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Using the transformation theory of hypergeometric series summation formulae for balanced ter-

minating hpergemetric series are obtained including the Andrews known summation formulae

along with new summation formulae,q-analogue of some of the summation formulae are also

obtained.
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§1. Andrews [1] proved the summation formula

5F4

[
−2n− 1, x + 2n + 2, x− z + 1/2, x + n + 1, z + n + 1;

(2 + x)/2, (1 + x)/2, 2z + 2n + 2, 2x− 2z + 1

]
= 0, (1.1)

for giving an elegant proof of a result of Mills, Robbins and Rumsey [10]. He [1] proved a number

of summation formulae closely related to (1.1).

In another paper Andrews [2] conjectured the formula

6F5

[
−2n− 1, x + 2n + 1, x− z + 1/2, z + n + 1/2, x + n + 1/2, (2x + 2n + 4)/3;

(2 + x)/2, (1 + x)/2, 2x− 2z + 1, 2z + 2n + 1, (2x + 2n + 1)/3.

]
= 0

(1.2)
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Later on, Stanton pointed out that (1.2) is a special case of a result of Gessel and Stanton [7]viz.,

7F6

[
b, a− b + 1/2, (3 + 2a)/3, a, 1− 2d, 2a + 2d + 2n + 1,−2n− 1;
2b, 2a− 2b + 1, 2a/3, a + d + 1/2,−d− n + 1/2, a + n + 3/2.

]
= 0 (1.3)

In a joint paper Andrews and Stanton [3] proved (1.1) by using transformations of Bailey [4].

They used (1.1) and (1.2) and theq-analogue of (1.2) (which is a known result of Gessel and Stan-

ton [8]) to prove some known as well as new evaluations of determinants which appear in plane

partitions. Stanton [12] obtained some summation formulae for terminating balanced6F5 which

were next in hierarchy of Andrews [1] summation formulae for terminating balanced5F4. Chu [5]

proved duplicate form of Gould-Hsu [9] inversion theorem and used it to obtain number of summa-

tion formulae for terminating balanced hypergeometric series including those of Andrewa [1] and

Stanton [12].

In view of the applications of balanced hypergeometric series we look into more general trans-

formations and summations of balanced hypergeometric series both ordinary and basic, including

generalizations of (1.1) and (1.2),q-analogue of some of the results are also obtained in§5.

The generalized hypergeometric series is defined as

rFs

[
(ar); z
(bs)

]
≡r Fs

[
a1, a2, . . . , ar; z
b1, b2, . . . , bs

]
=

∞∑

n=0

(a1, a2, . . . , ar)n

(1, b1, b2, . . . , bs)n
zn,

r < s + 1 and forr = s + 1 the series converges inside the unit disc|z| < 1 and forz = 1, it

converges for<
(

s∑
k=1

bk −
r∑

k=1

ak

)
> 0 and whenz = −1 it converges for<

(
s∑

k=1

bk −
r∑

k=1

ak

)
>

−1. Here, as usual,(a1, a2, . . . , ar)n denotes(a1)n(a2)n . . . (ar)n, where

(a)n =

{
1, n = 0
a(a + 1) . . . (a + n− 1), n > 0.

When the argument is 1 we will drop it and simply writerFs

[
(ar);
(bs)

]
instead ofrFs

[
(ar); 1
(bs)

]

q-hypergeometric series is defined as

rφs

[
(ar); q; z

(bs)

]
≡r φs

[
a1, a2, . . . , ar; q; z

b1, b2 . . . bs

]
≡ rφs[a1, a2 . . . , ar; b1, b2 . . . bs; q; z]

=
∞∑

n=0

[a1, a2 . . . , ar; q]n
[q, b1, b2 . . . bs; q]n

zn,

|q| < 1, |z| < 1. Once again,[a1, a2, . . . ar; q]n denotes[a1; q]n[a2; q]n . . . [ar; q]n where

[a; q]n =

{
1, n = 0
(1− a)(1− aq) . . . (1− aqn−1), n > 0.
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The hypergeometric seriesrFs[(ar); (bs); z] will be calledk-balanced ifk +
r∑

j=1
aj =

s∑
j=1

bj

and we will refer to 1 - balanced series as balanced or Saalschutzian. Similarly the generalized

q-hypergeometric seriesrφs[(ar); (bs); q; z] will be calledk-balanced ifa1a2 . . . arq
k = b1b2 . . . bs

and we will refer to 1-balanced series as balanced or Saalschutzian.

§2. We begin this section by proving the transformation

[N/2]∑

r=0

(b + c + d− 3a− 1/2)r(b, 2b− 2a, x + 1,−N)2r(−4)−r

(1, b− a + 1/2)r(4a− 2c + 1, 2a− 2d + 1, 2b− 3a−N + 1, x)2r

6F5

[
2a− c + r + 1/2, a− d + r + 1/2, x + 2r + 1, b + 2r, 2b− 2a + 2r, 2r −N ;
4a− 2c + 2r + 1, 2a− 2d + 2r + 1, x + 2r, 2b− 3a−N + 2r + 1, a + r + 1/2

]

=
[N/2]∑

r=0

(−)r(a, 1 + a/2, c− a, d, b− a)r(b)3r(−N)2r(3a− b + 3r + 1)N−2r−1

x(1, a/2, 2a− c + 1, a− d + 1)r(2a + 1)N+2r(3a− 2b)N

{(x+2r)(3a−b+3r)(2a−b+r+1)N−2r−(N−2r)(b+3r)(x+a−b+r)(2a−b+r+1)N−2r−1},
(2.1)

and discuss number of its special cases which are generalizations of (1.1) and some other known

results.

