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Using the transformation theory of hypergeometric series summation formulae for balanced ter-
minating hpergemetric series are obtained including the Andrews known summation formulae
along with new summation formulag;analogue of some of the summation formulae are also
obtained.
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§1. Andrews [1] proved the summation formula

—2n—-l,z+2n+2,z2—2+1/2;2+n+1,24+n+1;
5 4[ / =0, (1.1)

24+2)/2,(14+2)/2,22+2n+2,2x — 2z +1

for giving an elegant proof of a result of Mills, Robbins and Rumsey [10]. He [1] proved a number
of summation formulae closely related to (1.1).

In another paper Andrews [2] conjectured the formula

7 —2n—1,$+2n—|—1,:U—z—|—1/2,z+n—|—1/2,:13—|—n—|—1/2,(2x—|—2n—|—4)/3;] 0
6475 =

24+2)/2,(14+x)/2,22 — 22+ 1,22+ 2n+1,(2x 4+ 2n + 1)/3.

(1.2)
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Later on, Stanton pointed out that (1.2) is a special case of a result of Gessel and Stawiton [7]

ba—b+1/2,(342a)/3,a,1 —2d,2a +2d+2n+1,—2n— 1,

=0 1.3
2b,2a —2b+1,2a/3,a+d+1/2,—d—n+1/2,a+n+ 3/2. 13

In a joint paper Andrews and Stanton [3] proved (1.1) by using transformations of Bailey [4].
They used (1.1) and (1.2) and the@analogue of (1.2) (which is a known result of Gessel and Stan-
ton [8]) to prove some known as well as new evaluations of determinants which appear in plane
partitions. Stanton [12] obtained some summation formulae for terminating balghgeshich
were next in hierarchy of Andrews [1] summation formulae for terminating balasEedChu [5]
proved duplicate form of Gould-Hsu [9] inversion theorem and used it to obtain number of summa-
tion formulae for terminating balanced hypergeometric series including those of Andrewa [1] and
Stanton [12].

In view of the applications of balanced hypergeometric series we look into more general trans-
formations and summations of balanced hypergeometric series both ordinary and basic, including
generalizations of (1.1) and (1.2Z)yanalogue of some of the results are also obtaing.n

The generalized hypergeometric series is defined as

o0
1,02, ..., 0} 2 (ar,a2,...,a;)p
=, F. = E 2",
r 5[ bl’b2,,..7b5 ] n:O(l,bl,bg,...,bs)n

(ar); 2

(bs)

r < s+ 1 and forr = s + 1 the series converges inside the unit disc< 1 and forz = 1, it
S T S T
converges foit (Z b — > ak> > 0 and wher = —1 it converges fof (Z b — Y. ak> >
k=1 k=1 k=1 k=1
—1. Here, as usualay, ag, . . ., a,), denotegay )n(az)n - - . (ar)n, Where

TFS

(a)n = 1, n=20
Wn = ala+1)...(a+n—-1), n>0.

i i i ; ; r)s | . r); 1
When the argument is 1 we will drop it and simply write, [ (C; )) ] instead of. F, (Céb)) ]
g-hypergeometric series is defined as
(ar);q;z a1, a9, ...,ar;q; 2
TS ET s = TS ) "'7T;b7b'--bs; ;
’ [ (bs) i b1,bs ... by ¢slar, az... ar; by, ba q; 2]

S
o Z [a17a2---’ar;Q]n n
= 2",

n—=0 [q7 bla b? e bsa Q]n

lg| < 1,|z| < 1. Once againjai, as, . .. a,; q], denotesay; ¢ln[az; q]n - - - [ar; q]n, Where

[Q;Q]n_{ b n=0

(1—-a)(1—aq)...(1—ag" '), n>0.
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The hypergeometric series$’s[(a,); (bs); z] will be called k-balanced ifk + Z a; = Z b;
j=1
and we will refer to 1 - balanced series as balanced or Saalschutzian. Slmllarly the generalized
q-hypergeometric serig®,[(a.); (bs); ¢; z] will be calledk-balanced ifuyas . . . a,¢* = biby . . . b,

and we will refer to 1-balanced series as balanced or Saalschutzian.

§2. We begin this section by proving the transformation
Y2 et d—3a—1/2)0(b2b—2a,2+ 1, —N)o(—4)"

; (L,b—a+1/2),(4a —2c+1,2a —2d+1,2b —3a — N + 1, )2,

20 —c+r+1/2,a—d+r+1/2,242r +1,b+ 2r,2b — 2a + 2r,2r — N;

F
Ol da—2c+2r+1,2a—2d+2r + 1,2 +2r20—3a— N +2r +1,a+7+1/2
[N/2
_Z ) (a,1+a/2,¢c—a,d,b—a)y(b)sr(—N)2r(3a —b+3r+1)ny_2r—1
z(l,a/2,2a —c+1,a —d+1),(2a + 1) ny2r(3a — 2b) Ny

{(z+2r)(3a—b+3r)(2a—b+r+1)Ny_2r — (N —2r)(b+3r)(x+a—b+7)(2a—b+r+1)N_27_1},

(2.1)
and discuss number of its special cases which are generalizations of (1.1) and some other known
results.

