIAL GROUPS

Homotopy theory in the category sNil of simplicial nil(2)-groups relies on the following
definition of weak equivalences, fibrations and cofibrations. Weak equivalences are
maps inducing isomorphisms on homotopy groups, fibrations are the maps f for
which N, f is surjective for ¢ > 0 and cofibrations are retracts of free maps. Here
an injective map f : X — Z in sNil is free if there are subsets C;, C Z, for each
q such that (i) n*C, C C, whenever 7 : [q] — [p] is a surjective monotone map,
(i1) fq+ 94 XqV FC, — Z, is an isomorphism for all ¢. Here F'C, = nil(C,) is the
free nil(2)-group generated by C, and g, : FC, — Z, is the extension of C, C Z,.
Let * be the initial object in sNil. We say that G in sNil is free if x — G is free. Let
(sNil),, be the full subcategory of the free objects in sNil. For example, for a space X,
the nilization G™(X) of Kan’s loop group is a free object.

Proposition 5.1 — With these definitions the category sNil of simplicial nil(2)-

groups is a closed model category. All objects are fibrant and free objects form a
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sufficiently large class of cofibrant objects. Hence one has a notion of homotopy ~ in

(sNil), such that the inclusion (sNil), C sNil induces an equivalence of categories

(sNil),/ ~ —~ Ho(sNil).

ProOOF : This is a consequence of II.4 in Quillen [22], compare in particular

Remark 4. Moreover we use 11.3 in Baues [2].

The proposition shows that the basic definitions and constructions of homotopy
theory are available in the category sNil, for example we have cylinder objects, sus-
pensions, mapping cones, cofiber sequences, spectral sequences etc as described in a

cofibration category in Baues [2].

Proposition 5.2 — The nilization functor
nil : sGr — sNil

carries homotopy push outs to homotopy push outs, that is, nil is a model functor in
the sense of Baues [2] (I.1.10).

The functor 7, : Ho(sNil) — Gr is a representable functor in the sense that there
is a free object S(n) € sNil for n > 0 and a class i, € 71,5(n) so that for all X € sNil,
the map

[S(n)>X] — T X,

given by f +— m,(f)(i,) is an isomorphism for n > 0. This is analogous to the
situation for topological spaces; indeed, these isomorphisms virtually demand that
we refer to S(n) as the n — sphere in sNil. We can choose S(n) to be the free object

generated by a single element in degree n. We have a homotopy equivalence
S(n) — Gm‘l(Sn-H)

so that S(n) is the nilization of the standard (n + 1)-sphere S™*'. Homotopy groups
of spheres
Tk S(n) = [S(n+ ), S(n)

in the category Ho(sNil) can be computed completely.

Proposition 5.3 — There are generators i,, 71,, 1% such that
(Zin, k=0
Zn,, n =k odd

TnikS(n) =
Zonk, 0 <k <n, kodd

L0, otherwise.
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The computation follows from the description of the spaces A2G®(S™), given by
Curtis and Schlezinger [24], [11]: For any n > 1, ¢ > 0, one has

Z, if nis odd and ¢ =n
TniegN2G(S™) = Zy, if g =1,3,...,2[n/2] — 1,

0 otherwise.

This is a part of the more general Theorem 6.1, and easily can be proved using

the exact sequence (4.1).

We call n,, : S(2n) — S(n) with n odd a (generalized) Hopf map. In fact, n; is the
nilization of the classical Hopf map S® — S2. The iterated suspensions of the Hopf

maps yield the elements ¥, that is,
My = 2" .
Clearly, the identity i, : S(n) — S(n) satisfies Xi,, = ip41.
For n,m > 1, one has a map
w:S(n+m)— Sn)VvS(m)

which in fact is the nilization of the classical Whitehead product map S*™+! —
Sty §mHl For X in sNil we thus obtain the Whitehead product

T (X) X 7 (X) = Ty (X)),
given by [z, y] = w*(z,y).
Proposition 5.4 — The Whitehead product in sNil is bilinear and satisfies
[,y = (=1)W+ [y, 2,

0 if |z| is even,

[max] =
20’ (z) if |z| = n is odd,

[z, y] = mn(z +y) — n;(x) — 0, (y) and

My (—x) =, (x) for [z] = |y| = n odd.
Moreover, all triple Whitehead products in sNil are trivial.
Corollary 5.5 — For a space X in CW, the nilization

nll . 7Tn+1X = [Sn+17X] — [S(n),anl(X)] — ﬂ_nanl<X)



48 HANS-JOACHIM BAUES AND ROMAN MIKHAILOV

carries Whitehead products to Whitehead products. This implies that the nilization
nil : Topy1(S™M) — m0,5(n) = Zn,, n odd,

coincides with the classical Hopf invariant. Hence, for n = 1, 3,7, the Hopf map 7,, in
sNil is the nilization of the classical Hopf maps S?"*! — S and in this case 7 is the
nilization of the corresponding suspended Hopf maps. For n # 1,3,7, the elements
7p and 777’2 are not in the image of nil, however, the element 2n,, = [i,11, in11], With n

odd, is always in the image of nil.

Recall that a function f : A — B between abelian groups is quadratic if f(a) =
f(—a) and [a,b]; = f(a+b) — f(a) — f(b) is bilinear for a,b € A. Let v: A —TA
be the universal quadratic function which defines Whitehead’s quadratic functor I :
Ab — Ab. Then f defines a unique homomorphism f : T’A — B with fP~v = f. The
theorem above shows that 7 is quadratic, hence we obtain natural transformations
(X € sNil)

I'(m,X) — 72, X, n odd,
A} (7, X) — mon X, m even > 2,

which are induced by 7} and the Whitehead square respectively.

6. HoMOLOGY AND MOORE OBJECTS IN sNil

Let X be an object in sNil. We can choose a weak equivalence X — X, where X is
free in sNil, that is * »— X — X is a cofibrant model of X. Now we define the chain

complex of X by
C.X = N(abX)

and we define homology and cohomology of X by this chain complex, that is, for
n €z,

H,(X;A) = Ho(Co(X) © A),
H"(X;A) = H"Hom(C,X, A),

where A is an abelian group of coefficients. We also need the pseudo-homology

H,(A; X) =[C(A,n),C.X],
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which is a set of homotopy classes of chain maps. Here C'(A4,n) is a chain complex of
free abelian groups with H,,C(A,n) = A and H;C(A,n) =0, for j # n, for example,
C(A,n) is given by a short free resolution of A

0=-CMUoc A0

with C' in degree n and C’ in degree n + 1.

For a space X in CW, we have canonical natural isomorphisms

Hy1(X; A) = Hy(GM(X), A),
H" X A) = HY(G"(X), A).

A Moore object M(A,n)"" in sNil is a free object with a single non-vanishing
homology group A in degree n > 1. We clearly have XM (A, n)"t = M(A,n + 1)"
and C,M(A,n)"" = C(A,n). The nilization of the Moore space M(A,n + 1)cw
in CW can be chosen to coincide with M(A,n)"!. For A = Z the Moore object
M(A,n)"! = S(n) is the sphere in sNil.

