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Let1 < a, / oo, k be a function on the set of positive integers into itself gndenotes

the characteristic function df, oo). We consider the Kthe spaces of typ®..(x,v,a) =

K([apn]) whereay,, = exp([p + ¥ X (P — £n)]an), p € N,y > 1, Do(k,7v,a) = K([apn]

whereay, = exp([—1/p + Yax(p — £n)lan), p € Ny, > 0 andHoo (K, 7, a) = K([apn])
wherea,,, = exp([p + v, min(p, £,)]an), p € N, v, > 1. We characterize the quasi-diagonal
isomorphisms between these type of spaces. Moreover, we show that these spaces are not iden-
tical, in the topological sense.

Key words : Dragilev spaces; Kothe spaces; isomorphic classification; quasi-diagonal iso-
morphisms

1. INTRODUCTION

In [1], Djakov and Zahariuta considered thétke spacéDy(x,v,a) = K([apn]) Wherea,, =
exp([—1/p + Yx(p — kn)lan), p € N, 1 < a,, / o0, 7, = 1foreachn € N,k : N — Nis
a function,y is the characteristic function @, co), whereN denotes the set of positive integers.

d
If, for example,sup, ey kn < 00, thenDy(k,v,a) = Ag(a) whereAg(a) = K([exp(—an/p)])

denotes the finite type power series space generated by the sequente,). If lim,, o £, =
oo, thenDy(k,v,a) = Ag(a). Hence, in general, it is assumed thahas infinitely many finite
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limit points. Letr be a subset oN. If lim,c, k, = oo, thenC([apn]penner) = Ao(b) and if

d
SUP,e, kn < 00, thenKC([apn]penner) = Ao(b) whereb = {a, }ne,. Namely, each basic subspace
has a finite type power series subspace.

Djakov and Zahariuta [1] gave a complete isomorphic classification of stable spaces of the form
Do(k,7,a). In fact, they showed that if two such spaces are isomorphic then there is a quasi-
diagonal isomorphism between them. More precisely,

Theorem 1.1— [Theorem 2Let X = Dy(k,~,a) andQ) = Dy(%,7,a), wherey,, = 4, = 1
di
for eachn € N, be stable Kthe spaces. Theh = 9) if and only if X = 2. i

Unlike theDy—type Kothe spaces, the spad®s,(k, v, a) = K([apn]), wherea,,, = exp([p +
mx(p — kn)layn), have the property that each basic subspacPofx,~,a) has a basic infinite
type power series subspace. These classestbfekspaces are generalized from the counterexample
given by Dragilev [2] and [3].

The Kothe space®{(k,7,a) = K([apyn]) Whereay, = exp([p + v, min(p, ,,)]ay), where
K, v, anda are as before, have the property that all basic subspaces have basic infinite type power
series subspaces (cf. [5]).

In this article, we examine the quasi-diagonal isomorphisms bet®egrnH..,, andDy—type
Kothe spaces. We prove that the only spaces either of the first two types belonging to the class
d, are those which are isomorphic (or equivalently quasi-diagonally isomorphic) to an infinite type
power series space. Furthermore, it is shown that the Dplytype spaces belonging to the class
ds are the finite type power series spaces.

Since each basic subspace dDg—type space has a basic finite type power series subspace
whereas basic subspaces of the other types have basic infinite type power series subspaces, we can
conclude that the class 6f,—type spaces are completely different, in topological sense, from those
of the spaces of the other types. Hence, we discuss whether or not the other two classes are identical.

By providing a counterexample, we show that these classes are not identical, either. It is also
proved that a space which is quasi-diagonally isomorphic to a space in each of these two classes is
a power series space of infinite type.

We do not know yet whether a stable space in one of these three classes must have the quasi
equivalence property (gep). If this were the case, one would conclude that the intersection of the
class ofD.,—type spaces and the classii, —type spaces is the class of infinite type power series
spaces.

Techniques similar to those introduced in [1] permit us to prove our main Theorem 3.1 and its
variants.
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Throughout the paper, for simplicity in notation we write unless stated otherwis®thaD,
andH instead ofD (-, -, ), Do(+, -, -) andH (-, -, -). We also give the complete classification of
the quasi-diagonal isomorphisms betwé&anandH ., —type spaces. Furthermore, we characterize
such mappings between spaces one of the peand the other of the typH .

The plan of the paper is as follows. In Section 2, we give the definitions of certain concepts
which are needed in the text. We state and prove the main results in Section 3.

2. PRELIMINARY DEFINITIONS

We begin by recalling some definitions. The reader is referred to [4], [6], [7] and [9] for further
details.

An infinite matrix [a,,] with non-negative entries is called athe matrix, if the following
conditions are satisfied:

1. ap, > Oforalln € N and for some € N,

2. app < apy1, forallp, n e N.

The Kothe spacéC([a,,,]) generated by the &the matrixa,,] is the sequence space

K(lapn]) = {(%)?’fl F(m)ezill, = D [mlapn < oo for every p N}
n=1

with the topology given by the system of norfis- ||,},%; .

For example, the set of all entire functions with the topology of uniform convergence on com-
pacts is isomorphic to the infinite type power series spaggn) = K([ap,]) Wherea,, =
exp(pn). Recall also that the space of all analytic functions in the open unit disc is isomorphic
to the finite type power series spacdegn) = K([apn]) Wherea,,, = exp(—n/p).

Kothe spacéC([a,,]) belongs to the class

1. dop and is called regular, ifay n+1/apn) < (apt1n+1/ap1,0) forallp,n € N;
2. dy, if Ip Vq 3r such thatup,,cy {a2,,/(apnam)} < oo ;

3. dy, if Vp 3¢ Vr such thatup,,cn(apnam)/az, < oc.

