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Using the notion of weighted sharing of three values we prove some uniqueness theorems for

meromorphic functions which improve some earlier results of different authors.

Key words: Uniqueness, meromorphic function, weighted sharing

1. INTRODUCTION, DEFINITIONS AND RESULTS

Let f andg be two nonconstant meromorphic functions defined in the open complex planeC. Let

k be a positive integer or infinity anda ∈ C ∪ {∞}. Fora ∈ C ∪ {∞} we say thatf andg share

the valuea CM (counting multiplicities) iff , g have the samea-points with the same multiplicities.

If we do not take the multiplicities into account thenf , g are said to share the valuea IM (ignoring

multiplicities).

Ozawa [11], Ueda [12], Brosch [1], Yi [14, 15, 16], Li and Yi [10], Ye [13], Li [9], Zhang [17]

and others dealt with the uniqueness problems of entire and meromorphic functions sharing three

values. For standard definitions and notations of the value distribution theory we refer to [3].

Let k be a positive integer. We denote byN(r, a; f |≤ k) andN(r, a; f |≥ k) the counting

functions of thosea-points off whose multiplicities are less than or equal tok and are greater than

or equal tok respectively. Also byN(r, a; f |≤ k) andN(r, a; f |≥ k) we denote the corresponding

reduced counting functions [6].
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In 1998 Li [9] proved the following two theorems.

Theorem A— [9] Letf andg be two nonconstant meromorphic functions sharing0, 1,∞ CM.

If f is not a bilinear transformation ofg and there exists a numbera(6= 0, 1,∞) such that for some

constantc(> 0)

T (r, f) ≤ cN(r, a; f |≥ 2) + S(r, f)

then there exists a nonconstant entire functionγ, a nonzero constantλ and two mutually prime

integerss, t(> 0) such that

f =
etγ − 1

λe−sγ − 1
and g =

e−tγ − 1
1
λesγ − 1

,

where
(1− a)s+t

at
= λt (1− θ)s+t

θt
with θ = − t

s
6= 1, a.

Theorem B— [9] Letf andg be two nonconstant meromorphic functions sharing0, 1,∞ CM.

Suppose further thatf is not a bilinear transformation ofg and there existsa(6= 0, 1,∞) such that

N(r, a; f |≤ 1) = S(r, f) thenf andg assume one of the following forms, whereγ is a nonconstant

entire function:

(i) f =
e3γ − 1
eγ − 1

, g =
e−3γ − 1
e−γ − 1

with a =
3
4
;

(ii) f =
eγ − 1
e3γ − 1

, g =
e−γ − 1
e−3γ − 1

with a =
4
3
;

(iii) f =
e3γ − 1
λe2γ − 1

, g =
e−3γ − 1
1
λ

e−2γ − 1
with a = −3 and λ3 = 1;

(iv) f =
e2γ − 1
λe3γ − 1

, g =
e−2γ − 1
1
λ

e−3γ − 1
with a = −1

3
and λ2 = 1;

(v) f =
eγ − 1

λe2γ − 1
, g =

e−γ − 1
1
λ

e−2γ − 1
with λ 6= 1 and 4a(1− a)λ = 1;

(vi) f =
e2γ − 1
λeγ − 1

, g =
e−2γ − 1
1
λ

e−γ − 1
with λ2 6= 1 and a2λ2 = 4(a− 1);
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(vii) f =
eγ − 1

e−2γ − 1
, g =

e−γ − 1
e2γ − 1

with a = 4;

(viii) f =
e2γ − 1
e−γ − 1

, g =
e−2γ − 1
eγ − 1

with a =
1
4
;

(ix) f =
eγ − 1

λe−γ − 1
, g =

e−γ − 1
1
λ

eγ − 1
with λ 6= 1− a

2
and (1− a)2 + 4aλ 6= 0.

Recently Li and Yi [10] supplemented Theorems A and B and proved the following results.

