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In this paper, we study the structure of the finite gratigiven that some subgroups of prime
power order are well-situated, which means that they are complemented modulo their normal
core.
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1. INTRODUCTION

All groups under consideration in this paper are finite. All unexplained terminology and notation
employed agree with standard usage. The reader is referred to the text [6] of Huppert, or to that [4]
of Doerk and Hawkes.

We say, following Wang [9], that a subgroup of a groupG is c-supplemented id- if H has
ac-supplementV in G, i.e., a subgrougv of G such thatH N = G andH N N is contained in the
G-coreHq of H. ThusH is complemented modulo its normal core.cAormal subgroup of7 is
a subgroupH having ac-supplementV in G such thatV is a normal subgroup af. Letp be a
prime. Theri/, will denote the class of all grougs such that every-chief factor ofG is cyclic
(G is p-supersoluble), antd will denote the class of all supersoluble groups. Cleéflyandi/ are
saturated formations.

1 This research is supported by NSF of Guangxi Autonomous Region (0991090).
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Many authors have investigated the structuré& afinder the assumption that some subgroups
of G with prime power order are well-situated@h(ref.[1-3,7-10]). In terms oé-supplementation,
Wang [9] proved that iff is a normal subgroup aff such thatG/H € U, and if the maximal
subgroups of any Sylow subgroupsiéfarec-supplemented id-, thenG € U.

It is of interest to consider the behaviour@fif we replace “any Sylow subgroups” by “certain
Sylow p-subgroups”. In 2005, Ramada al. [8] showed that ifG is a p-soluble group andd
is a normal subgroup aff such thatG/H € U,, and if, in addition, the maximal subgroups of
the Sylowp-subgroups off arec-normal inG, thenG € U,,. A natural interesting problem is to
replace ¢-normality” by “c-supplementation”in the above-mentioned result. In this paper, we first
obtain the following result.

Theorem3.1— Letp be a prime, and lel be a normal subgroup @ such thatz/H € U),. If
the maximal subgroups of the Sylpvsubgroups off are c-supplemented it, and if, in addition,
H is p-soluble withp-length at most one, thed € U/,,.

Remark: Theorem 3.1 is not true if we omit thesolubility of H. ConsiderG = S5, the
symmetric group of degree five, aitfl = G’ = As, the alternating group of degree five. Note that
Sy is a complement idr = S5 to any Sylow 5-subgroup df = As. Clearly, 1 is the only maximal
subgroup of any Sylow 5-subgroup 4§, andG/H € Us. ButG ¢ Us.

Another result is

Theorem3.4— Letp be the smallest prime dividing the order of a gradplf all 2-maximal
subgroups of any Sylop+subgroup ofG are c-supplemented 6, and if G is A4-free, thenG is
p-nilpotent

This is stronger than both Theorem 3 in [2] and Theorem 4.2 in [9]. Its proof is similar to the
ones of those theorems.

2. PRELIMINARIES

The results which follow will be quoted in the proof of our main results.

Lemma2.1 — Let G be a group with a normal subgroup such thatG = QN for some
subgroup® of G. If M is a maximal subgroup af such thatV < M, thenM N @ is a maximal
subgroup of)).

PROOF: See [8, Lemma 2.1].
Lemma2.2 — LetG be a group, and le¥ be a normal subgroup @f.

() If H < K <G andH is c-supplemented i67, thenH is c-supplemented itk .
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(i) If N < H < G andH is c-supplemented id, thenH /N is c-supplemented id//N.

(iii) Let 7 be a set of primes. LeV be ar’-subgroup and lef be ar-subgroup ofG. If S is
c-supplemented id7, thenSN/N is c-supplemented i/ /N. If furthermoreSN = S x N, then
the converse also holds.

PROOF: See [9, Lemma 2.1].

Remark: In part (iii) of Lemma 2.2 it is not always true thé&tis c-supplemented iz when
SN/N is c-supplemented iG//N. For a counterexample, take= {p} for some prime, andsS to
be the centef (P) of some extraspecial group of orderp?. Let P act on some elementary abelian
g-group N, for some primey # p, so thatC'p(N) = 1. Let G be the semi-direct produétN. Then
SN/N = Z(P)N/N is a normal subgroup a¥/N = PN/N. So it has the:-supplementG /N
in G/N. But theG-core S of S is Cg(N) = 1. So anyc-supplementX to S in G must be
a complement ta&5 in G. Any such complement must interseetin a complement N P to
Z(P) = ®(P)in P. But no such complement exists.

Lemma2.3 — LetG be a group, and lef be a normal subgroup @f.

() If G/H € U and if the maximal subgroups of the Sylow subgroup& afrec-supplemented
in G, thenG € U.

(i) If G/H € U, and if the maximal subgroups of the Sylg#subgroups off arec-normal in
G, and if, in addition is ap-soluble group, thetr € U),.

