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In compressible multi-phase flow models closure or the proper definition of averages of non-
linear terms is a central problem. Here we compare various proposed closures. We introduce
physical constraints closures should satisfy to conserve the total energy and phase entropy and
to satisfy boundary conditions at the edges of the mixing zones. We find one closure which
satisfies these constraints.
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1. INTRODUCTION

1.1.Background

Multiphase flow has been the subject of intense investigation over the past fifty years [29, 9,
27]. The equations of multiphase flow are generally derived by an averaging process applied to
a microphysical description of distinct fluids separated by sharp interfaces. Averaging of nonlinear
terms introduces an essential difficulty into multiphase flow, as does in related subjects such as
turbulence modeling. This problem is known as the closure problem, since the unknown averages
of nonlinear expressions must be replaced by some expression written in terms of the averaged
variables, to yield a closed set of equations. Different choices of closures, appropriate for distinct
flow regimes, contribute to the number of different multiphase flow equations.

Multiphase equations also differ in the (primitive) variables selected for averaging. For the first
order closures, as are generally considered for multiphase flow, these would be averages of the con-
served variables (density, momentum, energy) of each species. Possible additional variables would
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be the volume fractions and surface areas. Reduced models result from enforced constraints among
these variables, such as common temperatures, pressures, or velocities among the species. The fully
reduced model, in which all temperatures, pressures and velocities are equilibrated, is known as
atomic mix. We refer to models assuming equilibration among one or two of these variables as in-
termediate models, and the complete model, with a complete set of independent variables for each
species is denoted the chunk mix model, or the complete first order multiphase closure.

A continuous interpolation among these models is obtained by the inclusion of relaxation terms

Cdrag

Brr (Brepr + Brprr) [onr — vi| (v — v) (1.1)

Lmicro
added to thé:-species momentum equation. For consistency, the terms
C(drag
TP (Brpi + Bropi) [vgr = vk] (o = o)y (1.2)
micro
should be added to thespecies energy equation. Finally the term

Cdrag
L2

micro

B (Thr — Ti,) (1.3)

can be added to the energy equation. HErds the temperature of pha$e Cipermar IS an ef-
fective thermal conductivity coefficient and,;., iS a particle size length scale. Then the limits
Clihermal /L?nicro — 00 and Cyrag/ Lmicro — 00 €nforce thermal, pressure and velocity equilibra-
tion. See also [5].

The intermediate models with pressure and possibly thermal equilibrium have two fundamen-
tal problems. As formulated here, they are mathematically and numerically unstable, with complex
characteristics for time propagation. As normally considered, with regularizing tegmfom vis-
cosity for numerical stabilization, the magnitude of the coefficients governing the regularization is
determined by numerical stability considerations rather than by physical measurements. The result
is a possibly overly smoothed solution of a possibly overly diffusive model. An additional problem
for these intermediate models is a loss of thermodynamic completeness for the individual species.
This deficiency is accommodated by some assumption, for example of an isentropic equilibration
to the thermodynamically constrained values. The thermodynamic assumptions of the intermediate
models are rarely documented, and since they are intended for use in cases (for examples with shock
waves) where entropy is not conserved, the resulting errors are also not generally examined. See
the discussion in [7]. These problems not withstanding, intermediate models are widely used [30,
31, 16, 25]. The Scannapieco-Cheng model [26] is intermediate in the sense that it is defined by
partial pressure but only a single global pressure and a single global temperature. It none-the-less
avoids both of these difficulties. It is hyperbolic (mathematically stable) in the sense considered
here, and each partial pressure is defined by the laws of thermodynamics for its own species. The
thermodynamics of this model is that of atomic mix.
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Turbulence (single phase) models generally use a second order closure, so that the second order
moments of the primitive variables satisfy their own dynamical equations. The complete second
order velocity moments define the Reynolds stress tensor [21] and in the compressible case, other
second order moments are needed also [16]. This model is generally too cumbersome, and interme-
diate models such as the(turbulent kinetic energyd (turbulent energy dissipation rate) are more
popular. Combined multiphase turbulent models [31] are also considered.

Additional classes of multiphase flow equations result from consideration of specialized flow
regimes with restrictions on the volume fraction and/or density ratios. Bubbly flow refers to small
volume fractions of a light fluid (gas) in an ambient heavy fluid [2, 3] while the dusty gas regime
describes small volume fractions of heavy particulates in a light gas [27, 10].