Theorem C— [10] Let f and g be two nonconstant meromorphic functions sharing0, 1,∞
CM. If there exists a numbera(6= 0, 1,∞) such thatN(r, a; f |≥ 2) 6= S(r, f) then the conclusion

of Theorem A holds and

N(r, a; f |≥ 2) =
1
p
T (r, f) + S(r, f),

wherep(≥ 2) is a positive integer.

Theorem D— [10] Let f and g be two nonconstant meromorphic functions sharing0, 1,∞
CM. If there exists a numbera(6= 0, 1,∞) such thata is not a Picard exceptional value off and

N(r, a; f |≤ 1) ≤ uT (r, f) + S(r, f),

where0 < u < 1
3 , then conclusion of Theorem B holds andN(r, a; f |≤ 1) ≡ 0.

Theorem C and Theorem D follow as consequences of the following more general result of

Li-Yi [10].

Theorem E— [10] Let f and g be two nonconstant meromorphic functions sharing0, 1,∞
CM. If there exists a numbera(6= 0, 1,∞) such thata is not a Picard exceptional value off and

N(r, a; f |≤ 1) 6= T (r, f) + S(r, f),

then

N(r, a; f |≤ 1) =
p− 2

p
T (r, f) + S(r, f)

and one of the following cases holds:
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(i) f =
e(p+1)γ − 1

esγ − 1
, g =

e−(p+1)γ − 1
e−sγ − 1

with
(a− 1)p+1−s

ap+1
=

ss(p + 1− s)p+1−s

(p + 1)p+1

and a 6= p + 1
s

;

(ii) f =
esγ − 1

e(p+1)γ − 1
, g =

e−sγ − 1
e−(p+1)γ − 1

with as(1− a)p+1−s =
ss(p + 1− s)p+1−s

(p + 1)p+1

and a 6= s

p + 1
;

(iii) f =
esγ − 1

e−(p+1−s)γ − 1
, g =

e−sγ − 1
e(p+1−s)γ − 1

with
(−a)s

(1− a)p+1
=

ss(p + 1− s)p+1−s

(p + 1)p+1

and a 6= − s

p + 1− s
;

(iv) f =
epγ − 1
λesγ − 1

, g =
e−pγ − 1
1
λ

e−sγ − 1
withλp 6= 0, 1 and

(a− 1)p−s

λpap
=

ss(p− s)p−s

pp
;

(v) f =
esγ − 1
λepγ − 1

, g =
e−sγ − 1
1
λ

e−pγ − 1
with λs 6= 0, 1andλsas(1− a)p−s =

ss(p− s)p−s

pp
;

(vi) f =
esγ − 1

λe−(p−s)γ − 1
, g =

e−sγ − 1
1
λ

e(p−s)γ − 1
withλs 6= 0, 1 and

(−λa)s

(1− a)p
=

ss(p− s)p−s

pp
,

whereγ is a nonconstant entire function,s andp(≥ 2) are positive integers such thats andp+1 are

relatively prime and1 ≤ s ≤ p in (i), (ii) and (iii), s andp are relatively prime and1 ≤ s ≤ p − 1
in (iv), (v) and (vi).

In the paper we consider the possibility of improving the above results by relaxing the nature

of sharing the three values. To this end we employ the notion of weighted sharing of values as

introduced in [4, 5], which measures how close a shared value is to being shared IM or to being

shared CM.

Definition1.1 — [4, 5] Letk be a nonnegative integer or infinity. Fora ∈ C ∪ {∞} we denote

by Ek(a; f) the set of alla-points off where ana-point of multiplicity m is countedm times if

m ≤ k andk + 1 times if m > k. If Ek(a; f) = Ek(a; g), we say thatf, g share the valuea with

weightk.

The definition implies that iff , g share a valuea with weightk thenz0 is a zero off − a with
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multiplicity m(≤ k) if and only if it is a zero ofg − a with multiplicity m(≤ k) andz0 is a zero of

f − a with multiplicity m(> k) if and only if it is a zero ofg − a with multiplicity n(> k) where

m is not necessarily equal ton.

We write f, g share(a, k) to mean thatf, g share the valuea with weightk. Clearly if f, g

share(a, k) thenf, g share(a, p) for all integersp, 0 ≤ p < k. Also we note thatf, g share a value

a IM or CM if and only if f, g share(a, 0) or (a,∞) respectively.

