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An edge (A vertex) irregular totalk-labelling of a graphG is such a labelling of the vertices and

edges with integers 1, ...,k that the weights of any two different edges (vertices) are distinct,

where the weight of an edge (a vertex) is the sum of the label of the edge (vertex) itself and

the labels of its incident vertices (edges). The minimumk for which the graphG has an edge

(a vertex) irregular totalk-labelling is called the total edge (vertex) irregularity strength of the

graphG, tes (G) (tvs (G)). In this paper, we show the exact values oftes (G) andtvs (G) of

some families of graphs, including the generalized Petersen graphP (n, k), ladderLn, Möbius

ladderMn, Knödel graphW3,n, and flower snark and related graph.

Key words : Irregular total labelling; generalized Petersen graph; ladder; Knödel graph;
flower snark

1. INTRODUCTION

We consider only finite undirected graphs without loops or multiple edges. LetG = (V, E) be a

graph with the vertex setV and the edge setE.

An edge irregular totalk-labelling of a graphG is such a labelling of the vertices and edges with

integers 1, ...,k that the weights of any two different edges are distinct, where the weight of an edge

is the sum of the label of the edge itself and the labels of its two end vertices. Similarly, a vertex

1The research is supported by Chinese Natural Science Foundations (60573022).
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irregular totalk-labelling of a graphG is such a labelling of the vertices and edges with integers

1, ...,k that the weights of any two different vertices are distinct, where the weight of a vertex is

the sum of the label of the vertex itself and the labels of its incident edges. Moreover, the minimum

k for which the graphG has an edge irregular totalk-labelling is called the total edge irregularity

strength of the graphG, tes (G); and the minimumk for which there exists a vertex irregular total

k-labelling is called the total vertex irregularity strength ofG, tvs (G).

The notions of the total edge irregularity strength and total vertex irregularity strength were first

introduced by Bǎcaet al. in a recent paper [1]. They are invariants analogous to irregularity strength

of a graphG [3, 4, 6, 8, 9, 11, 12]. In [1], Bǎcaet al. put forward the lower bounds oftes (G) and

tvs (G) in terms of the maximum degree∆, minimum degreeδ, |E (G) | and|V (G) |, which may

be stated as the Theorems 1.1 and 1.2:

Theorem1.1— tes (G) ≥ max

{⌈
∆ + 1

2

⌉
,
⌈ |E(G)|+2

3

⌉}
.

Theorem1.2— tvs (G) ≥
⌈ |V (G)|+ δ

∆ + 1

⌉
.

Based on these theorems, Bačaet al. then determined the exact values of the total edge irreg-

ularity strength of pathPn, starSn, wheelWn and friendship graphFn, and obtained the exact

values of the total vertex irregularity strength of starSn, complete graphsKn, cycleCn and prism

Dn. Brandtet al. [2] proved thattes (G) =
⌈

m + 2
3

⌉
for every multigraphG which has no loops

and is of ordern, sizem, and maximum degree∆ <
10−3m√

8n
. Ivan̆co and Jendrol’ [5] determined

the total edge irregularity strength for any tree. Jendrol’ [7] showed the exact values of the total

edge irregularity strength of complete graphs and complete bipartite graphs. Mis̆kuf and Jendrol’

[10] determined exact values of the total edge irregularity strength ofm× n grids.

In this paper, we investigate some families of graphs, including the generalized Petersen graph

P (n, k), ladderLn, Möbius ladderMn, Knödel graphW3,n, and flower snark and related graph.

We prove the exact values of the total edge irregularity strength and total vertex irregularity strength

of these graphs.

Definition1.1 — For1 ≤ k ≤ n − 1, the generalized Petersen graphP (n, k) is defined to be

a graph on2n (n ≥ 3) vertices withV (P (n, k)) = {vi, ui : 0 ≤ i ≤ n− 1} andE (P (n, k)) =
{vivi+1, viui, uiui+k : 0 ≤ i ≤ n− 1,subscripts modulon}.

Definition1.2 — The ladderLn is the planar gridPn × P2.

Definition 1.3 — TheMöbius ladderMn is the graph obtained from the ladderPn × P2 by

joining together the opposite end points of the two copies ofPn.

Definition1.4 — The Kn̈odel graphW3,n has evenn ≥ 2 vertices and degree 3. The vertices
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of W3,n are the pairs(i, j) with i = 1, 2 and0 ≤ j ≤ n

2
− 1. For eachj, 0 ≤ j ≤ n

2
− 1, there

is an edge between vertex(1, j) and every vertex
(
2,

(
j + 2k − 1

)
mod

(n

2

))
, for k = 0, 1, 2. Let

vj represent vertex(1, j) anduj represent vertex(2, j). We then have

V (W3,n) =
{

v0, v1, · · · , vn
2
−1, u0, u1, · · · , un

2
−1

}
,

E (W3,n) =
⋃n

2
−1

t=0

{
vtut, vtut+1, vtut+3, subscripts modulo

n

2

}
.

Definition1.5 — LetGn be a simple nontrival connected cubic graph with vertex set

V (Gn) = {ai, bi,ci, di : 0 ≤ i ≤ n−1} and edge setE (Gn) = {aiai+1, bibi+1, cici+1, aidi, bidi,

cidi : 0 ≤ i ≤ n − 1}, where the vertex labels are read modulon. Let Hn be a graph obtained

from Gn by replacing the edgesan−1a0 andbn−1b0 with an−1b0 andbn−1a0 respectively. For odd

n ≥ 5, Hn is called a snark, namely flower snark.Gn andHn (n = 3 or evenn ≥ 4) are called the

related graphs of flower snark.

