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An edge (A vertex) irregular totak-labelling of a graplts is such a labelling of the vertices and
edges with integers 1, .k that the weights of any two different edges (vertices) are distinct,
where the weight of an edge (a vertex) is the sum of the label of the edge (vertex) itself and
the labels of its incident vertices (edges). The minimiufor which the graphG has an edge

(a vertex) irregular totak-labelling is called the total edge (vertex) irregularity strength of the
graphG, tes (G) (tvs (G)). In this paper, we show the exact valuegef (G) andtvs (G) of

some families of graphs, including the generalized Petersen dtdphk), ladderL,,, Mdbius
ladder),,, Knodel graphiVs ,,, and flower snark and related graph.

Key words : Irregular total labelling; generalized Petersen graph; ladder; Knddel graph;
flower snark

1. INTRODUCTION

We consider only finite undirected graphs without loops or multiple edgesGLet (V, E) be a
graph with the vertex sét and the edge sét.

An edge irregular totat-labelling of a grapht is such a labelling of the vertices and edges with
integers 1, ...k that the weights of any two different edges are distinct, where the weight of an edge
is the sum of the label of the edge itself and the labels of its two end vertices. Similarly, a vertex

1The research is supported by Chinese Natural Science Foundations (60573022).
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irregular totalk-labelling of a graph= is such a labelling of the vertices and edges with integers
1, ..., k that the weights of any two different vertices are distinct, where the weight of a vertex is
the sum of the label of the vertex itself and the labels of its incident edges. Moreover, the minimum
k for which the graphG has an edge irregular totatlabelling is called the total edge irregularity
strength of the grapty, tes (G); and the minimunik for which there exists a vertex irregular total
k-labelling is called the total vertex irregularity strength(aftvs (G).

The notions of the total edge irregularity strength and total vertex irregularity strength were first
introduced by Béaet al. in arecent paper [1]. They are invariants analogous to irregularity strength
of a graphG [3, 4, 6, 8, 9, 11, 12]. In [1], Béaet al. put forward the lower bounds ¢és (G) and
tvs (G) in terms of the maximum degre®, minimum degreé, |E (G) | and|V (G) |, which may
be stated as the Theorems 1.1 and 1.2:

Theoreml.1— tes (G) > max { [A; 1-‘ 7 PE(C;)IJrﬂ }

Theoreml.2— tvs (G) > PV(G)MW .

A+1
Based on these theorems,dat al. then determined the exact values of the total edge irreg-

ularity strength of pathp,,, starsS,,, wheelW,, and friendship grapl#,,, and obtained the exact

values of the total vertex irregularity strength of ségr complete graph#(,,, cycleC,, and prism
D,,. Brandtet al. [2] proved thates (G) = [m;ﬂ for every multigraphz which has no loops
-3

and is of ordemn, sizem, and maximum degreA < ™ " vargo and Jendrol’ [5] determined

n
the total edge irregularity strength for any tree. Jendrol’ [7] showed the exact values of the total
edge irregularity strength of complete graphs and complete bipartite grapBkufMind Jendrol’
[10] determined exact values of the total edge irregularity strength afn grids.

In this paper, we investigate some families of graphs, including the generalized Petersen graph
P (n, k), ladderL,,, Mobius ladder),,, Knodel graphi¥s ,,, and flower snark and related graph.
We prove the exact values of the total edge irregularity strength and total vertex irregularity strength
of these graphs.

Definition1.1 — Forl < k < n — 1, the generalized Petersen graPlin, k) is defined to be
a graph oren (n > 3) vertices withV (P (n, k)) = {vij,u; : 0<i<n—1} andE (P (n,k)) =
{vivig1, viug, wiugy g« 0 < i < n — 1,subscripts module}.

Definition1.2 — The laddel.,, is the planar gridP, x Ps.

Definition 1.3 — TheMo&bius ladder M, is the graph obtained from the laddBy, x P, by
joining together the opposite end points of the two copieB,of

Definition 1.4 — The Krddel graphi¥s ,, has evem > 2 vertices and degree 3. The vertices
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of W3, are the pairgi, j) with i = 1,2 and0 < j < % — 1. Foreachj,0 < j < g 1, there

is an edge between verték, j) and every verte><27 (j+2%—1)mod (g)) fork =0,1,2. Let
vj represent vertekl, j) andu; represent vertet, j). We then have

V(W?),n) - {/0071)17"',Ugflvuoaula”'7“%71}7

21 . n
EWs,) = Ul {vtut,vtqu,vtqu, subscripts modul%}.