We now state the main results of the paper.

Theorem 1.1— Letf andg be two distinct nonconstant meromorphic functions sharing(a1, 1),
(a2,m), (a3, k), where{a1, a2, a3} = {0, 1,∞} and(m− 1)(k − 1) > 4. If

N(r, a; f |≤ 1) 6= T (r, f) + S(r, f)

for some numbera(6= 0, 1,∞) thenf , g share(0,∞), (1,∞) , (∞,∞).

Following examples show that in Theorem 1.1 the weight of sharing of none of the values

0, 1,∞ can be reduced to zero.

Example1.1 : Letf(z) = ez−1, g(z) = (ez−1)2 anda = −1. Thenf , g share(0, 0), (1,∞),
(∞,∞) andN(r, a; f) ≡ 0.

Example1.2 : Letf(z) = 2− ez, g(z) = ez(2− ez) anda = 2. Thenf , g share(0,∞), (1, 0),
(∞,∞) andN(r, a; f) ≡ 0.

Example1.3 : Letf(z) = 1
ez−1 , g(z) = 1

(ez−1)2
anda = −1. Thenf , g share(0,∞), (1,∞),

(∞, 0) andN(r, a; f) ≡ 0.

Following theorem improves Theorem A.

Theorem 1.2— Letf andg be two distinct nonconstant meromorphic functions sharing(a1, 1),
(a2,m), (a3, k), where{a1, a2, a3} = {0, 1,∞} and(m − 1)(k − 1) > 4. If f is not a bilinear

transformation ofg and there exists a numbera(6= 0, 1,∞) such that for some constantc(> 0)

T (r, f) ≤ cN(r, a; f |≥ 2) + S(r, f)

then the conclusion of Theorem A holds.

Next theorem improves Theorem B.

Theorem 1.3— Letf andg be two distinct nonconstant meromorphic functions sharing(a1, 1),
(a2,m), (a3, k), where{a1, a2, a3} = {0, 1,∞} and (m − 1)(k − 1) > 4. If f is not a bilinear

transformation ofg and there exists a numbera(6= 0, 1,∞) such thatN(r, a; f |≤ 1) = S(r, f)
then the conclusion of Theorem B holds.
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Following three theorems respectively improve Theorems C, D and E.

Theorem 1.4— Letf andg be two distinct nonconstant meromorphic functions sharing(a1, 1),
(a2,m), (a3, k), where{a1, a2, a3} = {0, 1,∞} and(m− 1)(k − 1) > 4. If there exists a number

a(6= 0, 1,∞) such thatN(r, a; f |≥ 2) 6= S(r, f) then the conclusion of Theorem C holds.

Theorem 1.5— Letf andg be two distinct nonconstant meromorphic functions sharing(a1, 1),
(a2,m), (a3, k), where{a1, a2, a3} = {0, 1,∞} and(m− 1)(k − 1) > 4. If there exists a number

a(6= 0, 1,∞) such thata is not a Picard exceptional value off and

N(r, a; f |≤ 1) ≤ uT (r, f) + S(r, f),

where0 < u < 1
3 , then the conclusion of Theorem D holds.

As in [10] consideringf(z) = e3z + e2z + ez + 1, g(z) = e−3z + e−2z + e−z + 1 and

a = (20 + 4
√

2i)/27 we can verify that the conditionu <
1
3

of Theorem 1.5 is best possible.

Theorem 1.6— Letf andg be two distinct nonconstant meromorphic functions sharing(a1, 1),
(a2,m), (a3, k), where{a1, a2, a3} = {0, 1,∞} and (m − 1)(k − 1) > 4. If there exists a

numbera(6= 0, 1,∞) such thata is not a Picard exceptional value off and N(r, a; f |≤ 1) 6=
T (r, f) + S(r, f) then the conclusion of Theorem E holds.

We note that the results of the paper hold for the following pairs of minimum values ofm andk

: m = 3, k = 4; m = 4, k = 3; m = 2, k = 6 andm = 6, k = 2.

