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By means of the generalized Mawhin’s continuation theorem, we present some sufficient con-
ditions which guarantee the existence of at least Brgeriodic solution for gp-Laplacian
Rayleigh equation.
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1. INTRODUCTION

This paper is devoted to using a new method to study the existence of periodic solutions for a
p-Laplacian Rayleigh equation as follows:

(ep(@'(1)) + f(2'(8)) + g(a(t — 7(1))) = e(?), (1)

wherep,(s) = [s[P~2s, p > 1, ¢, = @517 %—i—é =1;f,9, e 7€ CRR)withe(t) =e(t+T)

andr(t) =7(t+T); T > 0is a given constant.

In recent years, many authors studied the existence of periodic solutiopd &placian func-
tional differential equations by using Mawhin’s continuation theorem; for more details, we refer
the reader to see [1]-[4] for work on this subject. Now we recall the approach of their studying.
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If we denoteL = (¢, (2'(t)))’, then Mawhin’s continuation theorem can not be used, because the
operatorL in Mawhin’s continuation theorem is linear, while,,(2'(¢)))’ is no longer linear when

p # 2. In order to use Mawhin’s continuation theorem, it is necessary to change the form of source
equation. For example, as for eq. (1), one common method is to transfer the form of eq. (1) to the
form as follows:

71(t) = pq(22(1)),
()
zy(t) = —f(q(w2(t))) — g(z1(t — 7(1))) + e(t).

Let L = (z},25)T, thenL is a linear operator. Thus Mawhin’s continuation theorem can be
used to study the existence of periodic solution to eq. (1). In [1], Cheung and Ren studied the
following p-Laplacian Lénard equation:

(op('())) + f(t,2(1))2(t) + B(t)g(x(t — 7(t))) = e(t), ®3)
by using the above method, transferring (3) to the form:

21(t) = pq(22(1)),

wy(t) = = f(t, 21(2))pqg(w2(t)) — B(t)g(w1(t — 7(1))) + e(t).
After that, in a similar way, in [2], they again studigd_aplacian Rayleigh equation as follows:
(ep(2'(1))) + f(&' (1) + Bg(a(t — 7(t))) = e(t), (4)
transferring (4) to the form:

1(t) = pq(2(t)),
zy(t) = = fpq(22(t))) — Bg(x1(t — 7(1))) + e().

In addition, we note that the above method can be applied to studying the existence of periodic
solution top-Laplacian neutral equations; in [5], the authors considered the follopricagplacian
neutral equation:

(epl(x(t) — ca(t — 0))']) + g(t, 2(t — 7(1))) = e(t). (5)
Transferring (5) to the form:

(Az1)'(t) = pq(2(1)),

whereAzx(t) = z(t) — cx(t — o).



PERIODIC SOLUTIONS TO Ap-LAPLACIAN RAYLEIGH EQUATION 255

In a word, most of these papers used this method (changing the form of source equation) for
studyingp-Laplacian equations. Seeing such a fact, we can not but ask “how can we find other ways
that we need not to change the form of the source equation?” In 2004, Ge and Ren [6] extended
Mawhin’s continuation theorem in order to investigate BVPs wigitlaaplacian. This generalized
Mawhin’s continuation theorem successfully removes the restriction/thata linear operator in
Mawhin’s continuation theorem. Motivated by the work of Ge and Ren, in this paper we will study
the existence of periodic solutions for eq. (1) by using the generalized Mawhin’s continuation
theorem. Here, it is worth stating that the form of eqg. (1) need not be transferred to the forms of (2)
and our results are relevant to deviating arguments which is important in applications.

To the best of our knowledge, there is no paper to study the existence of periodic solutions
to p-Laplacian equations by using generalized Mawhin’s continuation theorem, the main purpose
of this paper is to introduce a new method for studying the existence of periodic solutipns to
Laplacian functional differential equations. As to other methods for studying the existence of peri-
odic solutions, such as fixed-point theorem, coincidence degree theory, Lyapunov’s second method,
Yoshizawa type theorem and Massera type theorem, we refer the reader to see [7]-[10] and the
references therein.

2. PRELIMINARIES

In this section, we give some lemmas and definitions which will be used in this paper.

Definition2.1 — ([6]) Let X andZ be two Banach spaces with northg| x, | - || z respectively.
A continuous nonlinear operator
M: X NdomM — Z

is said to be quasi-linear if
(i) ImM = M(X ndomM) is a closed subset df;
(i) KerM := {z € X NdomM) : Mz = 0} is linearly homeomorphic t&", n < cc.