PrROOF OF(2.1). Multiplying both sides of the following form of Whipples transformation [11;
2.4.1.1]

a,1+a/2,b+n,c—a,d,—n/2,(1—n)/2;
o a/2,1+a—b—n,1+2a—c,1+a—d,1+a+n/2,a+{(1+n)/2}

(2a —2d+1,a+1/2),

_ (a—d+1/2,2a+1), 2a—b—c—n+1,d,—n/2,(1 —n)/2;
s d—a—-n+1/2,14+2a—c,1+a—-b—n

(2a —c+1/2,a —d+1/2,2a + 1,2b — 2a),
(da —2c¢+1,2a —2d+1,a+1/2,b—a),

b+c+d—3a—1/2,(1/2) —a—mn,—n/2, (1 —n)/2; ]
4F3 ;

d—a—-n+1/2b—a+1/2,c—2a—n+1/2

L . . . (b,b—a,z+1,—N),
the last line is written by using the transformation [11; 2.4.1.7]) by
( yusing [ DY 20— 30— N+ Lo),

and summing w.r.tn from O to IV, rearranging the order of summations of the series on both sides,
we have (denoting the LHS by S)
L (=) (a1 +a/2,¢ — a,dyb— a)y(B)sr(z + 1, —N)a,

S =
— (1,a/2,2a —c+1l,a—d+1),(2a + 1)4r(x,2b — 3a — N + 1),
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b+3r,b—a+r,x+2r+1,—N + 2r;

aF3
20 +4r +1,2b —3a — N +2r+ 1,2 + 2r

_ [%:/2} (=)"(a,1+a/2,c—a,d,b—a)(b)3-(x+1,-N)2r(2a —b+7r+1,3a — b+ 3r)Ny_2,
- r=0 (17 CL/Q, 2a —c+ 1, a—d+ 1)1“(1:)21“(2& + 1)N+2T(3a o Qb)N

—lLx+a—-b+r,b+3r,—N + 2r;
z+2r,b—2a— N +1,3a — b+ 3r

43

(Last line is obtained by using the transformation [11; 2.4.1.7]). SimplifyiRgyields (2.1).
The transformation (2.1) on specializingnd NV suitably (as mentioned against each result) reduces
to summation formulae

m

Z (c+d+m—a—1/2).(2a 4+ m,2a+2m,z +1,—2m — 1)9.(—)"
(La+m+1/2),.(4a —2c+1,2a — 2d + 1, a, x)9,2%"

r=0

. 2a—c+r+1/2,a—d+r+1/2,x—l—2r+1,2a+2r+m,2a—|—2m—|—27“,—2m+2r—1;]
64’5

da —2c+2r+1,2a—2d+2r+ 1,z +2r,a+2r,a+1r+1/2

(3/2,¢c— a,d)m(x —2a — 2m)(—4)™
= N=2 1,b=2 2.2
(2@—20—1—1,a—d—|—1,2a)mm(2a+4m—i—1)’( m+1 atm) (2:2)

f: (c+d+m—a—1/2).(2a 4+ m,2a+ 2m,x + 1, —2m)a(—)"

= (La+m+1/2).(4a —2c+1,2a —2d + 1,a + 1,x)9,2%"

<

20 —c+r+1/2;a—d+r+1/2,x+2r +1,2a + 2r +m,2a + 2m + 2r, —2m + 2r;

F:
055 da —2c+2r+1,2a —2d+2r+ 1,z +2r,a+2r+la+r+1/2

 (1/2,c—a,d)pma(z +2m)(—4)™ _ B
 (2a—c+1l,a—d+ 1,2a)ma:(a+2m)’(N =2m,b=2a+m) (2.3)

i”: (c+d+m—a+1/2).2a+m+1,2a+2m + 2,7+ 1,-2m — 1)9,(—)"
(1,a+m+3/2),(da —2c+1,2a — 2d + 1,a + 2, 2)9,2%"

2a—c+r+1/2,a—d+r+1/2,2+2r+1,2a+2r+ m—+1,2a+2m + 2r + 2, —2m + 2r — 1;
da—2c+2r+1,2a—2d+2r+1,z+2r,a+2r+2,a+r+1/2

_ (3/2,¢c—a,d)m(a+1)(z —a+1)(a+2m)(—4)™
(2a —c+1,a—d+1,2a+ 1)x(a+m)(a+2m+1)(a+2m+ 2)

(N=2m+1,b=2a+m+1). (2.4)

Similarly other summation formulae can also be written by specializiagd N suitably but
they have two or more terms on the right hand side hence they are not mentioned here. The summa-
tion formulae (2.2) and (2.3) faf = a — ¢ — m + 1/2 reduce to the following summation formulae
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for terminating balanceglFs

65

2a —c+1/2,c+m,z+1,2a +m,2a+ 2m,—2m — 1;
4a — 2c+1,2c+ 2m,x,a,a + 1/2

(3/2,¢c —a,c—a+1/2)pm(z — 2a — 2m)22™

_ 25
(2a —c+1,c+m+1/2,2a),z(2a +4m + 1)’ (2:5)
P 2a —c+1/2,c+m,z+1,2a +m,2a + 2m, —2m,;

055 da—2c+1,2¢+2m,z,a+1,a+1/2
_ (1/2,¢ —a,c — a4+ 1/2)pa(x + 2m)22™ 2.6)

(2a —c+1,c+m+1/2,2a)mx(a+ 2m)’

respectively. Whereas (2.4) fdr= a — ¢ — m — 1/2 reduces to the following summation formula
for terminating balanceglF

6F5

20 —c+1/2,c+m+1,x+1,2a+m+1,2a+2m+2,—2m — 1;
da —2c+ 1,2c+2m+2,z,a + 2,a + 1/2
(3/2,c—a,c—a+3/2)m(a+1)(a+2m)(z —a—1)22™

= . 2.7
(2a—c+1,c+m+1/2,2a+ 1)x(a +m)(a+2m+ 1)(a + 2m + 2) .7)