2. LEMMAS

In this section we state some necessary lemmas. We first note that(m−1)(k−1) > 4 is equivalent

to (m− 1)(mk − 1) > (1 + m)2.

Lemma2.1 — [8] Letf andg be two distinct nonconstant meromorphic functions sharing(0, 1),
(1,m), (∞, k), where(m − 1)(mk − 1) > (1 + m)2. If N(r, a; f |≤ 2) 6= T (r, f) + S(r, f) for

some numbera(6= 0, 1,∞) thena is a Picard exceptional value off . Furtherf andg satisfy one of

the following : (i) (f − a)(g + a− 1) ≡ a(1− a), (ii) f + (a− 1)g ≡ a, (iii) f ≡ ag.

Lemma2.2 — [2] If f , g share(0, 0), (1, 0), (∞, 0) then (i) T (r, f) ≤ 3T (r, g) + S(r, f),
(ii) T (r, g) ≤ 3T (r, f) + S(r, g).

This shows thatS(r, f) = S(r, g) and we denote them byS(r).

Lemma2.3 — [6] Let f , g be two distinct nonconstant meromorphic functions sharing(0, 1),

(1,m), (∞, k), where(m− 1)(mk − 1) > (1 + m)2. If α =
f − 1
g − 1

andh =
g

f
thenN(r, a; α) =

S(r) andN(r, a;h) = S(r) for a = 0,∞.
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Lemma2.4 — [17] Letf1 andf2 be two nonconstant meromorphic functions satisfyingN(r, 0; fi)+
N(r,∞; fi) = S(r; f1, f2) for i = 1, 2. Then eitherN0(r, 1; f1, f2) = S(r; f1, f2) or there exist

two integerss and t (|s| + |t| > 0) such thatf s
1f t

2 ≡ 1, whereN0(r, 1; f1, f2) denotes the re-

duced counting function of the common1-points off1 andf2 andT (r) = T (r, f1) + T (r, f2),
S(r; f1, f2) = o(T (r)) asr →∞ possibly outside a set of finite linear measure.

Lemma2.5 — [7] Letf andg be two distinct nonconstant meromorphic functions sharing(0, 0),
(1, 0), (∞, 0). If f is a bilinear transformation ofg thenf andg satisfy one of the following : (i)

fg ≡ 1, (ii) (f − 1)(g − 1) ≡ 1, (iii) f + g ≡ 1, (iv) f ≡ cg, (v) f − 1 ≡ c(g − 1), (vi)

[(c− 1)f + 1][(c− 1)g − c] + c ≡ 0, wherec(6= 0, 1,∞) is a constant.

2. PROOFS OF THEMAIN RESULTS

PROOF OFTHEOREM 1.1 : We divide the proof into three parts.

Part I — We suppose thata1 = 0, a2 = 1 anda3 = ∞. We now consider the following cases.

Case 1. LetN(r, a; f |≤ 2) 6= T (r, f) + S(r, f). Then in view of Lemma 2.1 we consider the

following subcases.

Subcase1.1 Let (f − a)(g + a − 1) ≡ a(1 − a). Thenf , g have no pole. Also since

f ≡ ag

g + a− 1
andf − 1 ≡ (a− 1)(g − 1)

g + a− 1
, we see thatf , g share(0,∞) and(1,∞). Hencef , g

share(0,∞), (1,∞) and(∞,∞).

Subcase1.2. Letf + (a − 1)g ≡ a. Thenf andg do not assume the value0. Also f − 1 ≡
(1− a)(g − 1) andf ≡ a− (a− 1)g imply thatf , g share(1,∞) and(∞,∞). Hencef , g share

(0,∞), (1,∞) and(∞,∞).

Subcase1.3. Letf ≡ ag. Then clearlyf , g share(0,∞) and(∞,∞). Alsof , g do not assume

the value1. Hencef , g share(0,∞), (1,∞) and(∞,∞).

Case 2. LetN(r, a; f |≤ 2) = T (r, f) + S(r, f). We now consider the following subcases.

Subcase2.1. Letf be a bilinear transformation ofg. Then in view of Lemma 2.5 we consider

the following possibilities.

