
Indian J. pure appl. Math.,40(5): 295-314, October 2009

c© Printed in India.

ON QUASI-DIAGONAL ISOMORPHISMS OF INFINITE AND FINITE TYPE DRAGILEV
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Let 1 ≤ an ↗ ∞, κ be a function on the set of positive integers into itself andχ denotes

the characteristic function of[0,∞). We consider the K̈othe spaces of typeD∞(κ, γ, a) =
K([apn]) whereapn = exp([p + γnχ(p − κn)]an), p ∈ N, γn ≥ 1, D0(κ, γ, a) = K([apn])
whereapn = exp([−1/p + γnχ(p − κn)]an), p ∈ N, γn ≥ 0 andH∞(κ, γ, a) = K([apn])
whereapn = exp([p + γn min(p, κn)]an), p ∈ N, γn ≥ 1. We characterize the quasi-diagonal

isomorphisms between these type of spaces. Moreover, we show that these spaces are not iden-

tical, in the topological sense.

Key words : Dragilev spaces; K̈othe spaces; isomorphic classification; quasi-diagonal iso-
morphisms

1. INTRODUCTION

In [1], Djakov and Zahariuta considered the Köthe spaceD0(κ, γ, a) = K([apn]) whereapn =
exp([−1/p + γnχ(p − κn)]an), p ∈ N, 1 ≤ an ↗ ∞, γn = 1 for eachn ∈ N, κ : N → N is

a function,χ is the characteristic function of[0,∞), whereN denotes the set of positive integers.

If, for example,supn∈N κn < ∞, thenD0(κ, γ, a)
d∼= Λ0(a) whereΛ0(a) = K([exp(−an/p)])

denotes the finite type power series space generated by the sequencea = (an). If limn→∞ κn =
∞, thenD0(κ, γ, a) ∼= Λ0(a). Hence, in general, it is assumed thatκ has infinitely many finite
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limit points. Letν be a subset ofN. If limn∈ν κn = ∞, thenK([apn]p∈N,n∈ν) ∼= Λ0(b) and if

supn∈ν κn < ∞, thenK([apn]p∈N,n∈ν)
d∼= Λ0(b) whereb = {an}n∈ν . Namely, each basic subspace

has a finite type power series subspace.

Djakov and Zahariuta [1] gave a complete isomorphic classification of stable spaces of the form

D0(κ, γ, a). In fact, they showed that if two such spaces are isomorphic then there is a quasi-

diagonal isomorphism between them. More precisely,

Theorem 1.1— [Theorem 2] Let X = D0(κ, γ, a) andY = D0(κ̃, γ̃, ã), whereγn = γ̃n = 1

for eachn ∈ N, be stable K̈othe spaces. ThenX ∼= Y if and only ifX
qdi∼= Y. 2

Unlike theD0−type Köthe spaces, the spacesD∞(κ, γ, a) = K([apn]), whereapn = exp([p +
γnχ(p − κn)]an), have the property that each basic subspace ofD∞(κ, γ, a) has a basic infinite

type power series subspace. These classes of Köthe spaces are generalized from the counterexample

given by Dragilev [2] and [3].

The Köthe spacesH∞(κ, γ, a) = K([apn]) whereapn = exp([p + γn min(p, κn)]an), where

κ, γ, anda are as before, have the property that all basic subspaces have basic infinite type power

series subspaces (cf. [5]).

In this article, we examine the quasi-diagonal isomorphisms betweenD∞, H∞, andD0−type

Köthe spaces. We prove that the only spaces either of the first two types belonging to the class

d1 are those which are isomorphic (or equivalently quasi-diagonally isomorphic) to an infinite type

power series space. Furthermore, it is shown that the onlyD0−type spaces belonging to the class

d2 are the finite type power series spaces.

Since each basic subspace of aD0−type space has a basic finite type power series subspace

whereas basic subspaces of the other types have basic infinite type power series subspaces, we can

conclude that the class ofD0−type spaces are completely different, in topological sense, from those

of the spaces of the other types. Hence, we discuss whether or not the other two classes are identical.

By providing a counterexample, we show that these classes are not identical, either. It is also

proved that a space which is quasi-diagonally isomorphic to a space in each of these two classes is

a power series space of infinite type.

We do not know yet whether a stable space in one of these three classes must have the quasi

equivalence property (qep). If this were the case, one would conclude that the intersection of the

class ofD∞−type spaces and the class ofH∞−type spaces is the class of infinite type power series

spaces.

Techniques similar to those introduced in [1] permit us to prove our main Theorem 3.1 and its

variants.
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Throughout the paper, for simplicity in notation we write unless stated otherwise thatD∞, D0

andH∞ instead ofD∞(·, ·, ·),D0(·, ·, ·) andH∞(·, ·, ·). We also give the complete classification of

the quasi-diagonal isomorphisms betweenD0 andH∞−type spaces. Furthermore, we characterize

such mappings between spaces one of the typeD∞ and the other of the typeH∞.

The plan of the paper is as follows. In Section 2, we give the definitions of certain concepts

which are needed in the text. We state and prove the main results in Section 3.

2. PRELIMINARY DEFINITIONS

We begin by recalling some definitions. The reader is referred to [4], [6], [7] and [9] for further

details.

An infinite matrix [apn] with non-negative entries is called a Köthe matrix, if the following

conditions are satisfied:

1. apn > 0 for all n ∈ N and for somep ∈ N,

2. apn ≤ ap+1,n for all p, n ∈ N.

The Köthe spaceK([apn]) generated by the K̈othe matrix[apn] is the sequence space

K([apn]) =

{
(γn)∞n=1 : ‖(γn)∞n=1‖p =

∞∑

n=1

|γn|apn < ∞ for every p ∈ N
}

with the topology given by the system of norms{‖ · ‖p}∞p=1.

For example, the set of all entire functions with the topology of uniform convergence on com-

pacts is isomorphic to the infinite type power series spaceΛ∞(n) = K([apn]) whereapn =
exp(pn). Recall also that the space of all analytic functions in the open unit disc is isomorphic

to the finite type power series spacesΛ0(n) = K([apn]) whereapn = exp(−n/p).

Köthe spaceK([apn]) belongs to the class

1. d0 and is called regular, if(ap,n+1/apn) ≤ (ap+1,n+1/ap+1,n) for all p, n ∈ N ;

2. d1, if ∃p ∀q ∃r such thatsupn∈N {a2
qn/(apnarn)} < ∞ ;

3. d2, if ∀p ∃q ∀r such thatsupn∈N(apnarn)/a2
qn < ∞.

These are introduced by Dragilev [3].Λ∞(n), for instance, belongs tod1; howeverΛ0(n) ∈ d2.

Dragilev proved thatd1 andd2 are linear topological invariants for K̈othe spaces (see [2] and [3]).

More precisely, ifX = K([apn]) ∈ di for i = 1, 2, Y = K([bpn]) ∼= X, thenY ∈ di.
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Condition (d1) (resp. (d2)) is equivalent to the fact that the Köthe space satisfies condition (DN)

(resp. (Ω)) of Vogt. We refer the reader to Chapter 29 of the monograph [7].