PROOF OF(2.1): Multiplying both sides of the following form of Whipples transformation [11;

2.4.1.1]

7F6

[
a, 1 + a/2, b + n, c− a, d,−n/2, (1− n)/2;

a/2, 1 + a− b− n, 1 + 2a− c, 1 + a− d, 1 + a + n/2, a + {(1 + n)/2}

]

=
(a− d + 1/2, 2a + 1)n

(2a− 2d + 1, a + 1/2)n
4F3

[
2a− b− c− n + 1, d,−n/2, (1− n)/2;

d− a− n + 1/2, 1 + 2a− c, 1 + a− b− n

]

=
(2a− c + 1/2, a− d + 1/2, 2a + 1, 2b− 2a)n

(4a− 2c + 1, 2a− 2d + 1, a + 1/2, b− a)n

4F3

[
b + c + d− 3a− 1/2, (1/2)− a− n,−n/2, (1− n)/2;

d− a− n + 1/2, b− a + 1/2, c− 2a− n + 1/2

]
,

(the last line is written by using the transformation [11; 2.4.1.7]), by
(b, b− a, x + 1,−N)n

(1, 2a + 1, 2b− 3a−N + 1, x)n
and summing w.r.t.n from 0 toN , rearranging the order of summations of the series on both sides,

we have (denoting the LHS by S)

S =
[N/2]∑

r=0

(−)r(a, 1 + a/2, c− a, d, b− a)r(b)3r(x + 1,−N)2r

(1, a/2, 2a− c + 1, a− d + 1)r(2a + 1)4r(x, 2b− 3a−N + 1)2r
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4F3

[
b + 3r, b− a + r, x + 2r + 1,−N + 2r;

2a + 4r + 1, 2b− 3a−N + 2r + 1, x + 2r

]

=
[N/2]∑

r=0

(−)r(a, 1 + a/2, c− a, d, b− a)r(b)3r(x + 1,−N)2r(2a− b + r + 1, 3a− b + 3r)N−2r

(1, a/2, 2a− c + 1, a− d + 1)r(x)2r(2a + 1)N+2r(3a− 2b)N

4F3

[
−1, x + a− b + r, b + 3r,−N + 2r;
x + 2r, b− 2a−N + r, 3a− b + 3r

]
.

(Last line is obtained by using the transformation [11; 2.4.1.7]). Simplifying4F3 yields (2.1).

The transformation (2.1) on specializingb andN suitably (as mentioned against each result) reduces

to summation formulae
m∑

r=0

(c + d + m− a− 1/2)r(2a + m, 2a + 2m,x + 1,−2m− 1)2r(−)r

(1, a + m + 1/2)r(4a− 2c + 1, 2a− 2d + 1, a, x)2r22r

6F5

[
2a− c + r + 1/2, a− d + r + 1/2, x + 2r + 1, 2a + 2r + m, 2a + 2m + 2r,−2m + 2r − 1;

4a− 2c + 2r + 1, 2a− 2d + 2r + 1, x + 2r, a + 2r, a + r + 1/2

]

=
(3/2, c− a, d)m(x− 2a− 2m)(−4)m

(2a− 2c + 1, a− d + 1, 2a)mx(2a + 4m + 1)
, (N = 2m + 1, b = 2a + m) (2.2)

m∑

r=0

(c + d + m− a− 1/2)r(2a + m, 2a + 2m,x + 1,−2m)2r(−)r

(1, a + m + 1/2)r(4a− 2c + 1, 2a− 2d + 1, a + 1, x)2r22r
.

6F5

[
2a− c + r + 1/2, a− d + r + 1/2, x + 2r + 1, 2a + 2r + m, 2a + 2m + 2r,−2m + 2r;

4a− 2c + 2r + 1, 2a− 2d + 2r + 1, x + 2r, a + 2r + 1, a + r + 1/2

]

=
(1/2, c− a, d)ma(x + 2m)(−4)m

(2a− c + 1, a− d + 1, 2a)mx(a + 2m)
, (N = 2m, b = 2a + m) (2.3)

m∑

r=0

(c + d + m− a + 1/2)r(2a + m + 1, 2a + 2m + 2, x + 1,−2m− 1)2r(−)r

(1, a + m + 3/2)r(4a− 2c + 1, 2a− 2d + 1, a + 2, x)2r22r

6F5

[
2a− c + r + 1/2, a− d + r + 1/2, x + 2r + 1, 2a + 2r + m + 1, 2a + 2m + 2r + 2,−2m + 2r − 1;

4a− 2c + 2r + 1, 2a− 2d + 2r + 1, x + 2r, a + 2r + 2, a + r + 1/2

]

=
(3/2, c− a, d)m(a + 1)(x− a + 1)(a + 2m)(−4)m

(2a− c + 1, a− d + 1, 2a + 1)mx(a + m)(a + 2m + 1)(a + 2m + 2)

(N = 2m + 1, b = 2a + m + 1). (2.4)

Similarly other summation formulae can also be written by specializingb andN suitably but

they have two or more terms on the right hand side hence they are not mentioned here. The summa-

tion formulae (2.2) and (2.3) ford = a− c−m + 1/2 reduce to the following summation formulae
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for terminating balanced6F5

6F5

[
2a− c + l/2, c + m, x + 1, 2a + m, 2a + 2m,−2m− 1;

4a− 2c + 1, 2c + 2m,x, a, a + 1/2

]

=
(3/2, c− a, c− a + 1/2)m(x− 2a− 2m)22m

(2a− c + 1, c + m + 1/2, 2a)mx(2a + 4m + 1)
, (2.5)

6F5

[
2a− c + 1/2, c + m,x + 1, 2a + m, 2a + 2m,−2m;

4a− 2c + 1, 2c + 2m,x, a + 1, a + 1/2

]

=
(1/2, c− a, c− a + 1/2)ma(x + 2m)22m

(2a− c + 1, c + m + 1/2, 2a)mx(a + 2m)
, (2.6)

respectively. Whereas (2.4) ford = a− c−m− 1/2 reduces to the following summation formula

for terminating balanced6F5

6F5

[
2a− c + 1/2, c + m + 1, x + 1, 2a + m + 1, 2a + 2m + 2,−2m− 1;

4a− 2c + 1, 2c + 2m + 2, x, a + 2, a + 1/2

]