If fg ≡ 1 thenf , g do not assume the values0 and∞. Also f , g share(1,∞) so thatf andg

share(0,∞), (1,∞), (∞,∞).

If (f − 1)(g − 1) ≡ 1 thenf , g do not assume the values1 and∞. Also sincef ≡ g

g − 1
, it

follows thatf , g share(0,∞). Hencef , g share(0,∞), (1,∞) and(∞,∞).

If f + g ≡ 1 thenf , g do not assume the values0 and1. Also f andg share(∞,∞). Hencef ,
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g share(0,∞), (1,∞) and(∞,∞).

If f ≡ cg thenf , g do not assume the value1. Also f , g share(0,∞) and(∞,∞). Hencef , g

share(0,∞), (1,∞) and(∞,∞).

If f − 1 ≡ c(g − 1) thenf , g do not assume the value0. Also f , g share(1,∞), (∞,∞) so

thatf , g share(0,∞), (1,∞) and(∞,∞).

If [(c − 1)f + 1][(c − 1)g − c] + c ≡ 0 thenf , g do not assume the value∞. Also since

f ≡ g

c + (1− c)g
andf −1 ≡ c(g−1)

c+(1−c)g , it follows thatf , g share(0,∞), (1,∞). Hencef , g share

(0,∞), (1,∞) and(∞,∞).

Subcase2.2. Let f be not a bilinear transformation ofg. First we note thatN(r, a; f |≥
2) 6= S(r, f). For, otherwiseN(r, a; f |= 2) ≤ 2N(r, a; f |≥ 2) = S(r, f) and soN(r, a; f |≤
1) = T (r, f) + S(r, f), which is a contradiction, where we denote byN(r, a; f |= 2) the counting

function of doublea-points off counted according to multiplicity.

Let α andh be given as in Lemma 2.3 andβ = αh. Sincef is not a bilinear transformation of

g, we see thatα, h andβ are nonconstant. Also we see thatT (r, α) ≤ T (r, f) + T (r, g) + O(1),
T (r, h) ≤ T (r, f) + T (r, g) + O(1) andT (r, β) ≤ 2T (r, f) + 2T (r, g) + O(1). Again since

f = (1−α)/(1−β) andg = (
1
α
−1)/(

1
β
−1), it follows thatT (r, f) ≤ T (r, α)+T (r, β)+O(1)

andT (r, g) ≤ T (r, α) + T (r, β) + O(1). Hence in view of Lemma 2.2 we getS(r) = S(r; f, g) =
S(r; α, β).

Now by Lemma 2.3 we obtain

N(r, 0;β) ≤ N(r, 0;α) + N(r, 0;h) = S(r),

N(r,∞;β) ≤ N(r,∞; α) + N(r,∞; h) = S(r),

T

(
r,

α′

α

)
= m

(
r,

α′

α

)
+ N

(
r,

α′

α

)

≤ N (r, 0;α) + N(r,∞;α) + S(r, α)

= S(r),

T

(
r,

h′

h

)
= m

(
r,

h′

h

)
+ N

(
r,

h′

h

)

≤ N(r, 0;h) + N(r,∞;h) + S(r, h)

= S(r),
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T

(
r,

β′

β

)
= T

(
r,

α′

α
+

h′

h

)

≤ T

(
r,

α′

α

)
+ T

(
r,

h′

h

)
+ O(1)

= S(r).

Let P =
β′

β
andQ = α′

α . If z0 is a multiplea-point off which is not a zero ofP , Q andP −Q

then

f − a =
(1− a) + aβ − α

1− β

implies that

(1− a) + aβ(z0)− α(z0) = 0 (3.1)

and

aβ′(z0)− α′(z0) = 0. (3.2)

Let f1 = α
P −Q

(1− a)P
andf2 = β

a(P −Q)
(1− a)Q

. Let f1 ≡ c, a constant. Thenα

(
1− α′β

αβ′

)
≡

c(1 − a) and so
β′

β
≡ α′

α− c(1− a)
. This on integration givesβ = d{α − c(1 − a)}, whered

is a constant. Alsof1 ≡ c implies T (r, α) = S(r). HenceT (r, β) = S(r) and soT (r, f) ≤
T (r, α) + T (r, β) = S(r), which is a contradiction. Sof1 is non-constant. Similarly we can verify

thatf2 is also non-constant.

