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We characterize groups which can act chaoticallyQonWe show that there ar®
many distinct conjugacy classes of chaotic action§af certain families of groups.
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1. INTRODUCTION

The notion of chaotic action of a group on a Hausdorff topological spaceas introduced by
Cairnset al. [2], generalizing Devaney’s notion of chaotic maps in topological dynamics [5]. (See
also [1]). It was shown in [2] that, given a groldp there exists a Hausdorff topological space on
which G acts chaotically if and only i€7 is residually finite; in fact the space can be assumed to

be compact. Interesting examples of chaotic group actions on manifolds have been constructed by
Cairnset al. in [2-4]. See also [10]. In this paper, we study chaotic group action@,adhe space

of rational numbers, with its usual topology.

Definition(Cf. [10]) — Let S be a collection of subgroups of a groGp We say thatS satisfies
condition( if it is a countable collection of finite index subgroups@kuch tha{" ;. H = {1}.
We say thatz satisfies conditiol if G' has a collection of subgroups satisfying conditibn

The definition of chaotic group action will be recalled§i®. We now state the main results of
this paper.

!Dedicated to Professor Peter Zvengrowski on the occasion of his seventieth birthday.
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Theoreml — Let GG be an infinite group. The@ satisfies conditiod if and only if there exists
an effective action o€ on Q which is chaotic

Neumann [11§4] has shown that there a2&° distinct conjugacy classes of self-homeomorphisms
of the rationals which permute the points in a single cycle. Using the construction in the proof of
Theorem 1, we establish the following.

Theorem2 — There are2™ distinct conjugacy classes of chaotitactions onQ whereG is
one of the following groups: (i) any finitely generated infinite abelian group, (ii) direct sum and
direct product of countably many copies @f (iii) any finitely generated torsion-free nilpotent
group, (iv) free groups of rank at mogte, and, (v) the groupss « H, F,, x H,n > 2, whereF,,
denotes the free group of ramkand H is any group that acts chaotically dp.

The following remarkable theorem, whose proof can be found in [11], will be exploited in our
proofs.

Sierpinski's Theorem— If X is a countable metrizable topological space with no isolated
points, thenX is homeomorphic td).

Theorem 1 subsumes that part of Theorem 3.7 of [10] whose proof was omitted. Theorems 1
and 2 are proved if2. We study irg3 some closure properties of the class of all groups satisfying
conditionC.

2. PROOF OFMAIN RESULTS

We begin by recalling the definition of chaotic group action.

Definition3 — Let GG be a group which acts on a Hausdorff topological spEcaNe say that
the action ofG is chaotic if the action is effective and following properties hold:

(i) Topological transitivity: Given any two non-empty séfsl’ C X there exists an element
g € G such thay(U) NV # 0.

(ii) Density of finite orbits: The set of alt € X whoseG-orbit is finite is dense X .
For example, the usual action of 8. Z) on the torusR? /Z? is chaotic.

We now prove Theorem 1.

PROOF OFTHEOREM 1 : Suppose thatr acts chaotically o). Let S C Q be the set of all
periodic points (i.e., points whosg-orbits are finite). For each € S, let G, C G denote the
isotropy atr. ThenS := {G, | x € S} satisfies conditiol.

Conversely, suppose thatis a countable collection of finite index subgroupsbtatisfying
conditionC. Since any finite index subgroup 6fis contained in a finite indemormalsubgroup of
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G, we assume without loss of generality, that every member isfnormal inG. Furthermore, by
expanding the collectioS if necessary, keeping the cardinality of the resulting collection countable,
we may (and do) assume th&is closed under finite intersections. Wre= {NV; | i € N}.

We begin with theG-spaceX := {0, 1} considered in [2]. Cairnst al. showed that the usual
G-action onX, defined agy.f)(x) = f(v"'z), f € X, v,z € G, is chaotic.