PROOF: (i) is part of Theorem 3.3 in [9], (ii) is Theorem 3.1 of [8].

Lemma2.4 — If p is the smallest prime dividing the order of a gradpif a Sylow p-subgroup
of G has ordex p?, and if G is A4-free, thenG is p-nilpotent.

PROOF: This follows from the proof of the case< 2 in Theorem 3 of [2].

3. MAIN RESULTS

Theorem3.1— Letp be a prime, and lef{ be a normal subgroup a¥ such thatG/H € U,,. If
the maximal subgroups of the Sylpvsubgroups off are c-supplemented itv, and if, in addition,
H is p-soluble withp-length at most one, thel € Uf,,.

PROOF: Assume that the result is false and (@¢be a counterexample of minimal order. We
derive a contradiction after a series of steps.

Stepl. Oy (G) = 1.

This follows from Lemma 2.2(iii).
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Step2. H is non-trivial, and any minimal normal subgroup@tontained inH is an elementary
abelianp-group.

This theorem is trivially true whet/ = 1. So H is non-trivial, and contains some minimal
normal subgrougv of G. SinceH is p-soluble, and),, (G) = 1, any suchV must be an elementary
abelianp-group.

Step3. G/N € U, for any minimal normal subgroupy of G contained inA.

We check that the hypothesis is inherited €8fN and H/N. Let H, be a Sylowp-subgroup
of H and M be a maximal subgroup df, N such thatN < M. ThenM = N(M N H,) and so
by Lemma 2.1M N H, is a maximal subgroup aff,,. By hypothesisM N H, is c-supplemented
in G and soM/N = N(M N Hy)/N is c-supplemented it7/N by Lemma 2.2(ii). Hence the
maximal subgroups of the Sylowsubgroups off /N arec-supplemented id//N. It follows by
the minimality ofG thatG /N € U,, since(G/N)/(H/N) = G/H € U,,.

Stepd. N is the only minimal normal subgroup 6f contained inH.

Suppose thadV, is another such subgroup. Théhn Ny = 1 and bothG/N andG/N, lie in
U,. Becauseé(, is a formation, this leads to the contradictiére G//(N N Ny) € U,,. So no such
Ny can exist.

Steps. ®(G) N H = 1.

If this is false, then we may choose a minimal normal subgmugf G contained inb(G) N H,
and thus ind. ThenG/N € U,, so thatG/®(G) = (G/N)/(®(G)/N) € U,. Because the
formationi/,, is saturated, this leads to the contradicti@re /,,.

Step6. N = F(H) is a Sylowp-subgroup off .

Becauseb(H) < ®(G) N H = 1, the Fitting subgroug’(H ) is the direct produciV; x Ny x
-+ x Ny of minimal normal subgroupd’; of G contained inH . But the only possible such; is NV
by step four. Hencé&v = F'(H). The p-soluble groupH hasp-length at most one, by hypothesis,
andO,(G) = 1. HenceH /O,(H) is ap’-group. SoF (H) = N = O,(H) is a Sylowp-subgroup
of H.

Step7. Final contradiction.

There is some maximal subgroépin IV, and itsG-core P is 1. So there is some complement
K to Pin G. This complement intersect€ in a subgroupV N K of orderp, complementary td@
in N. This N N K is normal inK, and centralized by’ < N. So itis normal inG = PK, and
contained inV. Hence it must equal the minimal normal subgraupf G. SinceN is cyclic, and
G/N € Uy, this implies the final contradictio@ < {,,, thus proving the theorem.
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As immediate consequences of Theorem 3.1, we have:

Corollary 3.2 — Letp be a prime, and let/ be a normal subgroup @ such thatz/H € U,
If the maximal subgroups of the Sylawsubgroups off arec-normal inG, and if, in addition,H
is p-soluble withp-length at most one, thed < U/,,.

Corollary 3.3 — Letp be a prime. I/ is p-soluble withp-length at most one and the maximal
subgroups of the Sylow-subgroups ot arec-supplemented id, thenG € U,,.

The above Theorem is not true if we replace maximal subgroups by 2-maximal subgroups as
the alternating groupl, of degree 4 showsA, has no Sylow tower of supersoluble type either.
However, we have Theorem 3.4 as follows. The proof is analogous to that of Theorem 3 of [2] and
Theorem 4.2 of [9] but with some technical differences since:tbepplementation is weaker than
both the complement of [2, Theorem 3] arrdormality of [9, Theorem 4.2].

Theorem3.4 — Letp be the smallest prime dividing the order of a gro@plf all 2-maximal
subgroups of any Sylowsubgroup ofGG are c-supplemented i, and if G is A4-free, thenG is
p-nilpotent

PROOF: Assume that7 andp form a counterexample with minimal possible order ¢arLet
p" be the order of a Sylow-subgroupP of GG. We derive a contradiction after a series of steps.

