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We classify the homotopy types of reduced 2-nilpotent simplicial groups in
terms of the homology and boundary invariants b, β. This contains as special
cases results of J.H.C. Whitehead on 1-connected 4-dimensional complexes and
of Quillen on reduced 2-nilpotent rational simplicial groups. Moreover it yields
for 1-nilpotent (or abelian) simplicial groups a classification due to Dold-Kan.
Our result describes a new natural structure of the integral homology of any
simply connected space. We also classify the homotopy types of connective
spectra in the category of 2-nilpotent simplicial groups. Moreover we compute
homotopy groups of spheres in the category of m-nilpotent groups for m = 2, 3
and partially for m = 4, 5.
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A classical result of D.M. Kan shows that the homotopy type of a connected space

is determined by a simplicial group, see [19]. Curtis [11] observed that for a 1-
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connected n-dimensional space the associated simplicial group can be chosen to be

m-nilpotent where n ≤ 2 + {log2(m + 1)}. Here {n} is the least integer ≥ n. Hence a

1-connected 4-dimensional space is equivalent to a reduced 2-nilpotent group and such

spaces were classified by Whitehead [27] in terms of the homology groups H2, H3, H4

, a boundary b : H4 → ΓH2 and an invariant β ∈ Ext(H3, coker(b)) given by the

homotopy group π3. Moreover, a result of Quillen [23] on reduced rational nilpotent

simplicial groups shows that reduced rational 2-nilpotent groups are classified by a

boundary b : B → [B,B] of degree −1 where B is a graded Q-vector space with

Bi = 0 for i ≤ 0. Here [B,B] is defined in the free Lie algebra L(B) generated by B

so that

[B, B] =
⊕

i odd

ΓBi ⊕
⊕
i even

Λ2Bi ⊕
⊕
i<j

Bi ⊗Bj

where [Bi, Bi] = ΓBi (resp. = Λ2Bi). In fact, b is part of the differential in a minimal

model constructed by Baues-Lemaire [5].

On the other hand, 1-nilpotent (or abelian) simplicial groups are equivalent to

chain complexes by the classical Dold-Kan theorem. Various authors extended the

Dold-Kan theorem for more general simplicial groups (see [10] and [8] and for 2-

nilpotent groups the thesis of Hartl [17]) without, however, achieving a description of

homotopy types.

Knowing about this background in the literature there is a clear motivation to

study the homotopy types of reduced 2-nilpotent simplicial groups. In this paper we

obtain their complete description in terms of graded abelian groups and boundary

invariants b and β (see Theorems 7.1 and 9.1). This classification contains as special

cases the results of Whitehead and Quillen mentioned above. For the description of

the boundary invariants we need quadratic functors Γ and Λ2 and quadratic torsion

functors Ω, R which were used by Eilenberg-MacLane [16] and Cartan [9] for the

computation of the homology of an Eilenberg-MacLane space.

We also consider the homotopy types of connective spectra in the model category

of 2-nilpotent simplicial groups. They are classified in a particular simple fashion

by F -algebras, where F is the free Z2-algebra generated by elements Sqnil
k for k

even > 0, see section 11.

Since any simplicial group G yields a 2-nilpotent simplicial group G/γ3(G) by

dividing out triple commutators we see that we can apply our result to G/γ3(G).

Therefore we obtain by the invariants b, β a new natural structure of the integral

homology of any 1-connected space. This structure generalizes the well known action
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of the Steenrod algebra. In fact, the action of Sqnil
k ∈ F corresponds to the dual of

the Steenrod square Sqk.

We also describe some aspects of the homotopy theory of 2-nilpotent simplicial

groups, in particular, we compute all homotopy groups of spheres in this category. In

an Appendix, we determine homotopy groups of spheres in the category of m-nilpotent

simplicial groups for m = 3 and partially for m = 4, 5.

1. Simplicial Objects and Chain Complexes

Let C be a category with an object 0 which is initial and final in C. For objects

X, Y in C, one has the unique zero morphism 0 : X → 0 → Y . A graded object

X∗ in C is a sequence of objects X∗ = {Xn, n ∈ Z} in C. A chain complex (X∗, d)

is a graded object together with boundary morphisms d : Xn → Xn−1 satisfying

dd = 0. A simplicial object in C is a sequence {Xn, n ≥ 0} together with morphisms

di : Xn → Xn−1, si : Xn → Xn+1, i = 0, . . . , n, satisfying the usual simplicial

identities. Such objects are r − reduced if Xn = 0 for n < r. Let

C∗, Chain(C), sC

be the categories of graded objects, chain complexes and simplicial objects respec-

tively. Moreover, let

Cr, Chain(C)r, (sC)r (1.1)

be the corresponding full subcategories consisting of r-reduced objects. Dold-Kan

theorem shows that for A = Mod(R), the category of R-modules for a ring R, one

has the equivalence of categories

N : (sA)r
∼−→ Chain(A)r, r ≥ 0.

Here N is the normalization functor which maps the simplicial object A in A to

the Moore chain complex N(A) with

Nq(A) =





⋂
i>0 ker{di : Aq → Aq−1}, if q > 0,

A0, if q = 0.
(1.2)

The boundary d : Nq(A) → Nq−1(A) is induced by d0 with d0 = 0 for q = 0. Let

N−1 be the inverse of the normalization functor. We define the homotopy group by

the quotient in A:

πq(A) =
ker{d : NqA → Nq−1A}
im{d : Nq+1A → NqA} (1.3)
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which is the qth homology HqN(A) of the chain complex N(A). The equivalence

N shows that a simplicial object in A can be identified with a (non-negative) chain

complex in A.

Let Gr be the category of groups then one has a normalization functor

N : (sGr)r → Chain(Gr)r, r ≥ 0.

The functor N carries the simplicial group A to the chain complex N(A) defined

in same way as in (1.2). Moreover we can define the (Moore) homotopy group πq(A)

of the simplicial group A by the quotient group in (1.3) since im(d) is normal in

ker(d).

Weak equivalences in the categories Chain(A), resp. sA and sGr, are maps which

induce isomorphisms for the homology functor H∗, resp. for the homotopy group func-

tor π∗. Given a category C with weak equivalences we obtain the homotopy category

Ho(C) which is the localization of C with respect to the class of weak equivalences.

If C is a model category or a cofibration category, the homotopy category Ho(C) is

well-defined, see Quillen [22] and Baues [2]. For objects X,Y in C, let

[X,Y ] = [X,Y ]C (1.4)

be the set of morphisms X → Y in the homotopy category Ho(C). A homotopy type

in C is the equivalence class of an object X in the homotopy category Ho(C).

2. Abelianization and Nilization

For a group G one has the lower central series

· · · ⊆ γn+1(G) ⊆ γn(G) ⊆ · · · ⊆ γ2(G) ⊆ G,

where γ2(G) is the commutator subgroup. Then the quotient

ab(G) = G/γ2(G)

is the abelianization of G. A group G has nilpotency degree ≤ k if γk+1(G) is trivial,

that is if all (k + 1)-fold commutators in G are trivial. In this case we also call G

a nil(k)-group. We only deal with nil(2)-groups though various concepts below have

an obvious analogue for nil(k)-groups, k ≥ 2. Compare the Appendix. We call the

quotient

nil(G) = G/γ3(G)
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the nilization of G. Hence we have functors

Gr
nil→ Nil

ab→ Ab,

where Ab is the category of abelian groups and where Nil is the full subcategory of

Gr consisting of nil(2)-groups. Clearly one gets ab(nil(G)) = ab(G). If G = 〈E〉 is a

free group generated by the set E, then A = ab(G) = Z[E] is the free abelian group

and nil(G) = 〈E〉nil is the free nil(2)-group. Here Z[E] and 〈E〉nil are free objects in

the categories Ab and Nil respectively. If G = 〈E〉nil is a free nil(2)-group we have

the central extension of groups

Λ2(A)
w½ G

p
³ A, (2.1)

where A is the abelianization of G with p(g) = g.γ2(G), g ∈ G, and where w is

the commutator map with w(px ∧ py) = [x, y] := x−1y−1xy for x, y ∈ G. For this

recall that Λ2(A) is the exterior square of the abelian group given by the quotient

Λ2(A) = A ⊗ A/{a ⊗ a ∼ 0}. We point out that the homomorphisms w and p are

natural for φ : G → G′ ∈ Gr that is pφ = φ∗p, wΛ2(φ∗) = φw with φ∗ = ab(φ).

The categories Gr and Nil are closed under limits and colimits. In fact, colimits in

Nil are obtained by nilization of the corresponding colimits in Gr. For example, the

sum A ∨B in Nil is given by A ∨B = nil(A ? B), where A ? B is the free product in

Gr.

It is useful to note that for any A, B in Nil one has the functorial short exact

sequence (see for example 7.10 in [6])

0 → ab(A)⊗ ab(B)
w→ A ∨B → A×B → 0,

where w(ā⊗ b̄) = [a, b]. Here ā denotes the class of a ∈ A in ab(A).

Let r ≥ 0. Then the functors nil and ab above induce functors between categories

of simplicial groups

(sGr)r
nil→ (sNil)r

ab→ (sAb)r.

For r ≥ 1 these functors carry weak equivalences to weak equivalences so that the

induced functors between homotopy categories

Ho(sGr)r

nil→ Ho(sNil)r

ab→ Ho(sAb)r.

are well-defined. Using results of Quillen [22], we see that (sGr)r, (sNil)r and (sAb)r

are actually model categories. Moreover by the Dold-Kan theorem it is well known



40 HANS-JOACHIM BAUES AND ROMAN MIKHAILOV

that the normalization

N : Ho(sAb)r

∼−→ Ho(Chain(Ab))r

is an equivalence of homotopy categories. Homotopy types in Ho(Chain(Ab))r are

identified via homology with isomorphism types of graded abelian groups in Abr.

Hence also homotopy types of simplicial abelian groups in (sAb)r are given by graded

abelian groups in Abr.

Let CW be the category of CW-complexes X with trivial 0-skeleton X0 = ∗.
Morphisms are base point preserving maps. Then homotopy ' of such maps yields

the quotient category CW/ ' which is the usual homotopy category of algebraic

topology. For X, Y ∈ CW, let [X,Y ] be the set of homotopy classes X → Y in

CW/ '. Let CWr be the full subcategory of CW consisting of CW-complexes X with

trivial (r − 1)-skeleton. Kan [18] constructed a functor G : CWr+1 → (sGr)r which

induces an equivalence of homotopy categories

G : CWr+1/ ' ∼−→ Ho(sGr)r, r ≥ 0.