Köthe spaceK([apn]) is respectively called stable, weakly stable, unstable, if

K([apn])×K([apn]) ∼= K([apn]), K([apn])×K ∼= K([apn]), ∃s ∀p ∃q ∀r lim
n→∞

apnarn

aqnasn
= 0.

In this article, we mainly consider the Köthe spaces of typeD∞(κ, γ, a) = K([apn]) where

apn = exp([p + γnχ(p − κn)]an), p ∈ N, 1 ≤ an ↗ ∞, κ : N → N is a function,χ is the char-

acteristic function of[0,∞), γn ≥ 1, D0(κ, γ, a) = K([apn]) whereapn = exp([−1/p + γnχ(p−
κn)]an), p ∈ N, γn ≥ 0 andH∞(κ, γ, a) = K([apn]) whereapn = exp([p + γn min(p, κn)]an),
p ∈ N, γn ≥ 1. These spaces are generalized from the counterexample given by Dragilev [2].

In [1], Djakov and Zahariuta examined the caseγn = 1 for eachn ∈ N and gave an isomorphic

characterization of such spaces. If, for example,supn∈N κn < ∞, thenD0(κ, γ, a)
d∼= Λ0(a). If

limn→∞ κn = ∞, thenD0(κ, γ, a) ∼= Λ0(a) . Therefore, in general, it is assumed thatκ has

infinitely many finite limit points. Actually, ifν is a subset ofN and if limn∈ν κn = ∞, then

K([apn]p∈N,n∈ν) ∼= Λ0(b). Likewise, if supn∈ν κn < ∞, thenK([apn]p∈N,n∈ν)
d∼= Λ0(b) where

b = {an}n∈ν . Hence, each basic subspace ofD0(κ, γ, a) has a finite type power series subspace.

A basic subspace of a K̈othe space is a subspace generated by a subsequence of the canonical basis

{en}∞n=1, whereen is the sequence1 in then−th place and zero elsewhere for eachn ∈ N.

Note that all basic subspaces of bothD∞ andH∞−type spaces have basic infinite type power

series subspaces.

Let (X, T ) be a linear topological space. A sequence(bn)∞n=1 in X is called a basis, if for every

x ∈ X there exists a uniquely determined sequence(λn)∞n=1 of scalars such thatx =
∑∞

n=1 λnbn.

If, moreover, the series
∑∞

n=1 λnbn converges unconditionally inX, then the basis(bn)∞n=1 is called

an unconditional basis.

Let X, Y be two linear topological spaces with bases respectively{xn}∞n=1, {yn}∞n=1. A linear

operatorT : X → Y is called quasi-diagonal (with respect to these bases), ifTxn = γnyσ(n) where

σ : N → N is a permutation and{γn}∞n=1 is a sequence of scalars. A quasi-diagonal operatorT is

called permutable and diagonal, ifγn = 1, andσ(n) = n for all n ∈ N, respectively.

If, moreover, the operatorT is an isomorphism of the above types, then the bases{xn}∞n=1, {yn}∞n=1

are called quasi-equivalent, permutably equivalent, diagonally equivalent, respectively. We denote

the isomorphisms of these types asX
qdi∼= Y, X

p∼= Y, X
d∼= Y, respectively.

If T is a quasi-diagonal isomorphism (qdi) andγn = 1 andσ(n) = n for all n ∈ N, then

the bases are called equivalent. We say the linear topological spaceX with an unconditional basis
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{xn}∞n=1 has the quasi equivalence property (qep), if every unconditional basis is quasi-equivalent

to the basis{xn}∞n=1.

Finally, the positive sequences(an)∞n=1 and(bn)∞n=1 are asymptotically similar and denoted as

(an)∞n=1 ³ (bn)∞n=1, if there isC > 0 such thatC−1 ≤ an/bn ≤ C for all n ∈ N.

3. THE MAIN RESULTS

Our proof is modeled on the techniques introduced by Djakov and Zahariuta [1]. In this section,

we provide the classification of the quasi-diagonal isomorphisms between spaces of the typesD∞,

D0 andH∞. Moreover, we characterize such mappings between spaces one of the typeD∞ and the

other of the typeH∞. Finally, we conclude this section by a counterexample which shows that the

class of spaces of the formD∞ is not identical, in topological sense, with that of spaces of the form

H∞.

Since the techniques used in the proofs of the results are similar, we prove only one of them com-

pletely and omit the detailed proof of the others.

Let κ, κ̃ : N→ N andπ be a permutation onN andm ∈ N. Then, we define the following sets:

I1(κ, κ̃) = {ν = (in) : κin , κ̃π(in) →∞},
I2(κ, κ̃) = {ν = (in) : κin →∞, (κ̃π(in)) is bounded},
I3(κ, κ̃) = {ν = (in) : (κin)is bounded, κ̃π(in) →∞},
I4(κ, κ̃) = {ν = (in) : (κin), (κ̃π(in))are bounded}.
Nm(κ) = {i ∈ N : κi = m}.

Prior to giving Theorem 3.1, we present the following five lemmas which require in the proof of

Theorem 3.1:

Lemma3.1 — Let 1 ≤ an, ãn ↗ ∞. Assume that for all(in) ∈ Ij(κ, κ̃), j = 1, 2, 3, 4,

(ain) ³ (ãπ(in)). Then there existsC > 0 such thatC−1 ≤ ãπ(i)/ai ≤ C for all i ∈ N.

PROOF : Assuming the contrary, we get a subsequence(in) such that either(ãπ(in)/ain) →∞
or (ãπ(in)/ain)→ 0, asn →∞. Without loss of generality, assume(ãπ(in)/ain) →∞, asn →∞.

If κin →∞, thenκ̃π(in) 6→ ∞. For otherwise, we have a sequence(in) ∈ I1(κ, κ̃) whereas(ain) 6³
(ãπ(in)), a contradiction. Hence, there is a subsequence of(in), say(inm), such that(κ̃π(inm )) is

bounded. In this case, we obtain a sequence(inm) ∈ I2(κ, κ̃) such that(ainm
) 6³ (ãπ(inm )), a

contradiction. Thus, we concludeκin 6→ ∞. Hence, there is a subsequence of(in), say(inm), such

that(κinm
) is bounded.

Now, if κ̃π(inm ) →∞, then we have a sequence(inm) ∈ I3(κ, κ̃) such that(ainm
) 6³ (ãπ(inm )),

a contradiction. Hence,̃κπ(inm ) 6→ ∞; that is, there is a subsequence(inml
) of (inm) such that
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(κ̃π(inml
)) is bounded. As a result, we get a sequence(inml

) ∈ I4(κ, κ̃) but (ainml
) 6³ (ãπ(inml

)), a

contradiction.

Therefore, there existsC > 0 such thatC−1 ≤ ãπ(i)/ai ≤ C for all i ∈ N.

This terminates the proof. 2

Let us define the following sets form,n ∈ N:

A1(m, n) = {j ∈ N : κj > m, κ̃π(j) > n} ,

A2(m, n) = {j ∈ N : κj > m, κ̃π(j) ≤ n} ,

A3(m, n) = {j ∈ N : κj ≤ m, κ̃π(j) > n} ,

A4(m, n) = {j ∈ N : κj ≤ m, κ̃π(j) ≤ n}.