=
(3/2, c− a, c− a + 3/2)m(a + 1)(a + 2m)(x− a− 1)22m

(2a− c + 1, c + m + 1/2, 2a + 1)mx(a + m)(a + 2m + 1)(a + 2m + 2)
. (2.7)

It may be noted that the summation formulae (2.5)-(2.7) are different extensions of (1.1) and

they reduce to it on successively settingx = 2a + 2m,x = −2m andx = a + 1 respectively and

replacingc, a,m suitably. Whereas (2.5) on successively settingx = 4a−2c,−2m−1, 2c+2m−1
and2a + m, replacingc, a,m yield [1; (4.13), (4.16),(4.21)] and (6.10)]. The summation formula

(2.6) on successively settingx = a, 2c + 2m − 1, 2a + m, c + m replacingc, a, m suitably yield

[1; (4.16), (4.18), (6.3), (6.4)]. Amongst the number of summation formulae for5F4 mentioned

in Chu [5] that follow as special cases of (2.5)-(2.7),we list below few of them: (i) In (2.5) giving

x successively the valuesa − 1, a − 1/2, c + m, 2a − c + 1/2, x −→ 0, x −→ ∞. (ii) In (2.6)

giving x successively the valuesa − 1/2, 4a − 2c, 2a + 2m, 2a − c + 1/2, x −→ 0, x −→ ∞.

(iii) In (2.7) giving x successively the valuesa − 1/2, 2c + 2m + 1, 4a − 2c, 2a + m + 1, x −→
0, 2a + 2m + 2, 2a − c + 1/2,−2m − 1, c + m + 1, x −→ ∞. In this sequel it may be noted

that adding ((2m + 1)/a)times (2.6) tok times (2.5), we have summation formula for terminating

balanced7F6:

7F6

[
2a− c + 1/2, c + m,x + 1, 2a + m, {(ka + 2m + k)/(k − 1)}, 2a + 2m,−2m− 1;

x, 4a− 2c + 1, 2c + 2m, {(ka + 2m + 1)/(k − 1)}, a + 1, a + 1/2

]

=
(3/2, c− a, c− a + 1/2)ma{k(a + 2m)(x− 2a− 2m) + (2a + 4m + 1)(x + 2m)}22m

(2a− c + 1, c + m + 1/2, 2a)mx(a + 2m)(2a + 4m + 1)(ka + 2m + 1)
(2.8)

(2.8) is a generalization of (2.5) and (2.6) and reduces to them on lettingk −→ ∞ andk −→ 0
respectively. Moreover, it reduces to summation formulae for terminating balanced6F5 on givingx
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successively the values2a−c+1/2, c+m, 2a+m, a−1/2, 2a+2m,−2m−1, 4a−2c, 2c+2m−1, a.

(2.8) for k = (2a + 4m + 1)/(a + 2m) andx = c + m becomes [1;(4.19)] on replacingc, a, m

suitably.

§3. We begin this section by proving the following general transformation
∞∑

n=0

(b, c, α + β − b− c− 1/2)n22n

(1, α, β)n

n∑

r=0

(−n)r

(1)r
An+r

=
∞∑

n=0

(−)r(b + c− α + 1/2, b + c− β + 1/2, α + β − b− c− 1/2)r(2b, 2c)2r

(1, b + 1/2, c + 1/2)r(α, β)2r22r

×
∞∑

n=0

(2b + 2r, 2c + 2r, α + β − b− c + r − 1/2)nAn+2r

(1, α + 2r, β + 2r)n
. (3.1)

PROOF OF(3.1): Multiplying both sides of the transformation [ll; 2.4.17]

4F3

[
1− α− n, 1− β − n,−n/2, (1− n)/2;

1− b− n, 1− c− n, b + c− α− β − n + 3/2

]

= Γ

[
−b + 1/2, 1− b− n,−c + 1/2, 1− c− n;

1− b− n/2, (1/2)− b− n/2, 1− c− n/2, (1/2)− c− n/2.

]

×4F3

[
b + c− β + 1/2, b + c− α + 1/2,−n/2, (1− n)/2;

b + 1/2, c + 1/2, b + c− α− β − n + 3/2

]
,

by (b, c, α + β − b− c− 1/2)n22nAn/(1, α, β)n and summing with respect ton from 0 to∞, we

get (3.1) on interchanging the order of summations.

It may be of interest to note that (3.1) forα = b+ c+1/2, An = (β)n/(y)n and taking any one

of b, c, β as non-negative integer, reduces to

4F3

[
b, c, β, y − β;

b + c + 1/2, y/2, (1 + y)/2

]
=3 F2

[
2b, 2c, β;

b + c + 1/2, y

]
,

which yields terminating version of Watson’s summation formulae on settingb = −m, y = 2β; , β =
−m, y = −2m respectively. It also gives summation formulae on settingb = −m, y = 2β −
1;β = −m, y = −2m − 1; b = −m, y = 2β + 1;β = −m, y = 1 − 2m. In (3.1) setting

As = (α, β, x + 1,−N)s/(2b, 2c, x, y)s, and transforming the resulting3F2 on the right hand side

by using the transformation [11; 2.3.3.7]

3F2

[
a, b, c;
e, f

]
= Γ

[
e, f, e + f − a− b− c;

a, e + f − a− c, e + f − a− b

]

3F2

[
e− a, f − a, e + f − a− b− c;
e + f − a− c, e + f − a− b

]
, (3.2)
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yield on some reduction the transformation

N∑

n=0

(b, c, α + β − b− c− 1/2, x + 1,−N)n22n

(1, 2b, 2c, x, y)n

5F4

[
α + n, β + n, x + n + 1,−N + n,−n;

2b + n, 2c + n, x + n, y + n

]

=
1

x(y)n

[N/2]∑

r=0

(−)r(b + c− β + 1/2, b + c− α + 1/2, α + β − b− c− 1/2)r(−N)2rKr

(1, b + 1/2, c + 1/2)r22r
, (3.3)

where,Kr = {(y+N−1)(y+b+c−α−β+r−1/2)N−2r−(y−x−1)(y+b+c−α−β+r+1/2)N−2r}.