Definition 2.2 — ([6]) LetQ2 ¢ X be an open and bounded set with the origig 2. Ny :
0 — Z, A €]0,1] is said to beM -compaciin  if there exists subset; of Z satisfyingdim Z; =
dim KerM and an operatoR : Q x [0,1] — X, being continuous and compact such that for
A€ [0,1],

(@ (I -Q)NA(Q) cImM C (I -Q)Z,
(b) QN\x =0, A€ (0,1) < QNz =0,Vz € Q,

() R(-,0) =0andR(-,\)|s, = (I — P)|x,,
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(d) M[P+R(-,A\)] = = @Q)Nx, A€ 0,1,

whereXs is a the complement spacelgérM in X, i.e.,X = KerM & X5, P, Q are two projectors
satisfyinglmP = KerM,ImQ = Z;, N = N1, %) = {x € Q : Mz = Nyz}.

Lemma2.1 ([6]) Let X andZ be two Banach spaces with norfis||x, || - ||z respectively and
Q C X be an open and bounded nonempty set. Suppose

M : X NdomM — Z

is quasi-linear andV, : Q — Z, A € [0,1] is M-compact inQ. In addition, if the following
conditions hold:

(H1)) Mz # Nz, V(x,\) € 9Q x (0,1);
(Hy) QNz # 0, Vz € KerM N o9,

(Hs) deg{JQN,QNKerM,0} # 0, J : ImQ — KerM is a homeomorphism.
Then the abstract equatiddz = Nz has at least one solution dwm (M) N Q.

Lemma2.2 ([11]) Letp € (1,+oc0) be a constants € C(R,R) such thats(t + T') = s(¢),
u € CH(R,R) with u(t + T) = u(t). Then

t€[0,T]

T p T
/ lu(t) — u(t — s(t))[Pdt < 2 (max |s(t)]> / |’ (t)|Pdt.
0 0
Lemma2.3 ([12]) Lets, o € C(R,R) with s(t +T') = s(t) ando(t +T') = o(t). Suppose that
the functiont — o (¢) has a unique inverse(t), V¢t € R. Thens(u(t + 1)) = s(u(t)).

Throughout this paper, we assume thd} is not a constant function dR. Furthermore, we
suppose that ¢ C'(R,R) with 7/(¢) < 1, V¢t € R. Itis obvious that the functioh— 7(¢) has a
unique inverse denoted by(t).

For the sake of convenience, we list the following assumptions which will be used by us to study
the existence df’-periodic solutions to eq. (1).

[A1l] There exist constants > 0, 8 > 0 such that

[f(w)] < afulP™" + 8, Yu € R;

[A2] there exists a constant> 0 such that

gl
Ju—+oo [u[P~1

r € [0, +00);
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[A3] there exists a constaft > 0 such that
g(u) < —lelo — |£(0)] foru> D
and

g(u) > lelo + |f(0)| for u < —D.

3. EXISTENCE OFPERIODIC SOLUTION FOREQUATION (1)

For convenience of applying Lemma 2.1, we den@ie= {z|z € C(R,R), z(t + T) = =(t)},
CL = {z|lz € CYR,R), z(t + T) = z(t)}, X = Ck with the norm||z| := max{|z|o, |2’]0},
where|z|p := maxo<;<7 |2(t)|, Z = Cr, then the operatord/, N, are defined by

M:domMNX — Z, (Mz)(t)=(pp(z")), tE€R, (6)

Ny: X — Z, (Nxz)(t) = -Af(2'(t)) = Mgzt — 7)) + Xe(t), teR, Xe[0,1], (7)
wheredomM = {x € X : p,(2') € Ck}. For convenience of the proof, let

F(t,x(t),2'(t),z(t —7(t))) = —f(@'(t)) — g(x(t — 7(1))) +e(t), (8)

then (Nyz)(t) = AF. By (6) and (7), eq. (1) is equivalent to the operator equafion = Mz,
whereN; = N. Then, we have

KerM = {ze€domMNX :z(t)=a, a €R, t R},

ImM = {zEZ:/OTz(s)ds:O}.

Clearly,KerM = R, ImM is a closed set ity. Then we have the following lemma:
Lemma3.1 — If M is defined by (6), the/ is a quasi-linear operator.
Let

P : X — KerM, (Px)(t) =x(0), t € R,

T
Q : Z—R, (Qz)(t)zl/o z(s)ds t € R.

T
Lemma3.2 —If f, g, e, 7 € C(R,R) with e(t) = e(t + T') and7(t) = 7(t + T'), thenN, is
M-compact.