Definition1.5 — LetG,, be a simple nontrival connected cubic graph with vertex set
V (Gpn) = {ai, bi,ci,d; : 0 <i<n-—1}andedgeset (G,) = {a;ai+1,b;bit1, cicit1,a;d;, bid;,
cid; : 0 < i < n — 1}, where the vertex labels are read moduloLet H,, be a graph obtained
from G,, by replacing the edges, _1a¢ andb,,_1by with a,,_1b9 andb,,_1aq respectively. For odd
n > 5, H, is called a snark, namely flower snark, andH,, (n = 3 or evenn > 4) are called the
related graphs of flower snark.

Figure 1.1 shows the flower snafk; and its related grap@'s.

Figure 1.1. The flower snarks and its related grapty's

2. MAIN RESULTS

Theorem2.1—tes (P (n,k)) = n+ 1for k # g

PrROOF: For0 < ¢ < n — 1, we construct a functior as follows:

flu) =1,
n+1,
[ (wiviyr) = f(wvi) = f (vivig1) = 1+

~

—~

&

\;/
|



158 TONG CHUNLINGet al.

Since
wt (uivipr) = f (i) + f (wuipr) + f(wigr) =1+ (1 +4) +1 =341,
wt (wiv;) = f (wi) + f (wvi)) + f(vi)) =14+ (1 +3d)+(n+1)=n+3+14,

wit (vivipr) = f (i) + f (0vig1) + f (i) = (n+1) + (1 +8) + (n+ 1) =2n+ 3 +1,
the weights of the edges @t (n, k) under the labelling’ constitute the sef3, 4, ..., 31+2} and
the functionf is a mapping fronV (P (n,k))J E (P (n,k)) into {1,2,...,n+ 1}.

Clearly, the total labelling’ has the required properties of an edge irregular total labelling. We
then havetes (P (n,k)) < n + 1. However, by Theorem 1.%Xes (P (n,k)) > PE(G?W-‘

B 3n+ 2
N 3

—‘ =n+1.
This concludes the proof.

Figure 2.1 shows an edge irregular total labellinggf10, 2).

Figure 2.1. An edge irregular total labelling Bf(10, 2)

for k = E.

4
Theorem2.2— tes (P (n,k)) = Fm i -‘ 5

PrROOF: For0 < i < n — 1, we construct a functioif as follows:

rw) = n- |50,

f(uivi) = n n—
i
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141, nggg—L
no_
f(vvip1) = n—u, §§Z§n_2a
g—i—l, 1=n-—1,
n—4 n
flwu n = 342 + 1, 0<i<——1.
i+ = 6 2
2
Since
wt (vivig1) = f(vi) + f (vivigr) + f (vig1)
1+ (1+i)+1=3+1, nggi—l,
n n . . n
1+<n—§>+2—3+§—3+u i=3
@+i—g)+0w4%%0+i—g):3+a g+1gign—z
\g+(g+1>+1:”+2:3+i’ i=n-—1,
wt (uivi) = f (wi) + f (wivi) + f (vi)
( —4 —4
n— |2 24+ |2 i) +1=n+3+i,
6 6
n
0<i<_—
<i<g,

g+1§i§n—L

wt (uzuH_%) =f(w)+f (uzuz-s—%) +f (Uﬁ-%)

(=[5 G2 ) (- [5)

159
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—on 4341, ogigg—L
the weights of the edges @t (n, k) under the labellingf constitute the se{ 3,4, ..., 5771 +2
. . . . 5n +4
and the functiory is a mapping fromV (P (n,k))|J E (P (n, k)) into {1, 2,..., { 5 w }

The total labellingf has the required properties of an edge irregular total labelling. We then

4 E 2
havetes (P (n,k)) < Fn; -‘ However, by Theorem 1.%es (P (n,k)) > P(G;’Jr_‘
2
= |2 3 = Fm; ﬂ . This concludes the proof. O

Figure 2.2 shows an edge irregular total labellinggf10, 5).