For the following four lemmas, we suppose that

For allν ∈ I1(κ, κ̃), there isDν > 0 such thatsupn∈N |tin/ain | ≤ Dν ,

For allν ∈ I2(κ, κ̃), there isDν > 0 such thatsupn∈N
∣∣(tin + γ̃π(in)ãπ(in))/ain

∣∣ ≤ Dν ,

For allν ∈ I3(κ, κ̃), there isDν > 0 such thatsupn∈N |(tin − γinain)/ain | ≤ Dν ,

For allν ∈ I4(κ, κ̃), there isDν > 0 such thatsupn∈N
∣∣(tin + γ̃π(in)ãπ(in) − γinain)/ain

∣∣ ≤ Dν ,

where{γn}, {γ̃n} and{tn} are the sequences of scalars withγn, γ̃n ≥ 1.

Lemma3.2 — Letp̃ be a fixed positive integer. There existp1 > p̃, D1 > 0 such that|ti/ai| ≤
D1 for all i ∈ A1(p1, p1).

PROOF : If not, then for allp1 > p̃, D1 > 0, there existsi ∈ A1(p1, p1) but |ti/ai| > D1.

Letting p1 = D1 = n ∈ N, we get a sequence(in) ∈ I1(κ, κ̃) whereas|tin/ain | → ∞, a

contradiction.

Lemma3.3 — There existp2 > p1, D2 > D1 such that
∣∣(ti + γ̃π(i)ãπ(i))/ai

∣∣ ≤ D2 for all

i ∈ A2(p2, p1).

PROOF: For otherwise, for everyp2 > p1, D2 > D1, there isi ∈ A2(p2, p1) but
∣∣(ti + γ̃π(i)ãπ(i))/ai

∣∣ >

D2. If we let p2 = D2 = n ∈ N, we obtain(in) in I2(κ, κ̃) with
∣∣(tin + γ̃π(in)ãπ(in))ain

∣∣ → ∞.

This is a contradiction.

Lemma3.4 — There existp3 > p2, D3 > D2 such that|(ti − γiai)/ai| ≤ D3 for all i ∈
A3(p2, p3).
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PROOF: Otherwise, for allp3 > p2, D3 > D2, there existsi ∈ A3(p2, p3) but|(ti − γiai)/ai| >
D3. Letting p3 = D3 = n ∈ N, we have a sequence(in) ∈ I3(κ, κ̃) with |(tin − γinain)/ain | →
∞, a contradiction.

Lemma3.5 — There existsD4 > D3 such that
∣∣(ti + γ̃π(i)ãπ(i) − γiai)/ai

∣∣ ≤ D4 for all

i ∈ A4(p2, p3).

PROOF : Suppose the contrary. Then, for eachD4 > D3, there isi ∈ A4(p2, p3) and∣∣(ti + γ̃π(i)ãπ(i) − γiai)/ai

∣∣ > D4. Letting D4 = n ∈ N, we get a sequence(in) ∈ I4(κ, κ̃)
such that

∣∣(tin + γ̃π(in)ãπ(in) − γinain)/ain

∣∣ →∞, a contradiction.

Theorem3.1— Let T : D∞(κ, γ, a) → D∞(κ̃, γ̃, ã) be a quasi-diagonal operator defined by

Tei = exp(ti)eπ(i), where{ti} is a sequence of numbers. ThenT is an isomorphism if and only if

(1) {ai}∞i=1 ³ {ãπ(i)}∞i=1.

(2) For all ν ∈ I1(κ, κ̃), there isDν > 0 such thatsupn∈N |tin/ain | ≤ Dν ,

For all ν ∈ I2(κ, κ̃), there isDν > 0 such thatsupn∈N
∣∣(tin + γ̃π(in)ãπ(in))/ain

∣∣ ≤ Dν ,

For all ν ∈ I3(κ, κ̃), there isDν > 0 such thatsupn∈N |(tin − γinain)/ain | ≤ Dν ,

For all ν ∈ I4(κ, κ̃), there isDν > 0 such thatsupn∈N
∣∣(tin + γ̃π(in)ãπ(in) − γinain)/ain

∣∣ ≤ Dν .

PROOF : (⇒): From the continuity ofT it follows ∀p1∃p̃1∀p̃2 > p̃1∃p2 > p1∃M > 0 such that

for eachi ∈ N,

|ei|p1 ≤ eM/2‖Tei‖ep1
and ‖Tei‖ep2

≤ eM/2|ei|p2 . (3.1)

Hence, using (3.1), we have for alli ∈ N,

‖Tei‖ep2

‖Tei‖ep1

≤ eM |ei|p2

|ei|p1

, (3.2)

where{| · |k}∞k=1 and {‖ · ‖k}∞k=1 are the fundamental norm systems forD∞(κ, γ, a) andD∞
(κ̃, γ̃, ã), respectively.

Analogously, using the continuity ofT−1, we have∀q̃1∃q1∀q2 > q1 ∃q̃2 > q̃1 ∃M̃ > 0 such

that

‖Tei‖eq1
≤ e

fM/2|ei|q1 and |ei|q2 ≤ e
fM/2‖Tei‖eq2

(3.3)

for eachi ∈ N. From (3.3) it follows for alli ∈ N,

|ei|q2

|ei|q1

≤ e
fM ‖Tei‖eq2

‖Tei‖eq1

. (3.4)

Using (3.2), we get for alli ∈ N,

[p̃2 − p̃1 + γ̃
π(i)
{χ(p̃2 − κ̃π(i))− χ(p̃1 − κ̃π(i))}]ãπ(i) (3.5)

≤ M + [p2 − p1 + γi{χ(p2 − κi)− χ(p1 − κi)}]ai.
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(i) For (in) ∈ I1(κ, κ̃), let p2 > p1 = 1, p̃2 = p̃1 + 1 > p̃1. Since(in) ∈ I1(κ, κ̃), there

existsn0 ∈ N such thatκin > p2 and κ̃π(in) > p̃2 for all n ≥ n0. From (3.5) and the fact

ain → ∞ it follows that lim supn→∞(ãπ(in)/ain) < ∞. Similarly, using (3.4) with̃q2 > q̃1 = 1
andq2 = q1 + 1 > q1, we get(ãπ(in))∞n=1 ³ (ain)∞n=1.

(ii) For (in) ∈ I2(κ, κ̃), let p2 > p1 = 1, p̃2 = p̃1 + 1 > supn∈N κ̃π(n). As (in) ∈ I2(κ, κ̃),
there isn0 ∈ N such thatκin > p2 for all n ≥ n0. Using (3.5) and the factain → ∞, we

havelim supn→∞(ãπ(in)/ain) < ∞. Likewise, using (3.4 ) with̃q2 > q̃1 = 1 + supn∈N κ̃π(in),

q2 = q1 + 1 > q1, we have(ãπ(in))∞n=1 ³ (ain)∞n=1.

(iii) For (in) ∈ I3(κ, κ̃), let p2 > p1 = 1 + supn∈N κin and p̃2 = p̃1 + 1 > p̃1. Since(in)
∈ I3(κ, κ̃), there existsn0 ∈ N such that̃κπ(in) > p2 for all n ≥ n0. Hence, from (3.5) and the

factain →∞ it follows thatlim supn→∞(ãπ(in)/ain) < ∞. In an analogous way, using (3.4) with

q̃2 > q̃1 = 1, q2 = q1 + 1 > 1 + supn∈N κin , we obtain(ãπ(in))∞n=1 ³ (ain)∞n=1.