These are introduced by Dragilev [3{,(n), for instance, belongs i ; howeverAy(n) € ds.
Dragilev proved thatl; andd, are linear topological invariants fordthe spaces (see [2] and [3]).
More precisely, itX = K([apn]) € d; fori =1,2,9 = K([bpn]) = X, then) € d;.
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Condition ;) (resp. @2)) is equivalent to the fact that thedithe space satisfies condition (DN)
(resp. (2)) of Vogt. We refer the reader to Chapter 29 of the monograph [7].

Kothe spacéC([a,,]) is respectively called stable, weakly stable, unstable, if

K([apn]) % K(Japn]) = K(Japn]), K(Japn]) x K = K(japa]), 3s'¥p Ig¥r lim 22" — o,

N—=00 Ggnlsn

In this article, we mainly consider thedtkhe spaces of typ®.(x,v,a) = K([ap,]) Where
apn, = exp([p + Yax(p — kn)lan), p € N, 1 < a, / o0, k : N — Nis a function,y is the char-
acteristic function of0, 0o), v, > 1, Dy(k, v, a) = K([apn]) Wherea,,, = exp([—1/p + v x(p —

kn)lan), p € N,y > 0 andHoo(k,7,a) = K([apn]) Wherea,, = exp([p + v, min(p, kn)lan),
p € N, v, > 1. These spaces are generalized from the counterexample given by Dragilev [2].

In [1], Djakov and Zahariuta examined the cage= 1 for eachn € N and gave an isomorphic

characterization of such spaces. If, for examplg,, cn kn < 00, thenDy(k, v, a) é Ao(a). If

limy, 00 Ky, = 00, thenDy(k,v,a) = Ag(a) . Therefore, in general, it is assumed thahas
infinitely many finite limit points. Actually, ifv is a subset oN and if lim,,¢, k, = oo, then

K ([apnlpennes) = Ao(b). Likewise, if sup,c, fn < o0, thenk([apmlpenney) = Ao(b) where

b = {an}ne,. Hence, each basic subspace®fx, v, a) has a finite type power series subspace.

A basic subspace of adthe space is a subspace generated by a subsequence of the canonical basis
{en}52 1, wheree,, is the sequencein then—th place and zero elsewhere for each N.

Note that all basic subspaces of b@h, and’H ., —type spaces have basic infinite type power
series subspaces.

Let (X%, 7) be a linear topological space. A sequeligg:° , in X is called a basis, if for every
z € X there exists a uniquely determined sequeficg5° , of scalars such that = "7 | \,b,,.
If, moreover, the series~ , \,b,, converges unconditionally i, then the basigb,, )22 ; is called
an unconditional basis.

Let X, 9) be two linear topological spaces with bases respectiely > ,, {y,}5> ;. Alinear
operator]" : X — 9) is called quasi-diagonal (with respect to these bases) if = v,y (,) Where
o : N — Nis a permutation anéhy,, } 7, is a sequence of scalars. A quasi-diagonal opef&tisr
called permutable and diagonalyif = 1, ando(n) = n for all n € N, respectively.

If, moreover, the operatdr is an isomorphism of the above types, then the b&sgs> |, {y, 22,
are called quasi-equivalent, permutably equwalent dlagonally equivalent, respectively. We denote

the isomorphisms of these typesaag 9, 36 9, 36 ), respectively.

If T is a quasi-diagonal isomorphism (qdi) angd = 1 ando(n) = n for all n € N, then
the bases are called equivalent. We say the linear topological $paith an unconditional basis
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{z,}52; has the quasi equivalence property (gep), if every unconditional basis is quasi-equivalent
to the basigxz,, }5° ;.

Finally, the positive sequencés,, )22, and(b,,)>2 , are asymptotically similar and denoted as
(an)So; =< (b))%, if there isC' > 0 such thalC~! < a, /b, < C foralln € N.

n=1:

3. THE MAIN RESULTS

Our proof is modeled on the techniques introduced by Djakov and Zahariuta [1]. In this section,
we provide the classification of the quasi-diagonal isomorphisms between spaces of thHe types
Dy andH .. Moreover, we characterize such mappings between spaces one of thi,tygred the

other of the typé... Finally, we conclude this section by a counterexample which shows that the
class of spaces of the forf,, is not identical, in topological sense, with that of spaces of the form
Hoo-

Since the techniques used in the proofs of the results are similar, we prove only one of them com-
pletely and omit the detailed proof of the others.

Letx,x : N — N andrw be a permutation oN andm € N. Then, we define the following sets:

Li(k,k) = {v=_(in): Ki,, Fr(i,) — O},

Ik, &) = {v=_(in): Ki, = o0, (Fra,))Iisbounded,

Is(k, k) = {v=_(in): (ki,)is bounded, K (;,,) — oo},

Iy(k,k) = {v=_(in): (Ki,), (Fr(,))are bounded}.
N, (k) = {ieN: Kk =m}.

Prior to giving Theorem 3.1, we present the following five lemmas which require in the proof of
Theorem 3.1:

Lemma3.1 — Letl < ap,a, / oo. Assume that for alli,) € I;(k,k), j = 1,2,3,4,
(ai,) = (Gr(i,))- Then there exist€’ > 0 such thatC~" < a,(;/a; < Cforalli e N.

PROOF: Assuming the contrary, we get a subsequefiggsuch that eithe(a;,)/a;,) — oo
or (Gr(;,)/ai,) — 0, asn — oo. Without loss of generality, assuni&,; )/ ai, ) — oo, asn — oo.
If ki, — oo, thenk,(;,) # oo. For otherwise, we have a sequeitiGg € I1(x, &) whereaga;,) %
(@x(i,)), @ contradiction. Hence, there is a subsequendg,f say (i,,, ), such that(k,;, ) is
bounded. In this case, we obtain a sequefigg) € Ia(x, %) such that(a;, ) % (drq, )), @
contradiction. Thus, we concludg, 4 oo. Hence, there is a subsequencéif), say(iy,, ), such
that(x;,,, ) is bounded.