It may be noted that the summation formulae (2.5)-(2.7) are different extensions of (1.1) and
they reduce to it on successively setting= 2a + 2m,z = —2m andx = a + 1 respectively and
replacinge, a, m suitably. Whereas (2.5) on successively setting 4a —2¢, —2m —1, 2¢+2m—1
and2a + m, replacinge, a, m yield [1; (4.13), (4.16),(4.21)] and (6.10)]. The summation formula
(2.6) on successively setting= a,2c + 2m — 1,2a + m, ¢ + m replacingc, a, m suitably yield
[1; (4.16), (4.18), (6.3), (6.4)]. Amongst the number of summation formulag Aprmentioned
in Chu [5] that follow as special cases of (2.5)-(2.7),we list below few of them: (i) In (2.5) giving
x successively the values— 1,a — 1/2,c+m,2a — c+ 1/2,2 — 0,z — oo. (ii) In (2.6)
giving = successively the values— 1/2,4a — 2¢,2a + 2m,2a — ¢+ 1/2,2 — 0,2 — oo.

(iii) In (2.7) giving z successively the values— 1/2,2c + 2m + 1,4a — 2¢,2a + m + 1,2 —
0,2a +2m + 2,2a —c+1/2,—2m — 1,¢c + m + 1,z — oo. In this sequel it may be noted
that adding (m + 1)/a)times (2.6) tok times (2.5), we have summation formula for terminating
balanced Fy:

2a —c+1/2,c+m,z+1,2a+m,{(ka+2m+k)/(k—1)},2a + 2m,—2m — 1;

F
o z,4a —2c+1,2c+2m,{(ka+2m+1)/(k—1)},a+1,a+1/2

~ (3/2,c—a,c—a+1/2)a{k(a+2m)(x —2a — 2m) + (2a +4m + 1)(z + 2m)}22% 8)
N (2a —c+1,c+m+1/2,2a)mx(a + 2m)(2a + 4m + 1) (ka + 2m + 1) v

(2.8) is a generalization of (2.5) and (2.6) and reduces to them on léttingr co andk — 0
respectively. Moreover, it reduces to summation formulae for terminating balghgexh givingz
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successively the valu@s—c+1/2, c+m, 2a+m, a—1/2, 2a+2m, —2m—1,4a—2¢, 2c+2m—1, a.
(2.8) fork = (2a + 4m + 1)/(a + 2m) andz = ¢ + m becomes [1;(4.19)] on replacinga, m
suitably.

§3. We begin this section by proving the following general transformation

(b, a+ B —b—c—1/2),22" = (—n),
An r
ng‘) (1,0, B)n zzjo 1), "

B i (=)'(b+c—a+1/2,b+c—F+1/2,a+F—b—c—1/2).(2b,2¢)2,
= (Lb+1/2,¢+ 1/2)(a, B)2, 2

o0

XZ (204 2r,2c+2r,a+ B3 —b—c+r—1/2),Anior
(L, + 27, 8+ 2r), '

(3.1)

n=0

PrROOF OF(3.1). Multiplying both sides of the transformation [ll; 2.4.17]

l—a—n,1-p—n,—n/2,(1—n)/2;

1F5
1-b—-n,1—c—nb+c—a—-—F—-—n+3/2

B —b+1/2,1—-b—n,—c+1/2,1—c—mn;
o 1=b—n/2,(1/2) —b—n/2,1 —c—n/2,(1/2) — c — n/2.

X 4 F3

b+c—0B+1/2,b+c—a+1/2,—n/2,(1 —n)/2;
b+1/2,c+1/2,b+c—a—F—n+3/2 ’

by (b,c,a+ B —b—c—1/2),2"A,,/(1,a, 3), and summing with respect tofrom 0 tooco, we
get (3.1) on interchanging the order of summations.

It may be of interest to note that (3.1) far= b+ c+1/2, A, = (5)»/(y)» and taking any one
of b, ¢, 6 as non-negative integer, reduces to

bvcvﬁay_ﬁ; ]: F2

4F3
b+c+1/2,9y/2,(14y)/2

2b, 2¢, 3;
b+c+1/2y ] ’

which yields terminating version of Watson’s summation formulae on séttiag-m,y = 25;, 6 =
—m,y = —2m respectively. It also gives summation formulae on setting —m,y = 206 —
1,8 =-my=-2m—1b=-my=260+10=-m,y =1-2m. In (3.1) setting
As = (a, 8,2+ 1,—N)s/(2b,2¢, x,y)s, and transforming the resulting on the right hand side
by using the transformation [11; 2.3.3.7]

b e
3F2 a? 707]:1—\
e f

e—a,f—a,e+f—a—b—c;]

e,fre+f—a—-b—g
ae+f—a—ce+f—a—0>

(3.2)

e+f—a—ce+f—a—0>
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yield on some reduction the transformation

N (bc,a+p—b—c—1/2,x+1,—N),2%"
T;) (1,2b,2¢,2,y)n
F) at+n,B+nx+n+1,—N+n,—n;
2b+n,2c+n,x+n,y+n
TR
_a:<y>n§

(=) (b+ec—p+1/2,b+c—a+1/2,a+B—-b—c—1/2).(—N)2 K,
(1,b+1/2,¢c+1/2),227

, (33

whereK, = {(y+N—-1)(y+b+c—a—[F+r—1/2)y_op—(y—2—1)(y+b+c—a—[F+r+1/2) N_2r }.