Homotopy groups of Moore objects in sNil are completely computed in the follow-

ing result:

Theorem 6.1 — Let n > 1, k € Z. Then the homotopy groups of Moore objects

i sNil are )
A k=0

A®Zsy, 0 <k <n, kodd
AxZsy, 0 <k <n, keven
I'A, kK =n odd
A?(A) @ A*Zy, k=n even
R(A), k=n+1 even
QA), k=n+1odd

7Tn+kM(A7 n)ml g

\0, otherwise.
PRrOOF : Consider the short exact sequence of simplicial groups:

0 — A%abM (A, n)"" — M(A,n)"" — abM(A,n)"" — 0 (6.1)

All the cases of the theorem besides the case k = n even follow from (6.1) and the

universal coefficient theorem (4.1). For the case k = n, (4.1) implies the short exact



50 HANS-JOACHIM BAUES AND ROMAN MIKHAILOV

sequence
0 — A*(A) — mon M (A, n)" — AxZy — 0

which a prior: splits unnaturally. The natural splitting, however, follows from the

periodicity principle in (4.1) and the following diagram

H6K<A7 3) & 7T4M(A, 2)ml

\ /

A2<A) D A * ZQ

where d' is the boundary map, which is a natural isomorphism, what follows, for

example, from the Curtis spectral sequence argument (see proof of Theorem 9.1).

For each homomorphism ¢ : A — B between abelian groups we can choose a
map ¢ € [M(A,n)"" M(B,n)"™] in Ho(sNil), which induces ¢. The map ¢ is not

unique. The induced homomorphism 7, x(¢), however, depends only on ¢ so that
A oM (A, n)™ yields a functor Ab — Ab.

The isomorphism © is natural with respect to maps M (A, n)" — M (A’ n)™L.
For k£ = 0, the isomorphism © is the Hurewicz isomorphism and for 0 < k& < n, k
odd, we have ©(a ® 1) = an’, and for k = n.

For an object X in sNil, we define homotopy groups with coefficients in A by
(A X) = [M(A,n)™, Xl
As in topology, one has the universal coefficient sequence
Ext(A, 11 X) o 10(A; X) 5 Hom(A, 1,X), (6.2)
where p(a) is the composition A = m, M (A, n)"" 2% 7, X.

Proposition 6.2 — For Moore objects in CW and sNil, the nilization yields a

bijection, n > 1,
[M(A,n+ Vew, M(B,n+ ewlew = [M (A, n)" M (B, n)",.4.

Hence, the homotopy category of Moore objects of degree (n + 1) in CW/ ~ is
equivalent to the homotopy category of Moore objects of degree n in Ho(sNil).

PROOF : Both sides are part of universal coefficient sequences which are isomor-
phic since via nilization 7, 1M (B,n + 1)cw in CW is the same as 7, M (B, n)™
in Ho(sNil) for k£ =0, 1. O
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7. QUADRATIC BYPES

Let Chain,. be the category of r-reduced chain complexes in Ab. Let M be a quadratic

Z-module. Then we obtain a functor (r > 0) :

My : Chain, — Chain,
My(Y)=N((N"'Y)® M),

where @M is the functor Ab — Ab given by the quadratic tensor product.

An r-reduced quadratic M-bype is a triple (Y, b, 3) with the following properties.
First Y is a chain complex in Chain,. Let B,, = H,Y be the homology of Y. Moreover

b= {b,} is a sequence of elements
b, € Hom(B,; H,-1M4Y').

Hence we get the homomorphism

)

1)x A
Ext(By, Bup) " Eat(By, HoMyY) = Hy_y(By, MyY),

where the right hand side is the pseudo-homology. Finally 5 = {3,} is a sequence of

elements
Bn € Hy1(Bu; My (Y))/im(A(bpi1)+)
with

A morphism between quadratic M-bypes
¢:(Y,0,8) — (YU, )
is a morphism ¢ : Y — Y’ in Ho(Chain), with the following property: the diagram

H,)Y =B, —— H,_(MY)

lm l“ﬁ* (7.1)

HY' =B, " H,_ (MY’

commutes for all n and
¢Bn = ¢, (7.2)
in Hy, 1 (B, MyY') [A(V], 1)« Ext(By, By, 4 )
Let
bype, (M)
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be the category of r-reduced quadratic M-bypes and such morphisms.

Consider the quadratic Z-module Z* = (0 — Z — 0) given by the exterior square
A% (A) = AR Z

Theorem 7.1 — Let r > 1. Then there is a functor
A : Ho(sNil),. — bype, (Z")

which is representative and reflects isomorphisms. Moreover the restriction of A to

the subcategories of isomorphisms is a full functor.

Corollary 7.2 — Let r > 1. Then the homotopy type of an r-reduced simplicial
2-nilpotent group G is completely determined by the bype AG. In fact, the functor
A induces a 1-1 correspondence between isomorphism types in Ho(sNil) = and isomor-
phism types in bype,(Z*). Moreover for each object G in (sNil), the functor A induces

a surjection of automorphism groups

A
AutHo(sN“) (G) — Autbyper(ZA)()\G).

r

The functor A carries a free object G in sNil to (Y,b,3) where Y = NX with
X = ab(G). We may assume that G is a free object. Then G is part of the exact

sequence
A’X —G— X

in sNil. This exact sequence is a fiber sequence in the model category sNil. Hence we

get the connecting homomorphisms 9 = g,
bn: By = H,NX =1, X % 7, \A2X = H, \NA’X = H, |NA’N"'Y = H, ,Z}Y,

where the isomorphism for Y is given by ¥ = NX. This connecting homomorphism
defines the sequence of elements b, in A(G) = (Y, b, 3). We also can apply the functor
(A, —) of homotopy groups with coefficients in A to the fiber sequence above. This

yields the following connecting homomorphism 0 = 0g:
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Ext(A, 1 X) Tn(A, X) L~ Hom(A,m,X) (7.3)
Ext(A, Byy1) Hom(A, B,)
(brg1)+ d (bn)«
Ext(A, H,Z4Y) Hom(A, H, 1 Z4Y')

Ext(A, m,A2X) —2— 7, 1 (A, A2X) —> Hom(A, m,_1A2X)

~

In this diagram we set A = B,, and define

B ={0n"(15,)},

where the right hand side is an element in the cokernel of A(b,11).. It is clear that

w(B,) = b, and that X is a well defined functor since the connecting homomorphism

0 is natural in G and A.

8. HOMOLOGICAL QUADRATIC BYPES

In this section M is a quadratic Z-module. Then the category of r-reduced M-bypes

admits itself a detecting functor
bype, (M) - Hbype, (M),

where the right hand side is the category of r-reduced homological quadratic bypes
which we define below. Let Chain, be the category of r-reduced chain complexes in
Ab. We have the homology functor H,

H, : Ho(Chain_) — Ab,
which admits a splitting functor C
C' : Ab, — Ho(Chain,)

defined by
O(B) = @nGZC(Bm n)7
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where C'(A, n) for an abelian group A is the Moore chain complex. Since [C'(A,n),C(A’,n)] =
Hom(A, A"), we see that C' is a well defined functor. Moreover for any Y in Chain,

with B = H,Y we can choose a weak equivalence
C(B) Y.