(iv) For (in) ∈ I4(κ, κ̃), let p2 > p1 = 1 + supn∈N κin , p̃2 = p̃1 + 1 > 1 + supn∈N κ̃π(in).

Using (3.5) andain →∞, we getlim supn→∞(ãπ(in)/ain) < ∞. Similarly, using (3.4) with̃q2 >

q̃1 = 1 + supn∈N κ̃π(in) andq2 = q1 + 1 > 1 + supi∈N κin it follows that(ãπ(in))∞n=1 ³ (ain)∞n=1.

Thus, using Lemma 3.1, we prove the necessity of the condition (1) of Theorem 3.1.

Now, we show the necessity of the condition (2) of Theorem 3.1. SinceT is continuous for each

p̃ ∈ N, there existp ∈ N andM > 0 such that‖Tx‖ep ≤ eM |x|p, for all x ∈ D∞(κ, γ, a). From the

continuity ofT−1, there arẽ̃p andM̃ > 0 such that|x|p ≤ e
fM ||Tx||eep for everyx ∈ D∞(κ, γ, a).

Forx = ei, we have for eachi ∈ N,

ti + [p̃ + γ̃π(i) χ(p̃− κ̃π(i))] ãπ(i) ≤ M + [p + γi χ(p− κi)] ai

and

−ti + [p + γi χ(p− κi)] ai ≤ M̃ + [˜̃p + γ̃π(i) χ(˜̃p− κ̃π(i))] ãπ(i).

(i) For ν = (in) ∈ I1(κ, κ̃), there existsn0 ∈ N, κin > p and κ̃π(in) > p̃ for all n ≥ n0.

Hence, we obtain

− M̃

ain

− ˜̃p ãπ(in)

ain

+ p ≤ tin
ain

≤ M

ain

− p̃
ãπ(in)

ain

+ p (3.6)

for all n ≥ n0.

Fromain → ∞ it follows that there isn1 ≥ n0 such that1/ain < 1; for everyn ≥ n1. Thus,

we have for eachn ≥ n1,

−M̃ − ˜̃p C ≤ tin
ain

≤ p + M. (3.7)

SettingDν = max{p + M, M̃ + ˜̃p C, {|tin/ain | : n < n1}}, we derive for alln ∈ N that
∣∣∣∣
tin
ain

∣∣∣∣ ≤ Dν . (3.8)
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(ii) For ν = (in) ∈ I2(κ, κ̃), let p̃ = 1 + supn∈N κ̃π(in). Usingκin →∞, there isn0 ∈ N such

thatκin > p for eachn ≥ n0. Therefore, we get

− M̃

ain

− ˜̃p ãπ(in)

ain

+ p ≤ tin + γ̃π(in)ãπ(in)

ain

≤ M

ain

− p̃
ãπ(in)

ain

+ p (3.9)

for all n ≥ n0. The factain → ∞ yields that there existsn1 ≥ n0 such that1/ain < 1 for all

n ≥ n1. Thus, for everyn ≥ n1,

−M̃ − ˜̃pC ≤ tin + γ̃π(in)ãπ(in)

ain

≤ M + p. (3.10)

LettingDν = max
{

M + p, M̃ + ˜̃pC, {|(tin + γ̃π(in)ãπ(in))/ain | : n < n1}
}

, we obtain

∣∣∣∣
tin + γ̃π(in)ãπ(in)

ain

∣∣∣∣ ≤ Dν (3.11)

for all n ∈ N.

(iii) For ν = (in) ∈ I3(κ, κ̃), let p̃ = 1 andp > supn∈N κin . From κ̃π(in) → ∞ it follows that

there isn0, for eachn ≥ n0, κ̃π(in) > ˜̃p. Hence, we have

− M̃

ain

− ˜̃p ãπ(in)

ain

+ p ≤ tin − γinain

ain

≤ M

ain

− p̃
ãπ(in)

ain

+ p (3.12)

for all n ≥ n0. By the factain → ∞, there existsn1 ≥ n0 such that1/ain < 1 for everyn ≥ n1.

So, for eachn ≥ n1,

−M̃ − ˜̃pC ≤ tin − γinain

ain

≤ M + p. (3.13)

LettingDν = max
{

M + p, M̃ + ˜̃pC, {|(tin − γinain)/ain | : n < n1}
}

, we get

∣∣∣∣
tin − γinain

ain

∣∣∣∣ ≤ Dν , (3.14)

for all n ∈ N.

(iv) Forν = (in) ∈ I4(κ, κ̃), let p̃ = 1+supn∈N κ̃π(in), p > supn∈N κin , andp̃ > supn∈N κ̃π(in).

Thus, we have

− M̃

ain

− ˜̃p ãπ(in)

ain

+ p ≤ tin − γ̃π(in)ãπ(in) − γinain

ain

≤ M

ain

− p̃
ãπ(in)

ain

+ p (3.15)

for everyn ∈ N. Fromain → ∞ it follows that there isn0 such that1/ain < 1 for all n ≥ n0.

Hence, for eachn ≥ n0,

−˜̃pC − M̃ ≤ tin + γ̃π(in)ãπ(in) − γinain

ain

≤ M + p. (3.16)

Letting Dν = max
{

M + p, M̃ + ˜̃pC, {|(tin + γ̃π(in)ãπ(in) − γinain)/ain | : n < n0}
}

, we

obtain ∣∣∣∣
tin + γ̃π(in)ãπ(in) − γinain

ain

∣∣∣∣ ≤ Dν (3.17)
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for all n ∈ N. Therefore, the necessity of condition (2) of Theorem 3.1 follows from (3.6)-(3.17).

(⇐): Assume that the conditions (1) and (2) of Theorem 3.1 are satisfied. Letp̃ be given. Now,

setD = D4 which is obtained in Lemma 3.5. Forp > max{p2, p̃C + D}, we have:

(i) For everyi ∈ A1(p2, p1)

ti + p̃ ãπ(i) + γ̃π(i)χ(p̃− κ̃π(i))ãπ(i) = ti + p̃ ãπ(i). (3.18)

We get by Lemma 3.1 and Lemma 3.2 that

ti + p̃ ãπ(i) ≤ Dai + p̃Cai ≤ pai ≤ pai + γiχ(p− κi)ai. (3.19)

Thus, it follows by (3.18) and (3.19) that

ti + p̃ ãπ(i) + γ̃π(i)χ(p̃− κ̃π(i))ãπ(i) ≤ pai + γiχ(p− κi)ai (3.20)

for all i ∈ A1(p2, p1).
(ii) For eachi ∈ A2(p2, p1)

ti + p̃ ãπ(i) + γ̃π(i)χ(p̃− κ̃π(i))ãπ(i) ≤ ti + p̃ãπ(i) + γ̃π(i)ãπ(i). (3.21)

It follows from Lemma 3.1 and Lemma 3.3 that

ti + p̃ ãπ(i) + γ̃π(i)ãπ(i) ≤ Dai + p̃Cai ≤ pai ≤ pai + γiχ(p− κi)ai. (3.22)

Hence, we get by (3.21) and (3.3) that

ti + p̃ ãπ(i) + γ̃π(i)χ(p̃− κ̃π(i))ãπ(i) ≤ pai + γiχ(p− κi)ai (3.23)

for all i ∈ A2(p2, p1).
(iii) For everyi ∈ A3(p2, p3)

ti + p̃ ãπ(i) + γ̃π(i)χ(p̃− κ̃π(i))ãπ(i) = ti + p̃ ãπ(i). (3.24)

Lemma 3.1 and Lemma 3.4 yield that

ti + p̃ ãπ(i) ≤ Dai + γiai + p̃ ãπ(i) (3.25)

≤ (p̃C + D)ai + γiai ≤ pai + γiχ(p− κi)ai.