We are interested in modeling the full range of volume fractions, and we consider the chunk
mix closure, that is the full or complete first order closure. We note that this closure in some sense
contains the others as limiting cases. It has been used in this sense to derive a two temperature
closure which is velocity and pressure equilibrated [7]. Our purpose is to present a series of re-
quirements or constraints a complete multiphase closure should satisfy, starting from a principle of
spatial homogeneity of the closure equations, and to find a unique closure which satisfies all of the
constraints imposed.

1.2 Summary of Results

We discuss here two-pressure two-phase flow models proposed by Stewart and Wendroff [28], Ran-
som and Hicks [22], Che#t al. [4, 14], Saltzet al. [24] and Jiret al. [18, 19]. The models govern-

ing the evolution of the fluid mixing are obtained by applying an appropriate averaging procedure
to the microphysical equations [9]. They have distinct phase pressures and lead to hyperbolic mod-
els, eliminating mathematical difficulties of complex characteristics associated with single pressure
flow models [17]. The derivation of averaged equations leads to undefined averages of nonlinear
functions of the primitive variables. These quantities must be modeled to close the system of equa-
tions. Closure of the averaged equations requires constitutive modeling of interfacial and fluctuation
effects. In§2 we introduce constraints, based on conservation principles and boundary conditions
that these closures should satisfy.

Our main result is given 3. We find one closure which satisfies all the conservation and
boundary constraints for the continuity, momentum and energy equations. Based on exact expres-
sions for the interfacial terms, integral identities are proposed to define closures. The model pro-
posed here is based on the representation of interfacial quantities in terms of convex sums of the
guantities corresponding to the individual phases [4] and in these convex sums, the use of fractional
linear forms to represent the convex coefficients [14, 24]. The closure is based on an assumed ab-
sence of internal length scales within the mixing zone. It assumes a mixing zone homogeneity. It
allows common and important scale breaking phenomena in the equations of motion. The closure,
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discussed i3 and [18, 19] is a maodification of the chunk mix models [4, 14, 24], and is based on
the same set of physical ideas and motivations. Thus we refer to the model discussed here as the
chunk mix model.

The applicability of the model includes acceleration driven mixing processes for a chunk flow
regime. Acceleration driven mixinge(g., Rayleigh-Taylor, Richtmyer-Meshkov instabilities) is
characterized by well defined coherent structures which occupy the outer portions of the mixing
layer. These are the bubbles of light fluid and the spikes of heavy fluid each penetrating into the
opposite fluid type. The central portion of the mixing layer is typically broken up into smaller
structures. The phenomenology usually associated with multiphasé .#qovadded mass and drag,
is here taken from an assumed motion of the mixing zone edges, which are themselves governed
by buoyancy drag equations, see [14, 15]. With this as phenomenological input, the model has no
adjustable parameters. Implicitness in this closure is the buoyancy, drag and added mass effects
normally treated phenomenologically [9, 13, 20].

The chunk mix closure satisfies the entropy constraint [9] required as a hecessary and sufficient
condition for the positivity of an entropy of averaging. The system of the two phase flow model has
been analyzed by a characteristic analysis [17]. The system leads to a hyperbolic model and closes
mathematically.

Comparison to previous proposals [14, 22, 28] for the closures is discus§éd Ve classify
inappropriate closures which violate the required closure constraints.

1.3 The Primitive Equations
Two-phase flow equations are derived by applying an average process to the microscopic dynamics.

We average the advection law

0X
Ttk -+ Ving - VXk =0 y (14)

with v;,e the microphysical velocity evaluated at the interface (the velocity component normal to
the boundan X}, is continuous so that,; - VX is well defined). The functioX, is the phase
indicator for materiak (k = 1,2); i.e., Xk (¢, x) equalsl if positionx is in fluid £ at timet, zero
otherwise. It was shown [9] thaf, satisfies (1.4). We also average the microscopic continuity and
momentum equations

dp
et . = 15
T V. pv 0 (1.5)
0
(gtv) FV.pvv = —Vp+pg (1.6)
and one form of the energy equations
E
p )—i-V-va:—V-pv—i-pV-g, (1.7a)

ot
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d(pe)

51 +V.pve=—pV- v, (1.7b)
a(gf) +V.pvS=0. (1.7¢c)

Here the dependent variablesv, p, e, S, E, andg denote, respectively, the density, velocity,
pressure, internal energy, specific entropy, total energy &ith e + v2/2, and gravity.