Recall that the pseudo-homology of a chain complex Y in Ab, is the set of homotopy
classes of chain maps

H,(A;Y)=[C(A,n),Y].

We have the short exact sequence
0 — Ezt(A, Hy11Y) 2 H,(A;Y) 5 Hom(A, H,Y) — 0.
Using the quadratic Z-module M we define the composite functor, see §7,
S Ab, A Ho(Chain, ) Yy Ho(Chain, ) Iy Ab. (8.1)
Moreover we define the bifunctor
SqgM . Ab” x Ab, — Ab (8.2)

by the pseudo-homology S¢ (A, B) = H,(A; M4CB). Hence we have S¢¥(B) =

S¢M(7Z, B) and one gets the binatural short exact sequence
0 — Eat(A, S, (B)) — S (A, B) — Hom(A, 5S¢ (B)) = 0. (83)

If B € Ab, is concentrated in one degree, that is, B = (D, m) with B,, = D and
B; = 0 for i # m, then we get the functor

S, - Ab” x Ab — Ab (8.4)

with Sqn'.(A, D) = S} (A, (D,m)) = Hn(A, MxC(D,m)). Now we set S}, (D) =

S q,{ym(Z, D) so we get the binatural exact sequence
0 — Ext(4, 54, (D)) — Sait, (4. D) — Hom(A, Sql",(D)) 0

as a special case of the exact sequence for (8.2) above. Here we have as an example

the homotopy groups of a Moore objects M (D, n)™" in sNil given by (k > 1)
7Tn+kM(D7 n)m'l = SQ?%—T—]C,H(D)

which was computed in Theorem 6.1.
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Since M is a quadratic functor we get morphisms in Chain,
H P
If Y is a free abelian chain complex we have by the Eilenberg-Zilber theorem
MyY[Y)=N(N'Y)@(NY)@ M) 2Y QY ® M,
Hence we also get
Me(Y) 2V @Y © M. D My(Y)

by H and P above. For M = Z* we compute the functors Sq} explicitly below. We
use the functors Sg for the definition of the following category Hbype, (M).

Let r > 0. An r-reduced homological quatratic M-bype is a triple (B,b,3) with
the following properties. First B is a graded abelian group in Ab, and b = {b,} is a
sequence of elements

b, € Hom(B,, S¢ (B)).

Hence we get the homomorphism
. A
Ext(By, Bust) "2 Ext(B,, S¢™ (B)) = S¢™ (B, B),

where the right hand side is the pseudo-homology above. Now 3 = {3} is a sequence

of elements
B € Sy’ 1(Bu, B) /im(A(by1)-)
with
Mﬁn = by,
where the map p is the natural map
p: Hy 1(Bn; MyY) — Hom(B,, H,—1 M4Y)
(compare with (6.2)). A morphism between quadratic M-bypes

¢:(B,b,8) — (B,V,5)

is a morphism ¢ : B — B’ in Ab, with the following property. There exists a chain
map « : C(B) — C(B') with H.(«) = 0 such that the chain map

Os +a: MyCB — M#C’B/,
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given by
Op + = MyC(¢) + Pla® C(¢)H + My(w)

satisfies (8.5) and (8.6): the diagram

B, -2 H, 1(M4CB) = Sq,_1(B)

¢>l <¢>*+a>*l (8.5)
y

B, " H, (MyCB') = Sg,_1(B)

commutes for all n and

in S¢u—1(Bn, B")/A(b, 1) Ext(By, B, ). Diagram (8.5) shows that (¢.+a), in (8.6)
is well defined by H,,_1(Bp; ¢« + «). Let

Hbype, (M)

be the category of r-reduced homological quadratic M-bypes and such morphisms.
We point out that the homology class of a chain map o : CB — CB’ with H,a =0

is given by a sequence of elements

o, € Ext(B,, By, ), n € Z,
and the induced maps
Oy - anl(M#CB) — n—l(M#CBI>
a2 Hy1(Bp; MyCB) — H,,_1(Bn; MyCB')

are given by the maps induced by Ezt in Section 10. These induced maps are needed
for the computation of (¢. 4+ ), in (8.5) and (8.6) above.

Proposition 8.1 — There is a functor
h : bype,(M) — Hbype, (M),

which carries (Y,b,3) to (H.Y,b,3). The functor h reflects isomorphisms and is

representative and full.

Here we use the equivalence CB = Y with B = H.Y. Combining Proposition 8.1

and Theorem 7.1 we get the following main result of this paper.
Theorem 8.2 — Let r > 1. Then there is a functor

hA : Ho(sNil) . — Hbype, (Z*)
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which reflects isomorphisms and is representative. Moreover the restriction of h\ to

the subcategories of isomorphisms is a full functor.

In the next section we compute S q,ZLA needed in the definition of Hbype, (Z*).

9. COMPUTATION OF S¢M ForR M = Z*

For an abelian group A and for a graded abelian group B in Ab, and M = Z* we
compute S¢¥ (A, B) with S¢M(B) = S¢¥(Z, B) as follows.

Given abelian groups A, D, E, denote

Sqﬁﬁn(A, D) = [C(A,n),Z3C(D,m)], n,m > 1, see 8.4
S¢Z, (A D, E) = [C(A,n),C(D,i) @ C(B,j)l, n>1, 1<i<j.

Then for B € Ab,, we have the following direct sum decomposition:

SqZ (A, B) = [C(A,n), P ZLC(Brn,m) & ) C(Bi,i) © C(B;, )]

i<j

=P 562, (A Bn) & @ S, ,(A; B, B)).

i<j
It is easy to see that for i < j,

(Hom(A,Bi xBj), n=1i+j+1,

A
895,1',]'(143 Bi7Bj) = L
Trp(A; By, By), n =i+ j,

|0, otherwise.

We describe the functors S q,ZL/;n in the following theorem.
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Theorem 9.1 —

Ext(A,T(D)), k=0, m =1 (
Ext(A,B® Zs), k=0, m > 1 (
Hom(A, R(D)), k even, k =m+1 (
Hom(A,Q(D)), k odd, k=m + 1 (

Ext(A,D ® Zy) @ Hom(A,D % Zs), keven, 0 <k<m-—1 (

SGZ wm(A, D) = Ext(A, D« Zy) ® Hom(A, D @ Zy), kodd, 0 <k <m—1 (VI)

Ext(A,I'(D)) ® Hom(A, D % Zsy), k even, k =m — 1 (

Ly(A,D)® Ext(A,D*Zs), kodd, k=m —1 (

ATy (A, D) ® Hom(A, D x Zs), k even, k =m (

['Ty(A, D), kodd, k=m (

(

0, otherwise

We define the stable operator Sq;t®' by

Ext(A, D ® Zy) ® Hom(A, D x Z3), k even > 0,

Sqil™" (A, D) =
Ext(A, D % Zy) ® Hom(A, D ® Z3), k odd > 0.