We have by (3.24) and (3.25) that

ti + p̃ ãπ(i) + γ̃π(i) χ(p̃− κ̃π(i))ãπ(i) ≤ pai + γiχ(p− κi)ai (3.26)

for all i ∈ A3(p2, p3).
(iv) For all i ∈ A4(p2, p3)

ti + p̃ ãπ(i) + γ̃π(i)χ(p̃− κ̃π(i))ãπ(i) ≤ ti + p̃ ãπ(i) + γ̃π(i)ãπ(i). (3.27)
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Then, we obtain by Lemma 3.1 and Lemma 3.5 that

ti + p̃ ãπ(i) + γ̃π(i)ãπ(i) ≤ (D + p̃C)ai + γiai ≤ pai + γiχ(p− κi) ai. (3.28)

It follows from (3.27) and (3.28) that

ti + p̃ ãπ(i) + γ̃π(i)χ(p̃− κ̃π(i))ãπ(i) ≤ pai + γiχ(p− κi)ai (3.29)

for all i ∈ A4(p2, p3). Therefore, combining estimates (3.20), (3.23), (3.26) and (3.29), we have

ti + p̃ ãπ(i) + γ̃π(i)χ(p̃− κ̃π(i))ãπ(i) ≤ pai + γiχ(p− κi)ai (3.30)

for all i ∈ N. Estimate (3.30), in particular, means that‖Tei‖p̃ ≤ |ei|p for everyi ∈ N.

Let x =
∑

i∈N xiei ∈ D∞(κ, γ, a) and letTN x =
∑N

i=1 xiTei. Then,

‖TN x‖ep ≤
N∑

i=1

|xi|‖Tei‖ep ≤
N∑

i=1

|xi||ei|p ≤ |x|p (3.31)

for all N ∈ N. Thus, it follows from (3.31) that we have a sequence{TN }
∞
N=1

of continuous

linear operators with point-wise limitTx =
∑∞

i=1 xiTei. We conclude by using Banach-Steinhaus

Theorem thatT is continuous.

Analogously, we prove thatT−1 is also continuous and henceT is an isomorphism. Let̃̃p >

max{p3, (p̃ + D)C}, we get:

(i) For eachi ∈ A1(p2, p1), we have

−ti + p̃ ai + γiχ(p̃− κi)ai = −ti + p̃ ai. (3.32)

By Lemma 3.1 and Lemma 3.2, we get

−ti + p̃ ai ≤ Dai + p̃ ai ≤ (D + p̃)Cãπ(i) (3.33)

≤ ˜̃p ãπ(i) + γ̃π(i)χ(˜̃p− κ̃π(i))ãπ(i).

It follows from (3.32) and (3.33) that

−ti + p̃ ai + γiχ(p̃− κi)ai ≤ ˜̃p ãπ(i) + γ̃π(i)χ(˜̃p− κ̃π(i))ãπ(i) (3.34)

for all i ∈ A1(p2, p1).
(ii) For everyi ∈ A2(p2, p1), we have

−ti + p̃ ai + γiχ(p̃− κi)ai = −ti + p̃ ai. (3.35)

We obtain by using Lemma 3.1 and Lemma 3.3 that

−ti + p̃ ai ≤ Dai + γ̃π(i)ãπ(i) + p̃ ai (3.36)

≤ (D + p̃)C ãπ(i) + γ̃π(i)ãπ(i)

≤ ˜̃p ãπ(i) + γ̃π(i) χ(˜̃p− κ̃π(i))ãπ(i).
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It concludes from (3.35) and (3.36) that

−ti + p̃ ai + γiχ(p̃− κi)ai ≤ ˜̃p ãπ(i) + γ̃π(i)χ(˜̃p− κ̃π(i))ãπ(i) (3.37)

for all i ∈ A2(p2, p1).
(iii) For eachi ∈ A3(p2, p3), it follows that

−ti + p̃ ai + γiχ(p̃− κi)ai ≤ −ti + p̃ai + γiai. (3.38)

Using Lemma 3.1 and Lemma 3.4, we obtain

−ti + p̃ ai + γiai ≤ Dai + p̃ ai ≤ (D + p̃)Cãπ(i) (3.39)

≤ ˜̃p ãπ(i) ≤ ˜̃p ãπ(i) + γ̃π(i)χ(˜̃p− κ̃π(i))ãπ(i).

Combining (3.38) and (3.39), we get

−ti + p̃ ai + γiχ(p̃− κi)ai ≤ ˜̃p ãπ(i) + γ̃π(i)χ(˜̃p− κ̃π(i))ãπ(i) (3.40)

for all i ∈ A3(p2, p3).
(iv) For all i ∈ A4(p2, p3), we have

−ti + p̃ ai + γiχ(p̃− κi)ai ≤ −ti + p̃ ai + γiai. (3.41)

Lemma 3.1 and Lemma 3.5 give us

−ti + p̃ ai + γiai ≤ Dai + γ̃π(i)ãπ(i) + p̃ai (3.42)

≤ (D + p̃)Cãπ(i) + γ̃π(i)ãπ(i)

≤ ˜̃p ãπ(i) + γ̃π(i)χ(˜̃p− κ̃π(i))ãπ(i).

(3.41) and (3.42) lead us

−ti + p̃ ai + γiχ(p̃− κi)ai ≤ ˜̃p ãπ(i) + γ̃π(i)χ(˜̃p− κ̃π(i))ãπ(i) (3.43)

for everyi ∈ A4(p2, p3). Thus, combining (3.34), (3.37), (3.40) and (3.43), we have

−ti + p̃ ai + γiχ(p̃− κi) ai ≤ ˜̃p ãπ(i) + γ̃π(i)χ(˜̃p− κ̃π(i))ãπ(i) (3.44)

for all i ∈ N. (3.44), in particular, means that|T−1ei|ep ≤ ‖ei‖ep for eachi ∈ N. If x =
∑

i∈N xiei ∈
D∞(κ̃, γ̃, ã), then

|T−1

N
x|ep ≤

N∑

i=1

|xi||T−1ei|ep ≤
N∑

i=1

|xi|‖ei‖eep ≤ ‖x‖eep , (3.45)

whereT
−1

N
x =

∑N
i=1 xiT

−1
ei. Hence, it follows from (3.45) that we have a sequence{T−1

N
}∞

N=1

of continuous linear operators with point-wise limitT
−1

x =
∑∞

i=1 xiT
−1

ei. By Banach-Steinhaus
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Theorem, we obtain the continuity ofT
−1

. Consequently, it follows from (3.31) and (3.45) thatT

is an isomorphism.