Particular cases of(3.3): (i) (3.3) forα = 2b, β = 2c, x −→ ∞ reduces to the following

transformation which is equivalent to [4; Theorem 4] and reduces to it on replacingb, c, y andN by

z + 1, x− z + 1/2, 1− a− p andp respectively:

(y)N 5F4

[
b, c, b + c− 1/2, y + N,−N ;

2b, 2c, y/2, (y + 1)/2

]
= (y − b− c + 1/2)N

5F4

[
b + c− 1/2, b− c + 1/2, c− b + 1/2,−N/2, (1−N)/2;
b + 1/2, c + 1/2, y − b− c + 1/2, b + c− y −N + 1/2

]
. (3.4)

However, (3.4) forc = b + 1/2 reduces to a summation formula of Bailey [4]. On the other

hand, multiplying both sides of (3.4) byxN/(1)N and summing both sides with respect toN from

0 to∞, we will have a quadratic transformation which reduce to summation formulae on setting

c = b + 1/2 andc = b− 3/2 respectively.

Next, in (3.4) replacingb by b − c + 1/2 and adding it toλ times the transformation obtained

from it on replacingb andy by b− c + 1/2 and (y − 1), we get

6F5

[
b− c + 1/2, c, b, {((1 + λ)(y − 1) + N)/(1 + 2λ)}+ 1, y + N − 1,−N ;

2b− 2c + 1, 2c, {((1 + λ)(y − 1) + N)/(1 + 2λ)}, y/2, (1 + y)/2

]

=
{(1 + λ)(y − b− 1) + N}
{(1 + λ)(y − 1) + N}

(y − b)N−1

(y)N−1

6F5

[
b, b− 2c + 1, 2c− b, {((1 + λ)(y − b− 1) + N)/(λ− 1)}+ 1,−N/2, (1−N)/2;

b− c + 1, c + 1/2, y − b, 2 + b− y −N, {((1 + λ)(y − b− 1) + N)/(λ− 1)}

]
.

(3.5)

(3.5) is a generalization of (1.2) to which it reduces on settingλ = 1, y = b − n + 1/2 and then

replacingb, c, N by x + n + 1/2, z + n + 1/2, 2n + 1 respectively. Forλ = −1/2 it reduces to a
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summation formula for terminating 2-balanced5F4. However, (3.5) forN = 2m+1, y = b−m+1,

becomes

6F5

[
b− c + 1/2, c, b, {((1 + λ)(b−m) + 2m + 1)/(1 + 2λ)}+ 1, b + m + 1,−2m− 1;

2b− 2c + 1, 2c, {((1 + λ)(b−m) + 2m + 1)/(1 + 2λ)}, (b−m + 1)/2, (b−m + 2)/2

]

=
(b−m)(3/2, b− 2c + 1, 2c− b)m

(b + m){(1 + λ)(b−m) + 2m + 1}(b− c + 1, c + 1/2, 1− b)m
. (3.6)

(3.5) give similar summation formulae on settingN = 2m + 1 and then givingy successively the

valuesb −m, b −m + 2 andb −m − 1. Similar summation formulae follow on settingN = 2m

and specializing y suitably. These formulae forλ = −1/2 reduce to the summation formulae for

terminating 2-balanced5F4.

(ii) (3.3) for N = 2m+1, y = α+β− b− c−m− 1/2 yield a summation formula for a series

of 5F4

2m+1∑

n=0

(b, c, α + β − b− c− 1/2, x + 1,−2m− 1)n22n

(1, 2b, 2c, x, α + β − b− c−m− 1/2)n

5F4

[
α + n, β + n, x + n + 1, n− 2m− 1,−n;

2b + n, 2c + n, x + n, α + β − b− c−m + n− 1/2

]

= − (3/2, b + c− β + 1/2, b + c− α + 1/2)m

x(b + 1/2, c + 1/2, b + c− α− β + 3/2)m
. (3.7)

Similarly, in (3.3) settingN = 2m + 1 and then givingy successively the valuesα + β − b −
c−m− 3/2, α + β − b− c−m + 1/2, α + β − b− c−m− 5/2, α + β − b− c−m + 3/2, give

summation formulae similar to (3.7). Whereas, settingN = 2m, y = α + β − b − c −m − 1/2
gives the summation formula

2m∑

n=0

(b, c, α + β − b− c− 1/2, x + 1,−2m)n22n

(1, 2b, 2c, x, α + β − b− c−m− 1/2)n

5F4

[
α + n, β + n, x + n + 1, n− 2m,−n;

2b + n, 2c + n, x + n, α + β − b− c−m + n− 1/2

]

=
(x + 2m)(1/2, b + c− β + 1/2, b + c− α + 1/2)m

x(b + 1/2, c + 1/2, b + c− α− β + 3/2)m

− 2m(3/2, b + c− β + 1/2, b + c− α + 1/2)m−1

x(b + 1/2, c + 1/2)m−1(b + c− α− β + 3/2)m
. (3.8)

Moreover, (3.3) forN = 2m and then givingy successively the valuesα+β−b−c−m+1/2,
α + β − b − c − m − 3/2, α + β − b − c − m + 3/2, yield summation formulae similar to
(3.8). The formulae (3.7)-(3.8) reduce to the summation formulae for terminating6F5 on setting
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α = 2b, β = 2c. For instance (3.7) for the aforesaid specialization yields the summation formula

6F5

"
b, c, b + c− 1/2, {x(b + c + m− 1/2)/(x + b + c + 3m + 1/2)}+ 1, b + c + m− 1/2,−2m− 1;

2b, 2c, {x(b + c + m− 1/2)/(x + b + c + 3m + 1/2)}, (b + c−m− 1/2)/2, (b + c−m + 1/2)/2

#

= −(3/2, b− c + 1/2, c− b + 1/2)m/x(b + 1/2, c + 1/2, (3/2)− b− c)m. (3.9)

The summation formula (3.9) reduces to the summation formula (1.1) on lettingx −→ ∞.