Figure 1.1 shows the flower snarkH5 and its related graphG5.

Figure 1.1. The flower snarkH5 and its related graphG5

2. MAIN RESULTS

Theorem2.1— tes (P (n, k)) = n + 1 for k 6= n

2
.

PROOF: For0 ≤ i ≤ n− 1, we construct a functionf as follows:

f (ui) = 1,
f (vi) = n + 1,

f (uiui+k) = f (uivi) = f (vivi+1) = 1 + i.
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Since

wt (uiui+k) = f (ui) + f (uiui+k) + f (ui+k) = 1 + (1 + i) + 1 = 3 + i,

wt (uivi) = f (ui) + f (uivi) + f (vi) = 1 + (1 + i) + (n + 1) = n + 3 + i,

wt (vivi+1) = f (vi) + f (vivi+1) + f (vi+1) = (n + 1) + (1 + i) + (n + 1) = 2n + 3 + i,

the weights of the edges ofP (n, k) under the labellingf constitute the set{3, 4, . . . , 3n+2} and

the functionf is a mapping fromV (P (n, k))
⋃

E (P (n, k)) into {1, 2, . . . , n + 1}.

Clearly, the total labellingf has the required properties of an edge irregular total labelling. We

then havetes (P (n, k)) ≤ n + 1. However, by Theorem 1.1,tes (P (n, k)) ≥
⌈ |E (G)|+ 2

3

⌉

=
⌈

3n + 2
3

⌉
= n + 1.

This concludes the proof.

Figure 2.1 shows an edge irregular total labelling ofP (10, 2).

Figure 2.1. An edge irregular total labelling ofP (10, 2)

Theorem2.2— tes (P (n, k)) =
⌈

5n + 4
6

⌉
for k =

n

2
.

PROOF: For0 ≤ i ≤ n− 1, we construct a functionf as follows:

f (ui) = n−
⌊

n− 4
6

⌋
,

f (vi) = 1 +
(
i− n

2

)⌊
i/

(n

2
+ 1

)⌋
,

f (uivi) =





2 +
⌊

n− 4
6

⌋
+ i, 0 ≤ i ≤ n

2
,

n

2
+ 2 +

⌊
n− 4

6

⌋
,

n

2
+ 1 ≤ i ≤ n− 1,
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f (vivi+1) =





1 + i, 0 ≤ i ≤ n

2
− 1,

n− i,
n

2
≤ i ≤ n− 2,

n

2
+ 1, i = n− 1,

f


uiu

i+
n

2


 = 3 + 2

⌊
n− 4

6

⌋
+ i, 0 ≤ i ≤ n

2
− 1.

Since

wt (vivi+1) = f (vi) + f (vivi+1) + f (vi+1)

=





1 + (1 + i) + 1 = 3 + i, 0 ≤ i ≤ n

2
− 1,

1 +
(
n− n

2

)
+ 2 = 3 +

n

2
= 3 + i, i =

n

2
,

(
1 + i− n

2

)
+ (n− i) +

(
1 + i− n

2

)
= 3 + i,

n

2
+ 1 ≤ i ≤ n− 2,

n

2
+

(n

2
+ 1

)
+ 1 = n + 2 = 3 + i, i = n− 1,

wt (uivi) = f (ui) + f (uivi) + f (vi)

=





(
n−

⌊
n− 4

6

⌋)
+

(
2 +

⌊
n− 4

6

⌋
+ i

)
+ 1 = n + 3 + i,

0 ≤ i ≤ n

2
,

(
n−

⌊
n− 4

6

⌋)
+

(
n

2
+ 2 +

⌊
n− 4

6

⌋)
+

(
1 + i− n

2

)
= n + 3 + i,

n

2
+ 1 ≤ i ≤ n− 1,

wt
(
uiui+n

2

)
= f (ui) + f

(
uiui+n

2

)
+ f

(
ui+n

2

)

=
(

n−
⌊

n− 4
6

⌋)
+

(
3 + 2

⌊
n− 4

6

⌋
+ i

)
+

(
n−

⌊
n− 4

6

⌋)
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= 2n + 3 + i, 0 ≤ i ≤ n

2
− 1,

the weights of the edges ofP (n, k) under the labellingf constitute the set

{
3, 4, . . . ,

5n

2
+ 2

}

and the functionf is a mapping fromV (P (n, k))
⋃

E (P (n, k)) into

{
1, 2, . . . ,

⌈
5n + 4

6

⌉}
.

The total labellingf has the required properties of an edge irregular total labelling. We then

havetes (P (n, k)) ≤
⌈

5n + 4
6

⌉
. However, by Theorem 1.1,tes (P (n, k)) ≥

⌈ |E (G) |+ 2
3

⌉

=




5n

2
+ 2

3




=
⌈

5n + 4
6

⌉
. This concludes the proof. 2

Figure 2.2 shows an edge irregular total labelling ofP (10, 5).

Figure 2.2. An edge irregular total labelling ofP (10, 5)

Theorem2.3— tvs (P (n, k)) =
⌈n

2

⌉
+ 1 for k 6= n

2
.