PROOF: Let Z; = ImQ. For any bounded sét C X # ), Vz € Q, from z(0) = z(T), there
exists a poing € [0, 7] such that
a'(n) = 0. 9)
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DefineR : Q x [0,1] — KerP,

R(x,A)(t):/O ‘u USA(F(r,x(r),x'(r),x(r—T(r)))—(QF)(r))dr ds, te0,T],
n

whereF is defined by (8)y is defined by (9). Frony, g, e, 7 € C(R,R) with e(t) = e(t + T)
andr(t) = 7(t+1T), ¥\ € [0, 1], itis easy to see thak(-, \) is relatively compact and continuous.
Now, we show thatV, is M-compact by four steps, i.e., the conditions of Definition 2.2 are all
satisfied.

Stepl. By Q% = Q, we haveQ(I — Q)N,(2) = 0,s0(I — Q)N,(Q) C KerQ = ImM. On
the other handyz € ImM, clearlyQz = 0,80z = 2 — Qz = (I — Q)z,thenz € (I — Q)Z. So
we have

(I —Q)NA(Q) cImM c (I —Q)Z.

Step2. We show thatQNyz = 0, X\ € (0,1) & QNz = 0, Vz € Q. Becausg) Nz =
+ [ AFdr = 0, we getr [ Fdr =0, i,e.,QNz = 0. The inverse is true.

Step3. ClearlyR(-,0) = 0. Vz € £, = {z € Q : Mz = Nz}, we have(p,(2')) = A\F and
QF = 0. Hence

Rz (1) = /ngq -/s/\(F(r,x(r),x'(r),x(r—T(T’)))—(QF)(T))dr] ds

_ /Ot 5 / NE(r, 2(r), & (1), o(r — T(T)))dr} ds

L1

- [ [ teyar) o

— [(I - P)a(t).

Step4. Vz € 2, we have
MI[Px + R(x, \)](t)

— (%([iﬂ(()) + /Ot wq[/ns ANE(r,z(r), o' (r), z(r — 7(r))) — (QF)(T))dr} ds] ,) )/

/

= (/ A(F(WT(T),%’(T),%(T—T(T)))—(QF)(T))dT>
n



PERIODIC SOLUTIONS TO Ap-LAPLACIAN RAYLEIGH EQUATION 259

= AF—\QF
= [(I = Q)Naz](t).

Hence,N, is M-compact int.

Theorem3.1 — Suppose that assumptions [A1]-[A3] hold, then eq. (1) has at leastlibne
periodic solutionz, if

0,27 |7| L ye(r taT <1
p
n27|T|or [ max 00 ™ o ,

t€[0,T
where
(-1)7 1 om(p — 1)» 24, p>2
7rp:2/ —ds = ——, (), = ’ ’
0 (1_ spl); psin 1, l<p<2

=
PrROOF: We complete the proof by three steps.

Stepl. LetQ; = {x € domM : Mz = Nyz, X € (0,1)}. We show thaf?, is a bounded set.
If x € Q1,thenMz = Nyz, i.e.,

(ep(a"))" = =Af (@' () — Ag(a(t — 7(2))) + Ae(t). (10)

Let t be the global maximum point af(¢) onR, thena’(¢y) = 0 and there exists > 0 such
thatz'(t) is decreasing for € (£ — ¢, +€). So,p,(2/(t)) is also decreasing fare (§{ —¢,{ +¢)
which yields(¢,(2'(t))) < 0, and then from (10),

F(0) + g(z(to — 7(t0))) — e(to) <0

and
g(z(to — 7(t0))) < |f(0)] + [elo

which together with the assumption [A3], we geD < z(ty — 7(t9)) < D. Becauser(t) is a
T-periodic function, then there exists a constgne [0, T'] satisfyingto — 7(tg) = {*+ kT, k € Z,
then we have

[z(&7)] < D. (11)

Hence
T

T
|z|o = max < lz(&)] +/ |2’ (s)|ds < D —l—/ |2’ (s)|ds. (12)
t€[0,T 0 0

2(€%) + /t o' (s)ds

*

Lets — 7(s) = u, i.e.,s = v(u), then by using Lemma 2.3, we get

4 LT ) (T gla(w)
/og(“s‘T(S)))dS‘/_T(()) R A LS
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On the other hand, multiplying the two sides of (10)4(y) and integrating them ovee, 77,
then by assumption [Al] and (12), we have