This functor carries a CW-complex X to the Kan loop group G(X) which is a free

simplicial group (see also Curtis [12]). Let

Gab(X) = ab(G(X)), resp. Gnil(X) = nil(G(X))

be the abelianization, resp. nilization of the Kan loop group which we also call the

abelianization, resp. the nilization of the space X. Let C∗X be the cellular chain

complex of X given by CnX = Hn(Xn, Xn−1) and let C̃∗X = C∗X/C∗(∗) be the

reduced cellular chain complex. Then one has a weak equivalence

s−1C̃∗(X)
∼−→ NGab(X)

which is a natural isomorphism in Ho(Chain(Ab))r for X ∈ CWr+1. Here skC is the

k-fold suspension of the chain complex C with (skC)n = Cn−k and d(skx) = (−1)k|x|dx

for x ∈ C, k ∈ Z. The equivalence shows that the homotopy type of the abelianization

of X coincides with the homology H∗(X) of the space X.

3. Quadratic Functors

Let F : Ab → Ab be a functor. The cross-effect of F is the bifunctor defined as

F (X|Y ) = ker{F (r1, r2) : F (X ⊕ Y ) → F (X)⊕ F (Y )}, X, Y ∈ Ab
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where the map F (r1, r2) is induced by natural retractions r1 : X ⊕ Y → X, r2 :

X ⊕ Y → Y . The functor F is linear if F (0) = 0 and F (X|Y ) = 0 for all X, Y ∈ Ab.

The functor F is quadratic if F (0) = 0 and the cross-effect F (X|Y ) is linear in each

variable X and Y .

A quadratic Z-module is a diagram of abelian groups

M = (Me
H→ Mee

P→ Me)

satisfying HPH = 2H and PHP = 2P .

Let M = (Me
H→ Mee

P→ Me) be a quadratic Z-module. Then M induces a

quadratic functor A 7→ A⊗M, A ∈ Ab defined as follows. Given an abelian group A,

the abelian group A⊗M has generators a⊗m, [a, b]⊗n, a, b ∈ A, m ∈ Me, n ∈ Mee

and relations

(a + b)⊗m = a⊗m + b⊗m + [a, b]⊗H(m),

[a, a]⊗ n = a⊗ P (n)

where a ⊗ m is linear in m and [a, b] ⊗ n is linear in a, b and n. For example, the

quadratic Z-modules

Z⊗ = (Z (1,1)→ Z⊕ Z (1,1)→ Z)

ZΛ = (0 → Z→ 0)

ZΓ = (Z 1→ Z 2→ Z)

ZS = (Z 2→ Z 1→ Z)

Z2 = (Z2 → 0 → Z2)

define the tensor square, exterior square, Whitehead’s Γ-functor, symmetric tensor

square and the functor −⊗ Z2 respectively, i.e. for every abelian group A, one has

A⊗ Z⊗ = A⊗ A, A⊗ ZΛ = Λ2A, A⊗ ZΓ = ΓA,

A⊗ ZS = SP 2(A), A⊗ (Z2 → 0 → Z2) = A⊗ Z2

where SP 2(A) = A⊗ A/(a⊗ b− b⊗ a, a, b ∈ A).

Recall the definitions of some functors (see [3]). Given abelian groups A,B we

choose free resolutions

dA : X1 → X0, dB : Y1 → Y0, (3.1)
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of A and B respectively so that coker(dA) = A, coker(dB) = B. For a quadratic

Z-module M , one gets the chain complex M#(dB) defined by

Y1 ⊗ Y1 ⊗Mee
δ2→ Y1 ⊗M ⊕ Y1 ⊗ Y0 ⊗Mee

δ1→ Y0 ⊗M

with

δ1(a⊗m) = (dBa)⊗m,

δ1([a, a′]⊗ n) = [dBa, a′]⊗ n,

δ1(a⊗ b⊗ n) = [dBa, b]⊗ n,

δ2(a⊗ a′ ⊗ n) = −a⊗ dBa′ ⊗ n + [a, dBa′]⊗ n

for a, a′ ∈ Y1, b ∈ Y0,m ∈ Me, n ∈ Mee. Then coker(δ1) = A⊗M . Define the torsion

functors by

A ∗′ M = ker(δ1)/im(δ2),

A ∗′′ M = ker(δ2).

Taking the torsion functors for ZΛ and ZΓ one, in fact, gets the Eilenberg-MacLane

functors, see 6.2.9 and 6.2.10 in [3]:

A ∗′ ZΛ = Ω(A), A ∗′ ZΓ = R(A).

Define also the pseudo-analogs of the above torsion functors:

Λ2T#(A,B) = [X1
dA→ X0,ZΛ

#dB],

ΓT#(A,B) = [X1
dA→ X0,ZΓ

#dB].

Also recall the functor L#(A,B), which for finitely generated abelian groups A,

B is defined as

L#(A,B) = B ⊗ L(A).

Here L(A) is the quadratic Z-module

L(A) = (Hom(A,Z2)
∂→ Ext(A,Z)

0→ Hom(A,Z2))

where the map ∂ is the connecting homomorphism induced by the exact sequence

Z 2→ Z → Z2 (see 6.2.13 [3] for the definition of L#(A,B) for arbitrary abelian
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groups). The bifunctors ΛT#, ΓT# and L# are bype functors (see [3]) in the sense

that for abelian groups A,B there are the following binatural short exact sequences:

0 → Ext(A, Ω(B)) → ΛT#(A,B) → Hom(A, Λ2(B)) → 0,

0 → Ext(A,R(B)) → ΓT#(A,B) → Hom(A, Γ(B)) → 0,

0 → Ext(A, Λ2(B)) → L#(A,B) → Hom(A,B ⊗ Z2) → 0.

For every quadratic Z-module and n ≥ 0 there are natural suspension maps

Σn : [X1
dA→ X0,M#(Y1

dB→ Y0)] → [(X1
dA→ X0)[n],M#((Y1

dB→ Y0)[n])]

which in the case M = ZΛ, M = ZΓ stabilize as

Σn : ΛT#(A,B) → Ext(A,B ⊗ Z2), n > 2

Σn : ΓT#(A,B) → Ext(A,B ∗ Z2)⊕Hom(A,B ⊗ Z2), n > 3.

Let dC : Z1 → Z0 be a short free resolution for an abelian group C. Define the

functor

Trp(A; B,C) = [X1
dA→ X0, (Y1

dB→ Y0)⊗ (Z1
dC→ Z0)] = H0(A, dB ⊗ dC).

Clearly one has the following short exact sequence which splits (unnaturally)

0 → Ext(A,B ∗ C) → Trp(A; B, C) → Hom(A,B ⊗ C) → 1.

The functor Trp is an analogue of the triple torsion functor of MacLane [20].

4. Derived Functors of the Exterior Square

For abelian groups A,B let A⊗ B and A ∗ B be the tensor product and the torsion

product respectively. The tensor product of abelian groups leads to the notion of the

tensor product A⊗B of graded abelian groups A,B with

(A⊗B)n =
⊕

i+j=n

Ai ⊗Bj.

We also need the ordered tensor product A
>⊗ B defined by

(A
>⊗ B)n =

⊕
i+j=n, i>j

Ai ⊗Bj.
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Analogically define the ordered torsion product A
>∗ B as

(A
>∗ B)n =

⊕
i+j=n, i>j

Ai ∗Bj.

The tensor product, torsion product and the ordered tensor and torsion product

are in the obvious way bifunctors.

Next we use the exterior square Λ2 and Whitehead’s quadratic functor Γ which are

functors from abelian groups to abelian groups. They define the weak square functor

sq⊗ : Abr → Abr

which is given by

sq⊗(A)n =





Γ(Am), if n = 2m, m odd,

Λ2(Am), if n = 2m, m even,

0, otherwise.

Let (Z2)odd be the graded abelian group which is Z2 in odd degree ≥ 1 and which

is trivial otherwise, hence (Z2)odd is the reduced homology of the classifying space

RP∞ = K(Z2, 1). We now define the square functor

Sq⊗ : Abr → Abr

Sq⊗(A) = A
>⊗ (A⊕ (Z2)odd)⊕ sq⊗(A).

Clearly the square functor is quadratic. The cross-effect is

Sq⊗(A|B) = A⊗B

and one has the operators

Sq⊗(A)
H→ A⊗ A

P→ Sq⊗(A)

which are induced by the diagonal and the folding map respectively.

Define also the torsion square functor

Sq?(A) : Abr → Abr

by setting

Sq?(A) = (A
>∗ (A⊕ (Z2)odd))⊕ sq?(A),
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where

sq?(A)n =





Ω(πmX), n = 2m, m even

R(πmX), n = 2m, m odd

0, otherwise.

Here R(A) = H5K(A, 2) and Ω(A) = H7K(A, 3)/(Z3⊗A) are functors of Eilenberg-

MacLane. The cross-effects of these functors are the following: R(A|B) = Ω(A|B) =

A ∗B. For cyclic groups, the values of these functors are

R(Zn) = Z(2,n), Ω(Zn) = Zn, R(Z) = Ω(Z) = 0.

For developing homotopy theory of 2-nilpotent simplicial groups we need the de-

scription of the derived functors of the exterior square. They were described in [7] as

follows. Let X be a simplicial group which is free abelian in each degree. Then there

exists the following short exact sequence of graded abelian groups

0 → Sq⊗(π∗(X)) → π∗(Λ2X) → Sq?(π∗(X))[−1] → 0 (4.1)

where π∗(X) and π∗(Λ2X) are the graded homotopy groups of X and Λ2X respec-

tively, and Sq?(π∗(X))[−1] is the graded abelian group with

(Sq?(π∗(X))[−1])n = Sq?(π∗(X))n−1, n ≥ 1.

5. Homotopy Theory of 2-Nilpotent Simplicial Groups

Homotopy theory in the category sNil of simplicial nil(2)-groups relies on the following

definition of weak equivalences, fibrations and cofibrations. Weak equivalences are

maps inducing isomorphisms on homotopy groups, fibrations are the maps f for

which Nqf is surjective for q > 0 and cofibrations are retracts of free maps. Here

an injective map f : X → Z in sNil is free if there are subsets Cq ⊂ Zq for each

q such that (i) η∗Cq ⊂ Cp whenever η : [q] → [p] is a surjective monotone map,

(ii) fq + gq : Xq ∨ FCq → Zq is an isomorphism for all q. Here FCq = nil〈Cq〉 is the

free nil(2)-group generated by Cq and gq : FCq → Zq is the extension of Cq ⊂ Zq.

Let ∗ be the initial object in sNil. We say that G in sNil is free if ∗ → G is free. Let

(sNil)c be the full subcategory of the free objects in sNil. For example, for a space X,

the nilization Gnil(X) of Kan’s loop group is a free object.