Now, if k(;, ) — oo, thenwe have a sequen@g,,) € I3(x, 5) suchthata;, ) % (dxg,, )
a contradiction. Hences,;, ) 7 oo; thatis, there is a subsequengg,,, ) of (i,,,) such that

n
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(Ew(inm)) is bounded. As aresult, we get a seque(n’ggl) € I4(k,R) but(ainml) # <a7r(inml))’ a
contradiction.

Therefore, there exists > 0 such thatC~! < ar(y/ai < Cforalli e N.
This terminates the proof. O
Let us define the following sets fon, n € N:

Ar(m,n) ={j € N:rj >m, Ky >n},
Ag(m,n) ={j € N: k; >m, Kp;) <n},

Az(m,n) ={j € N:rj <m, Kpy) >n},

Ag(m,n) ={j € N: k; <m, Ky < nj.
For the following four lemmas, we suppose that
Forallv € I1(k, k), there isD, > 0 such thasup,,cy |ti,. /ai,| < Dy,

Forallv € Iy(k, ), there isD, > 0 such thatup,,cy | (ti, + V(i) @ (in))/@in | < Dy,

Forallv € I3(k, k), there isD, > 0 such thasup,,cn |(ti,, — Vin@in)/ai,| < Dy,

Forallv € I4(k, %), thereisD, > 0such thatup,,cy |(ti, + V(i) Gr(in) — VinGin)/@in| < Dy,
where{~,}, {7.} and{t,,} are the sequences of scalars wjth~,, > 1.

Lemma3.2 — Letp be a fixed positive integer. There exigt> p, D; > 0 such thatt; /a;| <
D foralli e Al(plapl)-

PrRoOOF: If not, then for allp; > p, D1 > 0, there exists € A;(p1,p1) but|t;/a;| > D;.
Lettingpy = D; = n € N, we get a sequencg,,) € I(k,&) whereaslt;, /a;,| — oo, a
contradiction.

Lemma3.3 — There exisps > p1, Do > D; such that\ (t; +f”yﬂ(i)dﬂ(i))/ai\ < D, for all
i € Aa(p2,p1)-

PROOF: For otherwise, for every, > p1, Dy > Dy, thereisi € Ay (pa, p1) but|(ti + Yy dniy)/as| >
Ds. If we |etp2 =Dy =n €N, we obtain(in) in IQ(/{, /~€) with ‘(tzn +:y7r(in)a7r(in))ain‘ — 0OQ.
This is a contradiction.

Lemma3.4 — There exisps > pa, D3 > D, such that|(t; — v;a;)/a;| < D3 for all i €
A3z(p2,p3).
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PROOF: Otherwise, for alps > ps, D3 > D», there exists € As(p2, p3) but|(t; — via;)/a;| >
Ds. Lettingps = D3 = n € N, we have a sequende,) € I5(k, <) with |(¢;, — i, ai,)/a:,| —
oo, a contradiction.

Lemma3.5 — There existd), > Dj such that\ (ti + V(i) An(s) — ’yiai)/ai‘ < Dy for all
i € Ay(p2,p3).

PROOF : Suppose the contrary. Then, for eaEh > Ds, there isi € A4(p2,p3) and
|(ti + Y(i)n(i) — viai)/as| > Dy. Letting Dy = n € N, we get a sequencg,) € I4(x, k)
such that| (£, + V(i) @n(in) — VinGin)/ai, | — 00, @ contradiction.

Theorem3.1— LetT : Dy (k,7,a) — D (k,7,a) be a quasi-diagonal operator defined by
Te; = exp(t;)er(;), Where{t; } is a sequence of numbers. THEms an isomorphism if and only if

D) {ai}2y < {az@ b2
(2) Forall v € I(k, R), there isD,, > 0 such thatup,,cy |ti,/ai,| < Dy,

Forall v € Ir(x, k), there isD,, > 0 such thakup,,cy | (i, + (i) A (in))/@in | < Dy,
Forall v € I3(k, k), there isD,, > 0 such thasup,,c\ |(ti,, — Vi, @i, )/ @i, | < Dy,

Forall v € I4(k, k), thereisD, > 0suchthatup,,ey | (ti, + Vr(in)Gn(in) — VinGin)/ @i, | < Dy.

PROOF: (=-): From the continuity off" it follows Vp,3p1Vp2 > p13pe > p1dM > 0 such that
foreachi € N,
leilp, < "2 Teillg, and ||Teillp, < ™/?[eilp,. (3.1)
Hence, using (3.1), we have for alE N,
ITeille, _ auleily: 32
1T€i [, |€ilp,
where{] - [;}22, and{|| - |x};2, are the fundamental norm systems 0x,(x,~,a) and Dy,
(r,7,a), respectively.

Analogously, using the continuity &', we havevq;3¢1Vq2 > 1 3¢ > ¢u 3M > 0 such
that

ITeillay < ™2eily, and [eily, < ™2 Tey g (33)
for eachi € N. From (3.3) it follows for alki € N,
|6i|II2 < 6ﬁHT€iH¢2. (34)
leilq ”TeiHel
Using (3.2), we get for all € N,
[B2 — P1 + 7, {X(B2 — Fni)) — X(B1 — Fom(i)) Hn) (3.5)

< M + [p2 — p1 + vi{x(p2 — Ki) — x(p1 — ki) Hai.