1.4The Averaged Equations

The chunk mix two-phase flow model is a stochastic description of chaotic interpenetration of two
inviscid non-heat-conduction fluids. We are here concerned with chunk mix, a flow regime charac-
terized by large scale coherent mixing structures (bubbles of light #tid), on the order of the
thickness of the mixing zone, and by short time scales, so that relaxation terms are omitted. An
ensemble average is applied to the micro equations (1.5)-(1.7c) to derive macro equations. There
is a choice of averaging the total energy [24], internal energy [4, 14] or entropy [22, 28] equations
(1.7). These averages give distinct equations, which differ by triple correlations only, and so they
should have similar solutions. The triple correlations which mark the difference between the three
sets of equations occur in the energy equation. Thus the same incompressible limit discussed in [12]
applies all three averaged equations.

The entropy in the energy averaged equations and the energy in the entropy conserved equations
are not obviously conserved. These models differ in the variables after averaging and in the closure
assumption. Thus conservation is a constraint on the allowed closures. We discuss the conservation
constraints ir§2.1.

Multiphase equations for the phakere obtained by multiplying (1.5)-(1.7c) by, and per-
forming an ensemble average. In this derivation we follow the ideas of [9]. We denoted the ensemble
average(-). The average of the indicator functiofy, is denoted3;, = (Xy); Ok(z,t) is then the
expected fraction of the horizontal layer at heighhbat is occupied by fluid at timet. Averaging
removes most discontinuities from the solution. Specifically, althakighs discontinuousgy, is
not.

For other variables, we use two types of averaging. The phase average of a vaitatiddined
by

X
fr = < kf> ’ (1.8)
Bk
and the phase mass-weighted average is defined as
X
£ = (Xkpf) ‘ (1.9)

(Xkp)
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In the averaged equations, only two variables, the averaged densities and the averaged pressures,
are defined by the phase weighted average (1.8). All other averaged variables are defined by the
phase mass-weighted average (1.9).

Applying the ensemble average to egs. (1.4)-(1.7c), we obtain the one-dimensional two-pressure
two-phase flow averaged equations

OBk n « OBk _o

9(Brpr) O(Brprvr)
AP SRR o, (1.11)
0 0 0 15)
(Brpror) + (Brprvrvr) N (Brpr) _ Br t Biprg (1.12)
ot 0z 0z 0z

for the advection of the volume fraction and for conservation of mass and momentum. We also have
one and only one of the energy equations

9 E B E 9 0
(ﬁkgf K (ﬁk/gjk K (6%19;%) _ (pv)*% + Brprvrg,  (1.13a)
O(Brprer) | O(Brprvker) O(Bror)  _ « OBk
5 + 9z + Dk 92 = (pv) 92’ (1.13b)
O(BrprSk) n OBrpronSs) _ (1.13c)

ot 0z

for the volume fractiors,, velocity vi., densitypy, pressurey,, entropysSy, internal energy, and
total energyE), of phasek. Hereg = ¢(t) > 0 is the gravity. The quantities*, p* and (pv)* are
the averaged quantities at the interface,

. (v -VXy) . (pn3-VXy)

v <I13‘V)(k>7 p= <H5VXk> ’ (p?))*:

(pv - VXy)

VxS (1.14)

whereng is the unit normal vector in the preferred direction.

The definitions (1.14) are fundamental to all that follows. They are mathematically exact con-
sequences of the averages of egs. (1.4)-(1.7c¢) and specify the quantities (the RHS of (1.14)) that are
to be approximated in a definition of closure to complete the averaged equations (1.10)-(1.13). In
[18, 19] a mathematically exact expression for eathy = v, p, pv, has been derived indepen-
dently of any closure assumptions. The derivation leads to a natural formulation of closures for the
constitutive laws. Here we recover these formulag3n

Egs. (1.13a)-(1.13c) are three possible energy equations, directly averaged from different for-
mulations of the microphysical energy equations of these three equations; and only one is to be
used. Obviously, the total energy closure (1.13a) and entropy closure (1.13c) show total energy and
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phase entropy conservation, respectively. But the entropy in the total energy closure (1.13a), the
total energy and entropy in the internal energy closure (1.13b) and the total energy in the entropy
closure (1.13c) are not obviously conserved. We examine conservation of the energy or entropy for
the three cases and derive conservation constraiigis in

Multiphase closures have been studied systematicallye $£49]. The interfacial forces be-
tween the phases, here expressed by the téfin; /0= are often divided into separate effects to
reflect added mass, drag, and buoyancy force terms. A remarkable feature of the equations proposed
here is the fact that they are solvable in closed form in the incompressible limit [13]. Specifically, the
closed form expression fgr* [13] contains three types of terms, readily identified as correspond-
ing to added mass, drag, and buoyancy related to the edge motior,. fdihese exact analytic
expressions are somewhat cumbersome, but simple approximations to them should yield in effect
a mathematical derivation of conventional, but phenomenological closures. These step out of the
scope of the present paper.