PROOF: For0 ≤ i ≤ n− 1, we construct a functionf as follows:

Case1 — n mod2 = 0.

f (uiui+k) = 1,

f (vivi+1) =
n

2
+ 1,

f (uivi) = 1 +
n

2

⌊
i/

n

2

⌋
,

f (ui) = f (vi) = 1 + i− n

2

⌊
i/

n

2

⌋
.
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Since

wt (ui) = f (ui−kui) + f (uivi) + f (uiui+k) + f (ui)

= 1 +
(
1 +

n

2

⌊
i/

n

2

⌋)
+ 1 +

(
1 + i− n

2

⌊
i/

n

2

⌋)
= 4 + i,

wt (vi) = f (vi−1vi) + f (uivi) + f (vivi+1) + f (vi)

=
(
1 +

n

2

)
+

(
1 +

n

2

⌊
i/

n

2

⌋)
+

(
1 +

n

2

)
+

n

2

(
1 + i− n

2

⌊
i/

n

2

⌋)
= n + 4 + i,

the weights of the vertices ofP (n, k) under the labellingf constitute the set{4, 5, . . . , 2n+3} and

the functionf is a mapping fromV (P (n, k))
⋃

E (P (n, k)) into
{

1, 2, . . . ,
n

2
+ 1

}
for evenn.

Case2 — n mod2 = 1.

f (uiui+k) = 1,

f (vivi+1) =
n + 1

2
,

f (uivi) = 1 +
n + 1

2

⌊
i/

n + 1
2

⌋
,

f (ui) = 1 + i− n + 1
2

⌊
i/

n + 1
2

⌋
,

f (vi) = 2 + i− n + 1
2

⌊
i/

n + 1
2

⌋
.

Since

wt (ui) = f (ui−kui) + f (uivi) + f (uiui+k) + f (ui)

= 1 +
(

1 +
n + 1

2

⌊
i/

n + 1
2

⌋)
+ 1 +

(
1 + i− n + 1

2

⌊
i/

n + 1
2

⌋)
= 4 + i,

wt (vi) = f (vi−1vi) + f (uivi) + f (vivi+1) + f (vi)

=
n + 1

2
+

(
1 +

n + 1
2

⌊
i/

n + 1
2

⌋)
+

n + 1
2

+
(

2 + i− n + 1
2

⌊
i/

n + 1
2

⌋)
= n + 4 + i,

the weights of the vertices ofP (n, k) under the labellingf constitute the set{4, 5, . . . , 2n+3} and

the functionf is a mapping fromV (P (n, k))
⋃

E (P (n, k)) into

{
1, 2, . . . ,

n + 1
2

+ 1
}

for odd

n.
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From cases 1 and 2, the total labellingf has the required properties of vertex irregular total

labelling. We then havetvs (P (n, k)) ≤
⌈n

2

⌉
+ 1. However, by Theorem 1.2,tvs (P (n, k)) ≥⌈ |V |+ δ

∆ + 1

⌉
=

⌈
2n + 3

4

⌉
=

⌈n

2

⌉
+ 1. This concludes the proof. 2

Figure 2.3 shows vertex irregular total labellings ofP (9, 2) andP (10, 2).

Figure 2.3. Vertex irregular total labellings ofP (9, 2) andP (10, 2)

In passing, we would like to point out thattvs (P (n, k)) for k 6= n

2
may be obtained alter-

natively by using the vertex irregular total labelling ofDn given in [1]. SinceDn is isomorphic

to P (n, 1), the irregular total labelling ofDn is also a vertex irregular total labelling ofP (n, 1).
Moreover, asf (uiui+1) = 1 for all 0 ≤ i ≤ n− 1, the vertex irregular total labelling ofP (n, 1) is

also a vertex irregular total labelling ofP (n, k) for k 6= n

2
.

Theorem2.4— tvs (P (n, k)) =
n

2
+ 1 for k =

n

2
.

PROOF: For 0 ≤ i ≤ n− 1, we construct a functionf as follows:

f
(
uiui+n

2

)
= 1,

f (vivi+1) =
n

2
+ i mod2,

f (uivi) = 1 +
n

2

⌊
i/

n

2

⌋
,

f (ui) = f (vi) = 1 + i− n

2

⌊
i/

n

2

⌋
.

Since
wt (ui) = f

(
uiui+n

2

)
+ f (uivi) + f (ui)

= 1 +
(
1 +

n

2

⌊
i/

n

2

⌋)
+

(
1 + i− n

2

⌊
i/

n

2

⌋)
= 3 + i,
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wt (vi) = f (vi−1vi) + f (uivi) + f (vivi+1) + f (vi)

=
(n

2
+ (i− 1) mod2

)
+

(
1 +

n

2

⌊
i/

n

2

⌋)
+

(n

2
+ i mod2

)

+
(
1 + i− n

2

⌊
i/

n

2

⌋)
= n + 3 + i,

the weights of the vertices ofP (n, k) under the labellingf constitute the set{3, 4, . . . , 2n+2} and

the functionf is a mapping fromV (P (n, k))
⋃

E (P (n, k)) into
{

1, 2, . . . ,
n

2
+ 1

}
.

The total labellingf has the required properties of vertex irregular total labelling. We then have

tvs (P (n, k)) ≤ n

2
+ 1. However, by Theorem 1.2,tvs (P (n, k)) ≥

⌈ |V |+ δ

∆ + 1

⌉
=

⌈
2n + 2

4

⌉

=
n

2
+ 1.

This concludes the proof.

Figure 2.4 shows a vertex irregular total labelling ofP (10, 5).

Figure 2.4. A vertex irregular total labelling ofP (10, 5)

Sincetes (Ln) can be obtained from [10], we give only vertex irregular total labelling ofLn

here.

Theorem2.5— tvs (Ln) =
⌈

n + 1
2

⌉
.