302 YASAR SOZEN

(i) For (i) € Ii(k,K), letps > p1 = 1,p2 = p1 +1 > p;y. Since(in,) € I1(k, K), there
existsng € N such thats;, > p2 and k’ﬂ(in) > po for all n > ng. From (3.5) and the fact
. — oo it follows thatlim sup,,_, . (@r(;,)/ai,) < oo. Similarly, using (3.4) withy, > ¢ = 1
andgs = q1 + 1 > q1, We get(ar(;,))nz1 =< (@i, )nzg-

a;

(ii) For (in) € I2(k,K), letpe > p1 = 1, p2 = p1 + 1 > sup,en Kn(n)- AS (in) € I2(k, k),
there isnyg € N such thatk;, > po for all n > ny. Using (3.5) and the faai;, — oo, we

havelim sup,, ... (ar(,)/ai,) < oo. Likewise, using (3.4 ) withjz > g1 = 1 + sup,,en Kr(i,)>
g2 =q1+1>q1, we have(dr,))nl1 < (@i, )i

(iii) For (i,,) € I3(k,K), letps > p1 = 1 + sup,en ki, andpe = p1 + 1 > py. Since(iy,)
€ I3(k, k), there existsyy € N such thati,(;,) > p2 foralln > ng. Hence, from (3.5) and the
facta;, — oc it follows thatlim sup,, ., (dr(;,)/ai,) < co. In an analogous way, using (3.4) with
@>q =1, ¢@=q+1>1+sup,ey ki, We obtain(ar,))nzq < (@i, )i

(iv) For (i) € I4(k,K), letps > p1 = 1+ sup,en iy, P2 = D1+ 1 > 1+ Supen Fr(iy)-
Using (3.5) andy;,, — oo, we getlim sup,, ., (dx(i,)/a:,) < oo. Similarly, using (3.4) withyz >
q1 = 1+ sup,en Kr(i,) @Ndg2 = q1 + 1 > 14 sup;ey Ky, it follows that(a,;,))ney < (ai, )oz;-

Thus, using Lemma 3.1, we prove the necessity of the condition (1) of Theorem 3.1.

Now, we show the necessity of the condition (2) of Theorem 3.1. Sihiseontinuous for each
p € N, there exisp € NandM > 0 such that|Tz|| < e |z|,, for all z € Do (k, 7, a). From the
continuity of 7!, there arep and M > 0 such thatz|, < eﬁHTJ;Hﬁ for everyz € Do (K, 7, a).
Forx = e;, we have for each e N,

ti + [P+ Yr(iy X(0 = Bn(@)] Gry < M +[p+ 7 x(p — Ki)] @i

and

~ti+[p+ % Xx(p — £)] @i < M + [+ An(iy XD — Fon(i))] -

(i) Forv = (i) € Ii(k,R), there existsiy € N, k;, > p andk,,) >p foralln > no.
Hence, we obtain s
M < arg,) M G,

ti,
—— —p——+tp< < —-—p—"—+p (3.6)

i, in Aip iy, in

forall n > ng.
Froma;, — oo it follows that there is1; > ng such thatl /a;, < 1; for everyn > ny. Thus,
we have for each > nq,
—M—Ecgtz%ngrM. (3.7)

in

SettingD, = max{p + M, M + pC, {Iti,, /@i, | : n < n1}}, we derive for alln € N that

in

a;

<D,. (3.8)

n
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(i) For v = (in) € I2(K, k), letp = 1 + sup,,e Kr(,)- USING ks, — oo, there isng € N such
thatx;, > p for eachn > ng. Therefore, we get

M ’Law' t'n+~’ﬂ" aw' M ~aﬂ'
a; 073 a; a;

n in n n in

for all n > ng. The facta;, — oo yields that there exista; > ng such thatl /a;, < 1 for all
n > ny. Thus, for everyh > nq,

i, + 77'((2”) 7 (in)
a;

—pC <

<M +p. (3.10)

n

Letting D, = max{M+p,M+pC Utin + Vr(in) (i) /Gin| 1 < nl}} we obtain

Cin + Var(in) O (i)
a;

<D, (3.11)

foralln € N.
(iiiy For v = (in) € I3(k, %), letp = 1 andp > sup,,¢y ki, - FromF ;) — oo it follows that
there isny, for eachn > no, k(;,) > p. Hence, we have

_%_ga( )+ < ’yln 'Ln<

< M5 ntin)
a;

a;

+p (3.12)

n in in n in

for all n > ng. By the facta;, — oo, there exists:; > ng such thatl /a;, < 1 for everyn > n;.
So, foreacm > n;q,

pC’<Z"a7%”Z"<M+p (3.13)
(3

n

Letting D, = max{M+p,]\7+;ﬁC, {I(ti,, — vinai,)/ai,| : n< nl}}, we get

bin — Yin@ip
a;

<D, (3.14)

n

foralln € N.
(iv) Forv = (in) € I4(k,K),letp = 1+sup,en Kr(in)s P > SUDpeN Ki,, ANAP > SUD, e Fr (i) -

Thus, we have

~ Vrin) Orn(in) ~ Vin@in _ M _ﬁaw(in)

_7_;7+p§ 7/n

in

+p (3.15)

s, s, in

for everyn € N. Froma;, — oo it follows that there isyy such thatl /a;, < 1 for all n > ny.

Hence, for each > ng,

Cin, + Var(in) Or(in) — VinGin
a;

—pC — M < <M +p. (3.16)

Letting D, = max {M +p, M—i—;C, {Uin 4 Vr(in) n(in) = VinGin)/0in] 1 < no}} , we

obtain N -
iy + Vo (in) O (in) = Vin iy,
a;