2. CLOSURECONSTRAINTS

We identify all closure constraints. We show that they are incompatiblecannot be realized. We
identify the problem associated with the entropy of averaging. The macroscopic entropy expressed
as the entropy of the averaged variables cannot and should not be conserved. We derive a modified
set of constraints, which are satisfied.

2.1Conservation Constraints

In this section we examine conservation of the total energy or phase entropy for each case of the
entropy, internal energy and total energy closure. We derive conservation constraints which are
required to conserve the entropy in the total energy closure (1.13a), the total energy and entropy
in the internal energy closure (1.13b) and the total energy in the entropy closure (1.13c). These
constraints are summarized in Table 1 and revisited in Table 2. Conservation of jphaesss,

total momentum and total energy is a fundamental restriction on any nondissipative system, such as
(1.5)-(2.7c); similarly conservation of phase entropy is fundamental for adiabatic (smooth) flows.
Aside from entropy, these conservation properties result from the derivation of (1.11)-(1.13c) from
the conservative microphysical equations (1.5)-(1.7c). Conservation of phasass is seen from

the absence of source terms in (1.11). Conservation of total momentum is seen from the reversal
of sign in the (1.12) source terms, namelpS,/0z = —p*0F2/0z since; + B2 = 1 and

d(B1 + B2)/0z = 0. Similarly conservation of total energy results from the reversal of signs in
(1.13a). However, conservation of phasentropy, likewise a basic property of smooth (adiabatic)
flows, raises basic questions addressed as a central issue of this paper.
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Table 1: Closure constraints

Conservation constraints
Closure Constraints
Total energy averaged| Total energy: automatic
Phase entropy:-prv* + prvr — p*vg + (pv)* =0
Internal energy averagedTotal energyp*(v; — v2) — p1v1 + pave =0
Phase entropy:-piv* + (pv)* =0
Entropy averaged | Total energyp*(vi — v2) + v*(p1 — p2) — p1v1 + p2va =0
Phase entropy: automatic
Boundary constraints

v =g, pF = pr, (pU)* =prog atz = 7y,

We assume the thermodynamic relation is satisfied for the averaged quantities,

1
Ty.dSy, = dey, + pi. d(p) . (2.1)
k

The total energy closure (1.13a) reduces to the internal energy equation

O(Brprer) | O(Brprvrer) Ov, . OBk OB
T P e A Y PR 2.2)
and the entropy equation
0 S 0 VS
(ﬂkaptk k) + (ﬂkgkz k k) _ T%C [pkaa% + (pkvk _p*vk)aai: + (pv>*88% (23)

for smooth solutions by using (2.1). HeSg = Sk(ex, pr) is the entropy expressed from the fluid
k EOS and the averaged total enefgy and density,, of fluid £ using the additional definition of
the internal energy, = Ei, — vz/2. From (2.3), the entropy of each phase is conserved if

0 * * *
% [=prv™ + prvk — prug + (pv)*] = 0. (2.4)

This calculation justifies the first line of Table 1. Similar calculations, based on (1.13b) and

(1.13c) give the next two lines.

The difference between the internal energy and entropy closure, (1.13b) and (1.13c) results from
the triple correlation in (1.14). In [4], the right hand side of (1.13b) is derived by use of the identity

—(XppV -v) = — (V- (Xgv)) + (pv - VXy)
= (V- (X)) = (P —pe)V - (Xpv)) + (pv - VXi) . (2.5)
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The second term in (2.5) represents a truncated correlation and it can be set to zero because the
numerical data shows that this truncated correlation is small. We examine the energy equation when
the same correlation is used in the last term of (2.5). Calculations show

—(XkpV - v) = — pp (V- (Xgv)) = ((p — )V - (Xiv))

+ pr(v-VXg) +((p—pr)v-VXy)

_ I(Bro) « OBk
- T b 0z +PRY 0z

by assuming(p — px)V - (Xrv)) and((p — pr)v - VX}) are negligible. The replacement of (2.5)
by (2.6) gives the internal energy equation derived from (1.13c). Thus the entropy closure (1.13c)
and internal energy closure (1.13b) differ by triple correlations only.

(2.6)

2.2 Mixing Zone Boundary Constraints on Closures

We introduce mixing zone boundary conditions which closuregfpy = v, p, pv, should satisfy.