Proposition 5.1 — With these definitions the category sNil of simplicial nil(2)-

groups is a closed model category. All objects are fibrant and free objects form a
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sufficiently large class of cofibrant objects. Hence one has a notion of homotopy ' in

(sNil)c such that the inclusion (sNil)c ⊂ sNil induces an equivalence of categories

(sNil)c/ '
∼−→ Ho(sNil).

Proof : This is a consequence of II.4 in Quillen [22], compare in particular

Remark 4. Moreover we use II.3 in Baues [2].

The proposition shows that the basic definitions and constructions of homotopy

theory are available in the category sNil, for example we have cylinder objects, sus-

pensions, mapping cones, cofiber sequences, spectral sequences etc as described in a

cofibration category in Baues [2].

Proposition 5.2 — The nilization functor

nil : sGr → sNil

carries homotopy push outs to homotopy push outs, that is, nil is a model functor in

the sense of Baues [2] (I.1.10).

The functor πn : Ho(sNil) → Gr is a representable functor in the sense that there

is a free object S(n) ∈ sNil for n ≥ 0 and a class in ∈ πnS(n) so that for all X ∈ sNil,

the map

[S(n), X] → πnX,

given by f 7→ πn(f)(in) is an isomorphism for n ≥ 0. This is analogous to the

situation for topological spaces; indeed, these isomorphisms virtually demand that

we refer to S(n) as the n− sphere in sNil. We can choose S(n) to be the free object

generated by a single element in degree n. We have a homotopy equivalence

S(n) = Gnil(Sn+1)

so that S(n) is the nilization of the standard (n + 1)-sphere Sn+1. Homotopy groups

of spheres

πn+kS(n) = [S(n + k), S(n)]

in the category Ho(sNil) can be computed completely.

Proposition 5.3 — There are generators in, ηn, ηk
n such that

πn+kS(n) =





Zin, k = 0

Zηn, n = k odd

Z2η
k
n, 0 < k < n, k odd

0, otherwise.
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The computation follows from the description of the spaces Λ2Gab(Sn), given by

Curtis and Schlezinger [24], [11]: For any n ≥ 1, q ≥ 0, one has

πn+qΛ
2Gab(Sn+1) =





Z, if n is odd and q = n

Z2, if q = 1, 3, . . . , 2[n/2]− 1,

0 otherwise.

This is a part of the more general Theorem 6.1, and easily can be proved using

the exact sequence (4.1).

We call ηn : S(2n) → S(n) with n odd a (generalized) Hopf map. In fact, η1 is the

nilization of the classical Hopf map S3 → S2. The iterated suspensions of the Hopf

maps yield the elements ηk
n, that is,

ηk
n = Σn−kηk.

Clearly, the identity in : S(n) → S(n) satisfies Σin = in+1.

For n,m ≥ 1, one has a map

w : S(n + m) → S(n) ∨ S(m)

which in fact is the nilization of the classical Whitehead product map Sn+m+1 →
Sn+1 ∨ Sm+1. For X in sNil we thus obtain the Whitehead product

πn(X)× πm(X) → πn+m(X),

given by [x, y] = w∗(x, y).

Proposition 5.4 — The Whitehead product in sNil is bilinear and satisfies

[x, y] = (−1)|x||y|+1[y, x],

[x, x] =





0 if |x| is even,

2η∗n(x) if |x| = n is odd,

[x, y] = η∗n(x + y)− η∗n(x)− η∗n(y) and

η∗n(−x) = η∗n(x) for |x| = |y| = n odd.

Moreover, all triple Whitehead products in sNil are trivial.

Corollary 5.5 — For a space X in CW, the nilization

nil : πn+1X = [Sn+1, X] → [S(n), Gnil(X)] = πnG
nil(X)
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carries Whitehead products to Whitehead products. This implies that the nilization

nil : π2n+1(S
n+1) → π2nS(n) = Zηn, n odd,

coincides with the classical Hopf invariant. Hence, for n = 1, 3, 7, the Hopf map ηn in

sNil is the nilization of the classical Hopf maps S2n+1 → Sn+1 and in this case η∗n is the

nilization of the corresponding suspended Hopf maps. For n 6= 1, 3, 7, the elements

ηn and ηk
n are not in the image of nil, however, the element 2ηn = [in+1, in+1], with n

odd, is always in the image of nil.

Recall that a function f : A → B between abelian groups is quadratic if f(a) =

f(−a) and [a, b]f = f(a + b) − f(a) − f(b) is bilinear for a, b ∈ A. Let γ : A → ΓA

be the universal quadratic function which defines Whitehead’s quadratic functor Γ :

Ab → Ab. Then f defines a unique homomorphism f2 : ΓA → B with f2γ = f . The

theorem above shows that η∗n is quadratic, hence we obtain natural transformations

(X ∈ sNil)

Γ(πnX) → π2nX, n odd,

Λ2(πnX) → π2nX, n even ≥ 2,

which are induced by η∗n and the Whitehead square respectively.

6. Homology and Moore Objects in sNil

Let X be an object in sNil. We can choose a weak equivalence X̄ → X, where X̄ is

free in sNil, that is ∗ ½ X̄
∼−→ X is a cofibrant model of X. Now we define the chain

complex of X by

C∗X = N(abX̄)

and we define homology and cohomology of X by this chain complex, that is, for

n ∈ Z,

Hn(X; A) = Hn(C∗(X)⊗ A),

Hn(X; A) = HnHom(C∗X,A),

where A is an abelian group of coefficients. We also need the pseudo-homology

Hn(A; X) = [C(A, n), C∗X],
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which is a set of homotopy classes of chain maps. Here C(A, n) is a chain complex of

free abelian groups with HnC(A, n) = A and HjC(A, n) = 0, for j 6= n, for example,

C(A, n) is given by a short free resolution of A

0 → C ′ dA→ C → A → 0

with C in degree n and C ′ in degree n + 1.

For a space X in CW, we have canonical natural isomorphisms

H̃n+1(X; A) = Hn(Gnil(X), A),

H̃n+1(X; A) = Hn(Gnil(X), A).

A Moore object M(A, n)nil in sNil is a free object with a single non-vanishing

homology group A in degree n ≥ 1. We clearly have ΣM(A, n)nil = M(A, n + 1)nil

and C∗M(A, n)nil = C(A, n). The nilization of the Moore space M(A, n + 1)CW

in CW can be chosen to coincide with M(A, n)nil. For A = Z the Moore object

M(A, n)nil = S(n) is the sphere in sNil.

Homotopy groups of Moore objects in sNil are completely computed in the follow-

ing result:

Theorem 6.1 — Let n ≥ 1, k ∈ Z. Then the homotopy groups of Moore objects

in sNil are

πn+kM(A, n)nil Θ
=





A, k = 0

A⊗ Z2, 0 < k < n, k odd

A ∗ Z2, 0 < k < n, k even

ΓA, k = n odd

Λ2(A)⊕ A ∗ Z2, k = n even

R(A), k = n + 1 even

Ω(A), k = n + 1 odd

0, otherwise.

Proof : Consider the short exact sequence of simplicial groups:

0 → Λ2abM(A, n)nil → M(A, n)nil → abM(A, n)nil → 0 (6.1)

All the cases of the theorem besides the case k = n even follow from (6.1) and the

universal coefficient theorem (4.1). For the case k = n, (4.1) implies the short exact
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sequence

0 → Λ2(A) → π2nM(A, n)nil → A ∗ Z2 → 0

which a priori splits unnaturally. The natural splitting, however, follows from the

periodicity principle in (4.1) and the following diagram

H6K(A, 3) d1
//

OOOOOOOOOOO

OOOOOOOOOOO
π4M(A, 2)nil

Λ2(A)⊕ A ∗ Z2

77nnnnnnnnnnnn

where d1 is the boundary map, which is a natural isomorphism, what follows, for

example, from the Curtis spectral sequence argument (see proof of Theorem 9.1).

For each homomorphism φ : A → B between abelian groups we can choose a

map φ̄ ∈ [M(A, n)nil,M(B, n)nil] in Ho(sNil), which induces φ. The map φ̄ is not

unique. The induced homomorphism πn+k(φ̄), however, depends only on φ so that

A 7→ πn+kM(A, n)nil yields a functor Ab → Ab.

The isomorphism Θ is natural with respect to maps M(A, n)nil → M(A′, n)nil.

For k = 0, the isomorphism Θ is the Hurewicz isomorphism and for 0 < k < n, k

odd, we have Θ(a⊗ 1) = aηk
n, and for k = n.

For an object X in sNil, we define homotopy groups with coefficients in A by

πn(A; X) = [M(A, n)nil, X]nil.

As in topology, one has the universal coefficient sequence

Ext(A, πn+1X)
∆½ πn(A; X)

µ−→ Hom(A, πnX), (6.2)

where µ(α) is the composition A = πnM(A, n)nil α∗−→ πnX.

Proposition 6.2 — For Moore objects in CW and sNil, the nilization yields a

bijection, n ≥ 1,

[M(A, n + 1)CW,M(B, n + 1)CW]CW = [M(A, n)nil,M(B, n)nil]nil.

Hence, the homotopy category of Moore objects of degree (n + 1) in CW/ ' is

equivalent to the homotopy category of Moore objects of degree n in Ho(sNil).

Proof : Both sides are part of universal coefficient sequences which are isomor-

phic since via nilization πn+k+1M(B, n + 1)CW in CW is the same as πn+kM(B, n)nil

in Ho(sNil) for k = 0, 1. 2
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7. Quadratic Bypes

Let Chainr be the category of r-reduced chain complexes in Ab. Let M be a quadratic

Z-module. Then we obtain a functor (r ≥ 0) :




M# : Chainr → Chainr

M#(Y ) = N((N−1Y )⊗M),

where ⊗M is the functor Ab → Ab given by the quadratic tensor product.

An r-reduced quadratic M -bype is a triple (Y, b, β) with the following properties.

First Y is a chain complex in Chainr. Let Bn = HnY be the homology of Y . Moreover

b = {bn} is a sequence of elements

bn ∈ Hom(Bn; Hn−1M#Y ).

Hence we get the homomorphism

Ext(Bn, Bn+1)
(bn+1)∗→ Ext(Bn, HnM#Y )

∆½ Hn−1(Bn,M#Y ),

where the right hand side is the pseudo-homology. Finally β = {βn} is a sequence of

elements

βn ∈ Hn−1(Bn; M#(Y ))/im(∆(bn+1)∗)

with

µβn = bn.

