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Using the notion of weighted sharing of three values we prove some unigueness theorems for
meromorphic functions which improve some earlier results of different authors.
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1. INTRODUCTION, DEFINITIONS AND RESULTS

Let f andg be two nonconstant meromorphic functions defined in the open complex @lalnet
k be a positive integer or infinity and € C U {co}. Fora € C U {oo} we say thatf andg share
the valuea CM (counting multiplicities) iff, g have the same-points with the same multiplicities.
If we do not take the multiplicities into account thgng are said to share the valudM (ignoring
multiplicities).

Ozawa [11], Ueda [12], Brosch [1], Yi [14, 15, 16], Li and Yi [10], Ye [13], Li [9], Zhang [17]
and others dealt with the uniqueness problems of entire and meromorphic functions sharing three
values. For standard definitions and notations of the value distribution theory we refer to [3].

Let k£ be a positive integer. We denote By(r,a; f |< k) and N (r,a; f |> k) the counting
functions of those:-points of f whose multiplicities are less than or equaktand are greater than
or equal tak respectively. Also bW (7, a; f |< k) andN (r, a; f |> k) we denote the corresponding
reduced counting functions [6].
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In 1998 Li [9] proved the following two theorems.

Theorem A—[9] Let f and g be two nonconstant meromorphic functions shafing, oo CM.
If fis nota bilinear transformation of and there exists a numbe(# 0, 1, o) such that for some
constante(> 0)

T(r, f) <cN(roa; f |>2)+ S(r, f)

then there exists a nonconstant entire functigra nonzero constank and two mutually prime
integerss, t(> 0) such that
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e o1 MIYT e
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wherew = ng withd = —— # 1, a.
at ot s

Theorem B—[9] Let f and g be two nonconstant meromorphic functions shafing co CM.
Suppose further that is not a bilinear transformation of and there exista(+ 0, 1, co) such that
N(r,a; f |< 1) = S(r, f) thenf andg assume one of the following forms, whefie a nonconstant
entire function:
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Recently Li and Yi [10] supplemented Theorems A and B and proved the following results.

Theorem C— [10] Let f and g be two nonconstant meromorphic functions shafing, co
CM. If there exists a number(+ 0, 1, 0o) such thatN (r, a; f |> 2) # S(r, f) then the conclusion
of Theorem A holds and

N(ra: f|>2) = ;To: )+ S0 f),

wherep(> 2) is a positive integer

Theorem D— [10] Let f and g be two nonconstant meromorphic functions shafing, co
CM. If there exists a numbet(# 0, 1, co) such thata is not a Picard exceptional value gf and

N(r,a; f < 1) <ul(r, f)+5(r f),

where0 < u < % then conclusion of Theorem B holds aNdr, a; f |< 1) = 0.

Theorem C and Theorem D follow as consequences of the following more general result of
Li-Yi [10].

Theorem E— [10] Let f and g be two nonconstant meromorphic functions sharing, co
CM. If there exists a numbet(# 0, 1, oo) such thata is not a Picard exceptional value gf and

N(ra; f[<1) #T(r, f) + S(r, f),

then

Niraif 1< 1) = 2200 )+ S(r.f)

and one of the following cases holds
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. B ety _q B e~ Pty _ 1 " (a— 1Pt $(p41—s)Pti—s
O f=—fg—g 9= -7 ™ T T et
1
and a # ]i;
s
3 e -1 e =1 pr1os  SS(p+1—s)Pt1™s
(@) f= e(p+)y — 1’9 T e~y —q with ¢*(1 - a) o (p+ 1)pt1
s
and a ;
7 p+1
es’T —1 e 5 —1 _ —a)® s5(p+1—s)Ptl=s
S SO et WO o) R
e—(p+1=s)y _ 1 e(p+l=s)y _ 1 (1 —a)rt (p+ 1)pt
s
d - .
and a # P
P _q -7 _ 1 _1)p-s S(p — g)P—s
(iv) S ,g = ¢ withA\? # 0,1 and (a—1) _ 2 (p=s) ;
AesT —1 |, APaP pP
—e -1
A
e’ —1 e -1 . s S(p—s)Ps
(v) f= o 19T T — with A* # 0, land\®a’®(1 — a)P™% = T;
NG -1
A
Y — 1 -7 — 1 —\a)? s o p—s
(vi) f= _6(_) ,gzle WithA® # 0,1 and 22" _ P = )"
e~ P—s)y — 1 7€(p_s)'y 1 (1 - a)p P
A