The height at whichs;, (52) vanishes is labeled the lower (upper) edge of the mixing zone, and it
corresponds to the tip of the frontier portion of light (heavy) fluid in the microscopic flow. Therefore
the average™ of the fluid quantityy must equaly; (¢2) at the lower (upper) mixing zone edge=

Z1(t) (= = Z,(t)). Consistency with the microphysical equations leads to mixing zone boundary
constraints, see Table 1.

2.3Incompatibility of Conservation and Boundary Constraints

The conservation constraints in Table 1 provide a closurgfor (pv)*. The closure fails to satisfy
the boundary conditions in Table 1, or it is dependent of the phasethe closure is unreasonable.
Thus Table 1 is inappropriate to define closures.

First, the total energy closure requires the constraint (2.4) to achieve entropy conservation. Then
the closure

(pv)* = prv™ + P v — pruk (2.7)
must be satisfied. It is dependent of the flbidnd it implies an incorrect closure.

The internal energy closure requires the identities in Table 1 to conserve the total energy and
entropy. The identities determine that

p* _ pm—vaz’ (2.8)
V1 — V2
(pv)* = pgv*. (2.9)

In [12] a weakly compressible analysis showed that the velocity of the continuing flow phase
does not vanish for compressible flow. This implies that (2.8) violates the boundary condition in



210 HYEONSEONG JIN

Table 1. We note that (2.8) gives the total energy balance equation in conservative form and it does
not imply conservation of entropy. Thus, (2.9) is also required to conserve the entropy of each phase
because the entropy equation depends on the triple correlatiotv 5, /0z. The right hand side
depends on the phageand thus (2.9) as a definition of tfygv)* closure is contradictory.

The entropy closure requires the condition in the third row of Table 1 for conservation of the
total energy. We use the condition to propose a closure expression,

. _ p1(v1 —v*) — pa(v2 — v%)
V] — Uy

p (2.10)

which implies a relation between the mixing coefficients gandv discussed in [14]. The total
energy and phase entropy in conservative form follow from (2.10). However, (2.10) violates the
boundary conditions in Table 1.

2.4 Entropy of Averaging Constraints
In general, the entropy of each phase fails to be conserved because the macro entropy

(XiepE) 1 (Xppv.)® <ka>>

(2.11)

(Xep) 2 (Xpp)? T (Xp)

expressedia the equation of state from the macro (averaged) energy is not the same as the macro
entropy, Sk = (XipS) / (Xkp), expressed directly as an average of the micro entropy. The differ-
enced Sy, is due to fluctuations and is thus identified as an entropy of mixing or averaging, within

a single phase. In other words, averaging of pheZ variables is not an isentropic process. It
increases the entropy of the system.

Sk = Sk(ex, pr) = Sk (

With an ensemble average, the entropy of averaging reflects a loss of information within the
averaging process. One could also define the ensemble in terms of spatial and/or temporal averages.
The characteristic averaging length could then reflect the length scale associated with a measuring
probe and again the entropy of averaging reflects loss of information via the average. But the spatial
average could also reflect some omitted physical process, such as laminar heat and mass diffusion.
From this perspective, the entropy of averaging is actually an entropy of mixing, and thus reflects a
physical process not modeled in the original equations (1.10)-(1.13).

We believe that the total energy closure, with conservation of total energy is the most attractive
of the three closure alternatives (1.13a)-(1.13c), and that the species entropy should be conserved
only after an entropy of averaging has been imposed [19]. Let us define the entropy of averaging by

6Sk = Sg(ex, pr) — Sk- (2.12)

We expect the inequalityS; > 0 to be maintained. From (1.13c) and (2.3), we obtain the
equation

0 05, 0 05,
(ﬂkgl; k) + (ﬂkpg;}k k:) _ %k [_pkv* + PRk — Pk + (pU)*] 88% (213)
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Table 2: Summary of closure constraints

Closure Entropy of averaging constraint Boundary constraints
Total energy averaged(—l)’“(pv)*% < (2.14) q*l.=z, =
(—D)*(prv* — prok + por) % forqg =wv,p,pv

The inequality

)
(—1)* (prv* — prok + p*or) % (2.14)

b
-1 k et P
(=1)%(pv) 5~ <
has been required [19] for nonnegative source terms in (2.13)3.8) we examine that th@uv)*

closure imposes (2.14).

2.5Summary of Closure Constraints

We summarize in Table 2, all the closure constraints introducég.ithand;2.4. These constraints
supercede the constraints in Table 1. They should be imposed on the two phase flow mgglel. In
we will present closures far*, ¢ = v, p, pv, which satisfy Table 2.