A morphism between quadratic M -bypes

φ : (Y, b, β) → (Y ′, b′, β′)

is a morphism φ : Y → Y ′ in Ho(Chain)r with the following property: the diagram

HnY = Bn
bn−−−→ Hn−1(M#Y )yφ∗

yφ∗

HnY ′ = B′
n

b′n−−−→ Hn−1(M#Y ′)

(7.1)

commutes for all n and

φ∗βn = φ∗β′n (7.2)

in Hn−1(Bn,M#Y ′)/∆(b′n+1)∗Ext(Bn, B′
n+1).

Let

byper(M)



52 HANS-JOACHIM BAUES AND ROMAN MIKHAILOV

be the category of r-reduced quadratic M -bypes and such morphisms.

Consider the quadratic Z-module ZΛ = (0 → Z→ 0) given by the exterior square

Λ2(A) = A⊗ ZΛ.

Theorem 7.1 — Let r ≥ 1. Then there is a functor

λ : Ho(sNil)r → byper(ZΛ)

which is representative and reflects isomorphisms. Moreover the restriction of λ to

the subcategories of isomorphisms is a full functor.

Corollary 7.2 — Let r ≥ 1. Then the homotopy type of an r-reduced simplicial

2-nilpotent group G is completely determined by the bype λG. In fact, the functor

λ induces a 1-1 correspondence between isomorphism types in Ho(sNil)r and isomor-

phism types in byper(ZΛ). Moreover for each object G in (sNil)r the functor λ induces

a surjection of automorphism groups

AutHo(sNil)r
(G)

λ³ Autbyper(ZΛ)(λG).

The functor λ carries a free object G in sNil to (Y, b, β) where Y = NX with

X = ab(G). We may assume that G is a free object. Then G is part of the exact

sequence

Λ2X ½ G → X

in sNil. This exact sequence is a fiber sequence in the model category sNil. Hence we

get the connecting homomorphisms ∂ = ∂G,

bn : Bn = HnNX = πnX
∂→ πn−1Λ

2X = Hn−1NΛ2X = Hn−1NΛ2N−1Y = Hn−1ZΛ
#Y,

where the isomorphism for Y is given by Y = NX. This connecting homomorphism

defines the sequence of elements bn in λ(G) = (Y, b, β). We also can apply the functor

πn(A,−) of homotopy groups with coefficients in A to the fiber sequence above. This

yields the following connecting homomorphism ∂ = ∂G:
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Ext(A, πn+1X)

²²

// πn(A,X)

∂

²²

µ // Hom(A, πnX)

'
²²

Ext(A,Bn+1)

(bn+1)∗
²²

Hom(A,Bn)

(bn)∗
²²

Ext(A,HnZΛ
#Y )

'
²²

Hom(A,Hn−1ZΛ
#Y )

'
²²

Ext(A, πnΛ2X)
∆ // πn−1(A, Λ2X)

'
²²

µ // Hom(A, πn−1Λ
2X)

Hn−1(A;ZΛ
#Y )

(7.3)

In this diagram we set A = Bn and define

βn = {∂µ−1(1Bn)},

where the right hand side is an element in the cokernel of ∆(bn+1)∗. It is clear that

µ(βn) = bn and that λ is a well defined functor since the connecting homomorphism

∂ is natural in G and A.

8. Homological Quadratic Bypes

In this section M is a quadratic Z-module. Then the category of r-reduced M -bypes

admits itself a detecting functor

byper(M)
h→ Hbyper(M),

where the right hand side is the category of r-reduced homological quadratic bypes

which we define below. Let Chainr be the category of r-reduced chain complexes in

Ab. We have the homology functor H∗

H∗ : Ho(Chainr) → Abr

which admits a splitting functor C

C : Abr → Ho(Chainr)

defined by

C(B) = ⊕n∈ZC(Bn, n),
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where C(A, n) for an abelian group A is the Moore chain complex. Since [C(A, n), C(A′, n)] =

Hom(A, A′), we see that C is a well defined functor. Moreover for any Y in Chainr

with B = H∗Y we can choose a weak equivalence

C(B)
∼→ Y.

Recall that the pseudo-homology of a chain complex Y in Abr is the set of homotopy

classes of chain maps

Hn(A; Y ) = [C(A, n), Y ].

We have the short exact sequence

0 → Ext(A,Hn+1Y )
∆→ Hn(A; Y )

µ→ Hom(A,HnY ) → 0.

Using the quadratic Z-module M we define the composite functor, see §7,

SqM
n : Abr

C→ Ho(Chainr)
M#→ Ho(Chainr)

Hn→ Ab. (8.1)

Moreover we define the bifunctor

SqM
n : Abop × Abr → Ab (8.2)

by the pseudo-homology SqM
n (A, B) = Hn(A; M#CB). Hence we have SqM

n (B) =

SqM
n (Z, B) and one gets the binatural short exact sequence

0 → Ext(A, SqM
n+1(B)) → SqM

n (A,B) → Hom(A, SqM
n (B)) → 0. (8.3)

If B ∈ Abr is concentrated in one degree, that is, B = (D,m) with Bm = D and

Bi = 0 for i 6= m, then we get the functor

SqM
n,m : Abop × Ab → Ab (8.4)

with SqM
n,m(A,D) = SqM

n (A, (D,m)) = Hn(A,M#C(D,m)). Now we set SqM
n,m(D) =

SqM
n,m(Z, D) so we get the binatural exact sequence

0 → Ext(A, SqM
n,m(D)) → SqM

n,m(A,D) → Hom(A, SqM
n,m(D)) → 0

as a special case of the exact sequence for (8.2) above. Here we have as an example

the homotopy groups of a Moore objects M(D,n)nil in sNil given by (k ≥ 1)

πn+kM(D, n)nil = SqZ
Λ

n+k,n(D)

which was computed in Theorem 6.1.
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Since M# is a quadratic functor we get morphisms in Chainr

M#(Y )
H→ M#(Y |Y )

P→ M#(Y ).

If Y is a free abelian chain complex we have by the Eilenberg-Zilber theorem

M#(Y |Y ) = N((N−1Y )⊗ (N−1Y )⊗Mee) ' Y ⊗ Y ⊗Mee

Hence we also get

M#(Y )
H→ Y ⊗ Y ⊗Mee

P→ M#(Y )

by H and P above. For M = ZΛ we compute the functors SqM
n explicitly below. We

use the functors SqM
n for the definition of the following category Hbyper(M).

Let r ≥ 0. An r-reduced homological quatratic M-bype is a triple (B, b, β) with

the following properties. First B is a graded abelian group in Abr and b = {bn} is a

sequence of elements

bn ∈ Hom(Bn, SqM
n−1(B)).

Hence we get the homomorphism

Ext(Bn, Bn+1)
(bn+1)∗→ Ext(Bn, SqM

n (B))
∆½ SqM

n−1(Bn, B),

where the right hand side is the pseudo-homology above. Now β = {βn} is a sequence

of elements

βn ∈ SqM
n−1(Bn, B)/im(∆(bn+1)∗)

with

µβn = bn,

where the map µ is the natural map

µ : Hn−1(Bn; M#Y ) → Hom(Bn, Hn−1M#Y )

(compare with (6.2)). A morphism between quadratic M -bypes

φ : (B, b, β) → (B′, b′, β′)

is a morphism φ : B → B′ in Abr with the following property. There exists a chain

map α : C(B) → C(B′) with H∗(α) = 0 such that the chain map

φ∗ + α : M#CB → M#CB′,
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given by

φ∗ + α := M#C(φ) + P (α⊗ C(φ))H + M#(α)

satisfies (8.5) and (8.6): the diagram

Bn
bn−−−→ Hn−1(M#CB) = Sqn−1(B)

φ

y (φ∗+α)∗

y

B′
n

b′n−−−→ Hn−1(M#CB′) = Sqn−1(B
′)

(8.5)

commutes for all n and

(φ∗ + α)∗βn = φ∗β′n (8.6)

in Sqn−1(Bn, B
′)/∆(b′n+1)∗Ext(Bn, B′

n+1). Diagram (8.5) shows that (φ∗+α)∗ in (8.6)

is well defined by Hn−1(Bn; φ∗ + α). Let

Hbyper(M)

be the category of r-reduced homological quadratic M -bypes and such morphisms.

We point out that the homology class of a chain map α : CB → CB′ with H∗α = 0

is given by a sequence of elements

αn ∈ Ext(Bn, B′
n+1), n ∈ Z,

and the induced maps

α∗ : Hn−1(M#CB) → Hn−1(M#CB′)

α∗ : Hn−1(Bn; M#CB) → Hn−1(Bn; M#CB′)

are given by the maps induced by Ext in Section 10. These induced maps are needed

for the computation of (φ∗ + α)∗ in (8.5) and (8.6) above.

Proposition 8.1 — There is a functor

h : byper(M) → Hbyper(M),

which carries (Y, b, β) to (H∗Y, b, β). The functor h reflects isomorphisms and is

representative and full.

Here we use the equivalence CB
∼→ Y with B = H∗Y . Combining Proposition 8.1

and Theorem 7.1 we get the following main result of this paper.

Theorem 8.2 — Let r ≥ 1. Then there is a functor

hλ : Ho(sNil)r → Hbyper(ZΛ)



HOMOTOPY TYPES OF REDUCED 2-NILPOTENT SIMPLICIAL GROUPS 57

which reflects isomorphisms and is representative. Moreover the restriction of hλ to

the subcategories of isomorphisms is a full functor.

In the next section we compute SqZ
Λ

n needed in the definition of Hbyper(ZΛ).

9. Computation of SqM
n for M = ZΛ

For an abelian group A and for a graded abelian group B in Abr and M = ZΛ we

compute SqM
n (A, B) with SqM

n (B) = SqM
n (Z, B) as follows.

Given abelian groups A, D,E, denote

SqZ
Λ

n,m(A,D) = [C(A, n),ZΛ
#C(D, m)], n, m ≥ 1, see 8.4

SqZ
Λ

n,i,j(A; D, E) = [C(A, n), C(D, i)⊗ C(E, j)], n ≥ 1, 1 ≤ i < j.

Then for B ∈ Abr, we have the following direct sum decomposition:

SqZ
Λ

n (A,B) = [C(A, n),
⊕
m

ZΛ
#C(Bm,m)⊕

⊕
i<j

C(Bi, i)⊗ C(Bj, j)]

=
⊕
m

SqZ
Λ

n,m(A,Bm)⊕
⊕
i<j

SqZ
Λ

n,i,j(A; Bi, Bj).