Then there is a canonical stabilization map

X% Sqf g m(A, D) — Sqi™'*(A, D)

which is binatural in A, D and which is the identity for k < m — 1.

We collect the computations of Sq%ﬁn(A, D) for low dimensions in the following



HOMOTOPY TYPES OF REDUCED 2-NILPOTENT SIMPLICIAL GROUPS 59

tables:

m\n 1 2 3
1 Ext(A,T(D)) I'Ty(A, D) Hom(A, R(D))
2 0 Ext(A,D ®Zy) Ly(A, D)@ Ext(A, D xZs)
3 0 0 Ext(A, D ® Zo)
4 0 0 0

m\n 4 5
2 A*Ty(A,D) & Hom(A, D x Zs) Hom(A,Q(D))
3 Ext(A,D % Zs) ® Hom(A, D ® Zs) Ext(A,T(D))® Hom(A, D x Zs)
4 Ext(A, D ® Zs) Ext(A, D ® Zs) ® Hom(A, D * Zs)
5 0 Ext(A, D ® Zs)

m\n 6 7
2 0 0
3 I'Ty (A, D) Hom(A, R(D))
4 Ext(A,D ® Zs) ® Hom(A, D * Zs) Ly (A, D)@ Ext(A, D x Zs)
5 Ext(A,D % Zs) & Hom(A, D ® Zy) FExt(A,D xZy) & Hom(A, D ® Zs)
6 Ext(A, D ® Zs) Ext(A, D ® Zy) ® Hom(A, D x Zs).

Example — If B € Ab, is concentrated in degree 1, 2,3 with Bj free abelian then
the only invariants of (B, b, 3) in Hbype,(Z") are given by

by : Hy — I'(H3) and [ € Ext(Hs, coker(bs))

and they classify 1-connected 4-dimensional homotopy types by a classical result of
Whitehead [27], see 3.5.6 [3].

Fxample — Let G be a reduced 2-nilpotent simplicial group so that NG is a
rational vector space. Then for B = H,NG the only invariants in (B, b, 5) = hA(G)

are the homomorphisms
by : By — SqZ"(B) = [B, Blu 1

where the Lie bracket [, ] in the free Lie algebra L(B) satisfies [z, y] = —(—=1)1*W[y, 2]
so that
SP?(B;) =T (B;) for n odd

A?(B;) for n even.
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Here we use the isomorphism Z' ® Q = Z° ® Q, compare section 6. The invariant
b, coincides with the differential in the 2-nilpotent differential Lie algebra associated
to G in the work of Quillen [23].

10. Maps INDUCED BY Ext(A, B)

Given abelian groups A, B and their resolutions (3.1), consider an element a €

Ext(A, B). This element can be represented as a certain diagram of the form a, :
dA — dB[l]

X1LXO

\La*
dp

i — Y.

For a given n > 1, consider the shifting a.[n] : C(A,n) — C(B,n + 1) with
C(A,n)=(Xy 9 Xo)[n|, which defines the map of simplicial abelian groups

N7 'a,[n]: N"'C(A,n) = N'C(B,n+1)
and hence, for a given quadratic Z-module M, there is a map

My o [n)

N((N-'C(A,n)) @ M) L "N(N-'C(B,n+1)) @ M) (10.1)

M4C(A,n) MyC(B,n+1).

Then, for every k£ > 0 this diagram induces for abelian groups D, A, B the natural

quadratic maps

“[nla 2 Ext(A, B) = Hom(Sy%y(A), Sty 041 (B)) and
k[n]M : El’t(A, B) - H0m<Sqrjﬁ—l<D7 A)a Sq?i\ﬁ—lc,n—l-l(D: B))

The description of the homotopy groups of Moore space in sNil (see Theorem 6.1
or Theorem 9.1) implies that for the case M = Z*, the complete list of maps *[n] is
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the following:

?[1za : Ext(A, B) — Hom(R(A), B ® Z5),

2[2)z : Ext(A, B) — Hom(A*(A) @ A x Zy, B® Zs),
23]z : Ext(A, B) — Hom(A % Zy, B® Zs),

312]za : Ext(A, B) — Hom(QU(A), B x Zs),

3[3]za : Ext(A, B) — Hom(T'(A), B x Zy),

4]z : Ext(A, B) — Hom(A ® Zy, B * Zs)

Let
0—-B—-E—-A—0 (10.2)

be a short exact sequence, which presents an element a € Ext(A, B). Applying the

functor — ® Z,, we get the following long exact sequence

()

0 BxZy—ExZy— AxZy Y BR7Zy > ER7y — A® Zy — 0

and the map 2[3]z is given by setting o — 9(a) € Hom(A * Zy, B ® Zs).

Proposition 10.1 — The maps 3[2]za, ?[3]za and ?[4]za are zero maps, 2[3]z is
given by setting a +— (), the maps 2[1]za and %[2]za are induced by the natural
maps R(A) — A% Zy, N>(A) ® A*Zy — Ax*Zy and the map d(«).

PROOF : The exact sequence of quadratic Z-modules
0—-272" -7%° -7 -0
and the epimorphism of quadratic Z-modules
Z' — Zy

induce the following natural commutative diagram

Hn+kZ%C(A7 n) - n+k—1Z;C(A7 n) — n+k—10(A7 n) ® Zs

k[n}zAJ( k_l[n]zl"l kil[n]ZQJ/

Hy 1 ZC(B,n+1) —— HuaZLC(B,n+1) —— Hy1C(B,n+1) @ Zy
(10.3)
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For n > 2 and k = 1,2, the diagram (10.3) has the following structure:

k=1 ARZy —— ARZy —— AR Zo
S P .
Bx7y == BxZy 0
k=2 Axly —— Axly —— Ax1y
P
B®7Zy ——= B®Zy —— B®Zs

where, clearly, ![n]z, = d(a). Now, taking the suspension functors, we get the follow-
ing diagram with commutative squares

H3(ZCO(A, 1)) —— H\(ZYC(A,2)) —— Hs5(ZAC(A,3)

2[112% 2[2}2Al 2[312%

Hy(Z4C(B,2)) —— Hy(Z4C(B,3)) —— Hs5(Z4C(B,4)

which is
R(A) —= AN A) @ AxZy —— AxZ,

2010 l 212] 0 J a(a)l

B®Zy —— B ® Z, —— B®Z,.