Now from (3.1) and (3.2) we see thatf1(z0) = 1 andf2(z0) = 1. Again we see that

T (r, f1) ≤ T (r, α) + T

(
r,

P −Q

(1− a)P

)
= T (r, α) + S(r; α, β)

and

T (r, α) ≤ T (r, f1) + T

(
r,

(1− a)P
P −Q

)
= T (r, f1) + S(r; α, β)

so thatT (r, f1) = T (r, α) + S(r; α, β). Similarly T (r, f2) = T (r, β) + S(r; α, β). HenceS(r) =
S(r; f, g) = S(r; α, β) = S(r; f1, f2). Also for b = 0,∞ we get

N(r, b; f1) ≤ N(r, b; α) + T

(
r,

P −Q

(1− a)P

)
= S(r; f1, f2)

and

N(r, b; f2) ≤ N(r, b; β) + T

(
r,

a(P −Q)
(1− a)Q

)
= S(r; f1, f2).

Since

N(r, a; f |≥ 2) ≤ N0(r, 1; f1, f2) + N(r, 0;P ) + N(r, 0;Q) + N(r, 0;P −Q)

= N0(r, 1; f1, f2) + S(r; f1, f2)
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andN(r, a; f |≥ 2) 6= S(r, f), it follows thatN0(r, 1; f1, f2) 6= S(r; f1, f2). So by Lemma 2.4

there exists two integerss andt (| s | + | t |> 0) such thatfs
1f t

2 ≡ 1 and so

αsβt ≡


 1− a

1− Q

P




s



1− a

a(
P

Q
− 1)




t

.

By logarithmic differentiation we get

sQ + tP =
sQ + tP

Q(1− Q
P )

(
Q

P

)′
.

Let sQ + tP 6≡ 0. Then we obtain

α′

α
= Q =

(
Q

P

)′

1− Q

P

,

which gives on integration

α

(
1− α′β

αβ′

)
= c1, (3.3)

wherec1 is a nonzero constant.

Also from (3.3) we get
β′

β
=

α′

α− c1
and so

β = c2(α− c1), (3.4)

wherec2 is a nonzero constant.

From (3.3) and (3.4) we obtain

T (r, α) = T


r,

c1

1− α′β
αβ′


 ≤ T

(
r,

α′

α

)
+ T

(
r,

β′

β

)
+ O(1) = S(r)

and

T (r, β) = T (r, c2(α− c1)) ≤ T (r, α) + O(1) = S(r).

Sincef =
1− α

1− β
, it follows that

T (r, f) ≤ T (r, α) + T (r, β) + O(1) = S(r, f),

which is a contradiction. Therefore

sQ + tP ≡ 0. (3.5)
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Sinceα andβ are nonconstant and soP 6≡ 0, Q 6≡ 0, it follows from (3.5) thats 6= 0 andt 6= 0.

Also in view of (3.5) we can suppose without loss of generality thatt > 0 ands, t are relatively

prime. Integrating (3.5) we obtainαsβt = c3 and so

αs+tht = c3, (3.6)

wherec3 is a nonzero constant.

Sinceh andαh are nonconstant, it follows thats + t 6= 0 ands 6= 0. Let z1 be a pole off with

multiplicity j and a pole ofg with multiplicity r.

Let j > r. Thenz1 is a pole ofαs+t with multiplicity (s + t)(j − r) if s + t > 0 and a zero

of αs+t with multiplicity −(s + t)(j − r) if s + t < 0. Also z1 is a zero ofht with multiplicity

t(j − r). So if s + t > 0 then from (3.6) we get(s + t)(j − r) = t(j − r) so thats = 0, which

is impossible. Also ifs + t < 0 thenz1 is a zero ofαs+tht with multiplicity −s(j − r), which is

impossible by (3.6).