<D, (3.17)

n
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for all n € N. Therefore, the necessity of condition (2) of Theorem 3.1 follows from (3.6)-(3.17).
(«=): Assume that the conditions (1) and (2) of Theorem 3.1 are satisfie@.deegiven. Now,
setD = D, which is obtained in Lemma 3.5. Fpr> max{p2, pC + D}, we have:
(i) For everyi € A;(p2,p1)

ti + P an(iy + Yr()X(P — Br(i))An(i) = ti + D Qra)- (3.18)
We get by Lemma 3.1 and Lemma 3.2 that
ti + D ar) < Da; +pCa; < pa; < pai + vix(p — Ki)a. (3.19)
Thus, it follows by (3.18) and (3.19) that
ti + D ani) T Ya())X(P — Fr(i))an(i) < Pai +%ix(p — Ki)ai (3.20)

foralli € Ai(pa, p1).
(i) For eachi € As(p2, p1)

ti + D an(iy + Yr ()X (P — Frx(i))Gr(s) < ti + Pln(iy + V(i) An(i)- (3.21)
It follows from Lemma 3.1 and Lemma 3.3 that
ti + D dr(iy + Vr(i)an(i) < Dai +pCa; < pa; < pa; +vix(p — ki)a;. (3.22)
Hence, we get by (3.21) and (3.3) that
ti + D ar(s) + Vr)X(D — Fr(i))ni) < Pai +ix (P — Ki)a (3.23)

foralli € Aa(p2, p1)-
(iii) For everyi € As(p, p3)

ti + D Gn(s) + Vr)X (P — Er(s))n(s) = ti + D Urs)- (3.24)
Lemma 3.1 and Lemma 3.4 yield that

ti+tpar < Dai+7via; +Daqg (3.25)

IN

(pC + D)a; + via; < pa; +vix(p — Ki)a;.
We have by (3.24) and (3.25) that
ti + P Gn(iy + V(i) X(P — Fr(i)) (i) < pai +%iX(P — Ki)a; (3.26)

foralli € Az(ps, p3).
(iv) Foralli € Ay(pa, ps3)

ti + D ar(iy + V()X (P — Fx(i))n(s) < ti + D An(s) T Vr(s) Oni)- (3.27)
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Then, we obtain by Lemma 3.1 and Lemma 3.5 that
ti + D Qn(s) + V(i) an(i) < (D +DC)a; +via; < pai +yix(p — ki) ai. (3.28)
It follows from (3.27) and (3.28) that
ti + D Qr(s) + V)X (P — Fr(i))n(i) < Pai +7ix (P — Ki)a (3.29)
forall i € A4(p2, p3). Therefore, combining estimates (3.20), (3.23), (3.26) and (3.29), we have
ti + D r(iy + Yr()X(P — Fr(i))n(s) < pai +vix(p — Ki)ai (3.30)
for all i € N. Estimate (3.30), in particular, means thjdte; | ; < |e;|, for everyi € N.

Letz =, N Ti€i € Doo(k,,a) and letl’yz = Zf\;l z;Te;. Then,

N N
ITvzlle <D |zl Teille <D lwilleily < |l (3.31)
=1 =1

for all N € N. Thus, it follows from (3.31) that we have a sequenﬂ[dé;v}?:1 of continuous
linear operators with point-wise limifz = >":°, x;Te;. We conclude by using Banach-Steinhaus
Theorem thaf is continuous.

Analogously, we prove thaf—! is also continuous and hengeis an isomorphism. Lq% >
max{ps, (p + D)C'}, we get:
(i) For eachi € A;(p2,p1), we have

—ti +p a; +vix(p — ki)a; = —t; + D a;. (3.32)
By Lemma 3.1 and Lemma 3.2, we get
—ti+pa; < Da;+pa; <(D+p)Cary (3.33)
< D ln(i) + Fr ) X (D — i) ni)-

It follows from (3.32) and (3.33) that

—ti + P a; +yix(B — £3)ai < P n(iy + Tui) XD — By i (3.34)

foralli e Al(pg,pl).
(i) For everyi € As(p2, p1), we have

—t;+pa; + ’Yix(ﬁ— Hi)ai = —t; +pa. (3.35)

We obtain by using Lemma 3.1 and Lemma 3.3 that

IN

—ti+Dpa; Dai + Yz (i) an(iy + P @i (3.36)
(D +D)C ariy + V(i) (i)

P (i) + (i) X(B = Fone) )l (i)-

IN

IN
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It concludes from (3.35) and (3.36) that

~ti + P ai + YiX(P — £:)ai < D ln(s) + Fn(i) XD — Fr(i))Bn(i) (3.37)

foralli € Ay(pa,p1).
(iii) For eachi € As(p2, p3), it follows that

—t; + D a; +ix(p — Ki)a; < —t; + pa; + via;. (3.38)
Using Lemma 3.1 and Lemma 3.4, we obtain

—ti+pa;+va;, < Daj+pa; <(D+ @C&}r(z) (3.39)

IN

P Or(iy <D An(i) + Vu(@i)X (P — Fr(s)) r(i)-

Combining (3.38) and (3.39), we get

—ti + P a; +yix(B— £:)ai < D ngiy + Frn XD — Fora))ni (3.40)

foralli € A3(p2,p3).
(iv) For alli € A4(p2,p3), we have

—t; +pa;+ %X(ﬁ— Iﬁ)ai < —t; +pa; + va;. (3.41)

Lemma 3.1 and Lemma 3.5 give us

—ti+Dpa; +via; < Da;+ Ve ari) + pa; (3.42)
< (D +p)Car(iy + V(i) an(i)
< D an() T Vr@X(P — Fr())An(s)-
(3.41) and (3.42) lead us
~ti + P ai + YiX(P — £:)ai < D ln(s) + Tn(i) XD — (i) Bn(i) (3.43)

for everyi € A4(p2,p3). Thus, combining (3.34), (3.37), (3.40) and (3.43), we have

—ti + P ag +yix (B~ #i) @i < P angy + Fr@ XD — B (3.44)

foralli € N. (3.44), in particular, means thit ~'e;|o < ||¢;| o for eachi € N. If z = Y, wie; €
D (R, 7,4), then

N N
. )
T zle <D |l T eile <Y lzillleillg < lzlg (3.45)
=1 =1

whereT 'z = SN ;T 'e;. Hence, it follows from (3.45) that we have a sequef£g '}~ _
of continuous linear operators with point-wise lirfit 'z = >y 2T e By Banach-Steinhaus
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Theorem, we obtain the continuity &t . Consequently, it follows from (3.31) and (3.45) tHat
is an isomorphism.
This completes the proof of Theorem 3.1. O

In the following result, we note that infinite type power series spaces are thelgpiytype
spaces belonging to clags. Namely,
Corollary 3.1 — The following conditions are equivalent:

1. Doo(K,y,a) € d; .

2. There ismg € N such thabup;cy,, () 7i < oo for everym > my.

qdi
3. Doo(Kyy,0a) = Axo(a) .

