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Let R be an associative ring. An additive mappifig: R — R is called a generalized
derivation if there exists a derivatiah: R — R such thatf(xzy) = f(z)y + zd(y), for all

z,y € R. Inthis paper, we explore the commutativity of semiprime rings admitting generalized
derivationsf andg such that one of the following holds for ally € R. Let (f,d) and @, h)

be two generalized derivations &. (i) f(z)y = zg(y), (i) f([z,y])=F[z,y], (i) f(zoy)

= Fxoy forall x,y € R.
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1. INTRODUCTION

Let R denote an associative ring with center For anyz, y € R, the symbol {, y] stands for the
commutatorry — yx and the symbokoy denotes the anticommutatey + yx. Recall that a ring
Ris prime ifxRy = {0} impliesz = 0 ory = 0 andR is semiprime ifzRx = {0} impliesz = 0.

An additive mapping! : R — R is called a derivation iti(zy) = d(z)y + xd(y) holds for all
x,y € R. For afixeda € R, the mappind, : R — R given byl,(z) = [a, x] is a derivation
which is said to be an inner derivation. L&tbe a nonempty subset &. A mappingF from R

to R is called centralizing oi$ if [F(x),z] € Z for all x € S and is called commuting of if
[F(x),z] =0forallz € S. The study of such mappings was initiated by Posner in [2]. In [5], Daif
and Bell established that if in a semiprime riRgthere exists a nonzero ideal &fand derivation
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d such thatd([z,y]) = [z,y] for all z,y € I, thenI C Z. During the past few decades, there has
been an ongoing interest concerning the relationship between the commutativity of a ring and the
existence of certain specific types of derivationgiof

Recently, Bresar [6], defined the following notation. An additive mapgind? — R is called
a generalized derivation if there exists a derivationR — R such that

f(zy) = f(z)y + zd(y), for all z,y € R.

One may observe that the concept of generalized derivation includes the concept of deriva-
tions, also of the left multipliers whes#h= 0. Hence it should be interesting to extend some results
concerning these notions to generalized derivations. It is natural to ask what we can say about the
commutativity ofR if the derivationd is replaced by a generalized derivatipnSome recent results
were shown on generalized derivations in [1, 4, 6, 7 and 8].

In the present paper, we shall attempt to generalize some known results for derivations to gen-
eralized derivations of semiprime rings. In Theorem 1, we extend a well known result of Posner [2,
Lemma 3] to generalized derivations of semiprime rings. In Theorem 2 is extension of [5, Theorem
3] and Theorem 3 is an anologues of Theorem 2.

2. RESULTS

Throughout the paper, we make some extensive use of the basic commutator idgntiiel,
= ylx, z] + [z, y]z and[zy, 2] = [z, 2]y + z]y, z]. We denote a generalized derivatipn R — R
determined by a derivatiahof R by (f,d). If d = 0thenf(zy) = f(z)y for all z,y € R and there
existsqg € Q,(R¢) (aright Martindale ring of quotients) such thétr) = gz, for allz € R by [1,
Lemma 2]. So, we assume that£ 0. For semiprime rings, this impliesis nonzero.

In the following we state a well known fact as:
Remarkl : Let R be a prime ring. For a nonzero element 7, if ab € Z, thenb € Z.

Theoreml — Let R be a semiprime ring, (f, d) and (g, h) be two generalized derivations of R.
If f(x)y = xg(y) for all x,ye R, then R has a nonzero central ideal

PROOF: By the hypothesis, we gef(z)y = zg(y) and f(y)z = yg(z) for all z,y € R.
Combining these two equations, we have

f@y+ fly)r = xg(y) +yg(x),for all z,y € R. (2.1)

Takingzy instead ofr in (2.1), we obtain

F@)y? + zd(y)y + f(W)zy = zyg(y) + yg(x)y + yzh(y).
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Using the hypothesis in the above relation, we get

rg(y)y + xd(y)y +yg(x)y = vyg(y) + yg(x)y + yxh(y)

and so

z[g9(y), y] = yzh(y) — zd(y)y, for all 2,y € R. (2.2)

Letr € R. Replacinge by zr in (2.2), we have

rrig(y),y] = yxrh(y) — zrd(y)y, for all 2,y € R.

Using (2.2), we get
[z,y]rh(y) = 0,for all z,y,r € R. (2.3)

Replacingz by h(y) in (2.3) yields[h(y), y]rh(y) = 0. In particular,[h(y), y]ryh(y) = 0 and
also,[h(y), y]rh(y)y = 0. Hence combining the last two relations, we conclude[th@a), y| R[h(y), y]
= {0} for all y € R. By the semiprimeness dt, we get[h(y),y] = 0 for ally € R. ThereforeR
has a nonzero central ideal by [3, Theorem 3].

Corollary 1 — Let R be a prime ring, £, d) and (g, k) be two generalized derivations &% If
f(z)y = zg(y) for all z,y € R, thenR is commutative.