PROOF: We construct a functionf as follows:

Case1 — n mod2 = 0.

f (uiui+1) =





1 + i, 0 ≤ i ≤ n

2
− 1,

n− i,
n

2
≤ i ≤ n− 2,
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f (vivi+1) =





1 + i, 0 ≤ i ≤ n

2
− 2,

n− i,
n

2
− 1 ≤ i ≤ n− 2,

f (uivi) =





1, i = 0,

i, 1 ≤ i ≤ n

2
,

n− i,
n

2
+ 1 ≤ i ≤ n− 1,

f (ui) =





1 + i, , i = 0,
n

2
,

2 + i, 1 ≤ i ≤ n

2
− 1,

n− i + bi/ (n− 1)c ,
n

2
+ 1 ≤ i ≤ n− 1,

f (vi) =





2 + i, i = 0,
n

2
− 1,

3 + i, 1 ≤ i ≤ n

2
− 2,

n + 1− i + bi/ (n− 1)c ,
n

2
≤ i ≤ n− 1.

Since

wt(ui) =





1 + 1 + 1 = 3, i = 0,

(1 + (i− 1)) + i + (1 + i) + (2 + i) = 3 + 4i, 1 ≤ i ≤ n

2
− 1,

n

2
+

n

2
+

n

2
+

(n

2
+ 1

)
= 2n + 1, i =

n

2
,

(n− (i− 1)) + (n− i) + (n− i) + (n− i) = 4(n− i) + 1
n

2
+ 1 ≤ i ≤ n− 2,

2 + 1 + 2 = 5, i = n− 1,



IRREGULAR TOTAL LABELLINGS OF SOME FAMILIES OF GRAPHS 165

wt(vi) =





1 + 1 + 2 = 4, i = 0,

(1 + (i− 1)) + i + (1 + i) + (3 + i) = 4 + 4i, 1 ≤ i ≤ n

2
− 2,

(n

2
− 1

)
+

(n

2
− 1

)
+

(n

2
+ 1

)
+

(n

2
+ 1

)
= 2n, i =

n

2
− 1,

(n

2
+ 1

)
+

n

2
+

n

2
+

(n

2
+ 1

)
= 2n + 2, i =

n

2
,

(n− (i− 1)) + (n− i) + (n− i) + (n + 1− i) = 4(n− i) + 2
n

2
+ 1 ≤ i ≤ n− 2,

2 + 1 + 3 = 6, i = n− 1,

the weights of vertices ofLn under the labellingf constitute the set{3, 4, . . . , 2n+2} and the

functionf is a mapping fromV (Ln)
⋃

E(Ln) into {1, 2, . . . ,
n

2
+ 1} for evenn.

Case2 — n mod2 = 1.

f (uiui+1) =





1 + i, 0 ≤ i ≤ n− 3
2

n− i,
n− 1

2
≤ i ≤ n− 2,

f (vivi+1) =





1 + i +
⌊
i/

n− 3
2

⌋
, 0 ≤ i ≤ n− 3

2
,

n− i,
n− 1

2
≤ i ≤ n− 2,

f (uivi) =





1, i = 0,

i, 1 ≤ i ≤ n− 3
2

,

n− i,
n− 1

2
≤ i ≤ n− 1,
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f (ui) =





1, i = 0,

2 + i−
⌊
i/

n− 1
2

⌋
, 1 ≤ i ≤ n− 1

2
,

n− i + bi/ (n− 1)c ,
n + 1

2
≤ i ≤ n− 1,

f (vi) =





2, i = 0,

3 + i, 1 ≤ i ≤ n− 5
2

,

n + 1
2

, i =
n− 3

2
,
n− 1

2
,

n + 1− i + bi/ (n− 1)c ,
n + 1

2
≤ i ≤ n− 1.

Since

wt(ui) =





1 + 1 + 1 = 3, i = 0,

(1 + (i− 1)) + i + (1 + i) + (2 + i) = 3 + 4i, 1 ≤ i ≤ n− 3
2

,

n− 1
2

+
n + 1

2
+

n + 1
2

+
n + 1

2
= 2n + 1, i =

n− 1
2

,

(n− (i− 1)) + (n− i) + (n− i) + (n− i) = 4(n− i) + 1,
n + 1

2
≤ i ≤ n− 2,

2 + 1 + 2 = 5, i = n− 1,

wt(vi) =





1 + 1 + 2 = 4, i = 0,

(1 + (i− 1)) + i + (1 + i) + (3 + i) = 4 + 4i, 1 ≤ i ≤ n− 5
2

,

n− 3
2

+
n− 3

2
+

n + 1
2

+
n + 1

2
= 2n− 2, i =

n− 3
2

,

n + 1
2

+
n + 1

2
+

n + 1
2

+
n + 1

2
= 2n + 2, i =

n− 1
2

,

(n− (i− 1)) + (n− i) + (n− i) + (n + 1− i) = 4(n− i) + 2,
n + 1

2
≤ i ≤ n− 2,

2 + 1 + 3 = 6, i = n− 1,
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the weights of vertices ofLn under the labellingf constitute the set{3, 4, . . . , 2n+2} and the

functionf is a mapping fromV (Ln)
⋃

E(Ln) into

{
1, 2, . . . ,

n + 1
2

}
for oddn.

From cases 1 and 2, the total labellingf has the required properties of vertex irregular total

labelling. We then havetvs(Ln) ≤
⌈

n + 1
2

⌉
. However, by Theorem 1.2,tvs (Ln) ≥

⌈ |V |+ δ

∆ + 1

⌉

=
⌈

2n + 2
4

⌉
=

⌈
n + 1

2

⌉
. This concludes the proof. 2

Figure 2.5 shows vertex irregular total labellings ofL9 andL10.