3. SPATIAL HOMOGENEITY CLOSURE AND THEENTROPY CONSTRAINT

In [14], the convex sum expression for the compressiblend its incompressible limit was derived
from invariance group considerations. Here we recover these formulas as well as the fractional
linear form for the convex coefficients and a natural assumption on the constitutive law to close the
fractional linear form.

An exact expression for the interface quantitigsq = v, p, pv, is derived by manipulation
of the governing equations (1.10)-(1.13a) in the absence of any closure assumption. Based on
this expression, closures are proposed for the constitutiveda($ As a closure hypothesis, we
propose to replacg* by a function ofg; andg, and additional variables of the problem that are
spatially dimensionless, e.g.and3,. This idea is the unique aspect of our approach. We regard
the closure equations as a new and independent constraint, which are restrictions on the physical
flow regime described by the model. As in all thermodynamic modeling, its validity can only be
assessed through comparison to specific flow regimes. See [4]. The detailed relation of the equations
is developed irg3.1 ands3.2.

We specify boundary conditions for compressible and incompressible flow. We assume a con-
tainer with a slab of heavy fluid of densipy, lying beneath a slab of light fluid of densip
separated by an interface and assyume- p;. This configuration is then accelerated downwards
with an acceleration larger than the earth gravity, reversing the direction of gravity. We assume ex-
istence of rigid wall at the top of a finite but large dom@mnThen velocity is zero and the pressure
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is unknown there. At the bottom of this domain, conceptually we have an open container. This fixes
the pressure at some ambient value, but not the velocity at the bottdm of

For later use, we introduce the notation

Ag=q —q2 (3.1)

for any quantityy and the notation of the phageconvective derivative

—E——i—v—z. (3.2)

3.1Thev* andp* closures

In [12, 18, 19], exact formulas far* andp* have been derived from (1.10)-(1.12). These formu-

las are not closures since they are exact consequence of the unclosed expressions but they serve to
motivate the closures, and especially the linear combinations of the primitive variables with frac-
tional linear forms for the mixing coefficients. Homogeneous postulates lead to integral identities
which are closures, as they are not consequences of the exact averaged equations. We summarize
the results in the following theorem.

Theorem3.1— The interface quantities* and p* have the exact formula

*

¢ =pletuia, g=vp, (3.3)
where the mixing coefficients have the fractional linear form

q ﬁk
= B Ay 34)

The constitutive factod; is also expressed in the exact form

31;/ 1D/ /
k+ k' Pk

" 0z pr Dt
0z pr Dt
Opk/ Dk/’l)k/
Py = 92 (v~ 5*) (3.6)
R Opk _ ( _ Dkvk) ) ’
9z — P9 Dt

The factordj(z,t) in (3.5) is a ratio of logarithmic rates of volume creation for the two phases.
The coefficientd] (z,¢) represents a ratio of the forces accelerating the two fluids. As observed
earlier [13, 14],p* contains drag, added mass and buoyancy effects commonly included in phe-
nomenological closure models. Thpisand ultimately the:? andd} determine these effects in the
present model.
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A closure condition of spatial homogeneity assumes an integral formula for the cléjstye
q = v, p as follows

Zyt Ovrr 1 Dpipgr
/ ve 1 Depr
v Z, 0z Pk’ Dt
K(t) = 7 : (3.7)
/ “Ou 1 Dibi g
z, 9z  pp Dt
/Zk/ 8pk:/ p (g Dk/’l)k/> dz
oz "™\7 Dt
B = (3:8)
/ o - e dz

Refer to [12, 18]. These closures are logically and physically independent of and distinct from
(3.5) and (3.6), respectively. Thus a zero parameter model for the constitutivg (&nhas been
proposed, provided the mixing zone edge positiéé) or velocitiesV;, () = Z,. We observe
that the closures in (3.3) satisfy the boundary constraint in Table 2.

In [18, 1] the spatial homogeneity closures have been compared in a validation study to spatial
averages of direct numerical simulatiohs., simulation solutions of the microphysical equations.
For all the data sets of the 3D Rayleigh-Taylor and circular 2D Richtmyer-Meshkov simulations,
we have seen excellent validation agreement for the closures proposed.

3.2The(pv)* closure

We derive three exact forms fgpv)* from the total energy closure (1.13a). One is based directly

on (1.13a) and the other two are based on the internal energy and entropy equations (2.2), (2.3)
derived from (1.13a). Thus we are in the first row of the conservation constraints of Table 1, and
total energy is automatically conserved. A spatial homogeneity assumption gives a closure for the
constitutive lawd}".