4. Do(Ry7y,a) = Aso(a) .

PROOF: Since (3}(4) is straightforward and (4}(1) follows from the fact that/; is a linear
topological invariant (see [2] and [3]), we prove the rest.

(1)=(2): SinceD (k,7, a) € di, there ispg for all ¢ there is- such thasup ey a7, / (aipair) =
eM < oo for someM > 0. This means that

el2a+2vix(g—ri)la; < eM elpotr+yix(po—ri)trix(r—ri)la;
for everyi € N which is equivalent to

2q + 27ix(q — Ki)lai < M + [po +r + vix(po — ki) + vix(r — ki)]ai

for all : € N. The facta; — oo gives that there exist8 > 0 such thatup,cy(M/a;) < B. Thus,
we have for all € N,

2q + 27ix(q — #i)] < B+ [po + 7 +vix(po — ki) + vix(r — ;)]
If we letmg = pg + 1 with m > my, then there exists such that
[2m 4 2vix(m — ki) < B+ [po + 7+ vix(po — ki) + vix(r — k)]
for everyi € N. If N,,,(k) # 0, then
2m +2v; < B+ [po+ 7+ %0+ vix(r — £i)] < B +po+71+ 7.
Therefore;y; < B + pg + r — m for all i € N and this proves (2).

(2)=(3): Clearly,I : Do (R,7,a) — Ax(a), defined byl (e;) = e; is an isomorphism, where

qdi
k; =1,4; = 1 forall i € N. Thus, it suffices to prov®, (%, 7, a) = Deo(k, 7, a).
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DenoteJ; = {i € N : k; < mp}, J» = N\ J;. Consider the operatdf : D (k,7,a) —
Doo(k, 7, a) defined byT'e; = exp(t;)e;, where

PD B if i € Ji,
' a;i , otherwise.

Forv = (in) € Ii(k,R), splitv asv; U e, wherey; = v N J;, (i = 1,2). Sincek;, — oo, 11
is a finite set. Settind, = max;c,, vi, we haveVi € v, |t;/a;| < D,. Now if v € I3(k, k),
then for somen € N such thats;, < m. SettingD,, = sup{vy; —1:j € UL, Ns(x)}, we get
qdz
|(t; — viai)/a;] < D, forall i € v. Applying Theorem 3.1, we g0 (k,7,a) = Do (R, 7, a).
Following similar arguments used in the proof of Theorem 3.1, we obtain:
Theorem 3.2— LetT : Dy(k,v,8) — Do(R,7,a) be a quasi-diagonal operator defined by
Te; = exp(t;)er(;)- ThenT is an isomorphism if and only if

1. (ai)fil = (arr(z))?il .

2. Foreachv € I1(k, ) (
For eachv € I1(k, &) (
For eachr € I3(k, k), limy, o0 (
For eachv € I4(k, ) (

L limy, oo (8 /ain) =0,

(i & Vi) Conginy )/ @) = 0

(ti, — 'analn)/azn) =0,

(tin + iy Ooniny — Vin @i )/ 0,,) = 0.

y limy oo
) hmn—>oo

In the next result, we show that the finite type power series spaces are tHeperlype spaces
which belong to the class,. More precisely,

Corollary 3.2 — The following statements are equivalent:

1. ’Do(/ﬁ,’y,&) €dy .

2. There exist a sequenceg;);2 ; strictly increasing teo andi, € N such that > ¢;, sup{v; :
i €Ny (k),i >4} <1/j forall j € N.

qdi
3. Do(k,7v,8) = Ao(a) .

4. Do(r,v,8)=Ao(a).
PROOF: Clearly, (3)=(4). (4)=(1) follows from the fact that, is a linear topological invariant
[2] and [3].

(1)=(2): The factDy(k,,a) € dy gives that there existg such thatup,cy (aipair/az,) =
M < o0 for someM > 0 for all p andr. This means that

6[%1+%1+%(X(p*'%)+x(7"*f’»i))]ai < GME[%+2%X(Q*M)]%f0r eachi € N,
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which is equivalent to

1 1 M 2 ,
- +7i(x(p = #) + x(r = ki) < — = p +27ix(q — #;) for all i € N.
K

Letr > ¢, i € N.(k). Thenwe have-1/p — 1/r + {0+ 1} < M/a; — 2/q + 0 and hence
vi < M/a; —2/q+ 1/p+ 1/r. Moreover, since;; — oo, there isi, such thatM /a; <2/q—1/r
holds for alli > i,, i € N, (k). So,7; < 1/p for eachi € N,(k), ¢ > 4,. Thus, there existg; for
eachj € N such that there i&. for everyi > i, with i € N,.(x) and for allr > ¢; which gives that
vi < 1/jforalli € N.

(2)=@Q): Ifforall i, k; =i andfy, = 1/2,thenDy(k, 7, a) is isomorphic ta\y(a). Hence, it is
sufficient to prove thaby(x, v, ) D()(KZ 3, a).

Define the sets/;, Jo andJ; by J; = szl Ure(qj,qj+1]{i ok =1 0> ), Jy =
Ujs1 Ure qj7q]+1]{z' k=1, i <irpandJs = {i: k; < ¢ }. Consider the maf : Dy(k,~,a)
— Dy(k, 7, a) defined byT'e; = exp(t;)e;, wheret; = ~;a; fori € J; U J3 andt; = 0 fori € Js.