Figure 2.5. Vertex irregular total labellings ofL9 andL10

Theorem2.6— tes (Mn) = n + 1.

PROOF: We construct a functionf as follows:

f (ui) = 1, 0 ≤ i ≤ n− 1,

f (vi) =





n, i = 0,

n + 1, 1 ≤ i ≤ n− 1,

f (uiui+1) = 1 + i, 0 ≤ i ≤ n− 2,

f (un−1v0) = 1,

f (vivi+1) =





3, i = 0,

2 + i, 1 ≤ i ≤ n− 2,

f (vn−1u0) = 1,

f (uivi) =





3, i = 0,

2 + i, 1 ≤ i ≤ n− 1.
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Since

wt(uiui+1) = 1 + (1 + i) + 1 = 3 + i, 0 ≤ i ≤ n− 2,

wt(un−1v0) = 1 + 1 + n = n + 2,

wt(vn−1u0) = (n + 1) + 1 + 1 = n + 3,

wt(uivi) =





1 + (3 + i) + n = n + 4 + i, i = 0,

1 + (2 + i) + (n + 1) = n + 4 + i, 1 ≤ i ≤ n− 1,

wt(vivi+1) =





n + (3 + i) + (n + 1) = 2n + 4 + i, i = 0,

(n + 1) + (2 + i) + (n + 1) = 2n + 4 + i, 1 ≤ i ≤ n− 2,

the weights of edges ofMn under the labellingf constitute the set{3, 4, . . . , 3n+2} and the function

f is a mapping fromV (Mn)
⋃

E(Mn) into {1, 2, . . . , n + 1}.

The total labellingf has the required properties of an edge irregular total labelling. We then

havetes(Mn) ≤ n+1. However, by Theorem 1.1,tes(Mn) ≥
⌈ |E (G) |+ 2

3

⌉
=

⌈
3n+2

3

⌉
= n+1.

This concludes the proof. 2

Figure 2.6 shows an edge irregular total labelling ofM10.

Figure 2.6. An edge irregular total labelling ofM10

Theorem2.7— tvs (Mn) =
⌈n

2

⌉
+ 1.

PROOF: We construct a functionf as follows:
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Case1 — n mod2 = 0.

f (uiui+1) = 1 +
i

2
(1− i mod2) , 0 ≤ i ≤ n− 2,

f (un−1v0) = 1,

f (vivi+1) =





2 +
i

2
, 0 ≤ i ≤ n− 2 andi mod2 = 0,

n

2
+ 1, 1 ≤ i ≤ n− 3 andi mod2 = 1,

f (vn−1u0) =
n

2
+ 1,

f (uivi) =





n

2
, i = 0,

⌈
i

2

⌉
, 1 ≤ i ≤ n− 1,

f (ui) = 1, 0 ≤ i ≤ n− 1,

f (vi) =
n

2
+ 1, 0 ≤ i ≤ n− 1.

Since

wt(ui) =





(n

2
+ 1

)
+

n

2
+ 1 + 1 = n + 3, i = 0,

1 +
i

2
+ (1 +

i

2
) + 1 = 3 + i, 2 ≤ i ≤ n− 2 andi mod2 = 0,

(
1 +

i− 1
2

)
+

i + 1
2

+ 1 + 1 = 3 + i, 1 ≤ i ≤ n− 1 andi mod2 = 1,

wt(vi) =





1 +
n

2
+ 2 +

(n

2
+ 1

)
= n + 4,

i = 0,

(n

2
+ 1

)
+

i

2
+

(
2 +

i

2

)
+

(n

2
+ 1

)
= n + 4 + i,

2 ≤ i ≤ n− 2 andi mod2 = 0,

(
2 +

i− 1
2

)
+

i + 1
2

+
(n

2
+ 1

)
+

(n

2
+ 1

)
= n + 4 + i,

1 ≤ i ≤ n− 1 andi mod2 = 1,
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the weights of vertices ofMn under the labellingf constitute the set{4, 5, . . . , 2n+3} and the

functionf is a mapping fromV (Mn)
⋃

E(Mn) into
{

1, 2, . . . ,
n

2
+ 1

}
for evenn.

Case2 — n mod2 = 1.

f (uiui+1) = 1 +
i

2
(1− i mod2) , 0 ≤ i ≤ n− 2,

f (un−1v0) =
n + 1

2
,

f (vivi+1) =





1 +
i

2
, 0 ≤ i ≤ n− 3 andi mod2 = 0,

n + 1
2

+ 1, 1 ≤ i ≤ n− 2 andi mod2 = 1,

f (vn−1u0) =
n + 1

2
,

f (uivi) =





1, i = 0,

⌈
i

2

⌉
, 1 ≤ i ≤ n− 1,

f (ui) =





n + 1
2

, i = 0,

1, 1 ≤ i ≤ n− 1,

f (vi) =
n + 1

2
+ 1, 0 ≤ i ≤ n− 1.

Since

wt(ui) =





n + 1
2

+ 1 + 1 +
n + 1

2
= n + 3, i = 0,

1 +
i

2
+

(
1 +

i

2

)
+ 1 = 3 + i, 2 ≤ i ≤ n− 1 andi mod2 = 0,

(
1 +

i− 1
2

)
+

i + 1
2

+ 1 + 1 = 3 + i, 1 ≤ i ≤ n− 2 andi mod2 = 1,
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wt(vi) =





n + 1
2

+ 1 + 1 + (
n + 1

2
+ 1) = n + 4, i = 0,

(
n + 1

2
+ 1) +

i

2
+ (1 +

i

2
) + (

n + 1
2

+ 1) = n + 4 + i,

2 ≤ i ≤ n− 1 andi mod2 = 0,

(1 +
i− 1

2
) +

i + 1
2

+ (
n + 1

2
+ 1) + (

n + 1
2

+ 1) = n + 4 + i,

1 ≤ i ≤ n− 2 andi mod2 = 1,

the weights of vertices ofMn under the labellingf constitute the set{4, 5, . . . , 2n+3} and the

functionf is a mapping fromV (Mn)
⋃

E(Mn) into

{
1, 2, . . . ,

n + 1
2

+ 1
}

for oddn.