It is easy to see that for i < j,

SqZ
Λ

n,i,j(A; Bi, Bj) =





Hom(A,Bi ∗Bj), n = i + j + 1,

Ext(A, Bi ⊗Bj), n = i + j − 1,

T rp(A; Bi, Bj), n = i + j,

0, otherwise.

We describe the functors SqZ
Λ

n,m in the following theorem.
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Theorem 9.1 —

SqZ
Λ

m+k,m(A,D) =





Ext(A, Γ(D)), k = 0, m = 1 (I)

Ext(A,B ⊗ Z2), k = 0, m > 1 (II)

Hom(A,R(D)), k even, k = m + 1 (III)

Hom(A, Ω(D)), k odd, k = m + 1 (IV )

Ext(A,D ⊗ Z2)⊕Hom(A,D ∗ Z2), k even, 0 < k < m− 1 (V )

Ext(A,D ∗ Z2)⊕Hom(A,D ⊗ Z2), k odd, 0 < k < m− 1 (V I)

Ext(A, Γ(D))⊕Hom(A, D ∗ Z2), k even, k = m− 1 (V II)

L#(A,D)⊕ Ext(A,D ∗ Z2), k odd, k = m− 1 (V III)

Λ2T#(A,D)⊕Hom(A,D ∗ Z2), k even, k = m (IX)

ΓT#(A,D), k odd, k = m (X)

0, otherwise (XI)

We define the stable operator Sqstable
k by

Sqstable
k (A,D) =





Ext(A,D ⊗ Z2)⊕Hom(A,D ∗ Z2), k even > 0,

Ext(A,D ∗ Z2)⊕Hom(A,D ⊗ Z2), k odd > 0.

Then there is a canonical stabilization map

Σ∞ : SqZ
Λ

m+k,m(A,D) → Sqstable
k (A,D)

which is binatural in A,D and which is the identity for k < m− 1.

We collect the computations of SqZ
Λ

n,m(A,D) for low dimensions in the following
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tables:

m \ n 1 2 3

1 Ext(A, Γ(D)) ΓT#(A,D) Hom(A,R(D))

2 0 Ext(A,D ⊗ Z2) L#(A,D)⊕ Ext(A,D ∗ Z2)

3 0 0 Ext(A,D ⊗ Z2)

4 0 0 0

m \ n 4 5

2 Λ2T#(A,D)⊕Hom(A,D ∗ Z2) Hom(A, Ω(D))

3 Ext(A,D ∗ Z2)⊕Hom(A,D ⊕ Z2) Ext(A, Γ(D))⊕Hom(A,D ∗ Z2)

4 Ext(A,D ⊗ Z2) Ext(A,D ⊗ Z2)⊕Hom(A,D ∗ Z2)

5 0 Ext(A, D ⊗ Z2)

m \ n 6 7

2 0 0

3 ΓT#(A,D) Hom(A,R(D))

4 Ext(A,D ⊗ Z2)⊕Hom(A,D ∗ Z2) L#(A, D)⊕ Ext(A,D ∗ Z2)

5 Ext(A,D ∗ Z2)⊕Hom(A,D ⊗ Z2) Ext(A,D ∗ Z2)⊕Hom(A,D ⊗ Z2)

6 Ext(A,D ⊗ Z2) Ext(A,D ⊗ Z2)⊕Hom(A,D ∗ Z2).

Example — If B ∈ Ab1 is concentrated in degree 1, 2, 3 with B3 free abelian then

the only invariants of (B, b, β) in Hbype1(ZΛ) are given by

b3 : H3 → Γ(H2) and β ∈ Ext(H3, coker(b3))

and they classify 1-connected 4-dimensional homotopy types by a classical result of

Whitehead [27], see 3.5.6 [3].

Example — Let G be a reduced 2-nilpotent simplicial group so that NG is a

rational vector space. Then for B = H∗NG the only invariants in (B, b, β) = hλ(G)

are the homomorphisms

bn : Bn → SqZ
Λ

n−1(B) = [B,B]n−1

where the Lie bracket [ , ] in the free Lie algebra L(B) satisfies [x, y] = −(−1)|x||y|[y, x]

so that

[Bi, Bi] =





SP 2(Bi) = Γ(Bi) for n odd

Λ2(Bi) for n even.



60 HANS-JOACHIM BAUES AND ROMAN MIKHAILOV

Here we use the isomorphism ZΓ⊗Q = ZS⊗Q, compare section 6. The invariant

bn coincides with the differential in the 2-nilpotent differential Lie algebra associated

to G in the work of Quillen [23].

10. Maps Induced by Ext(A, B)

Given abelian groups A,B and their resolutions (3.1), consider an element α ∈
Ext(A,B). This element can be represented as a certain diagram of the form α∗ :

dA → dB[1]:

X1
dA //

α∗
²²

X0

Y1
dB // Y0.

For a given n ≥ 1, consider the shifting α∗[n] : C(A, n) → C(B, n + 1) with

C(A, n) = (X1
dA→ X0)[n], which defines the map of simplicial abelian groups

N−1α∗[n] : N−1C(A, n) → N−1C(B, n + 1)

and hence, for a given quadratic Z-module M , there is a map

N((N−1C(A, n))⊗M)
M#α∗[n]

// N((N−1C(B, n + 1))⊗M)

M#C(A, n) // M#C(B, n + 1).

(10.1)

Then, for every k ≥ 0 this diagram induces for abelian groups D, A, B the natural

quadratic maps

k[n]M : Ext(A,B) → Hom(SqM
n+k,n(A), SqM

n+k,n+1(B)) and

k[n]M : Ext(A,B) → Hom(SqM
n+1(D, A), SqM

n+k,n+1(D, B)).

The description of the homotopy groups of Moore space in sNil (see Theorem 6.1

or Theorem 9.1) implies that for the case M = ZΛ, the complete list of maps k[n] is
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the following:

2[1]ZΛ : Ext(A,B) → Hom(R(A), B ⊗ Z2),

2[2]ZΛ : Ext(A,B) → Hom(Λ2(A)⊕ A ∗ Z2, B ⊗ Z2),

2[3]ZΛ : Ext(A,B) → Hom(A ∗ Z2, B ⊗ Z2),

3[2]ZΛ : Ext(A,B) → Hom(Ω(A), B ∗ Z2),

3[3]ZΛ : Ext(A,B) → Hom(Γ(A), B ∗ Z2),

3[4]ZΛ : Ext(A,B) → Hom(A⊗ Z2, B ∗ Z2)

Let

0 → B → E → A → 0 (10.2)

be a short exact sequence, which presents an element α ∈ Ext(A,B). Applying the

functor −⊗ Z2, we get the following long exact sequence

0 → B ∗ Z2 → E ∗ Z2 → A ∗ Z2
∂(α)→ B ⊗ Z2 → E ⊗ Z2 → A⊗ Z2 → 0

and the map 2[3]ZΛ is given by setting α 7→ ∂(α) ∈ Hom(A ∗ Z2, B ⊗ Z2).

Proposition 10.1 — The maps 3[2]ZΛ , 3[3]ZΛ and 3[4]ZΛ are zero maps, 2[3]ZΛ is

given by setting α 7→ ∂(α), the maps 2[1]ZΛ and 2[2]ZΛ are induced by the natural

maps R(A) → A ∗ Z2, Λ2(A)⊕ A ∗ Z2 → A ∗ Z2 and the map ∂(α).

Proof : The exact sequence of quadratic Z-modules

0 → ZΓ → Z⊗ → ZΛ → 0

and the epimorphism of quadratic Z-modules

ZΓ → Z2

induce the following natural commutative diagram

Hn+kZΛ
#C(A, n) −−−→ Hn+k−1ZΓ

#C(A, n) −−−→ Hn+k−1C(A, n)⊗ Z2

k[n]ZΛ

y k−1[n]ZΓ

y k−1[n]Z2

y
Hn+kZΛ

#C(B, n + 1) −−−→ Hn+k−1ZΓ
#C(B, n + 1) −−−→ Hn+k−1C(B, n + 1)⊗ Z2

(10.3)
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For n > 2 and k = 1, 2, the diagram (10.3) has the following structure:

k = 1 A⊗ Z2

1[n]ZΛ
²²

A⊗ Z2

0[n]ZΓ
²²

A⊗ Z2

0[n]Z2
²²

B ∗ Z2 B ∗ Z2
// 0

k = 2 A ∗ Z2

2[n]ZΛ
²²

A ∗ Z2

1[n]ZΓ
²²

A ∗ Z2

1[n]Z2
²²

B ⊗ Z2 B ⊗ Z2 B ⊗ Z2

where, clearly, 1[n]Z2 = ∂(α). Now, taking the suspension functors, we get the follow-

ing diagram with commutative squares

H3(ZΛ
#C(A, 1))

Σ−−−→ H4(ZΛ
#C(A, 2))

Σ−−−→ H5(ZΛ
#C(A, 3)

2[1]ZΛ

y 2[2]ZΛ

y 2[3]ZΛ

y
H3(ZΛ

#C(B, 2))
Σ−−−→ H4(ZΛ

#C(B, 3))
Σ−−−→ H5(ZΛ

#C(B, 4)

which is

R(A)
Σ−−−→ Λ2(A)⊕ A ∗ Z2

Σ−−−→ A ∗ Z2

2[1]ZΛ

y 2[2]ZΛ

y ∂(α)

y
B ⊗ Z2 B ⊗ Z2 B ⊗ Z2.

Analogically we get the suspension diagram

Ω(A)
Σ−−−→ Γ(A)

Σ−−−→ A⊗ Z2

3[2]ZΛ

y 3[3]ZΛ

y 3[4]ZΛ

y0

B ∗ Z2 B ∗ Z2 B ∗ Z2

2

Remark : Proposition 10.1 implies that the maps k[n]ZΛ are zero for all n and odd

k.

Given abelian groups A,D, D′ and an element α ∈ Ext(D,D′) = [C(D, 0), C(D′, 1)]

the shifting map α∗[m] : C(D,m) → C(D′,m + 1) induces the map of pseudo-

homology

{n,m}M : SqM
n,m(A,D) → SqM

n,m+1(A,D′).
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The description of these maps follows from Proposition 10.1. We have the following

commutative diagram

Ext(A, SqZ
Λ

n+1,m(D)) // //

Ext(A, n+1−m[m]ZΛ)

²²

SqZ
Λ

n,m(A,D) // //

{n,m}ZΛ
²²

Hom(A, SqZ
Λ

n,m(D))

Hom(A, n−m[m]ZΛ )

²²

Ext(A, SqZ
Λ

n+1,m+1(D
′)) // // SqZ

Λ

n,m+1(A,D′) // // Hom(A, SqZ
Λ

n,m+1(D
′))

(10.4)

Since k[m]ZΛ is the zero map for odd k, one of the maps either Ext(A, n+1−m[m]ZΛ)

or Hom(A, n−m[m]ZΛ) is zero and the map {n,m}ZΛ is defined via diagram (10.4).