Letv = (iy) € I1(k, k). Write v as the union of/, v, andvs, wherey; denotesy N J; ,
(i =1,2,3). Sincek;, — oo, v3 is finite. Then, we have

t; i 1
lim -+ = lim Jidi < lim -.
1€v1 A4 USZEN T j—o0 J
Now, letr = (i,,) € I3(k, k). Then, there existg € N such thats; < ¢;, for all i € v. Similarly,
write v asvy Ure Uws; vy = v N Jg, (1= 1,2,3). vy is composed of at most finitely many indices.
Thus, we getim;e,, (t; — via;)/a; = lim;e,, (ti — viai)/a; = 0. Therefore, by Theorem 3.2, we

conclude thaDy(k,, a) is quasi-diagonally isomorphic By (%, 7, a). Consequently, we obtain

3).
This completes the proof.

By similar arguments used in the the proof of Theorem 3.1, we have

Theorem3.3 — LetT : Hoo(k,v,8) — Hwo(R,7,a) be a quasi-diagonal operator defined
by Te; = exp(ti)er(; for some sequencg;} and some permutation : N — N. ThenT is an
isomorphism if and only if

1. Forall v € I1(k, &), (Y (in)n(in)) = (Vin@in) »
Forall v € Isr(k, k), (G, n)) (Yin@i,) 5
Forall v € I3(k, &), (Yn(in)an(in) = (ai,) ,
Forall v € Iy(k, &), (Gr(;,)) = (as,)-

2. For everyv € I (k, k), there isD,, > 0 such thasup,,cy |ti,. /(Vin @i, )| < Dy,

Foreveryv € I3(k, i), thereisD,, > 0 such thasup,,cy | (ti, + Vr(in) Fr(in)@n(in))/ (Vin @in)|
<D,,
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For everyv € I3(k, k), there isD,, > 0 such thatup,,cy |(ti,, — Vi, Kin @i, )/ i, | < Dy,

Foreveryw € Iy(k, i), thereisD, > 0 such thatup,,c |(ti, + (i) For(in) G (in) — Vi Fin Gin ) @i, | < Dy
Corollary 3.3 — The following statements are equivalent:
1. Hoo(k,v,@) € d; .

2. There existsny € N such thasup{~; : i € N,,(k)} < oo forallm > my .

di
3. Hoo(K, v, a) = A (a) for someq .
4. Hoo(K,v,8)=2A(a) for somea.

PROOF: (3)=(4) is clear. (4%(1) results from the fact that; is a linear topological invariant
[2] and [3].

(1)=(2): f Hoo (k,v,8) € d1,then there existg, for eachy, there is- such thatup, agq/(aipoaw) =
M < oo for someM > 0. This yields us

e[2q+2’yi min(q,x;)]a; < €M6[p0+r+% min(po,k; )+ min(r,k;)]a;

for eachi € N which is equivalent to
[2q + 2 min(q, ki)]a; < M + [po + 7 + ~; min(po, k;) + v min(r, k;)]a;.
Sincea; — oo, there exists3 > 0 such thatup,cy M/a; < B. Thus, we have
[2¢ 4+ 27; min(q, k;)] < B + [po + r + 7 min(pg, ki) + v; min(r, x;)]
for everyi € N. Now letmy = pg + 1 and letm > mg. Then, there ig such that
[2m + 27; min(m, k;)] < B + [po + r + 7 min(pg, ki) + v; min(r, £;)]

for all i € N. Without loss of generality, we can assumg, # (. So,2m + 2y,m < B +
[po + 7 + 7yipo + vim]. Ityields thaty; (m —po) < B + po +r — 2m. Hencesup;en,, (x) Vi <
(B+po+r—2m)/(m—pg) < oo.
(2)= (3): Sincethe map : Hoo(R,7,a) — Ax(a), defined byl (e;) = e;, is an isomorphism,
qdi
wherer; = i, 4; = 1, one can conclude th&{(k,7,a) = A (7). Hence, it suffices to show

di
thatH (%, 7, @) = Hoo (K, 7, a).

LetJ; = {i: ki <mp}, Jo =N\ J;. Consider the sequenc&;) with

. a; , ifieJp,
a; = .
va; , Otherwise
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Note that the sequende; } tends to infinity. Letl" : Hoo(k,7v,8) — Hoo(R, 7, a) be the map
defined byT'e; = exp(t;)e;, wheret; equals toy;x;a; for i € J;, and~;a; otherwise.

If v = (in) € I1(k, k), write v as the union,; U v,, wherev; is v N J;, (i = 1,2). Because
ki, — 00, v1 IS at most a finite set. Hence, we get

Vi@ a; {“}z , fieu,

Yiai i 1 , otherwise

The fact tha’min{l, {1/’71 D1 E 1/1}} < (’%ELZ)/(’)/ZC%) <1 ImplleS that(%&z);’il = (%ai);’il.

Note also that
t;

Vit

Vit i < D = max k.
1 , otherwise icu

_{m Citien,

Now, if v € I3(k, k), then there exists some > mg such thats; < m for all i € v and
v =11 Uy, Wherey; =vnJ;, (i=1,2). Then,
YiGi a; 1, ifieu,
v , otherwise

By the assumptionsup;,, v < oo. This impliesl < (%;a;)/a; < sup;e,, Vi, and thus
(7iG:)721 = (@i)i2,-
Therefore, we obtain

li — vikia;

0 , ifiew,
:{ rEn <supvi(ki —1) =D < 0.

ai vi(ki —1) , otherwise ~ icv,

The conclusion follows from Theorem 3.3.
This concludes the proof.