Figure 2.2. An edge irregular total labelling Bf(10, 5)

Theorem2.3— tvs (P (n,k)) = {gw + 1fork # g
PrROOF: For0 < ¢ < n — 1, we construct a functior as follows:

Casel —n mod2 = 0.

f(uluz+k) = 17
f(wivigr) = g +1,
o) = 143152,

flu)=f(v) = 1—1—@'——{@'/—]
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Since

wt (u;) = f(wi—gui) + f (wvi) + f (wiviyr) + f (w;)
(gl e gl =
wt (v;) = f (vi1vi) + f (wivi) + f (vivigr) + f (v)

SR R (N U R R BT R I B

the weights of the vertices d? (n, k) under the labelling’ constitute the seft4, 5, ..., 2+3} and
the functionf is a mapping fromV (P (n,k))|J E (P (n, k)) into {1, 2,..., g + 1} for evenn.

Case2 —nmod2 = 1.

f(ulul+k) = 17
[ (wivip1) = n; 1,
Flug) = 1+”;1{U";1y

f ) = 1+i—n+1 P/nJrlJ’

) = 2+i_n+1{wn+lf

Since

wt (u;) = f (ui—pw;) + f (wivi) + f (wivgr) + f (ug)

1 1 1 1
:1+<1+”;r {z/"; J>+1+<1+i—";{z’/"; D—4+z‘,

wt (v;) = f (vic1vi) + f (wivs) + f (vivigr) + f (vi)

1 1 1 1 1 1
_n+ +(1+n+ {z/n—l— J>+n—|— +(2+i_n+ {Z/n—i- J>:n+4+i,

2 2 2 2 2 2

the weights of the vertices d? (n, k) under the labelling’ constitute the seft4, 5, ..., 2+3} and
. . . . 1
the functionf is a mapping froni/ (P (n, k)) J E (P (n, k)) into {1, 2,..., nt + 1} for odd

n.
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From cases 1 and 2, the total labellifichas the required properties of vertex irregular total
labelling. We then haveévs (P (n,k)) < {gw + 1. However, by Theorem 1.2ps (P (n,k)) >

Pw + ﬂ = FH + 3} = {q -+ 1. This concludes the proof. O

A+1 4 2

Figure 2.3 shows vertex irregular total labellingsfof9, 2) and P (10, 2).

Figure 2.3. Vertex irregular total labellings 6f(9, 2) and P (10, 2)

In passing, we would like to point out thats (P (n, k)) for k # g may be obtained alter-
natively by using the vertex irregular total labelling bf, given in [1]. SinceD,, is isomorphic
to P (n,1), the irregular total labelling oD,, is also a vertex irregular total labelling &f(n, 1).
Moreover, asf (u;u;+1) = 1 forall 0 < i < n — 1, the vertex irregular total labelling @? (n, 1) is
also a vertex irregular total labelling &f (n, k) for k # g

Theorem2.4— tvs (P (n,k)) = % + 1fork = g

PrRoOOF: For 0 <i <n — 1, we construct a functioif as follows:
f <uluz+%> = ]-7
n .
[ (wivip1) = 5 77 mod2,

ni|. n
fluw) = 1+ LZ/*J ;

. ni. n
fu)=f(v) = 1+i——= Lz/—J )

Since

wt (u;) = f (uzuH_%) + f (wivy) + f (uq)

:1—0-(1—1-%Li/gJ)—i—(l—l—i—g[i/gJ):?ﬂ-i,
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wt (v;) = f(vi—1vs) + f (wvy) + f (vivig1) + f (vi)

= (g—i—(i— 1) mod2) + (1+g WgJ) + (g+z‘mod2>

—l—(l—i—i—g WZD —n+3+i,

the weights of the vertices d? (n, k) under the labelling’ constitute the seft3, 4, ..., 2+2} and
the functionf is a mapping fronV (P (n,k))|J E (P (n, k)) into {1, 2,..., oy 1}.

The total labellingf has the required properties of vertex irregular total labelling. We then have

tvs (P (n,k)) < LS However, by Theorem 1.2ps (P (n,k)) > Vi+o _ |2t
2 A+1 4
_n

5 T L

This concludes the proof.

Figure 2.4 shows a vertex irregular total labellingfof10, 5).

Figure 2.4. A vertex irregular total labelling &f (10, 5)

Sincetes (L,,) can be obtained from [10], we give only vertex irregular total labellind.pf
here.

