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In this paper, we study the structure of the finite groupG given that some subgroups of prime

power order are well-situated, which means that they are complemented modulo their normal

core.
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1. INTRODUCTION

All groups under consideration in this paper are finite. All unexplained terminology and notation

employed agree with standard usage. The reader is referred to the text [6] of Huppert, or to that [4]

of Doerk and Hawkes.

We say, following Wang [9], that a subgroupH of a groupG is c-supplemented inG if H has

a c-supplementN in G, i.e., a subgroupN of G such thatHN = G andH ∩N is contained in the

G-coreHG of H. ThusH is complemented modulo its normal core. Ac-normal subgroup ofG is

a subgroupH having ac-supplementN in G such thatN is a normal subgroup ofG. Let p be a

prime. ThenUp will denote the class of all groupsG such that everyp-chief factor ofG is cyclic

(G is p-supersoluble), andU will denote the class of all supersoluble groups. Clearly,Up andU are

saturated formations.

1This research is supported by NSF of Guangxi Autonomous Region (0991090).
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Many authors have investigated the structure ofG under the assumption that some subgroups

of G with prime power order are well-situated inG (ref.[1-3,7-10]). In terms ofc-supplementation,

Wang [9] proved that ifH is a normal subgroup ofG such thatG/H ∈ U , and if the maximal

subgroups of any Sylow subgroups ofH arec-supplemented inG, thenG ∈ U .

It is of interest to consider the behaviour ofG if we replace “any Sylow subgroups” by “certain

Sylow p-subgroups”. In 2005, Ramadanet al. [8] showed that ifG is a p-soluble group andH

is a normal subgroup ofG such thatG/H ∈ Up, and if, in addition, the maximal subgroups of

the Sylowp-subgroups ofH arec-normal inG, thenG ∈ Up. A natural interesting problem is to

replace “c-normality” by “c-supplementation”in the above-mentioned result. In this paper, we first

obtain the following result.

Theorem3.1— Letp be a prime, and letH be a normal subgroup ofG such thatG/H ∈ Up. If

the maximal subgroups of the Sylowp-subgroups ofH arec-supplemented inG, and if, in addition,

H is p-soluble withp-length at most one, thenG ∈ Up.

Remark: Theorem 3.1 is not true if we omit thep-solubility of H. ConsiderG = S5, the

symmetric group of degree five, andH = G′ = A5, the alternating group of degree five. Note that

S4 is a complement inG = S5 to any Sylow 5-subgroup ofH = A5. Clearly, 1 is the only maximal

subgroup of any Sylow 5-subgroup ofA5, andG/H ∈ U5. But G 6∈ U5.

Another result is

Theorem3.4 — Let p be the smallest prime dividing the order of a groupG. If all 2-maximal

subgroups of any Sylowp-subgroup ofG are c-supplemented inG, and if G is A4-free, thenG is

p-nilpotent.

This is stronger than both Theorem 3 in [2] and Theorem 4.2 in [9]. Its proof is similar to the

ones of those theorems.

2. PRELIMINARIES

The results which follow will be quoted in the proof of our main results.

Lemma2.1 — Let G be a group with a normal subgroupN such thatG = QN for some

subgroupQ of G. If M is a maximal subgroup ofG such thatN ≤ M , thenM ∩Q is a maximal

subgroup ofQ.

PROOF : See [8, Lemma 2.1].

Lemma2.2 — LetG be a group, and letN be a normal subgroup ofG.

(i) If H ≤ K ≤ G andH is c-supplemented inG, thenH is c-supplemented inK.
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(ii ) If N ≤ H ≤ G andH is c-supplemented inG, thenH/N is c-supplemented inG/N .

(iii) Let π be a set of primes. LetN be aπ′-subgroup and letS be aπ-subgroup ofG. If S is

c-supplemented inG, thenSN/N is c-supplemented inG/N . If furthermoreSN = S × N , then

the converse also holds.

PROOF : See [9, Lemma 2.1].

Remark: In part (iii) of Lemma 2.2 it is not always true thatS is c-supplemented inG when

SN/N is c-supplemented inG/N . For a counterexample, takeπ = {p} for some primep, andS to

be the centerZ(P ) of some extraspecial groupP of orderp3. LetP act on some elementary abelian

q-groupN , for some primeq 6= p, so thatCP (N) = 1. Let G be the semi-direct productPN . Then

SN/N = Z(P )N/N is a normal subgroup ofG/N = PN/N. So it has thec-supplementG/N

in G/N . But theG-coreSG of S is CS(N) = 1. So anyc-supplementK to S in G must be

a complement toS in G. Any such complement must intersectP in a complementK ∩ P to

Z(P ) = Φ(P ) in P . But no such complement exists.

Lemma2.3 — LetG be a group, and letH be a normal subgroup ofG.

(i) If G/H ∈ U and if the maximal subgroups of the Sylow subgroups ofH arec-supplemented

in G, thenG ∈ U .

(ii) If G/H ∈ Up and if the maximal subgroups of the Sylowp-subgroups ofH arec-normal in

G, and if, in addition,G is ap-soluble group, thenG ∈ Up.