wherev is a nonconstant entire functionandp(> 2) are positive integers such theéndp+ 1 are
relatively prime and < s < pin (i), (ii) and (iii), s andp are relatively prime and < s <p —1
in (iv), (v) and (vi).

In the paper we consider the possibility of improving the above results by relaxing the nature
of sharing the three values. To this end we employ the notion of weighted sharing of values as
introduced in [4, 5], which measures how close a shared value is to being shared IM or to being
shared CM.

Definition1.1 — [4, 5] Letk be a nonnegative integer or infinity. Ferc C U {oo} we denote
by Ej(a; f) the set of alla-points of f where ana-point of multiplicity m is countedm times if
m < k andk + 1 timesifm > k. If Ex(a; f) = Ex(a;g), we say thalf, g share the value with
weightk.

The definition implies that iff, ¢ share a value with weightk thenzg is a zero off — a with
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multiplicity m(< k) if and only if it is a zero ofy — a with multiplicity m(< k) andz is a zero of
f — a with multiplicity m(> k) if and only if it is a zero ofg — a with multiplicity n(> k) where
m is not necessarily equal ta

We write f, g share(a, k) to mean thatf, g share the value with weightk. Clearly if f, ¢
share(a, k) then f, g share(a, p) for all integersp, 0 < p < k. Also we note thayf, g share a value
a IM or CM if and only if f, g share(a, 0) or (a, o) respectively.

We now state the main results of the paper.

Theorem 1.1— Let f andg be two distinct nonconstant meromorphic functions shafing1),
(ag,m), (as, k), where{a1,az2,a3} = {0,1,00}and(m — 1)(k — 1) > 4. If

N(ra; f|<1) #T(r, f) + S(r, f)
for some numbeti(# 0, 1, c0) thenf, g share(0, o), (1, 00) , (00, 00).

Following examples show that in Theorem 1.1 the weight of sharing of none of the values
0,1, 0o can be reduced to zero.

Examplel.l: Letf(z) = e* —1, g(z) = (¢* —1)? anda = —1. Thenf, g shareg(0,0), (1, o0),
(00, 00) andN(r,a; f) = 0.

Examplel.2 : Letf(z) =2 —¢€?, g(2) = €*(2 — €*) anda = 2. Thenf, g share(0, o0), (1, 0),
(00, 00) andN (7, a; f) = 0.

Examplel.3: Letf(z) = 2+, g(z) = ﬁ anda = —1. Thenf, g share(0, 00), (1, 00),
(00,0) @andN(r,a; f) = 0.

Following theorem improves Theorem A.

Theorem 1.2— Let f and g be two distinct nonconstant meromorphic functions shafing1),
(ag,m), (a3, k), where{ai,as,a3} = {0,1,00} and(m — 1)(k — 1) > 4. If fis not a bilinear
transformation ofg and there exists a numbe(# 0, 1, o0) such that for some constast> 0)

T(r,f) <eN(rya; f |>2)+S(r, f)
then the conclusion of Theorem A holds

Next theorem improves Theorem B.

Theorem 1.3— Let f andg be two distinct nonconstant meromorphic functions shafing1),
(ag,m), (a3, k), where{ay,a2,a3} = {0,1,00} and (m — 1)(k — 1) > 4. If f is not a bilinear
transformation ofy and there exists a numbe(# 0, 1, co) such thatN(r,a; f |< 1) = S(r, f)
then the conclusion of Theorem B holds.
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Following three theorems respectively improve Theorems C, D and E.