1
Theorem2.5— tvs (L) = V; —‘

PrROOF: We construct a functiotf as follows:

Casel —n mod2 = 0.

—_

_l_
o
IN
IA

|3
IN
IN
3
|
™
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Since

wt(u;) =
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1+1, ogzgg—z
fvwig1) =
(vivi1) n—i, " 1<i<n-—
2
(1, i=0,
. . n
f(ulvz) = Z 1§Z§§7
n—i, —+1<i<n—1,

n
1+1 , =0, —
+Z77 Z 727
. . .n
fu) = 2+ 1, 1§z§§—1,
n—i+|i/(n—1)], —+1<i<n-1,
(9241, i=0,2 1,
. ..n
fv) = 3+ 1, 1§z§§—2,
n+1—i+[i/(n—1)], ggzgn—l
1+141=3,

(L4 (= 1) i+ (1+3) + (2+4) = 3+ 44,
n n n n
stotgt(z+1)=2n+1,

m—(G—-1)+n-—9)+Mn—-9i)+(n—i)=4n—14) +1

| 2+1+2=5,

1 =0,
1<i<Z_1,
2

. n
1= —,

2
n
—+1<i<n—-2
5 i1<n-—2,
1=n—1,
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(14 (G —1)+i+ (1 +14)+ (3+1i) =4+ 4, 1Si£%—l

n n n n .n

(5 >+(§_O+<§+0+(§+Q—2m i=5 -1
wt(v;) =

n n n

SH1)+ 2 (5+1)=20+2 -

94— + - +2+ 5+ n + i=3

(n—(i— 1))+ (1) +n—i)+(n+1—i)=dn—1q)+2 g+1§i§n—z

| 24+1+3=6, i=n-—1,

the weights of vertices of,, under the labellingf constitute the se{3, 4, ..., 2n+2 and the
function f is a mapping fron¥/’(L,,) U E(L,,) into {1,2, ..., % + 1} for evenn.

Case2 —nmod2 = 1.

-3
1414, 0<z<"2
f(uuipr) =
n— .
n —1, <i1<n-—2
( 3 -3
1+i+{ J, 0§i§n2,
f(vivipr) = n_1
n—1, <i1<n-—2,
2
\
( 1, 1 =0,
. .. n—3
f(uﬂ]l) = 1, 1§ZS 2 )
n— .
n—1, <1<n-1
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Since

wt(u;) =

wt(v;) =
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L, =0,
—1 —1
flu) = 2+¢—{U”2 J, 1§i§”2 :
s n+1l .
n—i+[i/(n—1)], 5 <i1<n-1
2, i=0,
344, 1<i<™=O
2
fo) = n+1 . n—3 n—-1
1=
2 2 72
s n+1
n+1l—i+[i/(n—1)], 5 <i<n-1
1+141=3,

L+ G —1)+i+ (1+0)+ (2+1) =3+ 4,

n—1 n+1 n+1+n+1
2 2 2 2

=2n+1,

n—@G—-—1)+Mm—-9)+(n—9)+(n—14) =4(n—1) +1,
241+2=5

(1+14+2=4,

(L4 (G — 1)) +i+ (1+4) + (3+1i) =4+ 4,

n—-3 n—-3 n+1 n+1
=2n — 2
5 T T 2 e
n+1 n+1l n+1 n—i—l_2 49
2 2 2 g TS

m—@G—-1)+m—i)+(n—0)+(n+1—19)=4n—1)+2,

24+1+3=6,
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the weights of vertices of,, under the labellingf constitute the sef3, 4, ..., 2+2} and the
function f is a mapping froni’(L,,) | E(L,,) into {1, 2,..., n ; ! } for oddn.

From cases 1 and 2, the total labellifighas the required properties of vertex irregular total

labelling. We then havevs(L,) < [n;lw However, by Theorem 1.2ps (L,) > ijlﬂ
2 2 1 .
= [ n; -‘ = [n; W.Thls concludes the proof. O

Figure 2.5 shows vertex irregular total labellingsiofand L1.