Next, in (3.1), settingAs = (α, β, x,−N)s/(2b, 2c, x + 1, y)s and transforming the resulting3F2

on the RHS by (3.2), we have on some reduction

N∑

n=0

(b, c, α + β − b− c− 1/2, x,−N)n22n

(1, 2b, 2c, x + 1, y)n

5F4

[
α + n, β + n, x + n,−N + n,−n;
2b + n, 2c + n, x + n + 1, y + n

]

= x

[N/2]∑

r=0

(−)r (b + c− β + 1/2, b + c− α + 1/2, α + β − b− c− 1/2,−N/2, (1−N)/2)r

(1, b + 1/2, c + 1/2)r

×
∑

s≥0

(y − x)sΓ(y + b + c− α− β + N − r + s + 3/2)
(y)N+1−sΓ(y + b + c− α− β + r + s + 3/2)

. (3.10)

This transformation forN = 2m + 1 andy = α + β − b− c−m− 3/2 reduces to

2m+1∑

n=0

(b, c, α + β − b− c− 1/2, x,−2m− 1)n22n

(1, 2b, 2c, x + 1, α + β − b− c−m− 3/2)n

5F4

[
α + n, β + n, x + n, n− 2m− 1,−n;

2b + n, 2c + n, x + n + 1, α + β − b− c−m + n− 3/2

]

=
m∑

r=0

(−)r (b + c− β + 1/2, b + c− α + 1/2, α + β − b− c− 1/2)rx(1)2m+1

(1, b + 1/2, c + 1/2)r22r(1)2m−2r+1
,

∑

s≥m−r+1

(α + β − b− c− x−m− 3/2)s(1)m−r+s

(α + β − b− c−m− 3/2)2m+s+2(1)s−m+r−1

=
x(2)2m(x + b + c− α− β + 3/2)m+1

(x)2m+2(b + c− α− β + 3/2)m+1

4F3

[
b + c− β + 1/2, b + c− α + 1/2, x/2, (1 + x)/2;

b + 1/2, c + 1/2, x + b + c− α− β + 3/2

]

m

, (3.11)

where,rFs

[
a1, a2, . . . , ar;
b1, b2, . . . , bs

]

m

=
∑m

n=0

(a1, a2, . . . , ar)n

(1, b1, b2, . . . , bs)n
.
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The transformation (3.11) on settingx = 2b + 1 andα = 2b + 2 and evaluating the resulting

2F1

[
c− b− 3/2, b + 1;

c + 1/2

]

m

in the RHS by the known summation formula

2F1

[
a, b;

a + b + 1

]

m

=
(1 + a, 1 + b)m

(1, 1 + a + b)m
, (3.12)

yields

2m+1∑

n=0

(b, c, b + β + 3/2, 2b + 1,−2m− 1)n22n

(1, 2b, 2c, 2b + 2, b + β − c−m + 1/2)n

4F3

[
β + n, 2b + n + 1, n− 2m− 1,−n;

2b + n, 2c + n, b + β − c−m + n + 1/2

]

=
(3/2, c− b− 1/2)m(b + c− β + 1/2)m+1

(2b + 2)(b + 3/2, c + 1/2)m(c− b− β − 1/2)m+1
, (3.13)

which forβ = 2c reduces to the summation formula

6F5

"
b, c, b + c + 3/2, {2b(b + c + m + 1/2)/(3b + c + 3m + 3/2)}+ 1, b + c + m + 1/2,−2m− 1;

2b + 2, 2c, {2b(b + c + m + 1/2)/(3b + c + 3m + 3/2)}, (b + c−m + 1/2)/2, (b + c−m + 3/2)/2

#

=
(3/2, c− b− 1/2)m(b− c + 1/2)m+1

(2b + 2)(b + 3/2, c + 1/2)m(−b− c− 1/2)m+1
. (3.14)

In this sequel it may be pointed out that on specializingN, y, x andα suitably in (3.10) and

proceeding as in the proof of (3.13) number of formulae similar to (3.13) can be written which on

further specialization yield summation formulae similar to (3.14). For sake of brevity they are not

mentioned here.

§4. We begin this section by proving the following three transformations, as special cases of (3.1)

N∑

n=0

(b, c, α + β − b− c− 1/2, x + 1, z + 1,−N)n22n

(1, 2b, 2c, x, y, z)n

6F5

[
α + n, β + n, x + n + 1, z + n + 1, n−N,−n;

2b + n, 2c + n, x + n, y + n, z + n

]

=
[N/2]∑

r=0

(−)r (b + c− β + 1/2, b + c− α + 1/2, α + β − b− c− 1/2)r(−N)2r

xz(y)N (1, b + 1/2, c + 1/2)r22r
,

{(x + 2r)(z + 2r)(y + b + c− α− β + r + 1/2)N−2r

+(x + z + 4r + 1)(α + β − b− c + r − 1/2)(−N + 2r)(y + b + c− α− β + r + 1/2)N−2r−1
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+(α + β − b− c + r − 1/2)(α + β − b− c + r + 1/2)

(2r −N)(2r + 1−N)(y + b + c− α− β + r + 1/2)N−2r−2}, (4.1)

N∑

n=0

(b, c, α + β − b− c− 1/2, x + 1, z,−N)n22n

(1, 2b, 2c, x, y, z + 1)n

6F5

[
α + n, β + n, x + n + 1, z + n,−N + n,−n;

2b + n, 2c + n, x + n, y + n, z + n + 1

]

=
z(y + b + c− α− β + 1/2)N

x(y)N

5F4

[
b + c− β + 1/2, b + c− α + 1/2, α + β − b− c− 1/2,−N/2, (1−N)/2;
b + 1/2, c + 1/2, y + b + c− α− β + 1/2, α + β − b− c− y −N + 1/2

]

+
z(x− z)(1)N

x

[N/2]∑

r=0

(b + c− β + 1/2, b + c− α + 1/2, α + β − b− c− 1/2)r(−)r

(1, b + 1/2, c + 1/2)r(1)N−2r22r

∑

s≥0

(y − z)sΓ(y + b + c− α− β + N − r + s + 3/2)
(y)N+1+sΓ(y + b + c− α− β + r + s + 3/2)