Theorem2 — Let R be a semiprime rind, d) and (g, h) be two generalized derivations &f
If f(x)x = xzg(x) for all z € R thenR has a nonzero central ideal

PrROOF: Replacingr + y by « in the hypothesis, we have

f@)y+ f(y)z = 2g(y) +yg(z),forall z,y € R. (2.4)

Takingxy instead ofr in (2.4), we get

f@)y? + zdy)y + f(y)zy = zyg(y) + yg(x)y + yzh(y)
and so
(f(x)y + fy)x)y + 2d(y)y = vyg(y) + yg(x)y + yrh(y). (2.5)

Using (2.4), we obtain

z[g9(y),y] = yxh(y) — zd(y)y, for allr,y € R.

By the same method in Theorem 1, we complete the proof. O

Corollary 2 — Let R be a prime ring( f, d) and(g, h) be two generalized derivations &f If
f(z)x = zg(z) forall z € R, thenR is commutative.
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Theorem3 — Let R be a semiprime ring,f(; d) be generalized derivation @t. If (f, d) satisfies
one of the following conditions the® has a nonzero central ideal

) f([z,y]) = [z,y] forall z,y € R.
(i) f([x,y]) = =[x,y forall z,y € R.
(iii) For eache, y € R, eitherf([z,y) = [z,y] or f([x,y]) = —[z,y].

PROOF: (i) For anyz,y € R, we havef([z,y]|) = [z, y] which gives

f(@)y +xd(y) — f(y)z — yd(x) = [x,y],for all z,y € R. (2.6)

Replacingy by yz, z € R in (2.6), we get

f(@)yz + 2d(y)z + xyd(z) — f(y)ze — yd(2)z — yzd(z) = [z,y]z + y[z, 2].

Using (2.6) to substitut¢(z)y + xd(y) in the last equation, we obtain

fy)zz + yd(x)z + 2yd(2) — f(y)zz — yd(2)z — yzd(z) = y[z, 2].

This can be written as

f@W)[z, 2] + yld(z), 2] + [z, yd(2)] = y[z, 2], for all z,y, z € R. (2.7)

Takingz instead ofz in (2.7), we obtain

[z,y]d(z) = 0,for ally, z € Z. (2.8)

Substitutingry for y in (2.8) and applying (2.7), we arrive at

[z,r|yd(z) = 0, for all y,r, z € R.

Replacingr by d(z) in this equation, we have, d(z)]yd(z) = 0. In particular(z, d(z)]yzd(z)
=0and alsdz, d(z)]yd(z)z = 0. Hence combining the last two equations, we[gel(z)| R|z, d(z)]
= {0}. By the semiprimeness at, we obtain tha{z, d(z)] = 0, for all = € R and so,R has a
nonzero central ideal by [3, Theorem 3].

(i) can be proved by using the same techniques.

(iii) For eachr € R, we put

Ry ={y € R|f([z,y]) = [z,y]} and Ry = {y € R|f([z,y) = —[z,y]}.

The sets of for which R = R, andR = R}, are additive subgroups @, so one must be equal
to R and thereforeR satisfiesi() or (ii). We have completed the proof. O
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Corollary 3— Let R be a semiprime ring f( d) be generalized derivation &. If (f, d) satisfies
one of the following conditions theR has a nonzero central ideal.
() f(zy) =xyforall z,y € R.
(i) f(xy) = yzxforall z,y € R.
(iii) For eache, y € R, either(zy) = zy or f(zy) = yx.

Corollary 4 — Let R be a prime ring, {, d) be generalized derivation @t. If (f,d) satisfies
one of the following conditions theR is commutative.

(i) f(xy) =xyforallz,y € R.
(i) f(xy) = yzxforall z,y € R.
(iii) For eache, y € R, eitherf(xy) = zy or f(xy) = yx.

Theorem4 — Let R be a semiprime ring, i d) be a generalized derivation a?. If (f,d)
satisfies one of the following conditions thBrmas a nonzero central ideal

(i) f(xoy) = zoy forall z,y € R.
(i) f(xoy) = —xoy forall z,y € R.
(iii) For eache,y € R, either f(zoy) = zoy or f(xzoy) = —zoy

PROOF: (i) Suppose thaf(zoy) = xoy for all x,y € R. Then we have

f(@)y+ zd(y) + f(y)x + yd(x) = zy + yx, forall z,y € R. (2.9)

Replacingy by yz in (2.9), we get

f@)yz + zd(y)z + zyd(x) + f(y)2® + yd(z)x + yed(z) = zyz + ya*. (2.10)

Right multiply (2.9) byz, we obtain

f(@)yz + zd(y)x + fly)a® + yd(z)z = zyz + ya?. (2.11)

Combining (2.10) and (2.11), we arrive at
(zy +yz)d(x) =0, forall z,y € R. (2.12)

Takingry instead ofy in (2.12) yields thatxry + ryx)d(x) = 0. Left multiply (2.12) byr, we
have(rzy + ryx)d(x) = 0. Combining the last two equations, we find that
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[z, r]yd(z) =0, forall z,y € R.