3 7 11 15 19 17 13 9 5

T 1 w3 2 uzJ4a 3 ws[s5 4 b 5 usfa 4 ug3 3 w2 2 ug2
1 Il lz Is 15 I/; Ia Iz 1 Ly

vola 1 w4 2 wals 3 wals 5 wals 5 wsls 4 wela 3 wil3s 2 wvels

4 8 12 16 20 18 14 10 6
3 7 11 15 19 21 17 13 9 5
w1 1 w3 2  uza 3 uss 4 ua6 5 us6 6 w4 4 ur[3 3 ug2 2 ug[2

1 Ix Iz Is 14 Is IA Ia Iz 1 Lo

wolg 1 w4 2 was 3 wsle 4 wvale 6 wele 5 wels a4 wvila 3 vsls 2 w3
4 8 12 16 20 22 18 14 10 6

Figure 2.5. Vertex irregular total labellings 6f and L1

Theorem2.6—tes (M,,) = n + 1.

PrROOF: We construct a functioif as follows:

flu) = 1, 0<i<n-—1,
n, 1 =0,
fvi) =
n+1, 1<:<n—1,
f(uiui-i-l) - 1+Z7 OSZSTL_27
[ (up_1v9) = 1,
3, 1 =0,
f(wivig1) =
2414, 1<i1<n-—2,
f(vn—lu()) = 17
3, i=0,
f(uivz‘) =
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168
Since
wt(uuipr) =1+ (14+14) +1=3+1, 0<i<n-—2,
wt(up—1v9) =1+14+n=n-+2,
wt(vp—1up) = (n+1)+1+1=n+3,
1+B+i)+n=n+4+i, i=0,
wt(u;v;) =
1+24+)+(n+1)=n+4+1, 1<i<n-—1,
n+@B+i)+(n+1)=2n+4+1, i=0,
wt(viviﬂ):

m+1)+ 24+ +Mn+1)=2n+4+4, 1<i<n-—2
the weights of edges dif,, under the labelling constitute the s€t3, 4, . .., 31+2} and the function
f is amapping fron¥/(M,,) J E(M,,) into {1,2,...,n+ 1}.

The total labellingf has the required properties of an edge irregular total labelling. We then
havetes(M,,) < n+1. However, by Theorem 1.1¢s(M,,) > PE(G; [+ 2-‘ = [3282] = n+1.

This concludes the proof.

Figure 2.6 shows an edge irregular total labellind .

Figure 2.6. An edge irregular total labelling &f;

Theorem2.7— tvs (M,) = gw + 1.

PrROOF: We construct a functioif as follows:
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Casel —nmod2 = 0.

f(wiuipr) = 1+%(1—im0d2),0§i§n—2,
f(un_l'l)(]) - 17
2+%, 0<i<n—2andimod2 =0,
f(wivip1) = n _ _
5+1, 1<i<n-3andimod2 =1,
n
f(vn—1up) = §+17
gv 1 =0,
fuvi) = ,
’71“) 1§/L§n_17
2
I (u;) = 1, 0<i<n-—1,
f(v) = g—l—l, 0<i<n-1
Since
((S+1)+5+1+1=n+3, i=0,
2 2
wt(u;) = 1+%+(1+%)+1:3+i, 2 < i <n—2andi mod2 = 0,
N e
<1+l2 >+“2r F141=34+4 1<i<n—1andimod2 =1,
1+ 242+ (5 +1) =n+4,
2 2
i =0,
<+1>+—|—<2+>+<+1>:n+4—|—2,
wi(v) = 4 \2 2 2 2

2 <i<n-—2andi mod2 =0,

1 —1 1+ 1 n n
P (7 1) (f 1): A+,
(+ 5 )+ (gt +(5+ n+4+i

1<i<n-1landimod2 =1,

169
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the weights of vertices al/,, under the labellingf constitute the sef4, 5, ..., 21+3} and the

function f is a mapping fronV/(M,,) | J E(M,,) into {1, 2,..., g + 1} for evenn.

Case2 —nmod2 = 1.