(4.2)

and

N∑

n=0

(b, c, α + β − b− c− 1/2, x, z,−N)n22n

(1, 2b, 2c, x + 1, y, z + 1)n

6F5

[
α + n, β + n, x + n, z + n,−N + n,−n;

2b + n, 2c + n, x + n + 1, y + n, z + n + 1

]

=
xz(1)N

(z − x)

[N/2]∑

r=0

(b + c− β + 1/2, b + c− α + 1/2, α + β − b− c− 1/2)r(−)r

(1, b + 1/2, c + 1/2)r(1)N−2r22r

∑

s≥0

(y − x)sΓ(y + b + c− α− β + N − r + s + 3/2)
(y)N+s+1Γ(y + b + c− α− β + r + s + 3/2)

+ idem(x; z), (4.3)

where idem(x; z) means the sum of the expression and the expression obtained by interchangingx

andz in it.

PROOF OF(4.1): In (3.1) settingAs = (α, β, x+1, z +1,−N)s/(2b, 2c, x, y, z)s, and writing

the series definition of the resulting4F3 on the RHS, we have (denoting the LHS of 4.1) by S)

S =
[N/2]∑

r=0

(b + c− β + 1/2, b + c− α + 1/2, α + β − b− c− 1/2)r(x + 1, z + 1,−N)2r(−)r

(1, b + 1/2, c + 1/2)r(x, y, z)2r22r
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N−2r∑

s=0

(α + β − b− c + r − 1/2,−N + 2r)s

(1, y + 2r)s(x + 2r)(z + 2r)
{(x + 2r)(z + 2r) + s(x + z + 4r + 1) + s(s− 1)}

=
[N/2]∑

r=0

(b + c− β + 1/2, b + c− α + 1/2, α + β − b− c− 1/2)r(−N)2r(−)r

xz(1, b + 1/2, c + 1/2)r(y)2r22r

×
{

(x + 2r)(z + 2r)2F1

[
α + β − b− c + r − 1/2,−N + 2r;

y + 2r

]

+
(x + z + 4r + 1)(α + β − b− c + r − 1/2)(2r −N)

(y + 2r) 2F1

[
α + β − b− c + r + 1/2,−N + 2r + 1;

y + 2r + 1

]

+
(α + β − b− c + r − 1/2)2(2r −N)2

(y + 2r)2
2F1

[
α + β − b− c + r + 3/2,−N + 2r + 2;

y + 2r + 2

]}
.

Summing all the2F1’s on the RHS by Vandermonde’s summation formula, we get (4.1).

PROOF OF (4.2) : In (3.1) settingAs = (α, β, x + l, z,−N)s/(2b, 2c, x, y, z + 1)s and pro-

ceeding as in the proof of (4.1), we get (denoting the LHS of (4.2) by S)

S =
z

x

[N/2]∑

r=0

(b + c− β + 1/2, b + c− α + 1/2, α + β − b− c− 1/2)r(−N)2r(−)r

(1, b + 1/2, c + 1/2)r(y)2r22r

N−2r∑

s=0

(α + β − b− c + r − 1/2,−N + 2r)s

(1, y + 2r)s

{
1 +

(x− z)
(z + 2r + s)

}

=
z

x

[N/2]∑

r=0

(b + c− β + 1/2, b + c− α + 1/2, α + β − b− c− 1/2)r(−N)2r(−)r

(1, b + 1/2, c + 1/2)r(y)2r22r

2F1

[
α + β − b− c + r − 1/2,−N + 2r;

y + 2r

]

+
(x− z)

x

[N/2]∑

r=0

(b + c− β + 1/2, b + c− α + 1/2, α + β − b− c− 1/2)r(z,−N)2r(−)r

(1, b + 1/2, c + 1/2)r(z + 1, y)2r22r

×3F2

[
z + 2r, α + β − b− c + r − 1/2,−N + 2r;

z + 2r + 1, y + 2r

]
.

Now, summing the2F1 by Vandermonde’s summation formula and transforming the3F2 by

(3.2), we get (4.2) on some simplification.
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PROOF OF(4.3) : In (3.1) settingAs = (α, β, x, z,−N)s/(2b, 2c, x + 1, y, z + 1)s, and pro-

ceeding as in the proof of (4. 1), we get (denoting the LHS of (4.3) by S)

S =
[N/2]∑

r=0

(b + c− β + 1/2, b + c− α + 1/2, α + β − b− c− 1/2)r(x, z −N)2r(−)r

(1, b + 1/2, c + 1/2)r(x + 1, z + 1, y)2r22r
,

N−2r∑

s=0

(α + β − b− c + r − 1/2,−N + 2r)s(x + 2r)(z + 2r)
(1, y + 2r)s(z − x)

{
1

x + 2r + s
− 1

(z + 2r + s)

}

=
z

z − x

[N/2]∑

r=0

(b + c− β + 1/2, b + c− α + 1/2, α + β − b− c− 1/2)r(x,−N)2r(−)r

(1, b + 1/2, c + 1/2)r(x + 1, y)2r22r

×3F2

[
x + 2r, α + β − b− c + r − 1/2,−N + 2r;

x + 2r + 1, y + 2r

]
+ idem(x; z).

Transforming the inner3F2 in the RHS by (3.2), we get (4.3) on some simplification. Now,

specializing the parameters in (4.1)-(4.3) number of interesting summations and transformation

formulae can be obtained. We illustrate below only a few of the summations formulae that can be

obtained from the above transformation formulae.