This completes the proof of Theorem 3.1. 2

In the following result, we note that infinite type power series spaces are the onlyD∞−type

spaces belonging to classd1. Namely,

Corollary 3.1 — The following conditions are equivalent:

1. D∞(κ, γ, a) ∈ d1 .

2. There ism0 ∈ N such thatsupi∈Nm(κ) γi < ∞ for everym ≥ m0.

3. D∞(κ, γ, a)
qdi∼= Λ∞(a) .

4. D∞(κ, γ, a) ∼= Λ∞(a) .

PROOF : Since (3)⇒(4) is straightforward and (4)⇒(1) follows from the fact thatd1 is a linear

topological invariant (see [2] and [3]), we prove the rest.

(1)⇒(2): SinceD∞(κ, γ, a) ∈ d1, there isp0 for all q there isr such thatsupi∈N a2
iq/(aip0air) =

eM < ∞ for someM > 0. This means that

e[2q+2γiχ(q−κi)]ai ≤ eMe[p0+r+γiχ(p0−κi)+γiχ(r−κi)]ai

for everyi ∈ N which is equivalent to

[2q + 2γiχ(q − κi)]ai ≤ M + [p0 + r + γiχ(p0 − κi) + γiχ(r − κi)]ai

for all i ∈ N. The factai → ∞ gives that there existsB > 0 such thatsupi∈N(M/ai) ≤ B. Thus,

we have for alli ∈ N,

[2q + 2γiχ(q − κi)] ≤ B + [p0 + r + γiχ(p0 − κi) + γiχ(r − κi)].

If we let m0 = p0 + 1 with m ≥ m0, then there existsr such that

[2m + 2γiχ(m− κi) ≤ B + [p0 + r + γiχ(p0 − κi) + γiχ(r − κi)]

for everyi ∈ N. If Nm(κ) 6= ∅, then

2m + 2γi ≤ B + [p0 + r + γi0 + γiχ(r − κi)] ≤ B + p0 + r + γi.

Therefore,γi ≤ B + p0 + r −m for all i ∈ N and this proves (2).

(2)⇒(3): Clearly,I : D∞(κ̃, γ̃, a) → Λ∞(a), defined byI(ei) = ei is an isomorphism, where

κ̃i = i, γ̃i = 1 for all i ∈ N. Thus, it suffices to proveD∞(κ̃, γ̃, ã)
qdi∼= D∞(κ, γ, a).
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DenoteJ1 = {i ∈ N : κi < m0}, J2 = N \ J1. Consider the operatorT : D∞(κ̃, γ̃, ã) →
D∞(κ, γ, a) defined byTei = exp(ti)ei, where

ti =

{
γiai , if i ∈ J1,

ai , otherwise.

For ν = (in) ∈ I1(κ, κ̃), split ν asν1 ∪ ν2, whereνi = ν ∩ Ji, (i = 1, 2). Sinceκin → ∞, ν1

is a finite set. SettingDν = maxi∈ν1 γi, we have∀i ∈ ν, |ti/ai| ≤ Dν . Now if ν ∈ I3(κ, κ̃),
then for somem ∈ N such thatκin ≤ m. SettingDν = sup{γj − 1 : j ∈ ∪m

s=m0
Ns(κ)}, we get

|(ti − γiai)/ai| ≤ Dν for all i ∈ ν. Applying Theorem 3.1, we getD∞(κ, γ, a)
qdi∼= D∞(κ̃, γ̃, ã).

Following similar arguments used in the proof of Theorem 3.1, we obtain:

Theorem 3.2— Let T : D0(κ, γ,a) → D0(κ̃, γ̃, ã) be a quasi-diagonal operator defined by

Tei = exp(ti)eπ(i). ThenT is an isomorphism if and only if

1. (ai)∞i=1 ³ (ãπ(i))∞i=1 .

2. For eachν ∈ I1(κ, κ̃), limn→∞(tin/ain) = 0 ,

For eachν ∈ I2(κ, κ̃), limn→∞((tin + γ̃
π(in)

ã
π(in)

)/ain
) = 0 ,

For eachν ∈ I3(κ, κ̃), limn→∞((tin − γinain)/ain) = 0 ,

For eachν ∈ I4(κ, κ̃), limn→∞((tin + γ̃
π(in)

ã
π(in)

− γin
ain

)/ain
) = 0.

In the next result, we show that the finite type power series spaces are the onlyD0−type spaces

which belong to the classd2. More precisely,

Corollary 3.2 — The following statements are equivalent:

1. D0(κ, γ,a) ∈ d2 .

2. There exist a sequence(qj)∞j=1 strictly increasing to∞ andir ∈ N such thatr > qj , sup{γi :
i ∈ Nr(κ), i ≥ ir} ≤ 1/j for all j ∈ N.

3. D0(κ, γ,a)
qdi∼= Λ0(a) .

4. D0(κ, γ,a)∼=Λ0(a).

PROOF: Clearly, (3)⇒(4). (4)⇒(1) follows from the fact thatd2 is a linear topological invariant

[2] and [3].

(1)⇒(2): The factD0(κ, γ, a) ∈ d2 gives that there existsq such thatsupi∈N(aipair/a2
iq) =

eM < ∞ for someM > 0 for all p andr. This means that

e
[−1

p
+−1

r
+γi(χ(p−κi)+χ(r−κi))]ai ≤ eMe

[−2
q

+2γiχ(q−κi)]aifor each i ∈ N,
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which is equivalent to

−1
p
− 1

r
+ γi(χ(p− κi) + χ(r − κi)) ≤ M

ai
− 2

q
+ 2γiχ(q − κi) for all i ∈ N.

Let r > q, i ∈ Nr(κ). Then we have−1/p− 1/r + γi{0 + 1} ≤ M/ai − 2/q + 0 and hence

γi ≤ M/ai − 2/q + 1/p + 1/r. Moreover, sinceai →∞, there isir such thatM/ai ≤ 2/q − 1/r

holds for alli ≥ ir, i ∈ Nr(κ). So,γi < 1/p for eachi ∈ Nr(κ), i ≥ ir. Thus, there existsqj for

eachj ∈ N such that there isir for everyi ≥ ir with i ∈ Nr(κ) and for allr > qj which gives that

γi < 1/j for all i ∈ N.

(2)⇒(3): If for all i, κ̃i = i andγ̃i = 1/2, thenD0(κ̃, γ̃, ã) is isomorphic toΛ0(ã). Hence, it is

sufficient to prove thatD0(κ, γ, a)
qdi∼= D0(κ̃, γ̃, ã).

Define the setsJ1, J2 and J3 by J1 =
⋃

j≥1

⋃
r∈(qj ,qj+1]

{i : κi = r, i ≥ ir}, J2 =⋃
j≥1

⋃
r∈(qj ,qj+1]

{i : κi = r, i < ir} andJ3 = {i : κi < q1}. Consider the mapT : D0(κ, γ, a)
→ D0(κ̃, γ̃, ã) defined byTei = exp(ti)ei, whereti = γiai for i ∈ J1 ∪ J3 andti = 0 for i ∈ J2.