Particular cases 0f(3.3): (i) (3.3) fora = 2b,8 = 2¢,z — oo reduces to the following
transformation which is equivalent to [4; Theorem 4] and reduces to it on replacingand N by
z+ 1,2 —2+1/2,1 — a — p andp respectively:

_b,c,b+c—1/2,y+N,—N;
F, =(y—b—c+1/2
Wl 2b,2¢,y/2, (y +1)/2 W 2
[ b+c—1/2,b—c+1/2,c—b+1/2,—N/2,(1 — N)/2;
5Fy (3.4)
| b+ 1/2,c+1/2,y—b—c+1/2,b+c—y—N+1/2

However, (3.4) forc = b + 1/2 reduces to a summation formula of Bailey [4]. On the other
hand, multiplying both sides of (3.4) by" /(1) y and summing both sides with respectNofrom
0 to oo, we will have a quadratic transformation which reduce to summation formulae on setting
c=>b+1/2andc = b — 3/2 respectively.

Next, in (3.4) replacing by b — ¢ + 1/2 and adding it to\ times the transformation obtained
from it on replacingy andy by b — ¢+ 1/2 and y — 1), we get

| b et 20 b (0N = 1)+ N)/ (200} + Ly + N = 1,-N; ]

26— 2c+1,2¢, {(1+ N)(y — 1) + N) /(1 +2))},4/2, (1 +y)/2

{A+Ny—b-1)+N} (y—b)n1
{T+MN(y—-1)+ N} (y)N-1

g | PP 2o L2 b N = b= 1)+ N/ =D} + 1, =N/2, (1= N)/2 ] |

b—c+1,c+1/2,y—b,24+b—y—N,{(1+N(y—b—1)+N)/(A—1)}
(3.5)

(3.5) is a generalization of (1.2) to which it reduces on setiing 1,y = b — n + 1/2 and then
replacingb,c, N by x +n 4+ 1/2,z +n + 1/2,2n + 1 respectively. Fon = —1/2 it reduces to a
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summation formula for terminating 2-balancgd,. However, (3.5) fotV = 2m+1,y = b—m+1,
becomes

b—c+1/2,¢,b,{(1+AN)b—-m)+2m+1)/(1+2X)}+1,b+m+1,—-2m —1;

ST 9~ 2¢ 41,26, {((1+ A)(b—m) + 2m + 1) /(1 + 20}, (b — m + 1)/2, (b — m + 2)/2

B (b—m)(3/2,b—2c+1,2c —b)m (3.6)
S +m){A+Nb-—m)+2m+1}b—c+1,c+1/2,1—b)y '

(3.5) give similar summation formulae on setting= 2m + 1 and then givingy successively the
valuesb — m,b — m + 2 andb — m — 1. Similar summation formulae follow on setting = 2m
and specializing y suitably. These formulae fo= —1/2 reduce to the summation formulae for
terminating 2-balanceglFy.

(i) B.3)for N =2m+1,y = a+ [ —b—c—m—1/2yield a summation formula for a series
of 5Fy

%*:1 (bye,a+B—b—c—1/2,2+1,—2m — 1),2%"

(1,2b,2¢c,z, a0+ —-b—c—m—1/2),

n=

7 a+n,f+nx+n+1,n—2m-—1,—n;
o 2b+n,2c+n,x+na+f—-b—c—m+n-—1/2
(3/2,b+c—B+1/2,b+c—a+1/2),

T 20+ 1/2,c+1/2b+tc—a—PB+3/2)m (3.7)

Similarly, in (3.3) settingV = 2m + 1 and then givingy successively the values+ 5 — b —
c—m-—3/2,a+pf—-b—c—m+1/2,a+—-b—c—m—-5/2,a+—-b—c—m+3/2, give
summation formulae similar to (3.7). Whereas, settfMig= 2m,y = a+ 5 —-b—c—m —1/2
gives the summation formula

2m

Z(b,c,a+6—b—c—1/2,gc+1,—2m)n22"
(1,2b,2¢c,z,a+ 3 —b—c—m—1/2),

n=0
15 a+n,pB+nxz+n+1,n—2m,—n;
e 2b+n,2c+n,z+na+pB—-b—c—m+n—1/2

C(+2m)(1/2,b+c—B+1/2,b+c—a+1/2),
 2(b+1/2,c+1/2,b+c—a—B+3/2)n

C2m(3/2,b+c—B+1/2,b+c—a+1/2)p

r(b+1/2,¢+1/2)m1(b+c—a—03+3/2)m (3.8)

Moreover, (3.3) fortV = 2m and then giving; successively the values+ 3 —b—c—m+1/2,
a+fB—-b—c—m—-3/2,a+ 3 —b—c—m+ 3/2, yield summation formulae similar to
(3.8). The formulae (3.7)-(3.8) reduce to the summation formulae for termingfinign setting
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a = 2b, 3 = 2c. Forinstance (3.7) for the aforesaid specialization yields the summation formula
" #
bye,b+c—1/2 {x(b+c+m—1/2)/(z+b+c+3m+1/2)} +1,b+c+m—1/2,—2m — 1;

O ab2c {z(bte+m—1/2)/(x+b+c+3m+1/2)}, (b+c—m—1/2)/2,(b+c—m+1/2)/2

—(3/2,b—c+1/2c—b+1/2)m/z(b+1/2,c+1/2,(3/2) — b — C)m. (3.9)

The summation formula (3.9) reduces to the summation formula (1.1) on lettirg> oo.
Next, in (3.1), settingd; = («, 3, x,—N)4/(2b,2¢,z 4+ 1,y)s and transforming the resulting
on the RHS by (3.2), we have on some reduction

i (b,c,a+ B —b—c—1/2,z,—N),2%"
= (1,2b,2¢,2+ 1,y)n
a+nB+nxz+n—N+n,—n;

5Fy
206+ n,2c+n,z+n+1,y+n

_xNZm ybte—pB+1/2btc—a+l/2a+B-b-c—1/2-N/2,(1-N)/2),

(L,b+1/2,¢+1/2),

XZ Ny+b+c—a—FB+N—-r+s+3/2)