Analogically we get the suspension diagram

P

Q4) —Z5 TA) —— AR Z

3[2@1 3[3}2Al 3]0 Jo

B x Z, B x Zy B x 7y

|

Remark : Proposition 10.1 implies that the maps *[n],a are zero for all n and odd

Given abelian groups A, D, D’ and an element a € Ext(D, D’) = [C(D,0),C(D’,1)]
the shifting map a.[fm] : C(D,m) — C(D';m + 1) induces the map of pseudo-

homology
{n.m}bar : San(A, D) = Sppnia(A, D).
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The description of these maps follows from Proposition 10.1. We have the following

commutative diagram

Ext(A, S¢711,,(D))

S%Zz,tn(Av D)

Hom(A, 5¢Z,(D)
\LE:ct(A, nHl=mim]oa) l{n,m}zA lHom(A, nTmimla)

Ext(A, SqZ1 iy (D) —— SqZ,,. (A, D) —= Hom(A,S¢,,1(D"))
(10.4)

Since ¥[m]za is the zero map for odd k, one of the maps either Ext(A, "T1-™[m]z)

or Hom(A, "™[m|za) is zero and the map {n, m},a is defined via diagram (10.4).

11. HoMoTOPY TYPES OF SPECTRA IN sNil AND F-MODULES

The homotopy theory specnil of connective spectra in the model category sNil is

defined in [25]. For homotopy categories we have the stabilization functor
¥> : Ho(sNil) — Ho(specnil)

which carries a free object GG in sNil to its suspension spectrum. This functor has an
analogue on the level of homological bypes in the sense that one has the diagram of

functors

Ho(sNil), =, Ho(specnil)

Al l,\ (11.1)
Hbype, (Z%) —— mod(F, A, u)

which commutes up to a natural isomorphism. Here the category mod(F, A, u) is
defined as follows. Let

F =Tz (Sq", Sqi",...)
be the free graded Zy-algebra generated by elements Sq of degree —k for k even
> 0. An object (H, H(2)) in mod(F, A, u1) is given by a graded abelian group H with
H, =0, for n < 0 and a graded Zsy-vector space H(2) together with a short exact
sequence

0 H®Zy = HZ) L (H+Zo)[~1] — 0

where in addition H(2) is an F-module, i.e. maps

Sqit: H(2), — H(2)p—s
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are defined for k even > 0. A morphism ¢ : (H, H(2)) — (H, H(2)) is a homomor-
phism ¢ : H — H between graded abelian groups for which there exists a commuta-

tive diagram

0 —— HRZ, — H(2) 2 (H*Z5)[-1] — 0

¢>®1l wl ¢*Zzl

0 — HRZy — H2) —L— (H*Z5)[-1] —— 0
where 1) is a map of F-modules.

Theorem 11.1 — There exists a functor AP°¢ for which diagram (11.1) commutes
up to natural isomorphism. Moreover A\°P¢ is representative and reflects isomorphisms

and the restriction of AP to the subcategories of isomorphisms is a full functor.

The theorem shows that homotopy types of connected spectra in sNil are com-
pletely determined by an isomorphism type of an F-module (H, H(2)) in the category
mod(F, A, p). The F-module structure is related to the action of the Steenrod algebra

as follows.

Remark : Let G be an object in (sNil),. which is given by the nilization of a space
X. Then the F-module

SRANG) 2 NPT (G) = (H, H(2))

is defined such that the operator Sqp" on H(2) fits into the following commutative
diagram
ngil

H(2), e H(2),—k

S k
Hn+1(Xa ZQ) M) n+1fk(X7 ZQ)

Here Sq* denotes the Steenrod square and y is the anti-isomorphism of the Steen-
rod algebra and (xS¢*), is obtained by dualization. The commutativity of the dia-
gram follows from 8.13 [1].

PROOF OF THEOREM : We define the functor 3°° in the bottom row of (11.1) by

the composite of functors
e
> : Hbype, (Z*) > Hbype™ & mod(F, A, ) (11.2)

where O is an isomorphism of categories.
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For this we introduce the category Hbype™ of stable homological bypes as follows.
A stable homological bype (B, b, 3) consists of a graded abelian group B with B,, =0
for n < 0 and homomorphisms (n,k € Z, k > 1)

B, _; ® Zs for k even

b,’fb B, ® 72y —
B,,_i x Zs for k odd

B,,_i. x Zs for k even

ﬁfj . By, x Ly —
B, _i. ® Zs for k odd.

Here (B, b, 3) is equivalent to (B,l;, B) if B=B,b=>0and 8 ~ 3 in the sense
that

ak _ nk k+1
n—1 — n—1+bn 5”1

for some homomorphism 6, : B,_1 * Zs — B, ® Zs. Objects of the category Hbype™
are such equivalence classes {B,b, 3}. A morphism {B,b, 3} — {B,b, 3} in Hbype™
is a homomorpism ¢ : B — B of graded abelian groups for which there exist (j € Z)

Q; S El’t(B], Bj+1 ® Zg) = Hom(Bj * ZQ, Bj+1 &® Zg)
such that (k even, n € Z)
G + a4y = B,
OByt + i By ~ Br10-

One can check that stabilization of S¢uixm(A, B) yields a canonical functor X
in (11.2) which carries (B,b, ) to (B, b, X*°3). Moreover the isomorphism © is
given by setting

©(B,b,3) = (H, H(2))

where H = B and H(2) = B,, ® Zy ® B,,_1 * Zy with S¢i* given by the matrix

il b =
ni __ n n—
S 4 = ph+1 k )

Here we choose ( in the equivalence class {B,b, 3}. One can check that © is a
well defined isomorphism of categories. In the stable range of bype,.(Z*) the functor
¥ in (11.2) is a full embedding of categories for all > 1. This implies the result

on specnil in Theorem 11.1. O
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12. PROOF OF THEOREM 7.1

The proof is based on the theory of boundary invariants developed in [3] for CW-
complexes. A similar theory is available for CW-objects in the category Nil which are

the free objects in Section 4.

It is a well-known result of Kan [18] that the homotopy theory in (sGr), is equiva-
lent to the homotopy theory of CW-complexes X with trivial r-skeleton. In particular,
the generators of a free simplicial group H correspond to the cells of a CW-complex
X with X ~ B|H|. This way we can associate the boundary invariants in [3] for the
CW-complex X to the simplicial group H. If G = nil(H) is the nilization of G we

get the commutative diagram of short exact sequences

H, H] H abH
| I
A?(ab@) G abG

where [H, H| is the commutator subgroup. Hence we have natural maps

Lo X = m,[H, H] — m,(A*(abQ)) (12.1)
(A, X) =1, 1 (A, [H, H)) — mo_1(A, A*(abG)). (12.2)

Here the groups I', 11X and I';,(A, X) are defined in [3], compare also section 2.4
in [3]. The boundary invariants of a space X are developed in [3]. In a similar way
one gets the boundary invariants of a free object in sNil such that the natural maps
(12.1) and (12.2) carry boundary invariants of X to the boundary invariants of the
nilization of X.

Next we need some notation on chain complexes (Y, d). Let B,Y = dY,; and
Z,Y =ker{d :Y, — Y, 1} be the modules of boundaries and cycles respectively. For

a chain map £ : Y — Y’ we consider sequences of homomorphisms
6= (6:Bp 1Y — Z,Y ez

and we call the map £ + 0 obtained by (§ +9),, = &, +id,d the d-deformation of £, see
4.5.5 [3]. The d-deformation 144 of the identity is an isomorphism of chain complexes
with inverse 1 —d. Given an object (Y, b, ) in bype, (M) we get the d-induced object
3(Y,b,3) = (Y, (1 +6).b, (1 +0).03) together with the isomorphism

14+0:(Y,b,8) =° (Y,b,5)
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in bype,(M). By the following lemma this map 1 + 0 is always A-realizable.