In (4.1), settingN = 2m + 1, y = α + β − b− c−m + 1/2, we get

2m+1∑

n=0

(b, c, α + β − b− c− 1/2, x + 1, z + 1,−2m− 1)n22n

(1, 2b, 2c, x, z, α + β − b− c−m + 1/2)n

6F5

[
α + n, β + n, x + n + 1, z + n + 1, n− 2m− 1,−n;

2b + n, 2c + n, x + n, z + n, α + β − b− c−m + n + 1/2

]

=
(3/2, b + c− β + 1/2, b + c− α + 1/2, α + β − b− c− 1/2)m

xz(b + 1/2, c + 1/2, b + c− α− β + 1/2)m(α + β − b− c + 1/2)m+1

×{(x + 2m)(z + 2m)− (x + z + 4m + 1)(α + β − b− c + m− 1/2)}, (4.4)

which for α = 2b, β = z = 2c − 1, reduces to the following summation formula for terminating
balanced :6F5

6F5

"
b, c, b + c− 3/2, {(x(b + c + m− 1/2)/(x + b + c + 3m + 1/2))}+ 1, b + c + m− 1/2,−2m− 1;

2b, 2c− 1, (x(b + c + m− 1/2)/(x + b + c + 3m + 1/2)), (b + c−m− 1/2)/2, (b + c−m + 1/2)/2

#

=
(x + 2m)(3/2, b− c + 3/2, c− b + 1/2, b + c− 3/2)m

x(b + 1/2, c− 1/2,−b− c + 3/2)m(b + c− 1/2)m+1

− (x + 2c + 4m)(3/2, b− c + 3/2, c− b + 1/2)m(b + c− 3/2)m+1

x(2c− 1)(b + 1/2, c + 1/2,−b− c + 3/2)m(b + c− 1/2)m+1
.
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Similarly, (4.2) on settingN = 2m + 1, y = α + β − b− c−m− 1/2 yields

2m+1∑

n=0

(b, c, α + β − b− c− 1/2, x + 1, z,−2m− 1)n22n

(1, 2b, 2c, x, z + 1, α + β − b− c−m− 1/2)n

6F5

[
α + n, β + n, x + n + 1, z + n, n− 2m− 1,−n;

2b + n, 2c + n, x + n, z + n + 1, α + β − b− c−m + n− 1/2

]

=
(x− z)(2)2m(z + b + c− α− β + 3/2)m

x(z + 1)2m+1(b + c− α− β + 3/2)m

4F3

[
b + c− β + 1/2, b + c− α + 1/2, z/2, (1 + z)/2;

b + 1/2, c + 1/2, z + b + c− α− β + 3/2

]
(4.5)

and (4.3) on settingN = 2m, y = α + β − b− c−m− 3/2 yields

2m∑

n=0

(b, c, α + β − b− c− 1/2, x, z,−2m)n22n

(1, 2b, 2c, x + 1, z + 1, α + β − b− c−m− 3/2)n

6F5

[
α + n, β + n, x + n, z + n, n− 2m,−n;

2b + n, 2c + n, x + n + 1, z + n + 1, α + β − b− c−m + n− 1/2

]

=
z(1)2m(x + b + c− α− β + 3/2)m+1

(z − x)(x + 1)2m(b + c− α− β + 3/2)m+1

4F3

[
b + c− β + 1/2, b + c− α + 1/2, x/2, (x + 1)/2;

b + 1/2, c + 1/2, x + b + c− α− β + 3/2

]
+ idem(x; z). (4.6)

The transformation (4.5) on settingα = 2c + 1, z = 2c yields a summation formula for a series

of 4F3, viz.

2m+1∑

n=0

(b, c, β + c− b + 1/2, x + 1,−2m− 1)n22n

(1, 2b, 2c + 1, x, β + c− b−m + 1/2)n

4F3

[
β + n, x + n + 1, n− 2m− 1,−n;

2b + n, x + n, β + c− b−m + n + 1/2

]

=
(x− 2c)(3/2, b + c− β + 1/2, b− c + 1/2)m

x(2c + 1)(b + 1/2, c + 3/2, b− c− β + 1/2)m
. (4.7)

Whereas, (4.5) on settingβ = 2c + 2, z = 2c + 1 gives following summation formula for a

series of5F4

2m+1∑

n=0

(b, c, a + c− b + 3/2, 2c + 1, x + 1,−2m− 1)n22n

(1, 2b, 2c + 2, x, a + c− b−m + 3/2)n
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5F4

[
α + n, 2c + n + 1, x + n + 1, n− 2m− 1,−n;
2b + n, 2c + n, x + n, α + c− b−m + n + 3/2

]

=
(x− 2c− 1)(3/2, b + c− α + 1/2, b− c− 1/2)m

2x(c + 1)(b + 1/2, c + 3/2, b− c− α− 1/2)m
(4.8)

(4.7) for β = 2b and (4.8) forα = x = 2b − 1 reduce the following summation formulae for
terminating balanced6F5

6F5

"
b, c, b + c + 1/2, {x(b + c + m + 1/2)/(x + b + c + 3m + 3/2)}+ 1, b + c + m + 1/2,−2m− 1;

2b, 2c + 1, x(b + c + m + 1/2)/(x + b + c + 3m + 3/2), (b + c−m + 1/2)/2, (b + c−m + 3/2)/2

#

=
(x− 2c)(3/2, c− b + 1/2, b− c + 1/2)m

x(2c + 1)(b + 1/2, c + 3/2,−b− c + 1/2)m
(4.9)

and

6F5

"
b, c, b + c + 1/2, {(2c(b + c + m + 1/2)/(b + 3c + 3m + 3/2}+ 1, b + c + m + 1/2,−2m− 1;

2b− 1, 2c + 2, {2c(b + c + m + 1/2)/(b + 3c + 3m + 3/2)), (b + c−m + 1/2)/2, (b + c−m + 3/2)/2

#

=
(b− c− 1)(3/2, c− b + 3/2, b− c− 1/2)m

(2c + 2)(c + 3/2,−b− c + 1/2)m(b− 1/2)m+1
, (4.10)

respectively. Furthermore, (4.6) forα = 2b + 1, β = 2c + 2, x = 2b, z = 2c + 1 yields the
summation formula

6F5

"
b, c, b + c + 5/2, {2c(b + c + m + 1/2)/(b + 3c + 3m + 1/2)}+ 1, b + c + m + 1/2,−2m;

2b + 1, 2c + 2, {2c(b + c + m + 1/2)/(b + 3c + 3m + 1/2)}, (b + c−m + 3/2)/2, (b + c−m + 5/2)/2

#

=
(1/2)m(c− b + 3/2)m−1(b− c− 3/2)m+1

(b + 1/2)m(c + 3/2)m−1(−b− c− 3/2)m+1
+

b(1/2)m(b− c + 1/2)m−1(c− b− 1/2)m+1

(b + 1/2, c + 3/2)m(−c− b− 3/2)m+1
.