Let ν = (in) ∈ I1(κ, κ̃). Write ν as the union ofν1, ν2 andν3, whereνi denotesν ∩ Ji ,

(i = 1, 2, 3). Sinceκin →∞, ν3 is finite. Then, we have

lim
i∈ν1

ti
ai

= lim
i∈ν1

γiai

ai
≤ lim

j→∞
1
j
.

Now, letν = (in) ∈ I3(κ, κ̃). Then, there existsj0 ∈ N such thatκi ≤ qj0 for all i ∈ ν. Similarly,

write ν asν1 ∪ ν2 ∪ ν3; νi = ν ∩ Ji, (i = 1, 2, 3). ν2 is composed of at most finitely many indices.

Thus, we getlimi∈ν1(ti − γiai)/ai = limi∈ν3(ti − γiai)/ai = 0. Therefore, by Theorem 3.2, we

conclude thatD0(κ, γ, a) is quasi-diagonally isomorphic toD0(κ̃, γ̃, ã). Consequently, we obtain

(3).

This completes the proof.

By similar arguments used in the the proof of Theorem 3.1, we have

Theorem3.3 — Let T : H∞(κ, γ,a) → H∞(κ̃, γ̃, ã) be a quasi-diagonal operator defined

by Tei = exp(ti)eπ(i) for some sequence{ti} and some permutationπ : N → N. ThenT is an

isomorphism if and only if

1. For all ν ∈ I1(κ, κ̃), (γ̃π(in)ãπ(in)) ³ (γinain) ,

For all ν ∈ I2(κ, κ̃), (ãπ(in)) ³ (γinain) ,

For all ν ∈ I3(κ, κ̃), (γ̃π(in)ãπ(in)) ³ (ain) ,

For all ν ∈ I4(κ, κ̃), (ãπ(in)) ³ (ain).

2. For everyν ∈ I1(κ, κ̃), there isDν > 0 such thatsupn∈N |tin/(γinain)| ≤ Dν ,

For everyν ∈ I2(κ, κ̃), there isDν > 0 such thatsupn∈N
∣∣(tin + γ̃π(in)κ̃π(in)ãπ(in))/(γinain)

∣∣
≤ Dν ,
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For everyν ∈ I3(κ, κ̃), there isDν > 0 such thatsupn∈N |(tin − γinκinain)/ain | ≤ Dν ,

For everyν ∈ I4(κ, κ̃), there isDν > 0 such thatsupn∈N
∣∣(tin + γ̃π(in)κ̃π(in)ãπ(in) − γinκinain)ain

∣∣ ≤ Dν .

Corollary 3.3 — The following statements are equivalent:

1. H∞(κ, γ,a) ∈ d1 .

2. There existsm0 ∈ N such thatsup{γi : i ∈ Nm(κ)} < ∞ for all m ≥ m0 .

3. H∞(κ, γ, a)
qdi∼= Λ∞(ã) for someã .

4. H∞(κ, γ,a)∼=Λ∞(ã) for someã.

PROOF : (3)⇒(4) is clear. (4)⇒(1) results from the fact thatd1 is a linear topological invariant

[2] and [3].

(1)⇒(2): IfH∞(κ, γ,a)∈ d1, then there existsp0 for eachq, there isr such thatsupi∈N a2
iq/(aip0air) =

M < ∞ for someM > 0. This yields us

e[2q+2γi min(q,κi)]ai ≤ eMe[p0+r+γi min(p0,κi)+γi min(r,κi)]ai

for eachi ∈ N which is equivalent to

[2q + 2γi min(q, κi)]ai ≤ M + [p0 + r + γi min(p0, κi) + γi min(r, κi)]ai.

Sinceai →∞, there existsB > 0 such thatsupi∈NM/ai ≤ B. Thus, we have

[2q + 2γi min(q, κi)] ≤ B + [p0 + r + γi min(p0, κi) + γi min(r, κi)]

for everyi ∈ N. Now letm0 = p0 + 1 and letm ≥ m0. Then, there isr such that

[2m + 2γi min(m,κi)] ≤ B + [p0 + r + γi min(p0, κi) + γi min(r, κi)]

for all i ∈ N. Without loss of generality, we can assumeNm 6= ∅. So, 2m + 2γim ≤ B +
[p0 + r + γip0 + γim]. It yields thatγi (m − p0) ≤ B + p0 + r − 2m. Hence,supi∈Nm(κ) γi ≤
(B + p0 + r − 2m)/(m− p0) < ∞.

(2)⇒ (3): Since the mapI : H∞(κ̃, γ̃, ã) → Λ∞(ã), defined byI(ei) = ei, is an isomorphism,

whereκ̃i = i, γ̃i = 1, one can conclude thatH∞(κ̃, γ̃, ã)
qdi∼= Λ∞(γ̃). Hence, it suffices to show

thatH∞(κ̃, γ̃, ã)
qdi∼= H∞(κ, γ, a).

Let J1 = {i : κi ≤ m0}, J2 = N \ J1. Consider the sequence(ãi) with

ãi =

{
ai , if i ∈ J1,

γiai , otherwise.
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Note that the sequence{ãi} tends to infinity. LetT : H∞(κ, γ,a) → H∞(κ̃, γ̃, ã) be the map

defined byTei = exp(ti)ei, whereti equals toγiκiai for i ∈ J1, andγiai otherwise.

If ν = (in) ∈ I1(κ, κ̃), write ν as the unionν1 ∪ ν2, whereνi is ν ∩ Ji, (i = 1, 2). Because

κin →∞, ν1 is at most a finite set. Hence, we get

γ̃iãi

γiai
=

ãi

γiai
=

{
1
γi

, if i ∈ ν1,

1 , otherwise.

The fact thatmin{1, {1/γi : i ∈ ν1}} ≤ (γ̃iãi)/(γiai) ≤ 1 implies that(γ̃iãi)∞i=1 ³ (γiai)∞i=1.

Note also that ∣∣∣∣
ti

γiai

∣∣∣∣ =

{
γiκiai

γiai
, if i ∈ ν1,

1 , otherwise,
≤ D = max

i∈ν1

κi.

Now, if ν ∈ I3(κ, κ̃), then there exists somem ≥ m0 such thatκi ≤ m for all i ∈ ν and

ν = ν1 ∪ ν2, whereνi = ν ∩ Ji, (i = 1, 2). Then,

γ̃iãi

ai
=

ãi

ai
=

{
1 , if i ∈ ν1,

γi , otherwise.

By the assumption,supi∈ν2
γi < ∞. This implies1 ≤ (γ̃iãi)/ai ≤ supi∈ν2

γi, and thus

(γ̃iãi)∞i=1 ³ (ai)∞i=1.

Therefore, we obtain
∣∣∣∣
ti − γiκiai

ai

∣∣∣∣ =

{
0 , if i ∈ ν1,

γi(κi − 1) , otherwise,
≤ sup

i∈ν2

γi(κi − 1) = D < ∞.

The conclusion follows from Theorem 3.3.

This concludes the proof.

We have the following which can be proved by the similar way used in the proof of Theorem

3.1:

Theorem 3.4— Let T : H∞(κ, γ,a) → D∞ (κ̃, γ̃, ã) be defined byTei = exp(ti)eπ(i). Then

T is an isomorphism if and only if

1. For eachν ∈ I1(κ, κ̃) ∪ I2(κ, κ̃), (ãπ(in)) ³ (γinain) ,

For eachν ∈ I3(κ, κ̃) ∪ I4(κ, κ̃), (ãπ(in)) ³ (ain).