F(uiuin1) = 1+%(1—imod2),0§i§n—2,
n+1
[ (up_1v9) = 5
1+%, 0 <i<n-—3andimod2 =0,
fiviqa) = 1
n;L + 1, 1<i<n-—2andimod2 =1,
n+1
f(vn—luo) == 2 9
(1, i=0,
f(uivi) = ;
{J, 1<i<n-—1,
n+1
=0
2 ) Z M
flw) =
1, 1<i<n-—1,
\
1
fv) = n—2k +1, 0<i<n-1
Since
1 1
nt +1+1+%:n+3, i=0,
1+Z+<1+Z)+1:3+i, 9 < i <n—1andi mod2 = 0,
wt(u;) = 2 2

N i
(HZz >+lz +1+1=3+i, 1<i<n-2andimod2=1,
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( n+1 n—+1

—}—1—{—1—|—(T—|—1):n+4, i=0,
n+1 1 ] n+1 )
( 5 +1)+§+(1+§)+( 5 +1)=n+4+1i,
wt(v;) = 2<i<n-—1andimod2 =0,
i—1 1+1 n+1 n+1
1 _ ,
(1+ 5 ) 5 ( 5 +1) + ( 5 +1)=n+4+1,
1<i<n-2andimod2=1,
the weights of vertices aol/,, under the labellingf constitute the se{4, 5, ..., 2+3} and the

n+1

function f is a mapping fronV’(M,,) | J E(M,,) into {1, 2., + 1} for oddn.

From cases 1 and 2, the total labellifichas the required properties of vertex irregular total

labelling. We then havevs(M,,) < gw + 1. However, by Theorem 1.2ys (M,,) > PXL:&W

_ [Q”Z 3} — {gw + 1. This concludes the proof.

Figure 2.7 shows vertex irregular total labellingsid§ and M.

Figure 2.7. Vertex irregular total labellings &fy and Mg

Theorem2.8— tes (W3,,) = g + 1.

n .
PrROOF: For0 < i < 5~ 1, we construct a functioyf as follows:

Casel —nmod4 =0
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flo) = 1+—g(1—inmdm,
n .
flu) = 1+ 5 (i mod2),
[ (i) = f(viuips) = 1414,
n .
f (viuﬂ_l) = 5 — 1.
Since
<§+Q+41+n+1:§+3+% i mod2 = 0,
wt(viu;) =
o 1+u+n+(g+¢>:g+3+@ i mod2 = 1,
G+1)+(5 )+(E+1>—%3+2 i, imod2 =0
2 2 ! 2 ) bt -
wt(viviy1) = n n
1+(——Q+1=—+2—@ imod2 = 1,
2 2
<§+1)+ﬂ+0+<§+1>:n+3+u i mod2 = 0,
wt(viuiJrg) =

1+ (1+49)+1=3+1, imod2 =1,

the weights of edges d#/(3,n) under the labellingf constitute the se{?), 4,..., 3771 + 2} and
the functionf is a mapping from/ (W5 ,,) U E(W3 ,,) into {1, 2,..., g + 1} for n mod4 = 0.

Case2 —n mod4 = 2

1+g@mwm, ogigg—&
fui) =
. n n
LH+P“§—0yz—§—Z——L

flu) = 14—%(1—¢modm,



IRREGULAR TOTAL LABELLINGS OF SOME FAMILIES OF GRAPHS

n
1+i £~ =2
i, i£ 22,
f o) = n n
241 == -2
g b TaoT o
f(viuiy) = 5—24—{2/(5—1”, 0§2§§—1,
2414, ogzgg—a
n n
=41, i=——3,-—1,
[ (viuips) = 2 2
n
1 =2
M Z 2
Since
L+u+®+(g+1):g+3+@ ogigg—aamummzzm
(ﬁ+0+ﬁ+(ﬁ+0_§2+2 =21
2 2 "\ TS 'TaoTh
wt(viu;) = n n n
<§+1>+(1+i)+1:§+3+i, 1§i§§—4andimod2:1,
n n n
f—1) Cﬁ Q l=n+1, Y
(2 + (5 1) +1=n+ i=3
( n n n
1 (f—) 1=249_4 <i<?
+ 5 + 2+ 1 0_@_2
n n n
5 1) 2+ (s +1)=n+4 =51
(2+ +—+(2+) n+ 4, i=5-1
wt(vitipy) = n n n 3n n
Z 41 )t =22, 1<i< o
(2+)+% U+5+*) 5 T2 <i<g
n n n
o424 (n41)=n+2 =~ —2

—3andi mod2 = 0,

—4andi mod2 =1,

173
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14+ (24i)+1=4+i Ogigg—5andz’mod2:0,
n n n
+(2+)+(2+) n+ 3, =3 3,
n n n 3n n
D)4 (D4 (1) =" +3 = —1
wi(vuig) = 4 2 TUFETD+GEFD =543 =51
(§+1)+(2+z)+(§+1):n+4+1, 1§z§§—4andzm0d2:1,
n n n
o) 4l41==+1 = —2
(2 )+ 1+ 2+7 1= ;