Let j < r. Thenz1 is a zero ofαs+t with multiplicity (s + t)(r − j) if s + t > 0 andz1 is a

pole ofαs+t with multiplicity −(s + t)(r− j) if s + t < 0. Also z1 is a pole ofht with multiplicity

t(r − j). If s + t > 0 then from (3.6) we get(s + t)(r − j) = t(r − j) so thats = 0, which is

impossible. Also ifs + t < 0 thenz0 is a pole ofαs+tht with multiplicity −s(r − j), which is

impossible by (3.6).

Hencej = r and sof , g share(∞,∞).

Let z2 be a zero off with multiplicity j and a zero ofg with multiplicity r.

Let j > r. Thenz2 is a pole ofht with multiplicity t(j − r) andz2 is an1-point ofαs+t, which

is impossible by (3.6).

Let j < r. Thenz2 is a zero ofht with multiplicity t(r− j) andz2 is an1-point ofαs+t, which

is also impossible by (3.6).

Hencej = r and sof , g share(0,∞).

Let z3 be an1-point off with multiplicity j and an1-point of g with multiplicity r. Thenz3 is

an1-point ofht.

If j > r thenz3 is a zero or a pole ofαs+t with multiplicity (s + t)(j − r) or−(s + t)(j − r)
according ass + t > 0 or s + t < 0. This contradicts (3.6).

If j < r thenz3 is a pole or a zero ofαs+t with multiplicity (s + t)(r − j) or−(s + t)(r − j)
according ass + t > 0 or s + t < 0. This also contradicts (3.6).

Hencej = r and sof , g share(1,∞).
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Part II — Let a1 = ∞, a2 = 0 anda3 = 1. We putF = 1/f , G = 1/g andb = 1/a. Then

F , G share(0, 1), (∞,m), (1, k) andN(r, b; F |≤ 1) 6= T (r, F ) + S(r, F ). Sincem andk are

interchangeable, by Part I we see thatF andG share(0,∞), (1,∞) and(∞,∞). Thereforef and

g share(0,∞), (1,∞), (∞,∞).

Part III — Let a1 = 1, a2 = ∞ anda3 = 0. We putF = 1 − f , G = 1 − g andb = 1 − a.

ThenF , G share(0, 1), (∞,m), (1, k) andN(r, b; F |≤ 1) 6= T (r, F ) + S(r, F ). Sincem andk

are interchangeable, by Part I we see thatF andG share(0,∞), (1,∞) and(∞,∞) . Thereforef

andg share(0,∞), (1,∞), (∞,∞).

Sincem andk are interchangeable, we need not consider the other permutations of0, 1 and∞.

This proves the theorem. 2

By virtue of Theorem 1.1 we see that Theorems 1.3, 1.5 and 1.6 follow respectively from The-

orems B, D and E. So we prove only Theorems 1.2 and 1.4.

PROOF OFTHEOREM 1.2 : If N(r, a; f |≤ 1) = T (r, f) + S(r, f), we see that

T (r, f) = N(r, a; f |≤ 1) + S(r, f) (3.7)

≤ N(r, a; f)−N(r, a; f |≥ 2) + S(r, f) (3.8)

≤ T (r, f)− 1
c
T (r, f) + S(r, f) (3.9)

so thatT (r, f) = S(r, f), which is impossible. ThereforeN(r, a; f |≤ 1) 6= T (r, f) + S(r, f) and

the theorem now follows from Theorems 1.1 and A. This proves the theorem. 2

PROOF OFTHEOREM 1.4 : If N(r, a; f |≤ 1) = T (r, f) + S(r, f), we see that

T (r, f) ≥ N(r, a; f) (3.10)

= N(r, a; f |≤ 1) + N(r, a; f |≥ 2) (3.11)

= T (r, f) + N(r, a; f |≥ 2) + S(r, f) (3.12)

so thatN(r, a; f |≥ 2) = S(r, f), which is a contradiction. ThereforeN(r, a; f |≤ 1) 6= T (r, f) +
S(r, f) and the theorem now follows from from Theorems 1.1 and C. This proves the theorem.
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