From cases 1 and 2, the total labellingf has the required properties of vertex irregular total

labelling. We then havetvs(Mn) ≤
⌈n

2

⌉
+ 1. However, by Theorem 1.2,tvs (Mn) ≥

⌈ |V |+ δ

∆ + 1

⌉

=
⌈

2n + 3
4

⌉
=

⌈n

2

⌉
+ 1. This concludes the proof.

Figure 2.7 shows vertex irregular total labellings ofM9 andM10.

Figure 2.7. Vertex irregular total labellings ofM9 andM10

Theorem2.8— tes (W3,n) =
n

2
+ 1.

PROOF: For0 ≤ i ≤ n

2
− 1, we construct a functionf as follows:

Case1 — n mod4 = 0
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f (vi) = 1 +
n

2
(1− i mod2) ,

f (ui) = 1 +
n

2
(i mod2) ,

f (viui) = f (viui+3) = 1 + i,

f (viui+1) =
n

2
− i.

Since

wt(viui) =





(n

2
+ 1

)
+ (1 + i) + 1 =

n

2
+ 3 + i, i mod2 = 0,

1 + (1 + i) +
(n

2
+ 1

)
=

n

2
+ 3 + i, i mod2 = 1,

wt(viui+1) =





(n

2
+ 1

)
+

(n

2
− i

)
+

(n

2
+ 1

)
=

3n

2
+ 2− i, i mod2 = 0,

1 +
(n

2
− i

)
+ 1 =

n

2
+ 2− i, i mod2 = 1,

wt(viui+3) =





(n

2
+ 1

)
+ (1 + i) +

(n

2
+ 1

)
= n + 3 + i, i mod2 = 0,

1 + (1 + i) + 1 = 3 + i, i mod2 = 1,

the weights of edges ofW (3, n) under the labellingf constitute the set

{
3, 4, . . . ,

3n

2
+ 2

}
and

the functionf is a mapping fromV (W3,n)
⋃

E(W3,n) into
{

1, 2, . . . ,
n

2
+ 1

}
for n mod4 = 0.

Case2 — n mod4 = 2

f (vi) =





1 +
n

2
(i mod2) , 0 ≤ i ≤ n

2
− 3,

1 + i +
⌊
i/

(n

2
− 1

)⌋
, i =

n

2
− 2,

n

2
− 1,

f (ui) = 1 +
n

2
(1− i mod2) ,
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f (viui) =





1 + i, i 6= n

2
− 2,

n

2
+ 1, i =

n

2
− 2,

f (viui+1) =
n

2
− i +

⌊
i/

(n

2
− 1

)⌋
, 0 ≤ i ≤ n

2
− 1,

f (viui+3) =





2 + i, 0 ≤ i ≤ n

2
− 4,

n

2
+ 1, i =

n

2
− 3,

n

2
− 1,

1, i =
n

2
− 2.

Since

wt(viui) =





1 + (1 + i) +
(n

2
+ 1

)
=

n

2
+ 3 + i, 0 ≤ i ≤ n

2
− 3 andi mod2 = 0,

(n

2
+ 1

)
+

n

2
+

(n

2
+ 1

)
=

3n

2
+ 2, i =

n

2
− 1,

(n

2
+ 1

)
+ (1 + i) + 1 =

n

2
+ 3 + i, 1 ≤ i ≤ n

2
− 4 andi mod2 = 1,

(n

2
− 1

)
+

(n

2
+ 1

)
+ 1 = n + 1, i =

n

2
− 2,

wt(viui+1) =





1 +
(n

2
− i

)
+ 1 =

n

2
+ 2− i, 0 ≤ i ≤ n

2
− 3 andi mod2 = 0,

(n

2
+ 1

)
+ 2 + (

n

2
+ 1) = n + 4, i =

n

2
− 1,

(
n

2
+ 1) + (

n

2
− i) + (

n

2
+ 1) =

3n

2
+ 2− i, 1 ≤ i ≤ n

2
− 4 andi mod2 = 1,

(
n

2
− 1) + 2 + (

n

2
+ 1) = n + 2, i =

n

2
− 2,
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wt(viui+3) =





1 + (2 + i) + 1 = 4 + i 0 ≤ i ≤ n

2
− 5 andi mod2 = 0,

1 + (
n

2
+ 1) + (

n

2
+ 1) = n + 3, i =

n

2
− 3,

(
n

2
+ 1) + (

n

2
+ 1) + (

n

2
+ 1) =

3n

2
+ 3, i =

n

2
− 1,

(
n

2
+ 1) + (2 + i) + (

n

2
+ 1) = n + 4 + i, 1 ≤ i ≤ n

2
− 4 andi mod2 = 1,

(
n

2
− 1) + 1 + 1 =

n

2
+ 1, i =

n

2
− 2,

the weights of edges ofW (3, n) under the labellingf constitute the set

{
4, 5, . . . ,

3n

2
+ 3

}
and

the functionf is a mapping fromV (W3,n)
⋃

E(W3,n) into
{

1, 2, . . . ,
n

2
+ 1

}
for n mod4 = 2.