§5. In this sectionq-analogue of some of the summation formulae obtained earlier are discussed.

We first prove the followingq-analogue of the transformation (3.1)

∑

n≥0

[b2, c2, α2β2/b2c2q; q2]nq−n(n−3)/2

[q; q]n[α2, β2; q2]n

n∑

r=0

[q−n; q]rqrAn+r

[q2; q2]r

=
∑

r≥0

[b2c2q/α2, b2c2q/β2, β2α2/b2c2q; q2]r[b2, c2; q]2r(−)r(αβ/bc)2rqr(r+1)

[q2, b2q, c2q; q2]r[α2, β2; q2]2r

∑

n≥0

[α2β2q2r−1/b2c2; q2]n[b2q2r, c2q2r; q]nqnAn+2r

[q; q]n[α2q4r, β2q4r; q2]n
. (5.1)

PROOF OF(5.1) : Multiplying both sides of the following form of the Sears transformation [6;

2.10.4]

4φ3

[
q2−2n/α2, q2−2n/β2, q−n, q−n+1; q2; q2

q2−2n/b2, q2−2n/c2, b2c2q3−2n/α2β2

]
=

[b2, c2; q]nqn(n−1)/2

[b2, c2; q2]n

×4φ3

[
b2c2q/α2, b2c2q/β2, q−n, q−n+1; q2; q2

b2q, c2q, b2c2q3−2n/α2β2

]
,
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by [b2, c2, α2β2/b2c2q; q2]nq−n(n−3)/2 An/[q; q]n[α2, β2; q2]n and summing both sides with re-

spect ton from 0 to∞, we get (5.1) on some reduction.

In (5.1) settingAs = [−xqN , q−N ; q]s/[x; q]s, α = b2, β = c2 and summing the resulting

inner 3φ2 on the left hand side byq-Saalschutz summation formula we get aq-analogue of (3.4).

Whereas, in (5.1) settingAs = [−b2,−c2, q−N ; q]s/[y,−b2c2q−N/y, q]s, α = b2, β = c2 and once

again summing the inner3φ2 on the right hand side byq-Saalschutz summation formula we get a dif-

ferentq-analogue of (3.4). On the other hand substitutingα = b2, As = [−b2, β,−β, zq, q−N ; q]s/
[c2, y, z,−b2β2q1−N/c2y; q]s, (5.1) becomes [q-analogue of (3.3) forα = 2b]

N∑

n=0

[b2, c2, b2β2/c2q; q2]n[zq, q−N ; q]nq−n(n−3)/2

[q, y, z, b2, c2 − b2β2q1−N/c2y; q]n

6φ5

[
−b2qn,−βqn, βqn, zq1+n, qn−N , q−n; q; q
−q, c2qn, yqn, zqn,−b2β2q1+n−N/c2y

]

=
[N/2]∑

r=0

[c2q/b2, b2c2q/β2, b2β2/c2q; q2]r[zq, q−N ; q]2r(−b2β2/c2)rqr(r+1)

[q2, b2q, c2q; q2]r[y, z,−b2β2q1−N/c2y; q]2r

4φ3

[
zq1+2r, bβqr−1/2/c,−bβqr−1/2/c, q−N+2r; q; q

zqr, yq2r − b2β2q1+2r−N/c2y

]

=
[N/2]∑

r=0

[c2q/b2, b2c2q/β2, b2β2/c2q, q2]r[−cyqr+1/2/bβ; q]N−2r−1[q; q]N (−c2y2qr−1/b2β2)r

[q2, b2q, c2q; q2]r[q; q]N−2r(1− z)[y,−c2y/b2β2; q]N
{

(1− yqN−1)

(
1 +

czqr+1/2

bβ

)[
cyqr−1/2

bβ
; q

]

N−2r

−
(

czqr+1/2

bβ

)(
1− y

qz

) (
1 +

bβqr−1/2

c

)[
cyqr+1/2

bβ
; q

]

N−2r

}
. (5.2)

In (5.2) settingy = zq and lettingq −→ 1, we get (3.4). SpecializingN andy suitably in (5.2),

q-analogues of the results indicated in§3 can be written. For instance, settingN = 2m + 1, y =
bβq−m−1/2/c (5.2) gives the followingq-analogue of a special case (α = 2b) of (3.7)

2m+1∑

n=0

[b2, c2, b2β2/c2q; q2]n[zq, q−2m−1; q]nq−n(n−3)/2

[q, z, b2, c2, bβq−m−1/2/c,−bβq−m+1/2/c; q]n

6φ5

[
−b2qn, βqn,−βqn, zq1+n, qn−2m−1, q−n; q; q
−q, c2qn, zqn, bβqn−m−1/2/c,−bβqn−m+1/2/c

]

=
(bβq−1/2/c)(1− q)(1 + czqm+1/2/bβ)[q2, c2q/b2, b2c2q/β2, b2β2/c2q; q2]m

(z − 1)[b2q, c2q; q2]m[−cq1/2/bβ, cq3/2/bβ, bβq−1/2/c; q]m[−bβq1/2/c; q]m+1
. (5.3)
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Similarly, settingN = 2m + 1 and givingy successively the valuesy = bβq−m+1/2/c, y =
bβq−m+3/2

c , in (5.2) givesq-analogue of special case (α = 2b) of two of the results in§3. Moreover,

in (5.2) settingN = 2m, y = bβq−m+3/2/c and then replacingb by −b, yield aq-analogue of a

special case (α = 2b) of (4.7).
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