PROOF : (i) is part of Theorem 3.3 in [9], (ii) is Theorem 3.1 of [8].

Lemma2.4 — If p is the smallest prime dividing the order of a groupG, if a Sylowp-subgroup

of G has order≤ p2, and ifG is A4-free, thenG is p-nilpotent.

PROOF : This follows from the proof of the caser ≤ 2 in Theorem 3 of [2].

3. MAIN RESULTS

Theorem3.1 — Let p be a prime, and letH be a normal subgroup ofG such thatG/H ∈ Up. If

the maximal subgroups of the Sylowp-subgroups ofH arec-supplemented inG, and if, in addition,

H is p-soluble withp-length at most one, thenG ∈ Up.

PROOF : Assume that the result is false and letG be a counterexample of minimal order. We

derive a contradiction after a series of steps.

Step1. Op′(G) = 1.

This follows from Lemma 2.2(iii).
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Step2. H is non-trivial, and any minimal normal subgroup ofG contained inH is an elementary

abelianp-group.

This theorem is trivially true whenH = 1. SoH is non-trivial, and contains some minimal

normal subgroupN of G. SinceH isp-soluble, andOp′(G) = 1, any suchN must be an elementary

abelianp-group.

Step3. G/N ∈ Up for any minimal normal subgroupN of G contained inH.

We check that the hypothesis is inherited forG/N andH/N. Let Hp be a Sylowp-subgroup

of H andM be a maximal subgroup ofHpN such thatN ≤ M. ThenM = N(M ∩Hp) and so

by Lemma 2.1,M ∩Hp is a maximal subgroup ofHp. By hypothesis,M ∩Hp is c-supplemented

in G and soM/N = N(M ∩ Hp)/N is c-supplemented inG/N by Lemma 2.2(ii). Hence the

maximal subgroups of the Sylowp-subgroups ofH/N arec-supplemented inG/N . It follows by

the minimality ofG thatG/N ∈ Up since(G/N)/(H/N) ∼= G/H ∈ Up.

Step4. N is the only minimal normal subgroup ofG contained inH.

Suppose thatN0 is another such subgroup. ThenN ∩N0 = 1 and bothG/N andG/N0 lie in

Up. BecauseUp is a formation, this leads to the contradictionG ∼= G/(N ∩N0) ∈ Up. So no such

N0 can exist.

Step5. Φ(G) ∩H = 1.

If this is false, then we may choose a minimal normal subgroupN of G contained inΦ(G)∩H,

and thus inH. ThenG/N ∈ Up, so thatG/Φ(G) ∼= (G/N)/(Φ(G)/N) ∈ Up. Because the

formationUp is saturated, this leads to the contradictionG ∈ Up.

Step6. N = F (H) is a Sylowp-subgroup ofH.

BecauseΦ(H) ≤ Φ(G) ∩H = 1, the Fitting subgroupF (H) is the direct productN1 ×N2 ×
· · ·×Nt of minimal normal subgroupsNi of G contained inH. But the only possible suchNi is N

by step four. HenceN = F (H). Thep-soluble groupH hasp-length at most one, by hypothesis,

andOp′(G) = 1. HenceH/Op(H) is ap′-group. SoF (H) = N = Op(H) is a Sylowp-subgroup

of H.

Step7. Final contradiction.

There is some maximal subgroupP in N , and itsG-corePG is 1. So there is some complement

K to P in G. This complement intersectsN in a subgroupN ∩K of orderp, complementary toP

in N . This N ∩K is normal inK, and centralized byP ≤ N . So it is normal inG = PK, and

contained inN. Hence it must equal the minimal normal subgroupN of G. SinceN is cyclic, and

G/N ∈ Up, this implies the final contradictionG ∈ Up, thus proving the theorem.
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As immediate consequences of Theorem 3.1, we have:

Corollary 3.2 — Letp be a prime, and letH be a normal subgroup ofG such thatG/H ∈ Up.

If the maximal subgroups of the Sylowp-subgroups ofH arec-normal inG, and if, in addition,H

is p-soluble withp-length at most one, thenG ∈ Up.

Corollary 3.3 — Letp be a prime. IfG′ is p-soluble withp-length at most one and the maximal

subgroups of the Sylowp-subgroups ofG′ arec-supplemented inG, thenG ∈ Up.

The above Theorem is not true if we replace maximal subgroups by 2-maximal subgroups as

the alternating groupA4 of degree 4 shows.A4 has no Sylow tower of supersoluble type either.

However, we have Theorem 3.4 as follows. The proof is analogous to that of Theorem 3 of [2] and

Theorem 4.2 of [9] but with some technical differences since thec-supplementation is weaker than

both the complement of [2, Theorem 3] andc-normality of [9, Theorem 4.2].

Theorem3.4 — Let p be the smallest prime dividing the order of a groupG. If all 2-maximal

subgroups of any Sylowp-subgroup ofG are c-supplemented inG, and if G is A4-free, thenG is

p-nilpotent.