3.10
YIN+1-sL'(y+b+c—a—F+r+s+3/2) (3.10)

s2>0
This transformation foiV = 2m + 1 andy = o + 3 — b — ¢ — m — 3/2 reduces to
%51 (bye,a+B—b—c—1/2,2,—2m — 1),,22

= (1,2b,2c,z+1,a+B3—-b—c—m—3/2),

a+n,B+n,xz+nn—2m-—1—n;

F.
e 2b+n,2c+n,z+n+l,a+pf—-b—c—m+n—23/2

_ i( )T(b+c—ﬁ+1/2,b+c—a+1/2,a+ﬁ—b—c— 1/2),2(1)2ma1
(17 b+ 1/2a c+ 1/2)T22r(1)2m—2r+1 ’

(a+B—-b—c—x—m—3/2)s(1)m—rts
(a + ﬂ —b—c—m— 3/2)2m+s+2(1)s—m+r—1

(2)2m(z+b+c—a—B+3/2)ms1
(T)2my2(b+c—a—F+3/2)m1

b+c—0+1/2b+c—a+1/2,2/2,(1+x)/2;

: (3.11)
b+1/2,c+1/2,z+b+c—a—[F+3/2

4473

where,,. F

a17a27"'7a’7“; _ m (a17a27"‘7a7")n
—ano '
bl,bg,...,bs (1,b17b27~-7bs)n
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The transformation (3.11) on setting= 2b + 1 anda = 2b + 2 and evaluating the resulting

-b—-3/2,b+ 1, , i
B | € /2:5+1; in the RHS by the known summation formula
E +1/2
C
b; 1 1
a,b; _(I+al+bm (3.12)
a+b+1 . (L1+a+0b)m
yields
QmZJrl (b’ ¢, b+ ﬂ + 3/27 2b + 1, —2m — 1)n22n
— (1,2b,2¢,2b+2,b+ f—c—m+1/2),
4F3 B+n,2b+n+1,n—2m—1,—n;
2b+n,2c+nb+B—c—m+n+1/2
—b—-1 —
_ (3/2,c=b—1/2)(b+c—B+1/2)mp (3.13)

(264+2)(b+3/2,c+1/2)m(c—b—F3—1/2)pms1’

which for 8 = 2¢ reduces to the summation formula
" #
bye,b+c+3/2,{2b(b+c+m+1/2)/(3b+c+3m+3/2)} +1,b+c+m+1/2,—2m — 1;

ofs 2b+2,2¢, {2b(b+ ¢ +m + 1/2)/(3b+ c + 3m + 3/2)}, (b+ c — m +1/2)/2, (b+ ¢ — m + 3/2) /2

_ (3/2,¢—=b—1/2)m(b—c+1/2)m41
R C R TP o e e vy (3.14)

In this sequel it may be pointed out that on specializMgy, + and « suitably in (3.10) and
proceeding as in the proof of (3.13) number of formulae similar to (3.13) can be written which on
further specialization yield summation formulae similar to (3.14). For sake of brevity they are not
mentioned here.

84. We begin this section by proving the following three transformations, as special cases of (3.1)

i\f: (bc,a+pB—-b—c—1/2,2+1,2+1,—N),2%"
n=0 (172b7 267$7y72>n

a+nB+nzx+n+l,z4+n+1,n—-N,—n;
6L

2b+n,2c+n,x+n,y+n,z+n

:[Nz/‘f]()T(b—i—c—ﬂ—ir1/2,b+c—a+1/2,o<—|—ﬁ—b—c—1/2)T(—N)2T

zz(y)n(1,b+1/2,¢ 4 1/2),2% ’

r=0

{(@+2r)(z+2r)(y+btc—a—F+r+1/2)n o

+ax+z+4r+1)(a+B-b—c+r—1/2)(-N+2r)(y+b+c—a—0F+r+1/2)n_2r—1
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+a+pB—-b—c+r—1/2)(a+—-b—c+r+1/2)

@2r—=N)2r+1-N)y+b+c—a—LF+7r+1/2)v-22}, (4.1)

zN:(b,c,a—i—ﬁ—b—c—1/2,x+1,z,—N)n22”

(17 2b7 267 x’ y? z + 1)n

n=0

at+n,f+nx+n+1,z+n —N+n,—n;

6F5
2b+n,2c+n,c+n,y+n,z+n+1

_ 2y+b+c—a—-B+1/2)n
r(y) N

b+c—0+1/2,b+c—a+1/2,a+F—-b—c—1/2,—N/2,(1 — N)/2;

o b+1/2,¢c+1/2,y+b+c—a—-0F+1/2,a+8—-b—c—y—N+1/2

2z —2)(1)n [NZ/Q] bte—B+1/2b+c—atl/2at8—bc—1/2(-)

x = (1,b+ 1/2,C+ 1/2)7»(1)]\7_27«227"
E:@—%%Ny+b+o—a—ﬁ+N—r+s+W% 4.2)
= (Wl (y+d+te—a—B+r+s+3/2) '

and

i(b,c,a—i—ﬁ—b—c—1/2,:13,2,—]\7)”22”
n=0 (1,2b,2€,1‘+1,y,2+1)n

a+n,B+nz+nz+n —N+n,—n;
615

2b4+n,2c+n,c+n+1l,y+nz+n+1

[V/2] ,

xz(l)N Z (b+c—0+1/2)b+c—a+1/2,a+pB—-b—c—1/2)(—)
(1) & (1,b+1/2,c+1/2),(1)y_2,22"

—x)sI b —a— N — 3/2 .
EZ@/ z)(y+b+c—a—F+ r+s+ /)+ﬁmM%Z% 4.3)

(Y)N+se1D(y+b+ec—a—B+r+s+3/2)

s>0
where idem(x; z) means the sum of the expression and the expression obtained by interchanging
andz in it.