We have the following which can be proved by the similar way used in the proof of Theorem
3.1

Theorem 3.4— LetT : Huo(k,7,8) — Du (K, 7,a) be defined by’e; = exp(t;)er(;). Then
T is an isomorphism if and only if

1. Foreachr € I1(f€, /%) U IQ(H, /%), (dﬂ(zn)) = (/Yinain) ,
For eachv € I3(k, &) U I4(k, k), (dﬂ.(ln)) (aln)

2. For eachv € I (k, k), there isD,, > 0 such thatup,,c |ti,. /(Vi,@i,)| < Dy,
For eachv € I(k, &), there isD, > 0 such thatsup,,cy | (¢, + %(in)&w(in))/(%nain)}
<D,,
For eachv € I3(k, k), there isD,, > 0 such thasup,,cy |(ti,, — Vi, Kin @i ) /i | < Dy,
Foreachv € I4(k, k), thereisD, > 0 such thatup,,en | (ti, +Vr(in) O (in) = Vin Kin @i )/ @in | <
D,.

X



312 YASAR SOZEN

di
Corollary 3.4 — If Hoo (K, 7,8) & D (R, 7, a), then both of the spaces belong to the class

PROOF: LetT' : Hoo(K,7,a) — Duo(a,7,a), defined byl'e; = exp(t;)e,(;), be an isomor-
phism. Then, by Theorem 3.4, we hag.(;,)) < (vi,a:,) forall (i,) € I1(x, k) U I2(x, k) and
(Gr(in)) = (ai,) forevery(in) € I3(k, k) U I4(k, k).

Letp = 1. Then, by a similar argument used in the proof of Theorem 3.1, therepgxistps >
p1 > landDy > D3 > Dy > Dy > 1 such that

1 ~7r 7
— < Q < Dy for alli € Ai(p2,p1), (3.46)
D1 ™ va;
— < In)) < Dy foralli € Aa(p2,p1), (3.47)
Dy — 7ia;

1 _ @
D3 a;

< Ds for all i € As(p2,p3)

and

1 %@
Dy = a

< Dy for all i € As(p2,p3).

If we choosep, = po, then there args > p» > p1 > po andDy > D5 > Dy > Dy > D, such
that

——~ < D forevery i € A1(p2,p1),
Dq YiQi

1 Eirr(l) [ ; Do T
— < —~% < Dy forevery i € As(p2, p1),
_D2 Vi@

1 Ziﬂ'i =~ . ~ ~
@ < Ds for every i € As(p2,D3) (3.48)
D3 a;

and _
L _ @

— < Dy for every i € Ay(Pa, P3)- (3.49)
D, a;

Thus,py < k; < p2 foralli € N, we haveD; " < d,(;)/(via;) < D, by (3.46) and(3.47),
and we also gef)v[1 < aﬂ(i)/ai < bv4 by (3.48) and (3.49). Hence, if we letmnyg = py and
m > mo, then{7; };en,, («) iS bounded. By Corollary 3.3, we hateé,(x,7, a) = A(E) for some
a. ThereforeH (K, 7, a), Dso(K,7,a) are in the clasd; . O

This terminates the proof.
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The natural question may arise whether or Wat, D, —type spaces are the same. However,
the following example shows that there exi3f,-type spaces which are not isomorphic to any
Ho-type spaces, also that there exXii,-type spaces which are not isomorphic to dny-type
spaces.

Example3.1 — Lety, = n, (k,) = (1,1,2,1,2,3,...), a, = 22" forall n € N. Since
Y — 00, thenDy(k, 7y, a) can not be in the clasg by (2) of Corollary 3.1.

Note also thatD(x,,a) is unstable. This can be seen as follows. ket 1 andq =
p + 2 for eachp € N, and letr € N. Becausey is nondecreasing function amd> p, we have
X — fnt1) — x(¢ — knt1) < 0. Since(ynan)/ant1 — 0, we can choose some, such that
(Ynan)/an+1 < 1/(2r) for all n > ny. Hence, we get

Apontl Grn o lp=g+ynri{x(p—Fn+1) =x(@—Fnt1)Hant1 plr—s+yn{x(r—rn)=x(s—rn)}]an
Agn+1 Qsn

Inan
An 41

]an+1

an — —
< p-a rstmlg i ann Se[p q+2(r—s)

elp—atl]ant1 < o—ant1 _,

IN

Similarly, Ho (%, ~,a) is not ind; (see (2) of Corollary 3.3) and is unstable. Therefore, both
Do (k,7,a) andH (K, 7, a) satisfy Bessaga’s conjecture and thus they have gep (see 8 [Corollary

1)).
Lemma3.6 — LetX = 9). Then,X has gep if and only i2) has.

PrROOF: Let X = K([ap,]) has the gep and 1éf : 9 = KC([by,]) — X be an isomorphism. If
{z} is any unconditional basis f@, then{Ue, }, {Ux, } are the unconditional bases fr Thus,
there exist a permutation: N — N and a sequence of scaldrs,) such that the mag : X — X,
defined byS(U(en)) = anlU (24 (y)), is an isomorphism. Consequen@,g xS 2 is an
isomorphism.

This concludes the proof.

Let us turn to the Example 3.1. B (x, 7, a) is isomorphic toH (%, 7, a) for somek, 7, a,
then by Lemma 3.6H . (%,7,a) would have the gep. Leél' : Hoo(R,7,a) — Dso(k,7,a) be
an isomorphism. Then{Te,} is a basis forD-(x,~,a), again by gep there exigt : N —
N, a sequence of scalafg, } such that the mag : Dy (k,7,a) — Ds(k,7,a), defined by
R(T(en)) = tnes(n), is an isomorphism. Hencé{(k,7, a) EN Doo(ky 7, a) LA Doo(k,7y,a) is

qdi
an isomorphism. Therefore, we conclude th&t, (%, 7,a) = Doo(k,7,a). Corollary 3.4 gives
that D (k,~, a) is in dy, which is a contradiction. Therefor®.(x,~,a) can not be isomorphic
to H (%, 7, a) for anyy, &, a.

Similarly, it can be showed thé{ . (k,v,a) # D (R, 7, a) for anyy, &, a.
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Hence, we can say that all these classes of spaces are topologically different from each other.
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