Summing (1.13a) over = 1, 2 gives the formula

d(p1v1) Dy E;y 0(p2v2) Dy FEy
B hi [ 0z o ( Dt Ulg)] + 5 [ 0z tr ( Dt UQQ)] (3.9)
0z —A(pv) '

for 9/31/0=. Substitution of (3.9) into (1.13a) yields the exact expression
(E)

(po) B = @) pyvy 45" Fpron (3.10)
where
) DLE
AP (2]
wp = (3.11)

2 5, [8(18921)7;)

Pi Dt — Uig




214 HYEONSEONG JIN

We now perform the same calculations starting from the internal energy and entropy equations
(2.2), (2.3) derived from (1.13a). Summing (2.2) and (2.3) dver 1, 2 and solving the equations
for 91 /0z, we obtain

5] D 0 D
98, B <P1U1+P1 121>+52 (p21)2+,02 2e2>

0 Dt 0z Dt

and
DiSy D5Sy
op,  PrnTi—p =+ Papal—,
— = . (3.13)
0z —p*Av —v*Ap+ A(pv)
Substituting (3.12) and (3.13) into (2.2) and (2.3) yields the exact expressions
(o) ® = p* (1" vy + 5 1) (3.14)
and
(o) ® = (1" v+ 15" or) 7 (1 o+ 5 )
— (/ﬁv(s)pgvg + ugv(s)mm) , (3.15)
where
ovy, Dye
Bk <pk + k)
MPU(E) — Dt (3.16)
k 5 6v1+ D1eq v (92+ Daes ' '
L\ P, TP D 2\P¥a, TPy
5kPkaDkSk
pu(S)  _ Dt
Jis = . (3.17)
8o, T D1$ + BopsT. DsS,
1P141—~ Di 20212 Dt
The mixing coefficients in (3.10), (3.14) and (3.15) satisfy the fractional form
) Bk g=E.¢.S. (3.18)

B+ d" 98,

The exact forms (3.10), (3.14) and (3.15) fpp)* have no approximations and they are math-
ematically equivalent because they are derived from the equivalent egs. (1.13a), (2.2) and (2.3).
Similarly, the identities (3.9), (3.12) and (3.13) #@#6, /0= are distinct but equivalent.
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The identities (3.10), (3.14) and (3.15) suggest possible distinct closure relations for the consti-
tutive law,

2K O (prrvr) Dy Eys
_— / — / d
/z ) 5, TPk ( Di U, g> z

2 O(prvk) DyEy, ’
- d
/Zk o +pk< (L vkg) :

/Z"'/ vy I Dyrepr
Z Pk 02 Pk Dt

/Zk’ %+ Dkek
L, Pan TP D

R 0) (3.19)

dz

d?"® (1) , (3.20)

dz

Zyr Dk/ Sk/
prr Ly dz
NS

Zyr DkSk !
prly—r,~dz
IS

'O (1) (3.21)

The ratiosd,’;”(q) (t),q = E,¢,S, formed by spatially averaging the numerator and denominators
of the exact formii“(q) (z,t) based on (3.10), (3.14) and (3.15) are not equivalent. We select one of
these as a closure, namely (3.21). This rdﬁ”ds) (t) represents the ratio of the incremental amount
of heat added to the system for two fluids.

We see that thépv)* = (pv)*® closure in (3.15) satisfies the boundary constraint in Table 2.
The direct validation of the closur@v)* based on analysis of the simulation data is presented in

[1].

The relationd?(¢)di(t) = 1 is equivalent tau! + pd = 1 for ¢ = v, p,pv. It is proved that
pi > 0for0 < g < 1lifandonlyifdj(t) > 0.

3.3Entropy of Averaging

The entropy of averaging constraint (2.14), discussé®id and [19], is required as a necessary and
sufficient condition for the positivity of entropy of averaging. The proposed definitigp«f =

(pv)*(®) imposes the constraint (2.14). Also it guarantees conservation of the total energy because
it is derived from the averaged total energy equation (1.13a). We summarize the results of [19] as
follows.

Theorem3.2— Assume the closurg8.3), (3.7), (3.8), (3.15) and (3.21gr v*, p* and (pv)*.
Then the inequality

15)
(1§ — 1) Ap A2 > 0 (3.22)
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is a necessary and sufficient condition for the entropy of averaging ineq k > ( for the
k=1andk = 2 flows

The entropy inequality constraint (3.22) is a restriction on the model system. The model depends
on the motionsZ(t) of the edges of the mixing zone. It was shown in [17] that given the edge
velocitiesV, of the mixing zone, the system of the compressible equations is closed mathematically
and the solutions depend df;. Thus, (3.22) couples two edge motions of the mixing zone. In
conclusion, the closures (3.3) and (3.15) and constraint (3.22) satisfy Table 2.