Let @ be the space of alf € X such thatf is constant on théV;-cosets for some > 1.
Observe that) is countable. Indeed, denoting lpy the canonical quotient mag — G/N;,
one has = [J;on 7 ({0,1}¢/N0). Hereni(f) = fon; for f:G/N; — {0,1}. The above
expression for) exhibits@ as a union of finite7-stable sets. Hena@ consists entirely of points
whoseG-orbits are finite.

Next we establish topological transitivity of tife-action on@. As observed in [2] it is easily
seen that th&7-action onX is topologically transitive. So the assertion would follow if we show
that@ is dense inX. This will also prove that the action @f on Q) is effective. LetU be a basic
open set which consists ¢gf € X with prescribed values at finitely many distinct elements, say,
r1,...,2, € G. Since,cy N; = {1}, and sinceS is closed under finite intersections, there exists
a natural numbek such thatvi‘l:rj ¢ Ny, fori # j. Thuszy, ..., z, belong to distinctV,-cosets
of G. Let h:G/N, — {0,1} be any set-map such thafz; N;) = f(z;),1 < i < n. Then
n;(h) € QN U. ThusG acts chaotically or).

It remains to show tha® is metrizable. (This is obvious & is countable, because in this case
X is a Cantor space.) L&l; C G be a complete set of pairwise distinct coset representatives for
G/N;. ThusS; is finite for eachi. Now letS = [ J,y Si. Let Xg = {0, 1} andletr : X — Xg
denote the restriction map— f|s. Note thatXs is metrizable—indeed it is a Cantor space—and
thatm is an open map.

We claim thatr| is an imbedding— Metrizability of @ follows from the claim as(s is metriz-
able. To establish the claim, first we show thas one-to-one. Suppose thatf) = = (f’), f, f’ €
Q. Thus fig = f|’s. We must show thaf = f’. Let f = hon,, f' = h' o n; for somei, j. Since
S is closed under finite intersection¥; N N; = N;, for somek. SinceS containsSy, and since
fis = fl’s, we see thafg, = f|lsk- Sincef andf’ are constant oV, -orbits, it follows thatf = f.
Clearly m is continuous and, since s open,m|q is also open. Thereforg: Q — 7(Q) is a
homeomorphism, establishing the claim.

It is readily observed that there are no isolated point3.iThanks to Siergiski’'s theorem, we
have@ = Q and the proof is complete. O

Remarkd : LetH = {H;} be a countable collection of subgroups of countably infinite index in
G such that no two of them are conjugat&inThe above proof can be maodified to allow for infinite
G-orbits G f; in our model space fo), where the isotropy af; equalsH;. We shall only outline
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the changes needed to allow in our model space Wiéna singleton{ H}. Let T' be a complete
set of pairwise distinct left coset representativesig#/. Replacing the sef in the above proof by
S := S UT, note that the resulting spacé is again a Cantor space. Denotexoy: G — {0, 1}
the indicator function off C G. Then the isotropy at;r € X equalsH. The same proof as above
shows thatG-action on the spac@ := Q U Gxu C X is chaotic. Again, by Sierpski’s theorem,
Q is homeomorphic t@. Observe that th&-space( has exactly one infinite orbit.

We now turn to proof of Theorem 2.

PROOF OFTHEOREM?2 : (i) Let P be any non-empty set of primes which contains the finite set
F of primes which divide the orders of torsion element€70fAn integern is called P-primary if
all its prime divisors are iP. We keep the notations used in the proof of Theorem 1.

Let Sp denote the family of all subgroups 6f having (finite) P-primary index. Note thafp
satisfies conditiorf. Denote the chaoti¢-action onQ, obtained as in the proof of Theorem 1,
corresponding t&Sp by ¢p. It has the property that the cardinality of each orbitAgprimary.
Conversely, ifn is P-primary, then there exists a subgrofip C G of indexn. The orbit of the
point in@Q = @ C X corresponding to the indicator functign; has cardinality». In particular,
there exists an orbit of cardinality a primpéf and only if p € P. Since the existence of an orbit of
a given cardinality depends only on the conjugacy classQfwe see that p is not conjugate to
¢p if P’ # P is another set of primes containiti¢y completing the proof in this case.