Lemma 12.1 — Let (Y, b,3) = AG with G a free object in (sNil),.. Then there is
a free object °G in (sNil), together with an isomorphism °1 : G —° G such that the

composite
5
(¥,0,8) = A6 "5 ACG) =* (v.0, )

coincides with 1+ 4.
PROOF : We define °G by the following diagram:

(1+6).

A’N7YY —> A’N-'Y == A’N"YY
[e% ’ 5
G CI 5 G
ab(G) —— N~y . NTY

The columns are short exact and we take the central push out and the pull back
of groups. Then °1 = ™ a. |

Moreover a d-deformation has the following property:

Lemma 12.2 — Let Y and Y’ be chain complexes of free abelian groups and let
¢:Y — Y’ be a homotopy equivalence and let £ + v be a y-deformation of £&. Then
there is 0 such that (1 + )¢ and £ + -y are homotopic.

PROOF : The map £ induces an isomorphism
& : Ext(H,Y,H,\Y) = Ext(H,Y, H,,,Y"),

where 7, represents an element {¢v,} € Ext(H,Y,H,,1Y’). Let 6, be an element
which represents {¢d,} = (&) {qw} € Ext(H,Y, H,11Y).

Moreover we need for r > 1 the category H, 1 of r-reduced homotopy systems
of order n + 1 in 4.2 [3]. Objects in H,; are triple (C, f+1, X™) where X™ is an n-
dimensional CW-complex with X" = % and C'is a chain complex of free abelian groups
and f,41 : Chy1 — ™, X" is a homomorphism. These data satisfy the properties in

4.2.2 [3]. A morphism in H,; is a pair

(57”) P X = (07 fn—i—th) —Y = (C/7gn+1vyn)
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where £ : C' — (' is a chain map and n : X™ — Y™ is the 0-homotopy class of a
cellular map satisfying the properties in 4.2.2 [3]. There is a homotopy relation on
H,.1 as in 4.2.6 [3] which yields the homotopy category H,. 11/ ~. We define in the
same way the category H,’ﬁl by replacing CW-complexes in H,,;1 by CW-objects (i.e.
free objects) in sNil. Here we are aware of the fact that n-cells in a CW-complex

correspond to free generators of degree n — 1 in a CW-object in sNil.

Remark : In the book [4] the category H,; is defined in any cofibration category
with spherical objects. We can apply this to the category sNil since sNil has the
Blakers-Massey property with respect to the theory T C Ho(sNil) given by coproducts
of spherical objects S(0). See Appendix B below. The tower of categories in [4] shows
that Hﬁl has similar properties as H, 1 in [3], in particular, the obstructions satisfy

formulas as in section 4.5 of [3].

Moreover we define the category N2 ;. Objects are tuple (C, f,+1, X™, b, 3) where
(C, fut1,X™) is an object in H™!, and (C,b, 8) is an object in bype,(Z") such that
for t < n + 1 the homotopy invariants (b,X, 5;_1X) of X = (C, fn41, X™) coincide
with (b, 3;-1) given by (b, ). Morphisms are morphisms (£, 7) in H"!, / ~ for which
¢ is also a morphism in bype, (Z*). Compare 4.6.2 [3]. The categories N2,/ ~ form
a tower of categories, n > r + 1,

Ho(sNil), "= N, /2 "5 Ni /o — - — Nb, /o = bype, (Z1)
where the functors r"* and A" are defined as in 4.2.3 [3]. The composite of these

functors is the functor A in Theorem 7.1.

Lemma 12.3 — The functor A : N’ /~ — N’ /. is representative. In fact, for an
object X in N’ there is an object X in N’ | with AX = X.

PROOF : This is a consequence of 4.4.5 [3] where we obtain X in H,,;. In the

same way we obtain X in H .

Proposition 12.4 — Let r > 1. The functor A : Ho(sNil), — bype,(Z") is repre-

sentative.

PROOF : Using the lemma we construct inductively for n > r objects (C, 6,41, X") =
X0+ in N°_ . Then X = limX ™ satisfies A\(G) = (G, b, B) with G in (sNil), satis-

—

fying X ~ B|G].

Lemma 12.5 — Let X and Y be objects in N’ | and let F' = (£,7) : AX — A\Y be
a map in N°. Then there exists 7 : B,C — Z,1C’ such that (£ +7,7) : A X — \Y
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in H?" is A\-realizable by a map F': X — Y in H%! | that is, \(F)) = (£ + 7,7).
PROOF : This is a consequence of 4.6.1 [3] transformed to the category HZ,.

For an object Y = (C”, gpt1, Y™, 0, 3') in N° | and for 6 : B,C" — Z,11C" let
OV = (C', gns1, Y™, (14 0).0, (1+6).03).

Lemma 12.6 — Let X and Y be objects in N, | and let F = (£,7) : AX — Y
be a map in N® where £ is a homotopy equivalence of chain complexes. Then there
exists ¢ : B,C" — Z,,1C" such that

(14 6)&,n) : AX — A(%Y)

in N° /- is A-realizable by amap F': X =% Y in N’ /., that is A\(F) = ((1+6)&, n).
PRrROOF : We use Lemma 12.2 and Lemma 12.5.

Proposition 12.7 — Let r > 1. The restriction of A : Ho(sNil), — bype, (Z*) to

the subcategories of isomorphisms is a full functor.

PROOF : Let G and G’ be free objects in (sNil), with C' = N~'ab(G) and ¢’ =
N~tab(G"). Let
§:(C.0,8) =G — (C'V, F) = AG'
be a homotopy equivalence in bype, (Z*). Let X (n) be the objects in N® /. given by

G and the tower of categories above and by b, 5 in A(G). Then £ determines a map
£:X(r+1)—Y(r+1)in N, which by Lemma 12.6 yields a map

F:X(r+2) =""Y(r+2)
in N 4o Which again by Lemma 12.6 yields a map

F: X(r+3) =% (ray (r + 3))
in N 43 and so on. Inductively we get a map in sNil

F*: X=G-="Y="¢.

Here F> determines a map F : G —° G’ in Ho(sNil) for which A(F) = (1 + §)¢.
Now Lemma 12.1 shows that there is a map F’ : G — G’ with A\F’ = &. a
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13. PROOF OF THEOREM 9.1

The formulas (I)-(IV) and (XI) directly follow from the universal coefficient theorem
for the exterior square functor (4.1) together with (8.3). For the computation of other
functors, recall the following construction due to Curtis [12]. Let X be a simplicial

group. The lower central series filtration in X gives rise to the long exact sequence

- = T (X/ (X)) = i (X) /i (X)) —
Ti(X/n1(X)) = 7i(X/ (X)) — ..