The convex sum expressions forandp* and the fractional linear forms for the convex coeffi-
cientsy{, ¢ = v, p, discussed if§3.1, show that

(dy — dY)B +2d75 — dy

M = T dy) (o + ) (329
changes sign, with a unique zero®t= 1/ (1 + \/M)
SinceAv 931 /0= < 0 in the weakly compressible case [14, 13], the condition
Ap=0 atpj)= _ (3.24)
1+ +/dydb

is required in this case to have nonnegative source terms in (2.13) for both phases. Observe that
B = 1/2in case the Atwood number is zero and ti#t= 1/(1 + 2a4) in case the Atwood
number is one. Here; is the Rayleigh-Taylor bubble growth rate of the mixing zone [6, 23, 30, 8,

11].

4. COMPARISON TOPREVIOUS CLOSURES

In [14] the interface quantities have been modeled by a closure expression,

vt = pjvr + pave (4.1)
p* = pip1+ phpa (4.2)
(pv)* = pv* +p vy —prog, (4.3)

where forg = v, p, puf > 0, u{+pd = 1, andy] depends only on spatially dimensionless quantities.
The mixing coefficients are assumed to have the fractional linear form,

Br

q
= y 4=U,p, 4.4
M= B diBw @4

with the parameted] to be determined. The boundary conditions

MZ|ﬂk:0 :05 MZL@kzl =1 ) q=v,p, (45)
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on the mixing coefficients satisfy the boundary constraints in Table 2.

The convex sum expressions (4.1) and (4.2)foiy = v, p, and the fractional linear form (4.4)
for the convex coefficient] agree with the exact forms (3.3) and (3.4), derived from the primitive
equations. In [12, 18, 19] and §8, the closures (3.7), (3.8) and (3.21) fff, ¢ = v, p, pv have
been presented for compressible flow.

We have seen that the closure (3.15) for)* guarantees conservation of the total energy and
of the phase entropy for smooth flows. The closure (4.3) does not agree with (3.15) and it causes
a problem on the positivity of an entropy of averaging. Using the closures (4.1)-(4.3), we calculate
the source terms in (2.13) to examine the entropy of averaging ineqality 0.

Proposition4.1 — Assume the closures (4.1)-(4.3) for, p* and(pv)*. Then thek = 1 and
k = 2 flows have entropy of averaging equation source terms of the opposite sign and both of the
d.Sk cannot be nonnegative. Thus (4.3) is an inappropriate closufgdgt.

PrROOF: Using (4.1)-(4.3), a calculation shows

[—prv™ + prok — p ok + (pv)”] %ﬁ; = (=1 (p1 — pa)(v1 — UQ)MZ%% ,
whereq = pif k = 1 andq = v if kK = 2. From (4.6), we see that the= 1 andk = 2 flows
have source terms of the opposite sign and thus both af$heannot be nonnegative. This result
violates the requiremend;0.5: /Dyt (see (2.13)) and thus must be false. Eqg. (4.6) is calculated
by use of the convex sum expressions (4.1)-(4.3) and it does not depend on the definitions of the
constitutive laws], ¢ = v, p, pv. Since the convex sum definitions (4.1) and (4.2) agree with the

exact forms (3.3), this problem is caused by the inappropriate closure (46t |

(4.6)

Ransom and Hicks [22] and Stewart and Wendroff [28] chose the entropy closure (1.13c) for the
two-phase flow model, which is in the third row of Table 1. To conserve the total energy density,
the closures

» U1+ 02 « D1+ D2
-T2 P T

have been proposed when the mass flux transferred across the interface from rhaterfato

k = 1is assumed to be zero. However, (4.7) does not satisfy the boundary constraints in Table 2. It

is not a proper closure to satisfy Table 2.

4.7)

Proposition4.2 — Assume the closure (4.7) fof andp*. Then (4.7) fails to satisfy the bound-
ary constraints in Table 2. Thus it is an improper closuresfaandp*.

5. CONCLUSION

The closures for* andp* in [1, 18, 19] and repeated §8.1 and thépv)* closure (3.15), (3.21) sat-
isfy all required conservation laws (phase mass, total momentum, total energy and phase entropy),
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boundary constraints and hyperbolic stability conditions. Comparisons to alternate closures classify
inappropriate closures for*, p* and(pv)*.
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