11. Homotopy Types of Spectra in sNil and F-Modules

The homotopy theory specnil of connective spectra in the model category sNil is

defined in [25]. For homotopy categories we have the stabilization functor

Σ∞ : Ho(sNil) → Ho(specnil)

which carries a free object G in sNil to its suspension spectrum. This functor has an

analogue on the level of homological bypes in the sense that one has the diagram of

functors

Ho(sNil)r

Σ∞−−−→ Ho(specnil)

λ

y
yλspec

Hbyper(ZΛ)
Σ∞−−−→ mod(F , ∆, µ)

(11.1)

which commutes up to a natural isomorphism. Here the category mod(F , ∆, µ) is

defined as follows. Let

F = TZ2(Sqnil
2 , Sqnil

4 , . . . )

be the free graded Z2-algebra generated by elements Sqnil
k of degree −k for k even

> 0. An object (H,H(2)) in mod(F , ∆, µ) is given by a graded abelian group H with

Hn = 0, for n < 0 and a graded Z2-vector space H(2) together with a short exact

sequence

0 → H ⊗ Z2
∆→ H(2)

µ→ (H ∗ Z2)[−1] → 0

where in addition H(2) is an F -module, i.e. maps

Sqnil
k : H(2)n → H(2)n−k
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are defined for k even > 0. A morphism φ : (H, H(2)) → (H̄, H̄(2)) is a homomor-

phism φ : H → H̄ between graded abelian groups for which there exists a commuta-

tive diagram

0 −−−→ H ⊗ Z2
∆−−−→ H(2)

µ−−−→ (H ∗ Z2)[−1] −−−→ 0

φ⊗1

y ψ

y φ∗Z2

y
0 −−−→ H̄ ⊗ Z2

∆−−−→ H̄(2)
µ−−−→ (H̄ ∗ Z2)[−1] −−−→ 0

where ψ is a map of F -modules.

Theorem 11.1 — There exists a functor λspec for which diagram (11.1) commutes

up to natural isomorphism. Moreover λspec is representative and reflects isomorphisms

and the restriction of λspec to the subcategories of isomorphisms is a full functor.

The theorem shows that homotopy types of connected spectra in sNil are com-

pletely determined by an isomorphism type of an F -module (H, H(2)) in the category

mod(F , ∆, µ). The F -module structure is related to the action of the Steenrod algebra

as follows.

Remark : Let G be an object in (sNil)r which is given by the nilization of a space

X. Then the F -module

Σ∞λ(G) ∼= λspecΣ∞(G) = (H, H(2))

is defined such that the operator Sqnil
k on H(2) fits into the following commutative

diagram

H(2)n

Sqnil
k−−−→ H(2)n−k∥∥∥

∥∥∥

Hn+1(X,Z2)
(χSqk)∗−−−−→ Hn+1−k(X,Z2)

Here Sqk denotes the Steenrod square and χ is the anti-isomorphism of the Steen-

rod algebra and (χSqk)∗ is obtained by dualization. The commutativity of the dia-

gram follows from 8.13 [1].

Proof of Theorem : We define the functor Σ∞ in the bottom row of (11.1) by

the composite of functors

Σ∞ : Hbyper(ZΛ)
Σ→ Hbype∞

Θ∼= mod(F , ∆, µ) (11.2)

where Θ is an isomorphism of categories.
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For this we introduce the category Hbype∞ of stable homological bypes as follows.

A stable homological bype (B, b, β) consists of a graded abelian group B with Bn = 0

for n < 0 and homomorphisms (n, k ∈ Z, k ≥ 1)

bk
n : Bn ⊗ Z2 →





Bn−k ⊗ Z2 for k even

Bn−k ∗ Z2 for k odd

βk
n : Bn ∗ Z2 →





Bn−k ∗ Z2 for k even

Bn−k ⊗ Z2 for k odd.

Here (B, b, β) is equivalent to (B̃, b̃, β̃) if B = B̃, b = b̃ and β ∼ β̃ in the sense

that

β̃k
n−1 = βk

n−1 + bk+1
n δn

for some homomorphism δn : Bn−1 ∗ Z2 → Bn ⊗ Z2. Objects of the category Hbype∞

are such equivalence classes {B, b, β}. A morphism {B, b, β} → {B̄, b̄, β̄} in Hbype∞

is a homomorpism φ : B → B̄ of graded abelian groups for which there exist (j ∈ Z)

αj ∈ Ext(Bj, B̄j+1 ⊗ Z2) = Hom(Bj ∗ Z2, B̄j+1 ⊗ Z2)

such that (k even, n ∈ Z)

φ∗bk
n + αn−kb

k+1
n = b̄k

nφ∗

φ∗βk−1
n−1 + αn−kβ

k
n−1 ∼ β̄k−1

n−1φ∗

One can check that stabilization of Sqm+k,m(A,B) yields a canonical functor Σ

in (11.2) which carries (B, b, β) to (B, Σ∞b, Σ∞β). Moreover the isomorphism Θ is

given by setting

Θ(B, b, β) = (H, H(2))

where H = B and H(2) = Bn ⊗ Z2 ⊕Bn−1 ∗ Z2 with Sqnil
k given by the matrix

Sqnil
k =

(
bk
n βk−1

n−1

bk+1
n βk

n−1

)

Here we choose β in the equivalence class {B, b, β}. One can check that Θ is a

well defined isomorphism of categories. In the stable range of byper(ZΛ) the functor

Σ∞ in (11.2) is a full embedding of categories for all r ≥ 1. This implies the result

on specnil in Theorem 11.1. 2
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12. Proof of Theorem 7.1

The proof is based on the theory of boundary invariants developed in [3] for CW-

complexes. A similar theory is available for CW-objects in the category Nil which are

the free objects in Section 4.

It is a well-known result of Kan [18] that the homotopy theory in (sGr)r is equiva-

lent to the homotopy theory of CW-complexes X with trivial r-skeleton. In particular,

the generators of a free simplicial group H correspond to the cells of a CW-complex

X with X ' B|H|. This way we can associate the boundary invariants in [3] for the

CW-complex X to the simplicial group H. If G = nil(H) is the nilization of G we

get the commutative diagram of short exact sequences

[H,H] −−−→ H −−−→ abHy
y

∥∥∥
Λ2(abG) −−−→ G −−−→ abG

where [H, H] is the commutator subgroup. Hence we have natural maps

Γn+1X = πn[H, H] → πn(Λ2(abG)) (12.1)

Γn(A,X) = πn−1(A, [H, H]) → πn−1(A, Λ2(abG)). (12.2)

Here the groups Γn+1X and Γn(A,X) are defined in [3], compare also section 2.4

in [3]. The boundary invariants of a space X are developed in [3]. In a similar way

one gets the boundary invariants of a free object in sNil such that the natural maps

(12.1) and (12.2) carry boundary invariants of X to the boundary invariants of the

nilization of X.

Next we need some notation on chain complexes (Y, d). Let BnY = dYn+1 and

ZnY = ker{d : Yn → Yn−1} be the modules of boundaries and cycles respectively. For

a chain map ξ : Y → Y ′ we consider sequences of homomorphisms

δ = (δ : Bn−1Y → ZnY ′)n∈Z

and we call the map ξ + δ obtained by (ξ + δ)n = ξn + iδnd the δ-deformation of ξ, see

4.5.5 [3]. The δ-deformation 1+δ of the identity is an isomorphism of chain complexes

with inverse 1− δ. Given an object (Y, b, β) in byper(M) we get the δ-induced object
δ(Y, b, β) = (Y, (1 + δ)∗b, (1 + δ)∗β) together with the isomorphism

1 + δ : (Y, b, β) →δ (Y, b, β)
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in byper(M). By the following lemma this map 1 + δ is always λ-realizable.

Lemma 12.1 — Let (Y, b, β) = λG with G a free object in (sNil)r. Then there is

a free object δG in (sNil)r together with an isomorphism δ1 : G →δ G such that the

composite

(Y, b, β) = λG
λ(δ1)→ λ(δG) =δ (Y, b, β)

coincides with 1 + δ.

Proof : We define δG by the following diagram:

Λ2N−1Y
(1+δ)∗//

²²

Λ2N−1Y
²²

²²

Λ2N−1Y
²²

²²

G
α //

²²

G′

²²

δGβ
oo

²²

ab(G) N−1Y N−1Y
(1−δ)∗

oo

The columns are short exact and we take the central push out and the pull back

of groups. Then δ1 = β−1α. 2

Moreover a δ-deformation has the following property:

Lemma 12.2 — Let Y and Y ′ be chain complexes of free abelian groups and let

ξ : Y → Y ′ be a homotopy equivalence and let ξ + γ be a γ-deformation of ξ. Then

there is δ such that (1 + δ)ξ and ξ + γ are homotopic.

Proof : The map ξ induces an isomorphism

ξ∗ : Ext(HnY, Hn+1Y )
'→ Ext(HnY,Hn+1Y

′),

where γn represents an element {qγn} ∈ Ext(HnY, Hn+1Y
′). Let δn be an element

which represents {qδn} = (ξ∗)−1{qγn} ∈ Ext(HnY,Hn+1Y ).

Moreover we need for r ≥ 1 the category Hn+1 of r-reduced homotopy systems

of order n + 1 in 4.2 [3]. Objects in Hn+1 are triple (C, fn+1, X
n) where Xn is an n-

dimensional CW-complex with Xr = ∗ and C is a chain complex of free abelian groups

and fn+1 : Cn+1 → πnX
n is a homomorphism. These data satisfy the properties in

4.2.2 [3]. A morphism in Hn+1 is a pair

(ξ, η) : X = (C, fn+1, X
n) → Y = (C ′, gn+1, Y

n)
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where ξ : C → C ′ is a chain map and η : Xn → Y n is the 0-homotopy class of a

cellular map satisfying the properties in 4.2.2 [3]. There is a homotopy relation on

Hn+1 as in 4.2.6 [3] which yields the homotopy category Hn+1/ '. We define in the

same way the category Hnil
n+1 by replacing CW-complexes in Hn+1 by CW-objects (i.e.

free objects) in sNil. Here we are aware of the fact that n-cells in a CW-complex

correspond to free generators of degree n− 1 in a CW-object in sNil.