PROOF OF(4.1). In (3.1) settingAs = (o, B,z + 1,2+ 1, —N)s/(2b, 2¢, x, y, ) s, and writing
the series definition of the resultings on the RHS, we have (denoting the LHS of 4.1) by S)

S:[NZ/Q] bte—F+1/2b+c—at1/2a+B—b—c—1/2n(@+1,2+1,—N)a(=)

(1, b+ 1/2,0 + 1/2)r(x7y’ Z)2T22r

r=0
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= (a+B—-b—c+r—1/2,—N + 2r)

(Ly+2r)s(x+2r)(z + 2r)

{(x+2r)(z+2r)+s(z+z+4r+1)+s(s—1)}

S=

:[%2} (b+c—B+1/2b+c—a+1/2,a+B—b—c—1/2)(=N)ar(-)"

zz(1,b+1/2, ¢+ 1/2),(y)2,22"

r=0

at+pf—-b—c+r—1/2,—N + 2r;

X < (x4 2r)(z + 2r)o F:
{( )(z+ 2r)2F) o

a+p—b—c+r+1/2,—N +2r+1;
y+2r+1

+(x+z+4r+1)(a+ﬂ—b—c+r—1/2)(2r—N)

F
(y + 2r) 2

a+f—-b—c+r+3/2,—N+2r+2;

+(a+ﬁ—b—c+r—1/2)2(2r—]\7)2
y+2r+2

F;
(y+2r)2 2

Summing all the F;’s on the RHS by Vandermonde’s summation formula, we get (4.1).

PROOF OF(4.2): In (3.1) setting4; = (a, [,z + 1,2,—N)s/(2b,2¢,z,y,z + 1), and pro-
ceeding as in the proof of (4.1), we get (denoting the LHS of (4.2) by S)

S:z[NZ/Q] (btc—B+1/2b+c—at1/2a+h—b—c—1/2)(—N)a(-)"
= (Lb+1/2,c+1/2),(y)2r 2%
N-—-2r
(a+B—-b—c+r—1/2,—N + 2r) { (x — 2) }
> 14—
— (1,y+2r), (z+2r +s)
B e Br1/2b4c—at1/2a+8-b—c—1/2(~N)ao (=)
& (1,b+1/2,¢+1/2),(y)2r2%
a+fB—-b—c+r—1/2,—N + 2r;
2 F1
y+2r
[N/2] .
+(x—z) Z (b+c—B+1/2,b+c—a+1/2,a+B—-b—c—1/2),(2,—N)or(—)
= (Lb+1/2,¢c+1/2), (2 + 1,y)2,2%"

z+2r,a+fB—-b—c+r—1/2,—N + 2r;

X3F2
z+2r+1,y+2r

Now, summing the F; by Vandermonde’s summation formula and transformingsthg by
(3.2), we get (4.2) on some simplification.
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PROOF OF(4.3): In (3.1) setting4; = (o, 3,z,2,—N)s/(2b,2¢c,z + 1,y,z + 1), and pro-
ceeding as in the proof of (4. 1), we get (denoting the LHS of (4.3) by S)
[N/2] .
g = Z b+c—0+1/2b+c—a+1/2,a+F—-b—c—1/2),(z,2— N)or(—)
= (L,b+1/2,¢+1/2),(x+ 1,2+ 1,y)2,.22" :

N—-2r
(a+B—-b—c+r—1/2,—N +2r)s(x + 2r)(z + 2r) 1 1
> { |

(1,y + 2r)s(z — 2) t4+2r+s  (z242r+s)

s=0

z [NZ/Z] (btc—pB+1/2,b+c—a+1/2,a+B-b—c—1/2);(x,—N)2r ()"

(Lb+1/2,¢+1/2)p(x + 1,y)2,2%"

Z—X
r=0

x+2ra+f—-b—c+r—1/2,—N + 2r;

><3F2
z+2r+1,y+2r

+ idem(z; z).

Transforming the innegF» in the RHS by (3.2), we get (4.3) on some simplification. Now,
specializing the parameters in (4.1)-(4.3) number of interesting summations and transformation
formulae can be obtained. We illustrate below only a few of the summations formulae that can be
obtained from the above transformation formulae.

In (4.1), settingV =2m + 1L,y =a+ 6 —b—c—m+ 1/2, we get

2§1 (bye,a+B—b—c—1/2,x+1,2+1,—2m — 1),22

(1,2b,2¢,z,z,a+ B —b—c—m+1/2),

n=0

a+n,B+nrx+n+lz+n+1,n—-2m-—1,—n;

075 2b+n,2c+n,x+n,z+na+f-b—c—m+n+1/2

B (3/2,b+c—0+1/2)b+c—a+1/2,a+B—-b—c—1/2),
Cxz(b4+1/2,c+1/2,b+c—a—B+1/2)m(a+B—b—c+1/2)mi1

x{(x+2m)(z+2m) - (x+z+4m+1)(a+ 5 —-b—c+m—1/2)}, (4.4)

which fora = 2b, 6 = z = 2¢ — 1, reduces to the following summation formula for terminating
balanced s F5

" #
bc,b+c—3/2,{(zx(b+c+m—-1/2)/(z+b+c+3m+1/2))}+1,b+c+m—1/2,—2m — 1,

oF5 e - L(zb+c+m—1/2)/(x+b+c+3m+1/2),(b+c—m—1/2)/2, (b+c—m+1/2)/2

_(z4+2m)(3/2,b—c+3/2,c—b+1/2,b+¢c—3/2)m
z2(b+1/2,c—1/2,—b—c+3/2)m(b+c—1/2)mi1

(x4 2¢+4m)(3/2,b—c+3/2,c—b+1/2)m(b+c—3/2)mt1
z(2c—1)(b+1/2,c+1/2,=b—c+3/2)m(b+c—1/2)mp1
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Similarly, (4.2) on settingV =2m+ 1,y =a+ [ —b—c—m — 1/2yields