From cases 1 and 2, the total labellingf has the required properties of an edge irregular

total labelling. We then havetes(W3,n) ≤ n

2
+ 1. However, by Theorem 1.1,tes(W3,n) ≥

⌈ |E (G) |+ 2
3

⌉
=




3n

2
+ 2

3




=
n

2
+ 1. This concludes the proof. 2

Figure 2.8 shows edge irregular total labellings ofW3,12 andW3,14.

Figure 2.8. Edge irregular total labellings ofW3,12 andW3,14

Theorem2.9— tvs (W3,n) =
⌈n

4

⌉
+ 1.

PROOF: For0 ≤ i ≤ n

2
− 1, we construct a functionf as follows:
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Case1 — n mod4 = 0.

f (viui) =
⌈

i + 1
2

⌉
,

f (viui+1) = f (viui+3) = f (vi) = f (ui) = 1 +
n

4
(i mod2) .

Since

wt(vi) =





(
i

2
+ 1

)
+ 1 + 1 + 1 = 4 +

i

2
, i mod2 = 0,

i + 1
2

+ (
n

4
+ 1) +

(n

4
+ 1

)
+

(n

4
+ 1

)
=

3n

4
+ 3 +

i + 1
2

, i mod2 = 1,

wt(ui) =





(
i

2
+ 1

)
+

(n

4
+ 1

)
+

(n

4
+ 1

)
+ 1 =

n

2
+ 4 +

i

2
i mod2 = 0,

i + 1
2

+ 1 + 1 +
(n

4
+ 1

)
=

n

4
+ 3 +

i + 1
2

i mod2 = 1,

the weights of vertices ofW3,n under the labellingf constitute the set{4, 5, . . . ,n+3} and the

functionf is a mapping fromV (W3,n)
⋃

E(W3,n) into
{

1, 2, . . . ,
n

4
+ 1

}
for n mod4 = 0.

Case2 — n mod4 = 2.

f (viui) = 1 +
i + 3 (i mod2)

2
,

f (viui+1) =





1, i = 1 or i mod2 = 0,

n + 2
4

− 1, i = 3,

n + 2
4

, 5 ≤ i ≤ n

2
− 2 andi mod2 = 1,

f (viui+3) = 1 +
n + 2

4
(i mod2) ,

f (vi) = 1,

f (ui) =
n + 2

4
+ 1.
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Since

wt(vi) =





(
1 +

i

2

)
+ 1 + 1 + 1 = 4 +

i

2
, i mod2 = 0,

3 + 1 +
(

n + 2
4

+ 1
)

+ 1 =
n + 2

4
+ 6, i = 1

4 +
(

n + 2
4

− 1
)

+
(

n + 2
4

+ 1
)

+ 1 =
n

2
+ 6, i = 3,

(
1 +

i + 3
2

)
+

n + 2
4

+
(

n + 2
4

+ 1
)

+ 1 =
n

2
+ 5 +

i + 1
2

,

5 ≤ i ≤ n

2
− 2 andi mod2 = 1,

wt(ui) =





1 + 1 + 1 +
(

n + 2
4

+ 1
)

=
n + 2

4
+ 4,

i = 0,

2 + 1 + 1 +
(

n + 2
4

+ 1
)

=
n + 2

4
+ 5,

i = 2,

3 +
(

n + 2
4

− 1
)

+
(

n + 2
4

+ 1
)

+
(

n + 2
4

+ 1
)

=
3(n + 2)

4
+ 4,

i = 4,

(
1 +

i

2

)
+

n + 2
4

+
(

n + 2
4

+ 1
)

+
(

n + 2
4

+ 1
)

=
3(n + 2)

4
+ 3 +

i

2
,

6 ≤ i ≤ n

2
− 1 andi mod2 = 0,

3 + 1 +
(

n + 2
4

+ 1
)

+
(

n + 2
4

+ 1
)

=
n

2
+ 7,

i = 1,

(
1 +

i + 3
2

)
+ 1 + 1 +

(
n + 2

4
+ 1

)
=

n + 2
4

+ 5 +
i + 1

2
,

3 ≤ i ≤ n

2
− 2 andi mod2 = 1,

the weights of vertices ofW3,n under the labellingf constitute the set

{
4, 5, . . . ,

3(n + 2)
4

+ 4
}⋃



IRREGULAR TOTAL LABELLINGS OF SOME FAMILIES OF GRAPHS 177

{
3(n + 2)

4
+ 6,

3(n + 2)
4

+ 7, . . . , n + 4
}

and the functionf is a mapping fromV (W3,n)
⋃

E(W3,n)

into

{
1, 2, . . . ,

n + 2
4

+ 1
}

for n ≡ 2 mod4.

From cases 1 and 2, the total labellingf has the required properties of vertex irregular to-

tal labelling. We then havetvs(W3,n) ≤
⌈n

4

⌉
+ 1. However, by Theorem 1.2,tvs (W3,n) ≥⌈ |V |+ δ

∆ + 1

⌉
=

⌈
n + 3

4

⌉
=

⌈n

4

⌉
+ 1. This concludes the proof. 2

Figure 2.9 shows vertex irregular total labellings ofW3,12 andW3,14.

Figure 2.9. Vertex irregular total labellings ofW3,12 andW3,14

Theorem2.10— tes (Hn (Gn)) = 2n + 1.