Remark : In the book [4] the category Hn+1 is defined in any cofibration category

with spherical objects. We can apply this to the category sNil since sNil has the

Blakers-Massey property with respect to the theory T ⊂ Ho(sNil) given by coproducts

of spherical objects S(0). See Appendix B below. The tower of categories in [4] shows

that Hnil
n+1 has similar properties as Hn+1 in [3], in particular, the obstructions satisfy

formulas as in section 4.5 of [3].

Moreover we define the category Nb
n+1. Objects are tuple (C, fn+1, X

n, b, β) where

(C, fn+1, X
n) is an object in Hnil

n+1 and (C, b, β) is an object in byper(ZΛ) such that

for t ≤ n + 1 the homotopy invariants (btX, βt−1X) of X = (C, fn+1, X
n) coincide

with (bt, βt−1) given by (b, β). Morphisms are morphisms (ξ, η) in Hnil
n+1/ ' for which

ξ is also a morphism in byper(ZΛ). Compare 4.6.2 [3]. The categories Nb
n+1/ ' form

a tower of categories, n ≥ r + 1,

Ho(sNil)r

rn+1→ Nb
n+1/'

λn+1→ Nb
n/' → · · · → Nb

r+1/' ∼= byper(ZΛ)

where the functors rn+1 and λn+1 are defined as in 4.2.3 [3]. The composite of these

functors is the functor λ in Theorem 7.1.

Lemma 12.3 — The functor λ : Nb
n+1/' → Nb

n/' is representative. In fact, for an

object X in Nb
n there is an object X̄ in Nb

n+1 with λX̄ = X.

Proof : This is a consequence of 4.4.5 [3] where we obtain X̄ in Hn+1. In the

same way we obtain X̄ in Hnil
n+1.

Proposition 12.4 — Let r ≥ 1. The functor λ : Ho(sNil)r → byper(ZΛ) is repre-

sentative.

Proof : Using the lemma we construct inductively for n ≥ r objects (C, δn+1, X
n) =

X(n+1) in Nb
n+1. Then X̃ = lim

−→
X(n) satisfies λ(G) = (G, b, β) with G in (sNil)r satis-

fying X̃ ' B|G|.

Lemma 12.5 — Let X and Y be objects in Nb
n+1 and let F = (ξ, η) : λX → λY be

a map in Nb
n. Then there exists τ : BnC → Zn+1C

′ such that (ξ + τ, η) : λX → λY
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in Hnil
n is λ-realizable by a map F̄ : X → Y in Hnil

n+1, that is, λ(F̄ ) = (ξ + τ, η).

Proof : This is a consequence of 4.6.1 [3] transformed to the category Hnil
n+1.

For an object Y = (C ′, gn+1, Y
n, b′, β′) in Nb

n+1 and for δ : BnC
′ → Zn+1C

′ let
δY = (C ′, gn+1, Y

n, (1 + δ)∗b′, (1 + δ)∗β′).

Lemma 12.6 — Let X and Y be objects in Nb
n+1 and let F = (ξ, η) : λX → λY

be a map in Nb
n where ξ is a homotopy equivalence of chain complexes. Then there

exists δ : BnC
′ → Zn+1C

′ such that

((1 + δ)ξ, η) : λX → λ(δY )

in Nb
n/' is λ-realizable by a map F̄ : X →δ Y in Nb

n+1/', that is λ(F̄ ) = ((1+ δ)ξ, η).

Proof : We use Lemma 12.2 and Lemma 12.5.

Proposition 12.7 — Let r ≥ 1. The restriction of λ : Ho(sNil)r → byper(ZΛ) to

the subcategories of isomorphisms is a full functor.

Proof : Let G and G′ be free objects in (sNil)r with C = N−1ab(G) and C ′ =

N−1ab(G′). Let

ξ : (C, b, β) = λG → (C ′, b′, β′) = λG′

be a homotopy equivalence in byper(ZΛ). Let X(n) be the objects in Nb
n/' given by

G and the tower of categories above and by b, β in λ(G). Then ξ determines a map

ξ : X(r + 1) → Y (r + 1) in Nb
r+1 which by Lemma 12.6 yields a map

F̄ : X(r + 2) →δr+1 Y (r + 2)

in Nb
r+2 which again by Lemma 12.6 yields a map

¯̄F : X(r + 3) →δr+2 (δr+1Y (r + 3))

in Nb
r+3 and so on. Inductively we get a map in sNil

F∞ : X = G →δ Y =δ G′.

Here F∞ determines a map F : G →δ G′ in Ho(sNil) for which λ(F ) = (1 + δ)ξ.

Now Lemma 12.1 shows that there is a map F ′ : G → G′ with λF ′ = ξ. 2
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13. Proof of Theorem 9.1

The formulas (I)-(IV) and (XI) directly follow from the universal coefficient theorem

for the exterior square functor (4.1) together with (8.3). For the computation of other

functors, recall the following construction due to Curtis [12]. Let X be a simplicial

group. The lower central series filtration in X gives rise to the long exact sequence

· · · → πi+1(X/γn(X)) → πi(γn(X)/γn+1(X)) →
πi(X/γn+1(X)) → πi(X/γn(X)) → . . .

This exact sequence defines the graded exact couple which gives rise to the natural

spectral sequence E(X) with the initial terms

E1
p,q(X) = πq(γp(X)/γp+1(X)).

and the differentials di, i ≥ i

di : Ei
p,q(X) → Ei

p+i,q−1(X).

Lemma 13.1 — Let K be a connected and simply connected simplicial set, G =

GK its Kan’s construction. Then the spectral sequence Ei(G) converges to E∞(G)

and ⊕rE
∞
p,q is the graded group associated with the filtration on πq(GK) = πq+1(|K|).

The groups E1(K) are homology invariants of K.

For a given abelian group D, and Eilenberg-MacLane space K(D, m), m ≥ 1,

consider the Kan construction GK(D,m) and corresponding Curtis spectral sequence

E1
p,q(GK(D,m)) ⇒ πq+1K(D,m) =





D, q = m− 1,

0, otherwise
. (13.1)

Denote Y = ab(GK(D,m)). We naturally have

E1
1,m−1(GK(D,m)) = E∞

1,m−1(GK(D, m)) = πm−1(Y ) = HmK(D, m) = D.

The convergence (13.1) means that

E∞
p,q = 0, (p, q) 6= (1,m− 1).

Recall also the connectivity result due to Curtis [11]. Let X be a free simplicial

group, which is m-connected (m ≥ 0). Then γr(X)/γr+1(X) is {m+log2r}-connected,

where {a} is the least ≥ a. Applying this result to our case, we get that

πi(L
rY ) = 0, i < m + 2, r ≥ 3
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where Lr : Ab → Ab is the r-th Lie functor. Collect the low dimensional elements of

the spectral sequence E1
p,q(GK(D,m)) in the following table:

m + 2 Hm+3K(D,m) πm+2(Λ
2Y ) πm+2(L

3Y ) πm+2(L
4Y ) πm+2(L

5Y )

m + 1 Hm+2K(D,m) πm+1(Λ
2Y ) 0 0 0

m Hm+1K(D,m) πm(Λ2Y ) 0 0 0

m− 1 D πm−1(Λ
2Y ) 0 0 0

q/p 1 2 3 4 5

The convergence (13.1) then implies that the differentials

d1
1,i : Hi+1K(D,m) → πi−1(Λ

2Y ), i = m,m + 1,m + 2 (13.2)

are isomorphisms.

The simplicial fibration sequence

Λ2Y → nil(GK(D, m)) → Y

induces the map of chain complexes

f : NY [1] → NΛ2Y,

which induces the isomorphisms of homology groups (13.2) in dimensions m,m +

1,m + 2. Hence for every abelian group A, one has natural isomorphism

[C(A, i), NY ] ' [C(A, i− 1), NΛ2Y ], i = m,m + 1.

Since Hm+1K(D, m) = 0, the natural map

Y → N−1C(D,m− 1)

induces isomorphisms of homology groups

HiNΛ2Y → HiZΛ
#(D,m− 1)

for i ≤ m + 2 and therefore

[C(A, i), NY ] ' [C(A, i− 1),ZΛ
#C(D, m− 1)], i = m,m + 1.

Recall now the definition of the pseudo-homology functors H
(m)
n (see 6.3 [3]).

Given abelian groups A,D,

H(m)
n (A; D) = Hn(A; K(D, m)).
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In the simplicial language we have

H(m)
n (A; D) = [C(A, n− 1), Nab(GK(D, m))].

Therefore

H
(m)
m+2(A; D) = [C(A,m+1), Nab(GK(D, m))] = [C(A,m),ZΛ

#C(D,m−1)] = Sqm,m−1(A,D).

There is a certain periodicity in the description of homotopy type of the simplicial

group Λ2N−1C(D, m) reflected in the formulation of the universal coefficient theorem

for quadratic modules. This principle directly implies that

SqZ
Λ

2m,m(A,D) = H
(2)
4 (A; D), m odd,

SqZ
Λ

2m−1,m(A, D) = H
(3)
5 (A; D), m even,

SqZ
Λ

n,m(A,D) = H
(4)
6 (A; D), n−m odd, m < n < 2m− 1.

For the pseudo-homology functors H
(m)
n one has the direct sum decompositions

(see 6.3.9 [3]). In the cases which we need here the decompositions are the following:

H
(2)
4 (A; D) = ΓT#(A, D)

H
(3)
5 (A; D) = L#(A,D)⊕ Ext(A,D ∗ Z2)

H
(4)
6 (A; D) = Ext(A,D ∗ Z2)⊕Hom(A,D ⊗ Z2)

Therefore the formulas (VI), (VIII) and (X) follow.

For the description of other functors SqZ
Λ

n,m, consider the following diagram with

exact rows:

Ext(A,Hm+4K(D, m)) // //

(d1
1,m+3)

∗
²²²²

H
(m)
m+3(A; D)

²²

// // Hom(A,Hm+3K(D, m))

(d1
1,m+2)

∗

²²

Ext(A, πm+2Λ
2Y ) // //

²²

[C(A,m + 1), Λ2Y ] // //

²²

Hom(A, πm+1Λ
2Y )

²²

Ext(A, πm+2ZΛ
#C(D, m− 1)) // // Sqm+1,m−1(A,D) // // Hom(A, πm+1Z#C(D, m− 1))

(13.3)

The above argument shows that the right hand vertical arrows in (13.3) are iso-

morphisms. Hence, the functors SqZ
Λ

n,m for certain m,n in the diagram (13.3) can be
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described as the following push-outs:

Ext(A, D ⊗ (Z2 ⊕ Z3)) // //

²²²²

H
(5)
8 (A; D)

²²

// // Hom(A,D ∗ Z2)

Ext(A,D ⊗ Z2) // SqZ
Λ

6,4(A, D)

Ext(A, Γ(D)⊕D ⊗ Z3) // //

²²²²

H
(4)
7 (A; D)

²²

// // Hom(A,D ∗ Z2)

Ext(A, Γ(D)) // SqZ
Λ

5,3(A,D)

Ext(A, Ω(D)⊕D ⊗ Z3) // //

²²²²

H
(3)
6 (A; D)

²²

// // Hom(A, Λ2(D)⊕D ∗ Z2)

Ext(A, Ω(D)) // SqZ
Λ

4,2(A,D).