T T T
—A W (OPdt = —A/ fa ﬁ—AA mmp—ﬂw»mwa+AA e()a(t)dt,
T T T
A & (D)Pdt = ‘/‘f ﬁ+AA mﬂﬁwﬁ»)wﬁ—A/‘dwﬂWﬁ
T
< |x|0/0 (a2’ ()P~ 1—|—ﬂ)dt—i—)\/0 glz(t —7(t) dt+/ le(t)z(t)|dt
T T
< A /0 ga(t — 7(t))x(t)dt + BT|zlo + Tlelolalo + alzlo /0 2/ ()Pt
T
< A / g(e(t — 7(t))x(t)dt + (BTD + T|eloD) + (BT + Tlelo) / &/ (8)]dt

—%aD/ o/ (¢ W1m+a/yx W/)m ()Pt

IN

p—1

L T p T
+ aDT?» ( / \az/(t)\pdt> +aT / |2’ (t)|Pdt.
0 0

Now we considerOT g(z(t —7(t)))x(t)dt. Let
Ay ={t € [0,T): ()| > D}, Lo = {t € [0,T]: |2(t)| < D},

Ey={t€0,T]:|z(t—7(t)| > p}, Eoa={t€[0,T): |zt —7(t))] < p}

In view of

1—5@u»D3(2>5+“T<L

we have that there exists a constant> 0 such that

1
C,27 |1|or | max
g HOQ@ﬂ

P

1—5@u»D <2>q+“T<L

For such a constant, from assumption [A2], we obtain that there exists a congiant) such
that

QI

1
C,2» €
P27 |Tlo(r +€1) (tgf&}%]

l9(2)| < (r +e1)|z|P~, whenever |z| > p. (15)

A /0 g(2(t — 7(8))e(t)dt + (BTD + T)eloD) + (B + elo)T ( / /(1 |Pdt)

(14)
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From (13), (15), Lemma 2.2, Lemma 2.3 and assumption [A3] we get
T T
/ oot — (t)z(t)dt = / gt — (B))(t — 7 ()t
0 0
T
+ / gt — () (t) — x(t — 7(t))]dt
0

= Tig(x(t)) z ' z(t—rT1 z(t) —x(t—T1
S e O LR R R ONE R R OV

< ([ + ) T2sgec [ otete=rtonleo - sto i
< TopD max 1—1(V(t))‘

Ty —

< TapD max 1—<<t>>‘

v 2o ([ W ]pdt>; [( [ Jotate - T(t)))!thf + ([ latat —T<t>>>’th>;]
1_7}@(”)‘ + 27 [r]oT'sg, </0T Iz’(t)lpdt>;

+ 20 [rlo(r +e1) (/oT |x/(t)|pdt>; </0T (6 = T(t))’pdt)é

w‘ +27|r[oTsg, ( /0 ' rx'<t>rpdt);

+ 2%|T|0(7“ + 1) (/OT |x,(t)|pdt>; </OT %)é

1%))‘ L 2b |y Thg, ( / ' |x’(t>|f’dt>;

b 2 |rlo(r +e1) (/j\x’(t)\%t)é(tg[l&}(] ) (/ (t) y%) (e

wheregp = max,<p |g(u)| andg, = max), <, |g(u)|. Lety(t) = z(t + &*) — z(£*), whered*

IN

TgpD max
t€[0,T)

= TgpD max
te[0,7]

IN

TgpD max
t€[0,T)

1—7'
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is defined by (11), clearly(0)

/OT s <7Z;>p/oT|y/(t)|pdt - (Z;)p/; ' ()P, (17)

where

24,

p
LetC), = { )

)
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=y(T) = 0. By [13], we have

1 1
(p—1)7 1 om(p —1)»
7Tp:2/ 1d3: ﬂ-(p )p,
0

p> 2
l<p<?2

( ps_?l); psin%

and by Minkowski’s inequality, we get

1

(/ ' atopar)’

- ( / "l +x<£*>rpdt)q
b ([ o) ’1’)

1

P T E v
c, <T> < / |x’(t)|pdt> +C,DTs. (18)
iy
p 0

SIS

INA
/-~
)

N

gl

Combining (16) and (18), we have

/OTg(:v(t

IN

7(t)))z(t)dt <TgpD max

1
1 T P
2ot ([ o)

TgpD max
Ib te[0,T)

C 2P|T\0 r+e1)

1
p
+ 027”7"0 r+er) ( ]pdt) (max

M‘ + 2%l T g, </OT |x’(t)|pdt>;

)

t€[0,T]

1

T’(v(t))‘ + 25|70 7 g, (/OT \x’(t)\pdt>;

) D @) /OT =Bt

OT]