PROOF: We construct a functionf as follows:

f (ai) = f (bi) = 1, 0 ≤ i ≤ n− 1,

f (ci) = f (di) = 2n + 1, 0 ≤ i ≤ n− 1,

f (aidi) = f (cidi) = 1 + i, 0 ≤ i ≤ n− 1,

f (bidi) = f (cici+1) = n + 1 + i, 0 ≤ i ≤ n− 1,

f (aiai+1) = 1 + i, 0 ≤ i ≤ n− 2,

f (an−1b0) = n for Hn,

(f(an−1a0) = n for Gn),

f (bibi+1) = n + 1 + i, 0 ≤ i ≤ n− 2,
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f (bn−1a0) = 2n for Hn,

(f(bn−1b0) = 2n for Gn).

Since

wt(aidi) = 1 + (1 + i) + (2n + 1) = 2n + 3 + i, 0 ≤ i ≤ n− 1,

wt(bidi) = 1 + (n + 1 + i) + (2n + 1) = 3n + 3 + i, 0 ≤ i ≤ n− 1,

wt(cidi) = (2n + 1) + (1 + i) + (2n + 1) = 4n + 3 + i, 0 ≤ i ≤ n− 1,

wt(aiai+1) = 1 + (1 + i) + 1 = 3 + i, 0 ≤ i ≤ n− 2,

wt(an−1b0) = 1 + n + 1 = n + 2 for Hn,

(wt(an−1a0) = 1 + n + 1 = n + 2 for Gn),

wt(bibi+1) = 1 + (n + 1 + i) + 1 = n + 3 + i, 0 ≤ i ≤ n− 2,

wt(bn−1a0) = 1 + 2n + 1 = 2n + 2 for Hn,

(wt(bn−1b0) = 1 + 2n + 1 = 2n + 2 for Gn),

wt(cici+1) = (2n + 1) + (n + 1 + i) + (2n + 1) = 5n + 3 + i, 0 ≤ i ≤ n− 1,

the weights of edges ofFn under the labellingf constitute the set{3, 4, . . . , 6n+2} and the function

f is a mapping fromV (Fn)
⋃

E(Fn) into {1, 2, . . . , 2n + 1}.

The total labellingf has the required properties of an edge irregular total labelling. We then have

tes(Fn) ≤ 2n + 1. However, by Theorem 1.1,tes(Fn) ≥
⌈ |E (G) |+ 2

3

⌉
=

⌈
6n + 2

3

⌉
= 2n + 1.

This concludes the proof. 2

Figure 2.10 shows an edge irregular total labelling ofH5.

Theorem2.11— tvs (Hn (Gn)) = n + 1.
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Figure 2.10. An edge irregular total labelling ofH5

PROOF: We construct a functionf as follows:

f (aiai+1) = 1, 0 ≤ i ≤ n− 2,

f (bibi+1) = 3 + 2
⌊

i

2

⌋
, 0 ≤ i ≤ n− 2,

f (an−1b0) = f (bn−1a0) = 1 for Hn,

(f(an−1a0) = f(bn−1b0) = 1 for Gn),

f (cici+1) = f (bi) = f (ci) = n + 1, 0 ≤ i ≤ n− 1,

f (ai) = 1 + 2
⌊n

2

⌋
bi/ (n− 1)c , 0 ≤ i ≤ n− 1,

f (di) = 1 + 2 bi/ (n− 1)c (n mod2) , 0 ≤ i ≤ n− 1,

f (aidi) = f (cidi) = 1 + i, 0 ≤ i ≤ n− 1,

f (bidi) = n− i, 0 ≤ i ≤ n− 1.

Since

wt(ai) =





1 + (1 + i) + 1 + 1 = i + 4, 0 ≤ i ≤ n− 2,

1 + n + 1 +
(
1 + 2

⌊n

2

⌋)
= n + 2

⌊n

2

⌋
+ 3, i = n− 1,
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wt(bi) =





1 + n + 3 + (n + 1) = 2n + 5, i = 0,

(3 + (i− 2)) + (n− i) + (3 + i) + (n + 1) = 2n + 5 + i,

2 ≤ i ≤ n− 2 andi mod2 = 0,

(3 + (i− 1)) + (n− i) + (3 + (i− 1)) + (n + 1) = 2n + 5 + i,

1 ≤ i ≤ n− 3 andi mod2 = 1,

(
3 + 2

⌊
n− 2

2

⌋)
+ (n− i) + 1 + (n + 1) = n + 2

⌊n

2

⌋
+ 4, i = n− 1,

wt(ci) = (n + 1) + (1 + i) + (n + 1) + (n + 1) = 3n + 4 + i, 0 ≤ i ≤ n− 1,

wt(di) = (1 + i) + (n− i) + (1 + i) + (1 + 2 bi/ (n− 1)c (n mod2))

= n + 3 + i + 2 bi/ (n− 1)c (n mod2) , 0 ≤ i ≤ n− 1,

the weights of vertices ofFn under the labellingf constitute the set{4, 5, . . . , 4n+3} and the

functionf is a mapping fromV (Fn)
⋃

E(Fn) into {1, 2, . . . , n + 1}.

The total labellingf has the required properties of vertex irregular total labelling. We then have

tvs(Fn) ≤ n + 1. However, by Theorem 1.2,tvs (Fn) ≥
⌈ |V |+ δ

∆ + 1

⌉
=

⌈
4n + 3

4

⌉
= n + 1. This

concludes the proof. 2

Figure 2.11 shows vertex irregular total labellings ofH5 andH6.

Figure 2.11. Vertex irregular total labellings ofH5 andH6
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6. S. Jendrol’ and M. Tḱac̆, The irregularity strength oftKp, Discrete Mathematics,145(1995), 301-305.
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