This exact sequence defines the graded exact couple which gives rise to the natural

spectral sequence F(X) with the initial terms

By o(X) = mg(1p(X) /1p41(X)).
and the differentials d*, i > i

d - E;q(X) — B

p+i,q—1

(X).

Lemma 13.1 — Let K be a connected and simply connected simplicial set, G =
GK its Kan’s construction. Then the spectral sequence E*(G) converges to E*°(G)

and @, E5 is the graded group associated with the filtration on 7, (GK) = 7411 (| K]).

The groups E'(K) are homology invariants of K.

For a given abelian group D, and Eilenberg-MacLane space K(D,m), m > 1,

consider the Kan construction GK (D, m) and corresponding Curtis spectral sequence

D, g=m—1,
E, (GK(D,m)) = 71 K(D,m) = ! . (13.1)
0, otherwise

Denote Y = ab(GK (D, m)). We naturally have
Ef  (GK(D,m)) = B, (GK(D,m)) = 71 (Y) = H, K(D,m) = D.
The convergence (13.1) means that
Ex =0, (p,g) #(1,m—1).

Recall also the connectivity result due to Curtis [11]. Let X be a free simplicial
group, which is m-connected (m > 0). Then 7,.(X)/7r+1(X) is {m+1logor }-connected,
where {a} is the least > a. Applying this result to our case, we get that

m(L"Y)=0,i<m+2, r>3
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where L" : Ab — Ab is the r-th Lie functor. Collect the low dimensional elements of

the spectral sequence E} (GK(D,m)) in the following table:

m + 2 m+3K( ) 7Tm+2(A2Y) 7Tm+2(L3Y) 7Tm+2(L4Y) 7Tm+2(L5Y)
m m+1K( ) T (A2Y) 0 0 0
m—1 D Tm_1(A?Y) 0 0 0
q/p 1 2 3 4 5
The convergence (13.1) then implies that the differentials
di;: Hi K(D,m) — mo (A?Y), i =m,m+1,m+2 (13.2)

are isomorphismes.
The simplicial fibration sequence
A*Y — nil(GK(D,m)) — Y
induces the map of chain complexes
f: NY[1] — NA?Y,

which induces the isomorphisms of homology groups (13.2) in dimensions m,m +

1,m + 2. Hence for every abelian group A, one has natural isomorphism
[C(A,i), NY] ~[C(A,i — 1), NA*Y],i =m,m + 1.
Since H,,11K(D,m) = 0, the natural map
Y - N 'C(D,m —1)
induces isomorphisms of homology groups
H;NANY — H;Z4(D,m — 1)

for 1 < m + 2 and therefore

[C(A,i),NY] = [C(A,i—1),Z5C(D,m —1)], i =m,m+ 1.

Recall now the definition of the pseudo-homology functors HY™ (see 6.3 [3]).
Given abelian groups A, D,

H'™(A:; D) = H,(A; K(D,m)).
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In the simplicial language we have
HU™(A; D) = [C(A,n — 1), Nab(GE (D, m))].
Therefore

HYY,(A; D) = [C(A,m+1), Nab(GK (D, m))] = [C(A,m), ZLC(D,m—1)] = Sgmm-1(A, D).

m-+2

There is a certain periodicity in the description of homotopy type of the simplicial
group A2N~1C(D,m) reflected in the formulation of the universal coefficient theorem

for quadratic modules. This principle directly implies that

Sy (A, D) = H{? (A; D), m odd,

2m,m

S¢z (A, D) = H5(3)(A; D), m even,

2m—1m

Sqﬁ}Am(A, D)= Hé4)(14; D), n—modd, m<n<2m—1.

For the pseudo-homology functors Hr(lm) one has the direct sum decompositions
(see 6.3.9 [3]). In the cases which we need here the decompositions are the following:
H{?(4; D) = T'Ty(A, D)
HP(A; D) = Lu(A, D) & Ext(A, D % Zs)
H"(A: D) = Ext(A, D % Zy) ® Hom(A, D ® Z,)

Therefore the formulas (VI), (VIII) and (X) follow.

For the description of other functors Sqi/:n, consider the following diagram with

exact rows:

Ext(A, HysyK(D,m)) H™,(A; D) Hom(A, Hy 3K (D, m))

(d%,'rn«‘ﬁli);‘< (d%,m+2)*

Eat(A, T2 A2Y) [C(A,m+1),A?Y]

Hom(A, 7, 1 A?Y)

Ext(A, T2 ZyC(D,m — 1)) = Squi1m-1(A, D) —— Hom(A, mpn1Z4C(D,m — 1))
(13.3)

The above argument shows that the right hand vertical arrows in (13.3) are iso-

morphisms. Hence, the functors Sqﬁn for certain m, n in the diagram (13.3) can be
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described as the following push-outs:

| |

Ext(A, D ® Z) SqZ (A, D)

Ext(A,T(D) ® D ® Zs) — HW(A; D) — Hom(A,D % Zy)

| |

Ext(A,T(D)) SaZ5(A, D)

Ext(A, QD) ® D @ Zs) —— HP(A; D) — Hom(A,A*(D) @ D x Zy)

| |

Ext(A,Q(D)) St (A, D).

The decompositions for functors 7(:23 (see 6.3.10 [3]) and the periodicity principle

imply the following decompositions of the needed functors:

Sqﬁj:n(A, D) = Ext(A,D ® Zy) ® Hom(A, D xZs), n—m even, m <n < 2n — 1,
S¢Z | (A, D) = Ext(A,T(D))® Hom(A, D % Zy), m odd,

2m—1m
SqZZ:L,m(A, D) = A’Ty(A, D) ® Hom(A, D * Z), m even
and the formulas (V), (VII) and (IX) follow. O

APPENDIX A: HoMOTOPY GROUPS OF SPHERICAL OBJECTS IN CATEGORIES OF
NILPOTENT GROUPS

The homotopy theory in the category sNil in this paper can be generalized for higher
nilpotency degree. In particular, it is possible to compute homotopy groups of spher-
ical objects in the category of simplicial r-nilpotent groups for » = 3 and partially for

r =4,5. We give examples as follows.

Let n > 1, r > 2. Consider the category Nil" of nilpotent groups of class r. The

homotopy groups of S™*! in the category Nil” can be naturally defined via Milnor’s
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F[S™]-construction:
T (S™4) = mF[S"nir = mi(F[S"] /441 (F[S™)).

Here Gy is the r-nilization of a simplicial group G in the category Nil". Denote
K(Z,n) = ab(F[S™]). Here we consider low-dimensional cases. As we will see, the
general problem of the description of homotopy groups in categories Nil" essentially

reduces to the homotopical properties of the rth Lie functor L" : Ab — Ab.