M‘)éDZT;. (19)

t€[0,T]

From (19) and (14), we have

T T 1+q
/ Pt < A / gt — 7(t))2(t)dt + (BTD + TleloD) + (5 + lelo)T 5" ( /
0 0 0

T

RS

|2’ (t) |pdt>
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p—1

L T 7 T
+ aDT?» ( / \x’(t)pdt) +aT / |2’ (t)|Pdt
0 0

S =

1_7/1(7@))' + Q%IT\OT%gp (/OT \m’(t)\?dt)

—eml) () [ wor

1 r > 1 @ 2 1
+ Cp27|Tlo(r +e1) </ |x’(t)|pdt> (max D DaTa
0

tefo,7] |1 — 7/ (y(¢))

IN

TgpD max
te(0,7

Qs

1
C,2»
+ Cp27|Tlo(r +e1) <t1§3¥]

vy ([T z
+ (BTD +TleloD) + (B + |e|o)T « (/0 Ifc’(t)l”dt>

p—1

L/ T - T
+ aDT? ( / \x’(t)pdt> +aT / 2 (B)[Pdt.
0 0

P

ool 1 i (T\% o
P - -
p2r|7lo(r +e1) ( max 1—7/(y(t)) - et

te[0,7]

by (20) we have there is a constdint > 0 such that

T
/ &/ (H[Pdt < L,
0

combining with (12), we have

IN

|z]o

/T 5
D+Ta </ |x'(s)|pds>
0

1
D+ TiL? = L.

IN

Letw(t) = ¢p(2/(t)), then

T T
/ £ (1)) (ppla (£))Y dt = / Flg(w(t) (B)dt = 0,
0 0

hence, multiplying both sides of eq. (10) by,(z'(¢)))" and integrating from 0 t@’, we get

263

(20)
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ST @Pdt = =X [ gt — () (t)dt + A [ e(t)e (t)dt

< (maxp<p, l9(z)] + leo) fy o' (£)|dt

IN

(i <z, 9(0)| + elo) T (7 o) Pat)

1
which implies there exists a positive constagtsuch that(fOT |w’(t)|2dt) * < L3, and then

1
T 2
wlo < T} ( / \w’(t)\th) < ThLs,
0
Hence,
1
%0 < allwlo) < @o(THLg) i= La

Hence we have
||z|| < max{Lqg, L4} +1:= L.

Step2. LetQy = {z € KerM : QNz = 0}. We shall prove tha, is a bounded set/z € Q,

thenz = ag, ag € R, we have

T
/0 (9(ap) + f(0) —e(t))dt = 0.
From integral mean value theorem, there is a congtaat[0, 7'] such that

g(ao) + f(0) —e(t1) =0,
from assumption [A3], we haviey| < D. S0, is a bounded set.

Step3. LetQ = {z € X : ||z|| < L}, thenQ; U Qs C Q. V(z,\) € 99 x (0,1), from the
above proof Mx # N,z is satisfied. Obviously, condition ¢l of Lemma 2.1 is also satisfied.
Now we prove that condition (§) of Lemma 2.1 is satisfied. Take the homotopy

H(z,p) = pxr+ (1 —p)JQNz, x € QN KerM, p € [0,1],

whereJ : Im@ — KerM is a homeomorphism withia = a, a € R. Vz € 92 N KerM, we have
x =ay, |a1| = L > D, then

1

T
(o) = aypt (1= ) [ (=glar) = 7(0) + ettt

1 T
aH(x, ) = adu+ (1~ ) /0 ar(—g(ar) — F(0) + e(t))dt.
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By using assumption [A3], we hawé (z, ) # 0. And then by the degree theory,

deg{JQN,QNKerM,0} = deg{H(-,0),Q2NKerM,0}
= deg{H(-,1),Q2NKerM,0}

= deg{l,2NKerM, 0} # 0.
Applying Lemma 2.1, we reach the conclusion. O

Example3.1 — As an example we consider the following equation:
1
(p3(x')) +sina’ + ¢ <a: <t ~5 sin t)> = cost, (21)

1
wheref(z') = sina/, 7(t) = 3 sint, e(t) = cost, T = 2,

—ueS™ for u > 0,
C, =
’ 1 f <0
——ufor u .
2

We have

0@ gy,
|| —+oo ||P

. . 1
From simple calculation, let = e we have
T

1—2@»’) @5*"‘“;“'

Applying Theorem 3.1, (21) has at least oneZeriodic solution.

Q=

1
C,27 |71|or | max
P27 [T (te[o,T}
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