(i) The proof is similar to (i) above and so we omit the details.

(iii) First let G = N(n,Z) the group of unipotent upper triangularx n matrices overZ.
For any non-empty set of primdg, the collectionSp := {T'x | kis P-primary}, wherel';, :=
ker(G — N(n,Z/kZ)), satisfies conditio€. Again, as in the proof of Theorem 1, we obtain a
chaoticG-action¢p on Q corresponding to the collectiafp. As in the proof of (i) we see that, if
P’ +# P is another set of prime, thefy is not conjugate t@ p:.

If G is an arbitrary finitely generated torsion-free nilpotent group, by a theorem of Hall [9, Ch. 2
§4.2], it can be imbedded iV (n, Z) for somen. Thus, we may regar@ as a subgroup a¥ (n, Z).
Let P be any non-empty set of primes. Intersectingvith the subgroup$';, € Sp of N(n,Z), we
get a collection\Vp of subgroups of7 which satisfies conditiof. The rest of the proof is similar
to the case ofV (n, Z) and omitted.

(iv) Recall that there exist pairwise non-isomorphic two generator infinite grélyjps: € R
(see [8, Ch. 4§3]). Thus there exist normal subgroups, C G,«a € R, such thatG/N, = H,,.
Note that there is no automorphism@fwhich mapsN,, onto Ng for a # 3.

Now let ¢ be a chaotidz action onQ consisting only of points having finit€'-orbits. (See
Lemma 6(iv)). By Remark 4, for eaehe R, there exists a chaot(&-actiong,, onQ having exactly
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one infinite orbit, say7z,,, with isotropy atz, € Q being equal taV,. SinceN,, # v(Ng) Vv €
Aut(G) for o # (3, a straightforward argument shows that the images of the monomorphisms
¢a, 93 : G — HomedQ) determine distinct conjugacy classes of subgroups of Ho@Ego
completing the proof in this case.

(v) Observe that, with notation as in (iv) above, there exist surjectign6 — H,,«a € R,
whereG = F, x H or F, x H. It can be seen tha¥ satisfies propert¢. We setN,, := ker(n,)
and proceed as in the proof of (iv) above to complete the proof. O

Remark5 : | do not know if any infinite grou satisfying conditionC admits continuously
many chaotic actions o which belong to distinct conjugacy classes. In particular, | could not
settle this question whed is the group op-adic integers, or the groug /pZ)“, the direct product
of Ny many copies ofZ/pZ wherep is a prime. However, it is clear that arguments used in the
proofs can be suitably modified and applied to other examples of groups for which the answer is in
the affirmative.

3. GROUPSSATISFYING CONDITION C

Denote byg the class of all groups satisfying conditién In view of Theorem 1, infinite groups
belonging tog act chaotically orQ. In this section we establish certain closure propertie§.of
Note that all finite groups are i and, if G € G, so does any subgroup 6f.

We begin by establishing the following lemma.

Lemmab — (i) A groupG belongs tq5 if and only if G can be embedded in a direct product of
countably many finite groups.

(ii) G contains all countable residually finite groups.

(i) Let Gy, € G,n € N. Then the direct produdf,,., G, ising.
(iv) G contains a free group of rariko.

PrROOF: Statementsi) and {i) are easy to prove.

(iif) The assertion follows immediately from)(because ifff := [],., H; where eachfl; =
[1;>1 Hi,; is a countable direct product of finite groups, thén= [, .., H; ; itself is a direct
product of a countable family of finite groups.