Theorem 1.4— Let f andg be two distinct nonconstant meromorphic functions shafing1),
(az,m), (a3, k), where{ay, az,a3} = {0,1,00} and(m — 1)(k — 1) > 4. If there exists a number
a(# 0,1, 00) such thatN (r, a; f |> 2) # S(r, f) then the conclusion of Theorem C holds.

Theorem 1.5— Let f andg be two distinct nonconstant meromorphic functions shafing1),
(az,m), (a3, k), where{a,,az, a3} = {0,1,00} and(m — 1)(k — 1) > 4. If there exists a number
a(# 0,1, 0c0) such thatz is not a Picard exceptional value gfand

N(rya; f|<1) <uT'(r, f)+ S(r, f),
wherel < u < % then the conclusion of Theorem D holds.

As in [10] consideringf(z) = €* +¢e?* +e* + 1, g(2) = e + e % +e* + 1 and
. o 1 . .
a = (20 + 4+/2i)/27 we can verify that the condition < 3 of Theorem 1.5 is best possible.

Theorem 1.6— Let f andg be two distinct nonconstant meromorphic functions shafing1),
(a2, m), (a3, k), where{ay,az,a3} = {0,1,00} and (m — 1)(k — 1) > 4. If there exists a
numbera(# 0,1, 00) such thata is not a Picard exceptional value gfand N(r,a; f |< 1) #
T(r, f) 4+ S(r, f) then the conclusion of Theorem E holds.

We note that the results of the paper hold for the following pairs of minimum valuesasfd%
m=3k=4m=4k=3,m=2k=6andm =6,k = 2.

2. LEMMAS

In this section we state some necessary lemmas. We first noterthat ) (k — 1) > 4 is equivalent
to (m — 1)(mk — 1) > (1+m)2.

Lemma2.1 —[8] Let f andg be two distinct nonconstant meromorphic functions shaiing),
(1,m), (00, k), where(m — 1)(mk — 1) > (1 +m)% If N(r,a; f |< 2) # T(r, f) + S(r, f) for
some numbed(+# 0, 1, 00) thena is a Picard exceptional value ¢f Furtherf andg satisfy one of
the following : (i) (f —a)(¢g +a —1) = a(l — a), (i) f+ (a — 1)g = q, (iii) f = ag.

Lemma2.2 — [2] If f, g share(0,0), (1,0), (c0,0) then (i) T(r, f) < 3T(r,g) + S(r, f),
(i) T(r,g) <3T(r,f)+ S(r,9).

This shows thab(r, f) = S(r, g) and we denote them by(r).

Lemma2.3 — [6] Let f, g be two distinct nonconstant meromorphic functions shafihg),
(1,m), (00, k), where(m — 1)(mk — 1) > (1 +m)? If a = 4 — i andh = & then’¥ (1, ai ) =
S(r)andN(r,a; h) = S(r) fora = 0, co.
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Lemma2.4 — [17] Letf; andf> be two nonconstant meromorphic functions satisfy\ig, 0; f;)+
N(r,00; fi) = S(r; f1, fo) for i = 1,2. Then eithetNy(r, 1; f1, f2) = S(r; f1, f2) or there exist
two integerss andt (|s| + |¢| > 0) such thatf; f{ = 1, where Ny(r, 1; f1, f2) denotes the re-
duced counting function of the commadrpoints of f; and fo andT'(r) = T'(r, f1) + T'(r, f2),
S(r; f1, f2) = o(T'(r)) asr — oo possibly outside a set of finite linear measure.

Lemma2.5 —[7] Let f andg be two distinct nonconstant meromorphic functions shaiing),
(1,0), (00,0). If fis a bilinear transformation agf then f andg satisfy one of the following : (i)

fo=1 @) (f-Dg-1=1(i) f+g=1L 1) f=cg (V) f-1=clg—1), (V)
[(c=1)f+1][(c—1)g — ¢] + ¢ = 0, wherec(# 0, 1, c0) is a constant.

2. PROOFS OF THEMAIN RESULTS

PROOF OFTHEOREM 1.1 : We divide the proof into three parts.
Part | — We suppose that; = 0, as = 1 andas = oco. We now consider the following cases.