2. For eachν ∈ I1(κ, κ̃), there isDν > 0 such thatsupn∈N |tin/(γinain)| ≤ Dν ,

For eachν ∈ I2(κ, κ̃), there isDν > 0 such thatsupn∈N
∣∣(tin + γ̃π(in)ãπ(in))/(γinain)

∣∣
≤ Dν ,

For eachν ∈ I3(κ, κ̃), there isDν > 0 such thatsupn∈N |(tin − γinκinain)/ain | ≤ Dν ,

For eachν ∈ I4(κ, κ̃), there isDν > 0 such thatsupn∈N |(tin+γ̃π(in)ãπ(in)−γinκinain)/ain | ≤
Dν .
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Corollary 3.4 — IfH∞(κ, γ,a)
qdi∼= D∞(κ̃, γ̃, ã), then both of the spaces belong to the classd1.

PROOF : Let T : H∞(κ, γ, a) → D∞(ã, γ̃, ã), defined byTei = exp(ti)eπ(i), be an isomor-

phism. Then, by Theorem 3.4, we have(ãπ(in)) ³ (γinain) for all (in) ∈ I1(κ, κ̃) ∪ I2(κ, κ̃) and

(ãπ(in)) ³ (ain) for every(in) ∈ I3(κ, κ̃) ∪ I4(κ, κ̃).

Let p̃ = 1. Then, by a similar argument used in the proof of Theorem 3.1, there existp3 > p2 >

p1 > 1 andD4 > D3 > D2 > D1 ≥ 1 such that

1
D1

≤ ãπ(i)

γ̃iai
≤ D1 for all i ∈ A1(p2, p1), (3.46)

1
D2

≤ ãπ(i)

γ̃iai
≤ D2 for all i ∈ A2(p2, p1), (3.47)

1
D3

≤ ãπ(i)

ai
≤ D3 for all i ∈ A3(p2, p3)

and

1
D4

≤ ãπ(i)

ai
≤ D4 for all i ∈ A3(p2, p3).

If we choosep0 = p2, then there arẽp3 > p̃2 > p̃1 > p0 andD̃4 > D̃3 > D̃2 > D̃1 > D4 such

that

1

D̃1

≤ ãπ(i)

γ̃iai
≤ D̃1 for every i ∈ A1(p̃2, p̃1),

1

D̃2

≤ ãπ(i)

γ̃iai
≤ D̃2 for every i ∈ A2(p̃2, p̃1),

1

D̃3

≤ ãπ(i)

ai
≤ D̃3 for every i ∈ A3(p̃2, p̃3) (3.48)

and
1

D̃4

≤ ãπ(i)

ai
≤ D̃4 for every i ∈ A4(p̃2, p̃3). (3.49)

Thus,p0 < κi ≤ p̃2 for all i ∈ N, we haveD−1
2 ≤ ãπ(i)/(γiai) ≤ D2 by (3.46) and(3.47),

and we also get̃D4
−1 ≤ ãπ(i)/ai ≤ D̃4 by (3.48) and (3.49). Hence, if we letm0 = p0 and

m > m0, then{γi}i∈Nm(κ) is bounded. By Corollary 3.3, we haveH∞(κ̃, γ̃, a) ∼= Λ(˜̃a) for some
˜̃a. Therefore,H∞(κ̃, γ̃, a), D∞(κ̃, γ̃, a) are in the classd1. 2

This terminates the proof.
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The natural question may arise whether or notH∞, D∞−type spaces are the same. However,

the following example shows that there existD∞-type spaces which are not isomorphic to any

H∞-type spaces, also that there existH∞-type spaces which are not isomorphic to anyD∞-type

spaces.

Example3.1 — Let γn = n, (κn) = (1, 1, 2, 1, 2, 3, ...), an = 22n
for all n ∈ N. Since

γn →∞, thenD∞(κ, γ, a) can not be in the classd1 by (2) of Corollary 3.1.

Note also thatD∞(κ, γ, a) is unstable. This can be seen as follows. Lets = 1 and q =
p + 2 for eachp ∈ N, and letr ∈ N. Becauseχ is nondecreasing function andq > p, we have

χ(p − κn+1) − χ(q − κn+1) ≤ 0. Since(γnan)/an+1 → 0, we can choose somen0 such that

(γnan)/an+1 < 1/(2r) for all n ≥ n0. Hence, we get

ap,n+1 arn

aq,n+1 asn
= e[p−q+γn+1{χ(p−κn+1)−χ(q−κn+1)}]an+1e[r−s+γn{χ(r−κn)−χ(s−κn)}]an

≤ e[p−q]e
[r−s+γn] an

an+1
an+1 ≤ e

[p−q+2(r−s) γnan
an+1

]an+1

≤ e[p−q+1]an+1 ≤ e−an+1 → 0.

Similarly, H∞(κ, γ,a) is not ind1 (see (2) of Corollary 3.3) and is unstable. Therefore, both

D∞(κ, γ, a) andH∞(κ, γ, a) satisfy Bessaga’s conjecture and thus they have qep (see 8 [Corollary

1]).

Lemma3.6 — LetX ∼= Y. Then,X has qep if and only ifY has.

PROOF : Let X = K([apn]) has the qep and letU : Y = K([bpn]) → X be an isomorphism. If

{xn} is any unconditional basis forY, then{Uen}, {Uxn} are the unconditional bases forX. Thus,

there exist a permutationπ : N→ N and a sequence of scalars(αn) such that the mapS : X → X,

defined byS(U(en)) = αnU(xπ(n)), is an isomorphism. Consequently,Y
U→ X

S→ X
U−1→ Y is an

isomorphism.

This concludes the proof.

Let us turn to the Example 3.1. IfD∞(κ, γ, a) is isomorphic toH∞(κ̃, γ̃, ã) for someκ̃, γ̃, ã,

then by Lemma 3.6,H∞(κ̃, γ̃, ã) would have the qep. LetT : H∞(κ̃, γ̃, ã) → D∞(κ, γ, a) be

an isomorphism. Then,{Ten} is a basis forD∞(κ, γ,a), again by qep there existσ : N →
N, a sequence of scalars{tn} such that the mapR : D∞(κ, γ, a) → D∞(κ, γ, a), defined by

R(T (en)) = tneσ(n), is an isomorphism. Hence,H∞(κ̃, γ̃, ã) T→ D∞(κ, γ, a) R→ D∞(κ, γ, a) is

an isomorphism. Therefore, we conclude thatH∞(κ̃, γ̃, ã)
qdi∼= D∞(κ, γ, a). Corollary 3.4 gives

thatD∞(κ, γ, a) is in d1, which is a contradiction. Therefore,D∞(κ, γ, a) can not be isomorphic

toH∞(κ̃, γ̃, ã) for any γ̃, κ̃, ã.

Similarly, it can be showed thatH∞(κ, γ, a) 6∼= D∞(κ̃, γ̃, ã) for any γ̃, κ̃, ã.
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Hence, we can say that all these classes of spaces are topologically different from each other.
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