\

3n
"2
the functionf is a mapping fromV/ (W3 ,,) | E(W3 ) into {1, 2,..., g + 1} for n mod4 = 2.

the weights of edges d¥/(3, n) under the labellingf constitute the se{4, 5,... + 3} and

From cases 1 and 2, the total labellirighas the required properties of an edge irregular
total labelling. We then havees(Ws,,) < g + 1. However, by Theorem 1.Yes(Ws,) >

3n
E 2 5 12 .
P (G?z [+ w — |2 3 = g + 1. This concludes the proof. O

Figure 2.8 shows edge irregular total labelling3iof 12 andWs 14.

Figure 2.8. Edge irregular total labellings1df; 12 andWs 14

Theorem2.9— tvs (W3 ,,) = gw + 1.

PrROOF: For0 <i < g — 1, we construct a functioif as follows:
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Casel —n mod4 = 0.

z‘+1w

f(viwg) = { 5

f (i) = f (viugrs) = £ (v) = £ (w) = 1+ 7 (imod2).

Since
<2+1>+1+1+1:4+2, i mod2 = 0,
wt(v;) =
141 n n n 3n 1+1
4 1 (7 1) (7 1>:7 ’ ‘ :17
TG+ (g+)+(3+ 4 T3+ 5 imod2
1 n n n 1
<2+>+ P R U R imod2 =0
wt(u;) =
i+1 n n i+1
141+ (241) =2 ’ =
5o Tl l (g 1 T3 imod2 =1,

the weights of vertices o3 ,, under the labellingf constitute the sef4, 5, ...,n+3} and the
function f is a mapping fron?/ (W5 ,,) |J E(W3 ,,) into {1, 2,..., % + 1} for n mod4 = 0.

Case2 —n mod4 = 2.
i+ 3 (i mod2)

floiw) = 14 ——0—,
1, i=1orimod2 =0,
2
ntE g =3
[ (wivit1) = 4
2
nte 5<i< " _2andimod2 =1,
4 2
+2 .
[ (vivis) = 1+n4 (i mod?2),
flo) =1,
n—+2
fluw) = +1
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Since
<1+;>+1+1+1:4+;, i mod2 = 0,
2 2
3+1+<++1>+1:”Jr +6, i=1
4 4
_ 2 2
wi(e) =9 44+ (222 ) 4 (PR ) 41226, i =3,
4 4 2
i+3 n-+2 n-+2 1+ 1
1 1 1—7
<+2>+4+<4+>+ SRR
n
5<1 5—2andzmod2_1
)
Tpip1+ (P2 =nt2
4 4
1 =0,
2 2
24141+ () =" s
4 4
1 =2,
n+2 n+2 n+2 ~ 3(n+2)
3+< . —1)+< . +1)+( . +1>_4+4,
1 =4,
wt(u;) = i n+2 n+2 n+ 2 3(n+2) i
6<i g—landzmodz_()
2 2
31+ (D) 4 (B2 ) =2y,
4 2
1 =1,
1+ 3 n+2 n—+ 2 1+ 1
1 1+1 — +1
<+2>+++<4+> it
3<z<§—28ndzmod2—1

. . . . 3 2
the weights of vertices di/3 ,, under the labelling’ constitute the se{zl, S (n:) + 4} U
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4 4
n-+2

{3(n+2) +6, 3(n+2) +7,...,n+ 4} and the functiory is a mapping fronV (W3 ,,) | E(W3 )

into{l,z,..., +1}forn=2mod4.

From cases 1 and 2, the total labellifighas the required properties of vertex irregular to-
tal labelling. We then havevs(Ws,,) < [5 + 1. However, by Theorem 1.2ps (W3,,) >

V|46 n+3 n .
= = — . . D
{ ALl 1 [4-‘ + 1. This concludes the proof

Figure 2.9 shows vertex irregular total labellings/§ 1o andWs 14.

Wi 12

Figure 2.9. Vertex irregular total labellings @f3 12 andW3 14

Theorem2.10— tes (H,, (Gp)) = 2n + 1.