Casel. LetN(r,a; f |<2) #T(r, f)+ S(r, f). Then in view of Lemma 2.1 we consider the
following subcases.

Subcasel.l Let(f —a)(¢g +a —1) = a(l —a). Then f, g have no pole. Also since
f= Y9 andf —1= w, we see thaf, g share(0, o) and(1, c0). Hencef, g

share(0, ), (1, 00) and(oo, 00).
Subcasel.2. Letf + (a — 1)g = a. Thenf andg do not assume the valie Also f — 1 =

(1—a)(g—1)andf =a— (a —1)g imply that f, g share(1, oo) and(co, o). Hencef, g share
(0,00), (1, 00) and(oo, ).

Subcasd.3. Letf = ag. Then clearlyf, g share(0, oo) and(oo, o). Also f, g do not assume
the valuel. Hencef, g share(0, c0), (1, 00) and(oo, o).

Case?2. LetN(r,a; f |<2)=T(r, f)+ S(r, f). We now consider the following subcases.

Subcase@.1. Letf be a bilinear transformation gf Then in view of Lemma 2.5 we consider
the following possibilities.

If fg = 1thenf, g do not assume the valuésandoo. Also f, g share(1, co) so thatf andg
share(0, c0), (1, ), (oo, 00).

g
g—1

If (f —1)(g —1) = 1thenf, g do not assume the valuésandco. Also sincef = it

follows thatf, g share(0, o). Hencef, g share(0, o), (1, c0) and (oo, 00).

If f+ g =1thenf, g do not assume the valueésandl. Also f andg share(co, o). Hencef,
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g share(0, 00), (1, 00) and(oco, o).

If f=cgthenf, g do notassume the value Also f, g share(0, co) and(oco, ). Hencef, g
share(0, 00), (1, 00) and(oo, 00).

If f—1=c(g—1)thenf, g do not assume the valie Also f, g share(1, o), (o0, 00) SO
that f, g share(0, 00), (1, c0) and (oo, ).

If [(c—1)f + 1][(c —1)g — ¢] + ¢ = 0 then f, g do not assume the value. Also since

andf —1 = Ci((gl__lc))g, it follows that f, g share(0, ), (1, 00). Hencef, g share

/ c+(1—c)g
(0,00), (1, 00) and(oo, ).

Subcase.2. Letf be not a bilinear transformation gf First we note thatV(r,a; f |>
2) # S(r, f). For, otherwiseN (r,a; f |= 2) < 2N(r,a; f |> 2) = S(r, f) and soN(r,a; f |<
1) =T(r, f) + S(r, f), which is a contradiction, where we denoteByr, a; f |= 2) the counting
function of doublez-points of f counted according to multiplicity.

Let « andh be given as in Lemma 2.3 afitl= ah. Sincef is not a bilinear transformation of
g, we see thatvy, h and3 are nonconstant. Also we see tiigi, o) < T'(r, f) + T(r,g) + O(1),
T(r,h) < T(r,f)+ T(r,g) + O(1) andT'(r,3) < 2T(r, f) + 2T'(r,g) + O(1). Again since
f=0-a)/(1-p)andg = (é - 1)/(; —1), itfollows thatT'(r, f) < T'(r, o) +T'(r, ) + O(1)
andT(r,g) < T(r,a)+T(r,3)+ O(1). Hence in view of Lemma 2.2 we gé{r) = S(r; f,g) =
S(ria, 8).