(iv) Let F, be a free group of ranky. ThenF, is countable and is residually finite. Biy)(
and {ii), it follows that the groupF’?, the countable direct product of a countably infinitely many
copies ofF,,,, belongs tog. It is known thatF contains a free group.. of rankc := 2% (cf,
[12]). For the sake of completeness we sketch a proof of this fact in the remark below. Hesce
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ingG. O

Remark? : (1) We now sketch the proof that imbeds inF%. This result seems to be folkloric
and is certainly well-known to experts. The proof given here is, as far as | am aware, due to Blass.
Let {z; | j € N} be a basis fotF,. If a = (a,) is a sequence of natural numbers, we set
Za 1= (zq,) € F¥. Foreach realnumber > 1in R leta(a) be the sequendg10™«a]),>1. Given
any finite collection of real numbersy, . .., oy, thenth terms ofa(ay), ..., a(ay) are all distinct
for sufficiently largen. For such an integet, thenth coordinates of, (), - - -, Ta(a,) € Fa are
pairwise distinct basis elements Bf,. We claim thatS = {z,,) | « € R} C F generates a
subgroupF” with basisS. Indeed, ifw is any reduced (non-vacuous) word in thg,,’s, then there
exists am large such that the compositidgh C F ", F.., wheren, is the projection onto the
coordinate, sends to the same word in certain basis elements of Fi,. Thereforew # 1in F’
and hencd" is free with basisS.

(2) Itis clear that assertiom)(in the above proposition can be reformulated as:

(i) G € G ifand only if G is a subgroup oHn22 S, wheresS,, is the symmetric group on
letters.

(3) Assertion i) yields plenty of examples of groups ¢h For example, any finitely generated
subgroup of Skxn, ) for any fieldF is in G. A theorem of Baumslag asserts that the automorphism
group AutG) of a finitely generated residually finite group is again residually finite. Since
Aut(G) is also countable we see that A#Y) € G. See [8] for proofs of these statements. There
are also interesting examples arising in geometric topology. The mapping class group of any closed
oriented surface [6] and fundamental groups of a large class of compact three dimensional manifolds
which includes Haken manifolds [7] are all residually finite and countable hence belghg to

Another example of a group belongingdas the absolute Galois groupal(Q/Q). Indeed it
is the inverse limit of the finite Galois groupil(K/Q) asK varies over (the countable family of)
finite Galois extensions @.

We shall now establish the following
Proposition8 — (i) Let G, € G,n € N. Then the free product := *,>,G,, isinG.
(i) If Gisin G then so is the free product 8f,crG., Where eacli7, = G.

PrROOF: (i) Denote byl",, the kernel of the canonical retractign: G — H,, := G- --*G,,.
Then(, o\ ' is trivial. We shall show that eacH,, is in G. This implies thatG itself is in G.
To see this, letS,, be a collection of finite index subgroups &f,, satisfying conditionC. Set
S=U,>{n(N) | N € S,,}. Then each subgrouf in S has finite index irG and furthermore,
Nkes K = Nzt (Nyes, N) = Nus1 Tn = {1}. ThusS satisfies conditiod and soG € G.
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It remains to show thakl,, = Gy % - -- * G,, is in G for eachn. Let N = {N/ | i > 1} be a
collection of finite index normal subgroups 6f; satisfying conditiorC for eachl < j < n. For
i=(i1,...,in) € N", denote byH, ; the groupG /N} « -+ G,,/N!* and byn,, ;: H, — Hp;
the canonical quotient map. LEf, ; be the kernel ofy,, ;. Itis clear thaf ;.. T'ni = {1}

By Lemma 6(i), H,; € G. LetS; be a collection of subgroups df,, ; satisfying condi-
tion C. SetS, := {n,;(N) | N € S&,i € N'}. ThenNics. K = Mienn Nives, Toi (V) =
Nien n;il(ﬂNeSi N) = Nienn I'nji = {1}. ThusS, satisfies conditio@ and soH,, € G.

(i) SinceF,. € G by Lemma 6i{), we see thaty « F, € G for anyG € G. Choose a basis
To,a € R, for F. and setG, := x,Gr,' = G. Then the subgroup aff = F. generated by
Ga,a € R, which is the free product,cr G, is also inG. O
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