Category Nil> — The homotopy groups of spheres in Nil* = Nil are computed in
§4. Recall them:
(7, k=0
Z, k =n odd

i2 n
Tkt = ke kodd (134)
25 n, 0

L0, otherwise
Category Nil® — There is the following natural exact sequence of simplicial groups
1 — L’K(Z,n) — F[S"|yp — F[S"]ye — 1
which induces the long exact sequence of corresponding homotopy groups. We will
use the following result due to Schlesinger [24]: if p is an odd prime then

LZp, k=2i(p—1)—1,i=1,2,...,[n/2]

Tk PK(Z,n) = (13.5)

0, otherwise

Hence
, Ty k=4i—1,i=1,2,...,[n/2]
Tk L K(Z,n) = (13.6)
0, otherwise.
The description of the homotopy groups in category Nil* (13.4) and (13.6) then imply

the following:

;

Z, k=0,

Zo, 0 <k<n, k=1 mod 4,

WNECH(S”H) _ ) Zg, 0 <k <n, k=3 mod 4, (13.7)
! Zg, n<k<2n, k=3 mod4

Z®Zs, n=3 mod4d, k=n

(Z, n=1 mod 4, k=n
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Category Nil* — We have the short exact sequence of simplicial groups

1 — L'K(Z,n) — F[S"|yys — F[S" i — 1.
The description (13.7) essentially reduces the problem of computation of 7N*(S™)
to homotopical properties of simplicial abelian groups L*K(Z,n). There is the fol-

lowing natural decomposition of the fourth Lie functor L* for a free Z-module M:
0 — A*A*(M) — LY (M) — JH(M) — 0,

where J4 is the fourth metabelian Lie functor, which can be defined as the kernel of

the symmetrization map:
0— JYM)— M®SP*M)— SP*(M) — 0 (13.8)

(here SP* is the symmetric tensor power). This is a simplest case of the Curtis

decomposition of Lie functors (see [11]).

Homotopy groups of simplicial abelian groups A2A?2K(Z,n) follow from the split

exact sequence (4.1) (we use the sequence (4.1) twice). At the first step we have

Ly, i =3
mAIN2K(Z,1) =4
0, otherwise

For the 2-sphere one has a contractible J'K(Z,1) (see [11]), therefore there is a

weak homotopy equivalence
ANANK(Z,1) = L*K(Z,1)
and the following description of the homotopy groups follows immediately:

Z,i=2,3
M (S%) = Zy, i =4, (13.9)

0, otherwise.

The case of the 3-sphere is more complicated. First of all we have

Z4, 1=26
TN N K(Z,2) = Zoy, i =4,5,7

0, otherwise.
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However in this case the functor J* also contributes. It directly follows from [15]
and [14] (see p. 307) that J*K(Z,2) = K(Z4, 7). The short exact sequence of functors
(13.8) implies the following boundary homomorphism

mJAK(Z,2) —2 meA2A2K(Z,2)
Z4 E— Z4
with 76 LK (Z,2) = coker(d). The direct simplicial computations show that 9 is an

isomorphism (for details see [21]. As a result we obtain the following

(7, i=3
» Zy, i =4,5,8
it (sty =TT (13.10)
Zﬁ, 1=206
| 0, otherwise.

Nil*

*

The general description of the homotopy groups 7" (S™) seems to be quite non-

trivial and we leave it as an open problem. Observe that (13.9), (13.10) together with
(13.5) imply that
7, i=23
T (S%) = { Zs, i =4,

0, otherwise

and )
7, i=3
Zo, i =4,5,8
" (8%) = { Zo, i =6
Zs, i =10
|0, otherwise.

APPENDIX B: BLAKERS-MASSEY PROPERTY FOR sNil

Let C be the model category sGr or sNil* for & > 1 and let T C Ho(C) be the
theory of coproducts of 0-spheres in C. According to [4] the category C under T has
the Blakers-Massey property if the following condition is satisfied. Let F, M, N be
cofibrant objects in C such that M and N are obtained from F by attaching cells
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in dimensions > m and > n respectively, in particular there are monomorphisms
fi: F — M and f;: F — N, which preserve bases. Consider the push out in C:

N —— MVpN
sz T (13.11)
F -1y M

For C = sNil* the push out M Vz N can be obtained as a nilization of the amal-

gamated product M xr N. Then the induced map of relative homotopy groups
gr T (N, F) — 7m.(M Vg N, M) (13.12)

is an isomorphism for r < n 4+ m — 2 and an epimorphism for » = n +m — 1. The

classical Blakers-Massey theorem implies that the Blakers-Massey property holds for

C = sGr.

Theorem 13.2 — For C = sNil*, k > 1, the Blakers-Massey property holds.

The theorem implies that all the theory of [4] can be applied to the category sNil*.

In particular one gets
Corollary 13.3 — There is the tower of categories as in [4] for C = sNil".

PrROOF OF THEOREM 13.2 : We prove the theorem for & = 2, the general proof
can be obtain from the given one using the inductive arguments. Suppose first that
the push out (13.11) is considered in the category sAb of simplicial abelian groups.

Since one has a natural isomorphism of abelian groups
(N, F)~ H;(N/F), m(M Vg N,M) = H;(N/F),

the push-out (13.11) induces natural isomorphisms (13.12) for all ¢ > 0. Now consider
(13.11) in the category sNil®>. Since the maps fi, fo preserve bases, the diagram
(13.11) induces an analogous diagram of abelianizations and we have the following

commutative diagrams:
m;(A2abF) —— m;(A2abN) —— m;(A2abN/A*abF) —— m;_1(A%abF)

| | ! !

m(F) —— m(N) —— (N, F) — w1 (F)

l l ! |

mi(abF) —— m(abN) ——  m(abN/abF) —— m;_1(abF)
(13.13)
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and

mi(A2abM)) — m(A*ab(M Vg N)) — m;(A2ab(M Vg N)/A*abM) —— m;_1(A*abM)

7T1(M \/F N)

m(M Vg N, M)

mi(abM) —— m(ab(M Vg N))

mi(abN/abF)

(13.14)
A general argument in model categories implies that all rows and columns in
(13.13) and (13.14) are exact. The above diagrams induce the natural commutative
diagram
m:(A2abN/A2abF) —2— m(A2ab(M Vp N)/A2abM)

l l

(N, F) o (M Ve N, M) (13.15)
mi(abN/abF) ——— mi(abN/abF)

Furthermore we have the following commutative diagrams

mi(abF @ (abN/abF)) —2— m(abM ® (ab(M Vg N)/abM))

! l

m(A2abN/A2abF)  —2—  m(A2ab(M Vg N)/A2abM) (13.16)
mi(A*(abN/abF)) —— m(A*(ab(M Vg N)/abM))

where the maps
pi : mi(abF ® (abN/abF)) — m;(abM ® (ab(M Vg N)/abM)) = m;(abM & (abN/abF))

are induced by inclusion f;. Since N is obtained from F by adding elements in
dimensions > n, m;(abN/abF') = 0, i < n. By the same argument, the map m;(abF’) —
m;(abM) is an isomorphism for i < m—1 and an epimorphism for i = m—1. Therefore,
p; is an isomorphism for ¢ < m+n—2 and an epimorphism for i = m+n—1. Diagrams
(13.15) and (13.16) imply that the same property holds for j; and g;. O

-1

(M)

Ti—1 (abM)
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