PROOF : Assume thatG andp form a counterexample with minimal possible order forG. Let

pr be the order of a Sylowp-subgroupP of G. We derive a contradiction after a series of steps.

Step1. r ≥ 3.

If this is false, then the theorem follows from Lemma 2.4.

Step2. Op(G) 6= 1.

Suppose thatOp(G) = 1. Then all 2-maximal subgroups of every Sylowp-subgroup ofG are

complemented inG. By Theorem 3 of [2],G is p-nilpotent, a contradiction.

Step3. G has a minimal normalp-subgroupN such thatG/N is p-nilpotent.

By step two, we may choose a minimal normal subgroupN of G contained inOp(G). As in

the third step of the proof of Theorem 3.1, the factor groupG/N satisfies the hypotheses of this

theorem. The minimality ofG yields thatG/N is p-nilpotent.

From now on we fix a minimal normalp-subgroupN of G such thatG/N is p-nilpotent. We

defineH0 to be the normal subgroup ofG containingN such thatH0/N = Op′(G/N). ThenN

is a normalp-subgroup ofH0, with ap′-factor groupH0/N . So we may fix some complementH

to N in H0. Notice thatH is a complement in bothH0 andG, and that the onlyp-complements in

eitherH0 or G are the conjugatesHn of H by elementsn ∈ N .

Step4. The centralizerCN (H) is 1. HenceNG(H) is a complement toN in G.
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BecauseH0 is the semi-direct productHN . The normalizerNN (H) is the centralizerCN (H).
SinceN is abelian and normal inG, this centralizer is normal inG = NG(H)N. So it is eitherN

or 1 by the minimality ofN . If CN (H) = N, thenG = NG(H) is p-nilpotent, contrary to our

assumptions. HenceNG(H) ∩N = CN (H) = 1, andNG(H) is a complement toN in G.

Step5. Any p-subgroupQ of G not containingN hasG-coreQG = 1.

Note thatQG ∩N is a normal subgroup ofG proper contained in the minimal normal subgroup

N . SoQG ∩ N must be 1. IfQG 6= 1, thenG/QG is p-nilpotent by the minimality ofG, just as

G/N is. SinceQG ∩ N = 1. It follows thatG is p-nilpotent, contrary to our hypotheses. SoQG

must be 1.

Step6. Final contradiction.

Let P be some Sylowp-subgroup ofG. SinceG = HP is the semi-direct productNG(H)N ,

the intersectionNP (H) = P ∩ NG(H) is a complement toN in the semi-direct productP =
NP (H)N . The non-trivial normal subgroupN of G cannot be cyclic, becausep is the smallest

prime dividing the order ofG, and thep′-groupH does not centralizeN . It follows that there

is some subgroupN0 of indexp2 in N such thatP normalizesN0. Now the semi-direct product

Q = NP (H)N0 is a 2-maximal subgroup ofP intersectingN in N0 < N . In view of step five,

this implies that theG-coreQG is 1. So there is a complementK to Q in G. The reason is that the

2-maximal subgroupQ has ac-supplementK in G by the hypotheses of the theorem. SinceQ∩K

is contained inQG = 1. It follows that the intersectionP ∩ K is a Sylowp-subgroup ofK with

orderp2, and is a complement toQ in P .

By Lemma 2.4,K is p-nilpotent. So it has a normalp-complementKp′ , which is also ap-

complement inG. Hence there is somen ∈ N such that(Kp′)n = H. Conjugation byn ∈ P sends

NP (Kp′), which containsP ∩K, to NP (H) ≤ Q. ThusP ∩K is P -conjugate to a subgroup of

Q, yet is a complement toQ in thep-groupP . This is impossible, becauseQ is contained in some

maximal normal subgroupP0 of P and the complementP ∩ K cannot be contained inP0. This

contradiction proves the theorem.

Corollary 3.5 — LetG be a group of odd order, and letp be the smallest prime dividing the

order ofG. If all 2-maximal subgroups of every Sylowp-subgroup ofG arec-supplemented inG,

thenG is p-nilpotent.

Theorem3.6— Let G be anA4-free group of even order, and letK be a 2-maximal subgroup

of a Sylow 2-subgroup ofG such thatK is c-supplemented inG. ThenG/KG is not non-abelian

simple, and any composition factor ofG is either has prime order or is isomorphic toPSL(2, q)
for some Mersenne primeq.

PROOF : Let P be a Sylow 2-subgroup ofG such thatK is a 2-maximal subgroup ofP . Since
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K is c-supplemented inG, K has ac-supplementT in G, i.e., a subgroupT of G such thatG = KT

andK∩T is contained in theG-coreKG of K. PutG = G/KG, K = K/KG andT = TKG/KG.

Then,G = K T , andK ∩ T is 1. Because|P : K| = 4 andG is A4-free, it follows that any Sylow

2-subgroupsS of T must be abelian and centralized byNT (S). By a theorem of Burnside this is

enough to imply thatT is 2-nilpotent, andG will have a Hall2′-group.

The rest of the proof of the theorem follows from the same methods of proof as those used in

Theorem 4 of [2].
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