As in the proof of Theorem 3(i), we can see that d is commutind?orSo, R has a nonzero
central ideal by [3, Theorem 3].

(i) Similarly.
(iii) The argument used to prove Theorenii B(vorks here as well. O

Corollary 5 — Let R be a semiprime ring, f{ d) be a generalized derivation &. If (f,d)
satisfies one of the following conditions thé&has a nonzero central ideal Bris commutative.

(i) f(2?) =22 forallz € R.
(i) f(2?) = —22forallz € R.

PROOF: (i) By the hypothesig ((z + y)?) = (z +y)? for all z,y € R. Thatis

f@? +zy +yz+ %) = 2% + 2y +yr + o

f@®) + flay +ya) + f(y°) = 2* + a2y + yz + ¢

and so

f(zoy) = xoy, for allx,y € R.

Now, if f =0, thenzoy = zy + yx =0, for allz,y € R. Replacingy by ¢z in this relation, we
getryz + yzx = 0 and alsqy[z, z] = 0, for allz,y € R. SinceR is semiprime ring, we geftr, z|
= 0, and saR is commutative. Hence, we may assujhet 0. By Theorem 4i), R has a nonzero
central ideal.

(i) Similarly.

3. SOME OTHER RESULTS

We now propose to extend these results of Section 2 @annonzero ideal of semiprime ring.
Parallel results are be obtained using the same techniques.

Theorem5 — Let R be a semiprime ringl/ a nonzero ideal of?, (f,d) and (g, h) be two
generalized derivations oR such thath(U) # 0. If f(x)y = zg(y) for all z,y € U, thenR
contains a nonzero central ideal
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PrROOF: Using the same method with y € U in Theorem 1, we get

[z, y]Uh(y) = {0}

so that
[z,y]U[h(y),y] = {0}, forall z,y € U.

Replacinge by zh(y), we obtainU [h(y), y]U[h(y),y] = {0}, so thatU[h(y), y] is a nilpotent
left ideal, hence is trivial. It follows thdt.(y), y|U[h(y),y] = {0} for all y € U. But an ideal of
semiprime ring is a semiprime ring, affdy), y] € U for all y € U. Thereforgh(y), y] = 0 for all
y € U, and the theorem follows by [3, Theorem 3]. O

As an immediate consequence of the theorem, we have

Corollary 6 — Let R be a prime ringlU a nonzero ideal oR, (f,d) and(g, h) be two gen-
eralized derivations ot such thath(U) # 0. If f(x)y = zg(y) for all z,y € U, thenR is
commutative.

Theorems 2, 3 and 4 have similar extensions.

Theorem6 — Let R be a semiprime ringl/ a nonzero ideal of?, (f,d) and (g, h) be two
generalized derivations oR such that:(U) # 0. If f(x)z = zg(z) forall z € U, thenR contains
a nonzero central ideal

Corollary 7 — Let R be a prime ringlU a nonzero ideal oR, (f,d) and(g, h) be two gen-
eralized derivations o such thath(U) = {0}. If f(z)x = zg(z) for all x € U, thenR is
commutative.

Theorem7 — Let R be a semiprime ring,/ a nonzero ideal oR, (f, d) be generalized deriva-
tion of R. If (f, d) satisfies one of the following conditions thRrhas a nonzero central ideal

() f([z,y]) = [x,y] for all z,y € U.
(i) f([x,y]) = —[z,y] forall z,y € U.
(ii) For eache, y € U, eitherf([x,y]) = [z,y] or f([z,y]) = —[z,y].

Corollary 8 — Let R be a semiprime rind/ a nonzero ideal oR, (f, d) be generalized deriva-
tion of R. If (£, d) satisfies one of the following conditions th&has a nonzero central ideal.

() f(zy) =axyforallz,y € U.
(i) f(xy) =yxforall z,y € U.

(iii) For eachr, y € U. eitherf(zy) = zy or f(zy) = yz.



198 OZNUR GOLBASI

Corollary 9 — Let R be a prime ring[J a nonzero ideal oR, (f, d) be generalized derivation
of R. If (f,d) satisfies one of the following conditions th&nis commutative.

() f(zy) =axyforallz,y € U.
(i) f(xy) = yzxforall z,y € U.
(iii) For eache, y € U, eitherf(zy) = zy or f(xy) = yz.

Theorem8 — Let R be a semiprime ringl/ a nonzero ideal of?, (f,d) be a generalized
derivation of R. If (f,d) satisfies one of the following conditions th&nhas a nonzero central
ideal

() f(xoy) = zoy forall z,y € U.
(i) f(zoy) = —zoy forall x,y € U.
(iii) For eache, y € U, either f(zoy) = zoy or f(xoy) = xoy.

Corollary 10 — Let R be a semiprime ringl/ a nonzero ideal o2, (f, d) be a generalized
derivation of R. If (f,d) satisfies one of the following conditions théhhas a nonzero central
ideal.

(i) f(2?) =22 forallz € U.

(i) f(2?) = —z?forallz € U
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