Stepl.r > 3.
If this is false, then the theorem follows from Lemma 2.4.
Step2. 0, (G) # 1.

Suppose thaD,(G) = 1. Then all 2-maximal subgroups of every Sylg#subgroup oG are
complemented id7. By Theorem 3 of [2]( is p-nilpotent, a contradiction.

Step3. G has a minimal normal-subgroupV such thatG /N is p-nilpotent.

By step two, we may choose a minimal normal subgréupf G contained inO,(G). As in
the third step of the proof of Theorem 3.1, the factor gréyfV satisfies the hypotheses of this
theorem. The minimality of7 yields thatG /N is p-nilpotent.

From now on we fix a minimal normatsubgroupN of G such thatG/N is p-nilpotent. We
define Hy to be the normal subgroup ¢6f containingN such thatt,/N = O,/(G/N). ThenN
is a normalp-subgroup ofH, with ap’-factor groupH,/N. So we may fix some complememt
to V in Hy. Notice thatH is a complement in botl/y andG, and that the onlyp-complements in
eitherHy or G are the conjugateH™ of H by elements: € N.

Step4. The centralize€n (H) is 1. HenceNg(H) is a complement t&V in G.
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Becaused) is the semi-direct produd N. The normalizetVy (H) is the centralize€n (H ).
SinceN is abelian and normal i, this centralizer is normal itf = Ng(H)N. So it is eitherNV
or 1 by the minimality ofN. If Cx(H) = N, thenG = Ng(H) is p-nilpotent, contrary to our
assumptions. Henclg(H) NN = Cy(H) = 1, andNg(H) is a complement t&V in G.

Step5. Any p-subgroup? of G not containingV hasG-coreQqa = 1.

Note thatQ) N N is a normal subgroup d@F proper contained in the minimal normal subgroup
N. SoQg N N must be 1. IfQs # 1, thenG/Q¢ is p-nilpotent by the minimality of7, just as
G/N is. SinceQs N N = 1. It follows thatG is p-nilpotent, contrary to our hypotheses. Qe
must be 1.

Step6. Final contradiction.

Let P be some Sylow-subgroup ofG. SinceG = H P is the semi-direct producd¥(H)N,
the intersectionNp(H) = P N Ng(H) is a complement taV in the semi-direct producP =
Np(H)N. The non-trivial normal subgroufy of G cannot be cyclic, becaugeis the smallest
prime dividing the order of~, and thep’-group H does not centralizeV. It follows that there
is some subgroupV, of indexp? in N such thatP normalizesNy. Now the semi-direct product
@ = Np(H)Ny is a 2-maximal subgroup aP intersectingV in Ny < N. In view of step five,
this implies that the&>-coreQq is 1. So there is a complemeftto @ in G. The reason is that the
2-maximal subgroupd) has ac-supplement in G by the hypotheses of the theorem. Siige K
is contained iQs = 1. It follows that the intersectio® N K is a Sylowp-subgroup ofK" with
orderp?, and is a complement 1Q in P.

By Lemma 2.4,K is p-nilpotent. So it has a normakcomplementk,,, which is also a-
complement irGG. Hence there is somee N such tha(k,,)" = H. Conjugation by: € P sends
Np (K, ), which contains? N K, to Np(H) < Q. ThusP N K is P-conjugate to a subgroup of
Q, yetis a complement t@ in the p-group P. This is impossible, becauggis contained in some
maximal normal subgroup, of P and the complemen® N K cannot be contained ify. This
contradiction proves the theorem.

Corollary 3.5 — LetG be a group of odd order, and lptbe the smallest prime dividing the
order ofG. If all 2-maximal subgroups of every Sylowsubgroup oiG arec-supplemented i,
thenG is p-nilpotent.

Theorem3.6— Let G be anA,-free group of even order, and Ié&f be a 2-maximal subgroup
of a Sylow 2-subgroup aF such thatk is c-supplemented id:. ThenG /K¢ is not non-abelian
simple, and any composition factor Gfis either has prime order or is isomorphic SL(2, q)
for some Mersenne primg

PROOF: Let P be a Sylow 2-subgroup @F such thatK is a 2-maximal subgroup d@?. Since
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K is c-supplemented i¥, K has ac-supplement’ in G, i.e., a subgrouff’ of G such thatG = KT
andK NT is contained in th€&-core K; of K. PutG = G/Kg, K = K/Kg andT = TKg/Kg.
Then,G = K T,andK NT is1. BecauseP : K| = 4 andG is A,-free, it follows that any Sylow
2-subgroupsS of T' must be abelian and centralized Bi-(S). By a theorem of Burnside this is
enough to imply thaf” is 2-nilpotent, and? will have a Hall2’-group.

The rest of the proof of the theorem follows from the same methods of proof as those used in
Theorem 4 of [2].
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