(1,2b,2¢,z,z+ l,a+ [ —b—c—m—1/2),

n=0

65

a+n,B+nz+n+l,z+nn—2m—1,—n;
2b+n,2c+n,z+n,z+n+l,a+8—-b—c—m+n-—1/2

_ (x—2)2)am(z+b+c—a—F+3/2),
z(z+ 1Dom1(b+c—a—F+3/2)m

b+c—p0B+1/2,b+c—a+1/2,2/2,(1+2)/2;
1F3 (4.5)
b+1/2,c+1/2,z+b+c—a—[F+3/2
and (4.3) on settingy = 2m,y =a+ [ —b—c—m — 3/2yields
22% (byc,a+ B —b—c—1/2,z, 2, —2m),2%"
nzo(1,2b,20,:1:—|—1,z—|—1,a+ﬂ—b—c—m—3/2)n
2 a+npB4+nz+n,z+n,n—2m,—n;
055 2b+n,2c+n,z+n+1l,z4+4n+l,a+f—-b—c—m+n—1/2
2o+ b+ c—a—B+3/2)m
(z—z)(x+ 1)omb+c—a—F+3/2)m+1
b — 1/2,0 - 1/2,2/2 1)/2;
e B+1/2,b+c—a+1/2,2/2,(x+1)/2; + idem(z; ). (4.6)
b+1/2,c+1/2,x+b+c—a—F3+3/2

The transformation (4.5) on setting= 2¢ + 1, z = 2¢ yields a summation formula for a series
of 4 I3, viz.

2mz+l (b,C,IB—l—C—b—i— 1/2,:E+1,—2m— 1)n22n

(1,2b,2c+ 1,2, 6+ c—b—m+1/2),

n=0

b+n,z+n+1,n—2m—1,—n;

4F3
2b+n,z+n,f+c—b—m+n+1/2

 (r—=20)3/2,b+c—B+1/2,b—c+1/2)p 47
- 2(2c+1)(b+1/2,c+3/2,b—c— B+ 1/2)m (4.7)

Whereas, (4.5) on setting = 2c¢ + 2,z = 2c¢ + 1 gives following summation formula for a
series ot Fy

2%51 (b,c,a+c—b+3/2,2c+1,2+1,-2m —1),2%"

(1,2b,2c+2,z,a+c—b—m+3/2),

n=0
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a+n,2c+n+lz4+n+1,n—-2m—1,—n;

o 2b+n,2c+n,c+n,a+c—b—m+n+3/2

(2 =2c-1)3/2,btc—a+1/2,b—c—1/2)y 4.8)

 2z(e+1)(b+1/2,¢+3/2,b—c—a—1/2), '
(4.7) for = 2b and (4.8) fora = = = 2b — 1 reduce the following summation formulae for
terminating balanceglF;

bye,b+c+1/2 {x(b+c+m+1/2)/(x+b+c+3m+3/2)}+1L,b+c+m+1/2,—2m —1; ?
o 2b,2c+1,z(b+c+m+1/2)/(x+b+c+3m+3/2),(b+c—m+1/2)/2,(b+c—m+3/2)/2
_ (x —2¢)(3/2,c=b+1/2,b—c+1/2)m 4.9)
z(2¢+1)(b+1/2,c+3/2,-b—c+1/2)m
and #
oFs bye,b+c+1/2,{(2¢c(b+c+m+1/2)/(b+3c+3m+3/2}+1,b+c+m+1/2,—2m — 1;

2b—1,2c+2,{2c(b+c+m+1/2)/(b+3c+3m+3/2)),(b+c—m+1/2)/2,(b+c—m+3/2)/2
_ (b—c—1)(3/2,c—b+3/2,b—c—1/2),
(2c+2)(c+3/2,—b—c+1/2)m(b— 1/2)ms1’
respectively. Furthermore, (4.6) for = 20 + 1,08 = 2c¢ + 2,2 = 2b,z = 2¢ + 1 yields the
summagjon formula
bye,b+c+5/2,{2¢c(b+c+m+1/2)/(b+3c+3m+1/2)} +1,b+c+m+1/2,—2m;
2b4+1,2¢+2,{2¢(b+c+m+1/2)/(b+3c+3m+1/2)},(b+c—m+3/2)/2,(b+c—m+5/2)/2

(4.10)

65

(1/2)m(c = b+3/2)mor(b—c—3/2mi1  b(1/2)m(b—c+1/2)m_1(c—b—1/2)mir
0+ 1/2)m(c+3/2m1(—b—c—3/2mr1 | (b+1/2,c+3/2)m(—c—b—3/2)mi1

§5. In this sectionj-analogue of some of the summation formulae obtained earlier are discussed.
We first prove the following-analogue of the transformation (3.1)

Z [b27 627 a2ﬂ2/b202Q; q2]nq—n(n—3)/2 Zn: [q—n; Q]rqrAn—I—r

= 4 dlnl0®, 5% ¢%]n —~ e
[p*c*q/a? b2cPq/ 52, B0 [V q; ¢, [0, €25 qlor (=) (@B /be)* g" T D)
= (4%, b%q, c2q; ¢*] [0, B%; 4%y

(@262 1 /b2 c?; 2)n[2¢PT, 4% qlng™ Anyor

5.1
@ qlnla®q*, 32¢%7; ¢?]n GD

n>0

ProoF oF(5.1): Multiplying both sides of the following form of the Sears transformation [6;
2.10.4]

5 @), P B T g g b2, ¢; glpg" "~ V/2
4P3 -

q272n/b2’ q272n/627 b202q372n/a2ﬁ2 [bQ’ 02; q2]n
qu’ C2q, b2C2q3_2n/062ﬂ2

b2cq/a? b2/ ¢ ¢ ¢ ¢
><4¢3 )
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by [62, ¢2, &?3% /0?2 q; ¢*lng """ 3/2 A,/ ]q; dlnla?, 5% ¢*]. and summing both sides with re-
spect ton from 0 tooo, we get (5.1) on some reduction.