Now by Lemma 2.3 we obtain

N(r,0;8) < N(r,0;a)+ N(r,0;h) = S(r),

N(r, 005 3)

N(r,00;a) + N(r,00;h) = S(r),

/ / /
T (7“, a) = m (7‘, a) +N (7“, a)
a a a

< N (r,0;a) + N(r,00;a) + S(r, )

IN

= S(r),

P(nE) = () e ()
N(r,0;h) + N(r,o0;h) + S(r, h)
= S(r),

IN
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/8/ B a/ h/
T<T,IB> = T<T7a+h>

= S(r).
/
LetP = s andQ = %’ If 2o is a multiplea-point of f which is not a zero oP, Q andP — @
then (1—a)+ap
—a)tab—«o
implies that
(1 —a)+aB(20) — a(z0) =0 (3.1)
and
af () — o/ (20) = 0. (3.2)
_P-e _ gl - Q) _ _ By _
Let f1 = a(l — P andf, = g 1—a)Q Let f1 = ¢, a constant. Then (1 of ) =
[C o : : , . B
¢(1 — a) and soB = o a) This on integration giveg = d{a — ¢(1 — a)}, whered

is a constant. Alsg = c impliesT(r,a) = S(r). HenceT(r,3) = S(r) and soT(r, f) <

283

T(r,a)+T(r,8) = S(r), which is a contradiction. S#, is non-constant. Similarly we can verify

that f5 is also non-constant.

Now from (3.1) and (3.2) we see thft(zp) = 1 and f2(z9) = 1. Again we see that

P-qQ

T(r,f1) <T(r,a)+T <T, A—aP

) =T(r,a) + S(r;a, 8)

and

T(r0) 70 ) + 7 (1 U5 ) = T ) + S(ri )
sothatl'(r, f1) = T'(r,«) + S(r; o, 3). Similarly T'(r, fo) = T'(r, 8) + S(r; «, 3). HenceS(r) =
S(r; f,9) = S(r;a, B8) = S(r; f1, f2). Also forb = 0, co we get

N(r,b; f1) < N(r,bia) + T ( (f__a%g) = S(r: i, f2)
and

N(T, b; f2) < N(Tv b; ﬂ) +T <T7 aép_a)cg;) = S(T;flva)'
Since

N(r,a; f |>2) < No(r,1; f1, f2) + N(r,0; P) + N(r,0; Q) + N(r,0; P — Q)
:No(T,l;fl,f2)+S(r;f17f2)
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andN(r,a; f |> 2) # S(r, f), it follows that No(r, 1; f1, fo) # S(r; f1, f2). S0 by Lemma 2.4
there exists two integersandt (| s | + | ¢ |> 0) such thatf$ f{ = 1 and so

1—a 1—a
st —
oa’pt = 0 2
1-= a(—=—1)
P Q
By logarithmic differentiation we get
sQ +tP (Q)'
sQ +tP —=
Q- \P
LetsQ + tP # 0. Then we obtain
Q /
‘o)
- = Q = Q )
« 1%
P
which gives on integration
o' B
all-— aiﬂ/ = C1, (33)
wherec; is a nonzero constant.
/ /
Also from (3.3) we getg— -~ % andso
B a—C
B =co(a—c1), (3.4)

wherecs is a honzero constant.

From (3.3) and (3.4) we obtain

T(r,a)=T |, 1_610/ﬂ <T <7‘,Z/) +T (r, ﬁl) +0(1) = S5(r)
af!

and
T(r,B) =T(r,cala — 1)) < T(r,a) + O(1) = S(r).

Sincef = 179 it follows that
1-p
T(r,f) <T(r,a)+T(r,8) + O(1) = S(r, f),
which is a contradiction. Therefore
sQ+tP=0. (3.5)
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Sincea and3 are nonconstant and $0# 0, @ # 0, it follows from (3.5) thats # 0 andt # 0.
Also in view of (3.5) we can suppose without loss of generality that 0 ands, t are relatively
prime. Integrating (3.5) we obtaimn® 3" = c3 and so

asTht = ¢, (3.6)

wherecs is a nonzero constant.

Sinceh andah are nonconstant, it follows that+ ¢ # 0 ands # 0. Let z; be a pole off with
multiplicity j and a pole of; with multiplicity r.

Letj > r. Thenz, is a pole ofa*™ with multiplicity (s + ¢)(j — r) if s +¢ > 0 and a zero
of ot with multiplicity —(s +¢)(j — r) if s +¢ < 0. Also z; is a zero ofh! with multiplicity
t(j —r). Soifs+¢ > 0then from (3.6) we gets + ¢)(j — r) = t(j — r) so thats = 0, which
is impossible. Also ifs + ¢ < 0 thenz; is a zero ofa* ™At with multiplicity —s(j — ), which is
impossible by (3.6).