PrROOF: We construct a functioif as follows:

fla))=f(bi) = 1, 0<i<n-—1,

flei)=f(di)) = 2n+1, 0<i<n-—1,
[lady) = feidy) = 1+74, 0<i<n-—1,
f(bid;) = f(ciciv1) = n+144, 0<i<n-—1,

flaai41) = 1414, 0<i<n-2,

f (an_lbo) = nfor H,,
(f(anflaO) = nfor Gn)7
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f(bn_lao) = 2nfor H,,

(f(bp—1bg) = 2nforGy).

Since
wt(aid;)) =1+ (1+0)+ (2n+1) =2n+ 3 +1, 0<i<n-—1,
wt(bid)) =1+ (n+14+4d)+2n+1)=3n+3+1, 0<i<n-—1,
wt(cd;)) =2n+ 1)+ (1+49)+ 2n+1) =4n+ 3 + 14, 0<i<n-1,
wt(ajaip1) =1+ (1+1i)+1=3+1, 0<i<n-—2

wt(an—1bg) =1+n+1=n+2for H,,

(wt(ap—1a0) =1+n+1=n+2forG,),

wt(bibiz1) =1+ n+1+i)+1=n+3+1, 0<i<n-—2
wt(bp—1a0) =14 2n+ 1 = 2n+ 2 for H,,

(wt(bp—1bp) =14 2n+ 1 =2n+ 2for G,),

wt(cicit1) =2n+1)+(n+14+i)+(2n+1)=5n+3+i, 0<i<n-—1,
the weights of edges df,, under the labelling’ constitute the seft3, 4, ..., &1+2} and the function
fis amapping fronV (F,,) |J E(F,,) into{1,2,...,2n + 1}.

The total labellingf has the required properties of an edge irregular total labelling. We then have

E 2 2
tes(Fy) < 2n+ 1. However, by Theorem 1.1¢s(F;,) > P(G??Hw = [671; W =2+ 1.

This concludes the proof.
Figure 2.10 shows an edge irregular total labellinggf

Theorem2.11— tvs (Hy, (Gp)) = n + 1.
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Figure 2.10. An edge irregular total labelling 8%

PrROOF: We construct a functioif as follows:

f(aiaiﬂ) = 1, OSiSH—Q,

f(bibiy1) = 3+2BJ, 0<i<n-—-2,

f(an—lbl)) = f(bn—1a0) = 1for Hna

(f(an_lao) = f(bn_lbo) = 1for Gn),

fleicipr) = f(bi) = f(a) = n+1, 0<i<n-—1,

fla) = 1+2[§J i/ (n —1)], 0<i<n-—1,

Fld) = 14+20i/(n—1)](nmod2),  0<i<n—1,

Flads) = f(ads) = 144, 0<i<n-—1,

fbidi) = n—4i, 0<i<n-—1.

Since

14+ (1+i)+1+1=i+4, 0<i<n-—2,

wifas) = 1+n+1+(1+2[gD:n+2gJ+3, i=n—1,
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l+n+3+(n+1)=2n+5, i=0,

B+@GE—2)+Mn—i)+B+i)+(n+1)=2n+5+1,
2 <i<n-—2andi mod2 =0,

wt(bi):
Br—1)+n—i)+B+G—1)+(n+1)=2n+5+4,
1<i<n-3andimod2 =1,
<3+2V;2D+(n—i)+1+(n+1):n+2LZJ+4, i=n-—1,
wt(e;)) =n+1)+1Q+i)+n+1)+(n+1)=3n+4+1, 0<i<n-—1,

wi(d;) = (1+4)+ (n—1d)+ (1+1) + (1 +2]i/ (n— 1)] (n mod2))

=n+3+i+2|i/(n—1)] (nmod2), 0<i<n-1,
the weights of vertices of}, under the labellingf constitute the sef4, 5, ..., 4+3} and the
function f is a mapping fronV/ (F,) | E(F,,) into {1,2,...,n+ 1}.

The total labellingf has the required properties of vertex irregular total labelling. We then have

‘X':ﬂ [4”1 3} — n+ 1. This

tvs(F,) < n + 1. However, by Theorem 1.2ys (F,,) > [

concludes the proof.

Figure 2.11 shows vertex irregular total labellingsHyf and Hg.

Figure 2.11. Vertex irregular total labellings Bt and Hg
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