In (5.1) settingA; = [—2¢",q¢V;qls/[r;q]s, @ = b%, 3 = ¢ and summing the resulting
inner 3¢, on the left hand side by-Saalschutz summation formula we gej-analogue of (3.4).
Whereas, in (5.1) setting, = [-b%, —c2,¢ N qls/[y, —b*c2q N /y,qls, o = V%, 3 = ¢ and once
again summing the inngr, on the right hand side by Saalschutz summation formula we get a dif-
ferentg-analogue of (3.4). On the other hand substituting b2, A, = [-b%, 3, —8,2q,4 "~ ; q]s/
[y, z, —b232¢* =N /c2y; q]s, (5.1) becomesgtanalogue of (3.3) fory = 2b]

N _ (e
0%, 2 0% B2/ q; *lnlzq, Vs glng ")/
[Q7 Y, =z, an 02 - b2ﬁ2q1_N/C2y; Q}n

s —b%q", —Bq", Bq", z¢" " N g qi g
—q, g™, yq", 2q", —b* BN /2y

N/2
L [P/, 220/ 825 P lzg. 4 alar (<152 /) gD

= [¢%,0%q,q; ¢, y, 2, =02 B2q N Py glar

5 2qM 2 b8 Y2 e, —bBq 2 e, g N g5 q
4P3 _
qu’yq% o b2B2q1+2’” N/CQy

N/2
8 28, 52e2q) 82,0252 /2 q, Pl - ey V2 18; gl —ar [4; dl (—ByPqT SRR

—~ [4?,0%¢, *q; v a: dlv—2r (1 — 2)[y, —*y/0* 5% q] v

r+1/2 r—1/2
(1—yg" ) [1+ 2L Yy
% % .

Czqr+1/2 y bﬁqrfl/Q quT+1/2'
- (bﬁ > <1— qz> <1+ - R 0 (5.2)

In (5.2) settingy = zq and lettingg — 1, we get (3.4). Specializiny andy suitably in (5.2),
g-analogues of the results indicateds® can be written. For instance, setting= 2m + 1,y =
b3q—™~1/2 /¢ (5.2) gives the following;-analogue of a special case £ 2b) of (3.7)

2m—+1 _ _ _ _
mz 6%, 2, 0232/ q; *lnl2q, g2 L qlug (/2
= a2, 0%, ¢ bBqmm 2 fe, —bBgmm 2 [es gy,
s —b%q", Bq", —Bq", 2T, ¢ P g g5 g

—q, 62qn7 an, bﬂqn_m_l/Q/C, _bﬂqn—m—i—l/Q/C

_ _(bg2/e)(1 — q)(1 + czq™ 12 bB)l?, P /b, b2Pq/ 5, 20% P Pl o

(z — 1)[b%q, q; ¢*Jm[—cq' /2 /b8, g3/ /b3, bBq= /2 [ ¢; q)m [—bBq" /2 ¢; qlm+1
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Similarly, settingN = 2m + 1 and givingy successively the valugs= b3q~""'/2/c, y =
M, in (5.2) givesg-analogue of special case & 2b) of two of the results irt3. Moreover,

C

in (5.2) settingV = 2m,y = bB3q~™3/2/c and then replacing by —b, yield ag-analogue of a
special cased{ = 2b) of (4.7).

REFERENCES

1. G. E. Andrews, Pfaff’s method (I): The Mills Robbins-Rumsey. determinaistgrete Mathematics
193(1998), 43-60.

2. G. E. Andrews, Pfaff’s method (II): Diverse applicatiodeur. Comp. and Applied Math68 (1996),
15-23.

3. G. E. Andrews and D. Stanton, Determinant in plane partition enumera&ioap. J. Combinatorics
19(1998), 273-282.

4. W. N. Bailey, Some identities involving generalized hypergeometric séties, London Math. Soc
2(1929), 503-516.

5. W. Chu, Inversion-technique and combinatorial identities: Balanced hypergeometric Saraky,
Mountain. J. Math 32(2002), 561-587.

6. G. Gasper and M. RahamaBasic Hypergeometric Serie®nd edition, Cambridge University Press
(2002).

7. 1. Gessel and D. Stanton, Strange evaluation of hypergeometric <aééd.J. Math. Anal 13(1982),
295-308.

8. I. Gessel and D. Stanton, Applications of g-Lagrange inversion to basic hypergeometricBanss,
Amer. Math. So¢277(1983), 173-201.

9. H. W. Gould and L. C. Hsu, Some new inversion series relatibnge Math J, 40(1973), 885-891.

10. W. H. Mills, D. P. Robbins and H. Rumsey, Enumeration of symmetry class of plane partifiznas,
crete Math, 67 (1987), 43-45.

11. L. J. SlaterGeneralised hypergeometrric serj€ambridge University Press (1966).

12. D. Stanton, A hypergeometric hierarchy for the Andrews evaluatidhe, Ramanujan.J2 (1998),
499-5009.