Letj < r. Thenz; is a zero ofa** with multiplicity (s + ¢)(r — j) if s+t > 0 andz; is a
pole ofa* ™ with multiplicity — (s +¢)(r — j) if s+t < 0. Also z; is a pole ofh! with multiplicity
t(r — j). If s+t > 0then from (3.6) we gets + t)(r — j) = t(r — j) so thats = 0, which is
impossible. Also ifs + ¢ < 0 thenz is a pole ofaTtht with multiplicity —s(r — 5), which is
impossible by (3.6).

Hencej = r and sof, g share(co, 00).
Let 25 be a zero off with multiplicity 5 and a zero ofy with multiplicity r.

Letj > r. Thenz, is a pole ofh! with multiplicity ¢(j — ) andzs is an1-point of o, which
is impossible by (3.6).

Letj < r. Thenz, is a zero ofh! with multiplicity ¢(r — j) andzs is an1-point of o, which
is also impossible by (3.6).

Hencej = r and sof, g share(0, o).

Let z3 be anl-point of f with multiplicity j and anl-point of ¢ with multiplicity ». Thenzs is
an1-point of hl.

If 5 > r thenzs is a zero or a pole of*™ with multiplicity (s +¢)(j —r) or —(s + t)(j — 1)
according as +t > 0 or s + t < 0. This contradicts (3.6).

If j < rthenzs is a pole or a zero of* ™ with multiplicity (s +¢)(r — j) or —(s + t)(r — §)
accordingas +t > 0 ors 4+t < 0. This also contradicts (3.6).

Hencej = r and sof, g share(1, oo).

285



286 INDRAJIT LAHIRI AND RUPA PAL

Part Il — Let a; = o0, a2 = 0andas = 1. We putF = 1/f, G = 1/g andb = 1/a. Then
F, G share(0,1), (co,m), (1,k) andN(r,b; F |< 1) # T(r, F) + S(r, F). Sincem andk are
interchangeable, by Part | we see thaandG share(0, co), (1, 00) and(oco, co). Thereforef and
g share(0, 00), (1, 00), (00, 00).

Part Il — Let a; = 1,a9 = occandas = 0. WeputFF=1—-f,G=1—gandb=1—a.
ThenF, G share(0,1), (co,m), (1,k) andN(r,b; F |< 1) # T(r, F) 4+ S(r, F). Sincem andk
are interchangeable, by Part | we see thandG share(0, co), (1, 00) and(oco, 0o) . Thereforef
andg share(0, 00), (1, 00), (00, 00).

Sincem andk are interchangeable, we need not consider the other permutations afidoc.
This proves the theorem. O

By virtue of Theorem 1.1 we see that Theorems 1.3, 1.5 and 1.6 follow respectively from The-
orems B, D and E. So we prove only Theorems 1.2 and 1.4.

PROOF OFTHEOREM1.2 : If N(r,a; f |< 1) =T(r, f) + S(r, f), we see that

T(7) = Nea:fI<1)+5(,f) @7)
< N(raf) - Nirai f [22)+ S0.1) @9)
< 0 f) = T f) + (0, ) 39)

so thatT'(r, f) = S(r, f), which is impossible. Therefo® (r,a; f |< 1) # T(r, f) + S(r, f) and
the theorem now follows from Theorems 1.1 and A. This proves the theorem. O

PROOF OFTHEOREM1.4 : If N(r,a; f |< 1) =T(r, f) + S(r, f), we see that

T(r,f) > N(ra;f) (3.10)
= N(raf|<1)+ N(ra f|>2) (3.11)
= T(r,f)+N(r,a; f |>2)+S(r, f) (3.12)

so thatN (r, a; f |> 2) = S(r, f), which is a contradiction. Therefor€(r, a; f |< 1) # T(r, f) +
S(r, f) and the theorem now follows from from Theorems 1.1 and C. This proves the theorem.
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