The decompositions for functors H
(m)
m+3 (see 6.3.10 [3]) and the periodicity principle

imply the following decompositions of the needed functors:

SqZ
Λ

n,m(A,D) = Ext(A,D ⊗ Z2)⊕Hom(A,D ∗ Z2), n−m even, m < n < 2n− 1,

SqZ
Λ

2m−1,m(A,D) = Ext(A, Γ(D))⊕Hom(A,D ∗ Z2), m odd,

SqZ
Λ

2m,m(A,D) = Λ2T#(A,D)⊕Hom(A,D ∗ Z2), m even

and the formulas (V), (VII) and (IX) follow. 2

Appendix A: Homotopy Groups of Spherical Objects in Categories of

Nilpotent Groups

The homotopy theory in the category sNil in this paper can be generalized for higher

nilpotency degree. In particular, it is possible to compute homotopy groups of spher-

ical objects in the category of simplicial r-nilpotent groups for r = 3 and partially for

r = 4, 5. We give examples as follows.

Let n ≥ 1, r ≥ 2. Consider the category Nilr of nilpotent groups of class r. The

homotopy groups of Sn+1 in the category Nilr can be naturally defined via Milnor’s
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F [Sn]-construction:

πNilr

i+1 (Sn+1) = πiF [Sn]Nilr = πi(F [Sn]/γr+1(F [Sn])).

Here GNilr is the r-nilization of a simplicial group G in the category Nilr. Denote

K(Z, n) = ab(F [Sn]). Here we consider low-dimensional cases. As we will see, the

general problem of the description of homotopy groups in categories Nilr essentially

reduces to the homotopical properties of the rth Lie functor Lr : Ab → Ab.

Category Nil2 — The homotopy groups of spheres in Nil2 = Nil are computed in

§4. Recall them:

πNil2

n+k+1(S
n+1) =





Z, k = 0

Z, k = n odd

Z2, 0 < k < n, k odd

0, otherwise

(13.4)

Category Nil3 — There is the following natural exact sequence of simplicial groups

1 → L3K(Z, n) → F [Sn]Nil3 → F [Sn]Nil2 → 1

which induces the long exact sequence of corresponding homotopy groups. We will

use the following result due to Schlesinger [24]: if p is an odd prime then

πn+kL
pK(Z, n) =




Zp, k = 2i(p− 1)− 1, i = 1, 2, . . . , [n/2]

0, otherwise
(13.5)

Hence

πn+kL
3K(Z, n) =




Z3, k = 4i− 1, i = 1, 2, . . . , [n/2]

0, otherwise.
(13.6)

The description of the homotopy groups in category Nil2 (13.4) and (13.6) then imply

the following:

πNil3

n+k+1(S
n+1) =





Z, k = 0,

Z2, 0 < k < n, k ≡ 1 mod 4,

Z6, 0 < k < n, k ≡ 3 mod 4,

Z3, n < k < 2n, k ≡ 3 mod 4

Z⊕ Z3, n ≡ 3 mod 4, k = n

Z, n ≡ 1 mod 4, k = n

(13.7)
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Category Nil4 — We have the short exact sequence of simplicial groups

1 → L4K(Z, n) → F [Sn]Nil4 → F [Sn]Nil3 → 1.

The description (13.7) essentially reduces the problem of computation of πNil4

∗ (Sn)

to homotopical properties of simplicial abelian groups L4K(Z, n). There is the fol-

lowing natural decomposition of the fourth Lie functor L4 for a free Z-module M :

0 → Λ2Λ2(M) → L4(M) → J4(M) → 0,

where J4 is the fourth metabelian Lie functor, which can be defined as the kernel of

the symmetrization map:

0 → J4(M) → M ⊗ SP 3(M) → SP 4(M) → 0 (13.8)

(here SP ∗ is the symmetric tensor power). This is a simplest case of the Curtis

decomposition of Lie functors (see [11]).

Homotopy groups of simplicial abelian groups Λ2Λ2K(Z, n) follow from the split

exact sequence (4.1) (we use the sequence (4.1) twice). At the first step we have

πiΛ
2Λ2K(Z, 1) =




Z2, i = 3

0, otherwise

For the 2-sphere one has a contractible J4K(Z, 1) (see [11]), therefore there is a

weak homotopy equivalence

Λ2Λ2K(Z, 1)
∼→ L4K(Z, 1)

and the following description of the homotopy groups follows immediately:

πNil4

i (S2) =





Z, i = 2, 3

Z2, i = 4,

0, otherwise.

(13.9)

The case of the 3-sphere is more complicated. First of all we have

πiΛ
2Λ2K(Z, 2) =





Z4, i = 6

Z2, i = 4, 5, 7

0, otherwise.
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However in this case the functor J4 also contributes. It directly follows from [15]

and [14] (see p. 307) that J4K(Z, 2) = K(Z4, 7). The short exact sequence of functors

(13.8) implies the following boundary homomorphism

π7J
4K(Z, 2)

∂−−−→ π6Λ
2Λ2K(Z, 2)∥∥∥

∥∥∥
Z4 −−−→ Z4

with π6L
4K(Z, 2) = coker(∂). The direct simplicial computations show that ∂ is an

isomorphism (for details see [21]. As a result we obtain the following

πNil4

i (S3) =





Z, i = 3

Z2, i = 4, 5, 8

Z6, i = 6

0, otherwise.

(13.10)

The general description of the homotopy groups πNil4

∗ (Sn) seems to be quite non-

trivial and we leave it as an open problem. Observe that (13.9), (13.10) together with

(13.5) imply that

πNil5

i (S2) =





Z, i = 2, 3

Z2, i = 4,

0, otherwise

and

πNil5

i (S3) =





Z, i = 3

Z2, i = 4, 5, 8

Z6, i = 6

Z5, i = 10

0, otherwise.

Appendix B: Blakers-Massey Property for sNil

Let C be the model category sGr or sNilk for k ≥ 1 and let T ⊂ Ho(C) be the

theory of coproducts of 0-spheres in C. According to [4] the category C under T has

the Blakers-Massey property if the following condition is satisfied. Let F, M, N be

cofibrant objects in C such that M and N are obtained from F by attaching cells
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in dimensions ≥ m and ≥ n respectively, in particular there are monomorphisms

f1 : F → M and f2 : F → N , which preserve bases. Consider the push out in C:

N −−−→ M ∨F N

f2

x
x

F
f1−−−→ M

(13.11)

For C = sNilk the push out M ∨F N can be obtained as a nilization of the amal-

gamated product M ∗F N . Then the induced map of relative homotopy groups

gr : πr(N,F ) → πr(M ∨F N,M) (13.12)

is an isomorphism for r ≤ n + m − 2 and an epimorphism for r = n + m − 1. The

classical Blakers-Massey theorem implies that the Blakers-Massey property holds for

C = sGr.

Theorem 13.2 — For C = sNilk, k ≥ 1, the Blakers-Massey property holds.

The theorem implies that all the theory of [4] can be applied to the category sNilk.

In particular one gets

Corollary 13.3 — There is the tower of categories as in [4] for C = sNilk.

Proof of Theorem 13.2 : We prove the theorem for k = 2, the general proof

can be obtain from the given one using the inductive arguments. Suppose first that

the push out (13.11) is considered in the category sAb of simplicial abelian groups.

Since one has a natural isomorphism of abelian groups

πi(N,F ) ' Hi(N/F ), πi(M ∨F N, M) = Hi(N/F ),

the push-out (13.11) induces natural isomorphisms (13.12) for all i > 0. Now consider

(13.11) in the category sNil2. Since the maps f1, f2 preserve bases, the diagram

(13.11) induces an analogous diagram of abelianizations and we have the following

commutative diagrams:

πi(Λ
2abF ) −−−→ πi(Λ

2abN) −−−→ πi(Λ
2abN/Λ2abF ) −−−→ πi−1(Λ

2abF )y
y

y
y

πi(F ) −−−→ πi(N) −−−→ πi(N, F ) −−−→ πi−1(F )y
y

y
y

πi(abF ) −−−→ πi(abN) −−−→ πi(abN/abF ) −−−→ πi−1(abF )
(13.13)
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and

πi(Λ
2abM)) //

²²

πi(Λ
2ab(M ∨F N)) //

²²

πi(Λ
2ab(M ∨F N)/Λ2abM) //

²²

πi−1(Λ
2abM)

²²

πi(M) //

²²

πi(M ∨F N) //

²²

πi(M ∨F N, M) //

²²

πi−1(M)

²²

πi(abM) // πi(ab(M ∨F N)) // πi(abN/abF ) // πi−1(abM)

(13.14)

A general argument in model categories implies that all rows and columns in

(13.13) and (13.14) are exact. The above diagrams induce the natural commutative

diagram

πi(Λ
2abN/Λ2abF )

ji−−−→ πi(Λ
2ab(M ∨F N)/Λ2abM)y

y
πi(N, F )

gi−−−→ πi(M ∨F N, M)y
y

πi(abN/abF ) πi(abN/abF )

(13.15)

Furthermore we have the following commutative diagrams

πi(abF ⊗ (abN/abF ))
pi−−−→ πi(abM ⊗ (ab(M ∨F N)/abM))y

y
πi(Λ

2abN/Λ2abF )
ji−−−→ πi(Λ

2ab(M ∨F N)/Λ2abM)y
y

πi(Λ
2(abN/abF )) πi(Λ

2(ab(M ∨F N)/abM))

(13.16)

where the maps

pi : πi(abF ⊗ (abN/abF )) → πi(abM ⊗ (ab(M ∨F N)/abM)) = πi(abM ⊗ (abN/abF ))

are induced by inclusion f1. Since N is obtained from F by adding elements in

dimensions≥ n, πi(abN/abF ) = 0, i < n. By the same argument, the map πi(abF ) →
πi(abM) is an isomorphism for i < m−1 and an epimorphism for i = m−1. Therefore,

pi is an isomorphism for i ≤ m+n−2 and an epimorphism for i = m+n−1. Diagrams

(13.15) and (13.16) imply that the same property holds for ji and gi. 2
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